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Analytical solutions for vibrations of rectangular functionally
graded Mindlin plates with vertical cracks
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Abstract. Analytical solutions to problems are crucial because they provide high-quality comparison data for assessing the
accuracy of numerical solutions. Benchmark analytical solutions for the vibrations of cracked functionally graded material
(FGM) plates are not available in the literature because of the high level of complexity of such solutions. On the basis of first-
order shear deformation plate theory (FSDT), this study proposes analytical series solutions for the vibrations of FGM
rectangular plates with side or internal cracks parallel to an edge of the plates by using Fourier cosine series and the domain
decomposition technique. The distributions of FGM properties along the thickness direction are assumed to follow a simple
power law. The proposed analytical series solutions are validated by performing comprehensive convergence studies on the
vibration frequencies of cracked square plates with various crack lengths and under various boundary condition combinations
and by performing comparisons with published results based on various plate theories and the theory of three-dimensional
elasticity. The results reveal that the proposed solutions are in excellent agreement with literature results obtained using the Ritz
method on the basis of FSDT. The paper also presents tabulations of the first six nondimensional frequencies of cracked
rectangular AI/AI203 FGM plates with various aspect ratios, thickness-to-width ratios, crack lengths, and FGM power law
indices under six boundary condition combinations, the tabulated frequencies can serve as benchmark data for assessing the
accuracy of numerical approaches based on FSDT.
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1. Introduction

generalized differential quadrature element

method

Plates are widely used as structural components, but
they can crack because of material flaws, ceaselessly
irregular loads induced by waves, or cyclic loads from a
machine. The presence of a crack can considerably change
the dynamic characteristics of a plate. Consequently,
investigating the dynamic characteristics of cracked plates
is crucial for avoiding resonance, which can cause a plate to
malfunction, and for developing vibration-based plate crack
identification techniques.

A vast number of studies have applied various plate
theories and the theory of three-dimensional elasticity to
demonstrate the influence of crack length, location, and
orientation on the vibrations of cracked homogeneous
plates. On the basis of classic plate theory (CPT),
researchers have analyzed the vibrations of cracked
rectangular plates by solving Fredholm integral equations
for plates with simply supported boundary conditions (Lynn
and Kumbasar 1967, Stahl and Keer 1972, Aggarwala and
Avriel 1981) and using the Ritz method (Yuan and Dickinson
1992, Liew et al. 1994, Huang and Leissa 2009), extended
finite element method (XFEM, Bachene et al. 2009),
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(Shahverdi and Navardi 2017), and extended isogeometric
analysis (XIGA, Yang and Dong 2019) for plates with
various combinations of boundary conditions. Similarly, on
the basis of first-order shear deformation plate theory
(FSDT), the Ritz method (Lee and Lim 1993, Huang et al.
2011a), differential quadrature element method (Liu and
Liew 1999), FEM (Azam et al. 2017), XFEM (Yang et al.
2017), mesh-free approach (Peng et al. 2017), and phase-
field method (Doan et al. 2019) have been employed to find
the natural frequencies of rectangular plates with various
crack configurations and under various combinations of
boundary conditions. Notably, Hosseini-Hashemi et al.
(2010) presented analytical solutions for rectangular plates
with two opposite edges simply supported and having all-
over part-through open cracks perpendicular to two
opposite simply supported edges.

Over the past three decades, functionally graded
materials (FGMs) have been applied in diverse fields
because they can be designed easily to meet various
rigorous engineering requirements such as high resistance
to temperature gradients and corrosion, high toughness, and
high strength without the disadvantage of stress
concentration encountered in conventional laminated
composite materials. Consequently, numerous studies have
investigated the vibrations of FGM plates with cracks and
have proposed various numerical solutions (Swaminathan et
al. 2015, Zhang et al. 2019, Gayen et al. 2019, Sinha and
Kumar 2020). For example, based on CPT, Joshi et al.
(2015) studied vibrations of orthotropic FGM rectangular

ISSN: 1225-4568 (Print), 1598-6217 (Online)



70 Chiung-Shiann Huang and Yun-En Lu

plates with part-through vertical central cracks by using the
line spring model to model a crack. On the basis of FSDT,
Natarajan et al. (2011a), Nguyen-Thoi et al. (2017) applied
four-node quadrilateral plate-bending elements and cell-
based smoothed three-node elements, respectively, to
develop extended finite element solutions, moreover,
Fantuzzi et al. (2015) proposed a generalized differential
quadrature finite element solution. Other researchers have
performed an extended isogeometric analysis using
nonuniform rational B-spline basis functions to determine
the natural frequencies of FGM plates with straight and
curved internal cracks (Yin et al. 2016, Zhang et al. 2021,
Khalafia and Fazilati 2021). Natarajan et al. (2011b) and
Rahimabadi et al. (2013) used FEM and XFEM,
respectively, to investigate the effects of in-plane thermal
loading on the vibrations of rectangular FGM plates with
internal cracks. In addition, scholars have applied the Ritz
method and an extended isogeometric approach to analyze
the vibrations of cracked thick FGM plates on the basis of
Reddy’s third-order shear deformation plate theory (TSDT,
Huang et al. 2011b, Tran et al. 2015, Yang et al. 2020) and
the theory of three-dimensional elasticity (Huang et al.
2012). Minh et al. (2021), Minh and Duc (2021) employed
the phase-field method and finite element approach in
combination with Shi's third-order shear deformation theory
to analyze the vibrations of cracked FGM plates with
variable thickness, resting on Pasternak elastic foundations
and under thermal environment, respectively. In another
study, Duc and Minh (2021) investigated the vibrations of
FG carbon nanotubes reinforced composite plates with
cracks. On the basis of higher-order shear deformation
theory (HSDT), Raza et al. (2021) investigated the
influence of material uncertainty on the vibration
characteristics of cracked FGM plates by using extended
stochastic finite element formulation. Huang et al. (2021)
further adapted the moving least-square (MLS) Ritz method
to study the effects of in-plane loading on the three-
dimensional vibrations of cracked rectangular plates.
According to our review of the literature, analytical
solutions for the vibrations of cracked FGM plates have yet
been developed. A crack complicates the development of
analytical solutions for the vibration of plates with simple
geometries such as rectangular or circular plates.
Accordingly, to fill this research gap, the present study
applies FSDT to develop analytical series solutions for the
vibrations of rectangular FGM plates with cracks parallel to
the plate edge. These analytical solutions are established by
decomposing a cracked plate into four or six subdomains
and expressing the displacement fields in each subdomain
in terms of a set of cosine Fourier series and polynomial
auxiliary functions. The analytical solutions satisfy the
governing equations, boundary conditions, and continuity
conditions without an approximation. The solutions are
validated by performing comprehensive convergence
studies involving plates with side or internal cracks under
four combinations of boundary conditions and by
comparing the obtained vibration frequencies with those
published in the literature. To provide benchmark data for
evaluating solutions obtained using various numerical
methods, this paper presents tabulations of the
nondimensional vibration frequencies of rectangular
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Fig. 1 (a) Top view of a side-cracked plate, (b) Top view of
an internally cracked plate, (c) Subdomain i with local
coordinates, (d) Side view of an FGM plate

Al/AI;O; FGM plates with side and internal cracks of
various lengths under various boundary condition
combinations. Additionally, the effects of the thickness-to-
side ratio, aspect ratio, and material gradient index on the
vibration frequencies of cracked plates are investigated.

2. Basic equations

Fig. 1 illustrates a rectangular FGM plate of length a,
width b, thickness h, and vertical side or internal crack
length d. Herein, a side-cracked plate and an internally
cracked plate are decomposed into four and six rectangular
subdomains, respectively. Each rectangular subdomain has
its own local coordinates. For example, the local
coordinates of a rectangular subdomain i of length a; and
width b; are (x;, yi).

Assume that FGM plates exhibit smooth, continuous
variation of material properties in the thickness direction.
The distribution of material properties follows the simple
power law

P(2) = (P. = P)V(2) + By and V(2) = G+ )™, (1)

where P, and P,, denote the properties (elastic modulus E,
Poisson’s ratio v, and mass density p) of ceramic and metal
materials, respectively, and 1 denotes the power-law index
governing material property variations along the z direction.
The FGM plates under consideration are composed of Al
and Al,Os, and their material properties are outlined as
follows:
Al: E=70 Gpa, v=0.3, p= 2702 kg/m?,
Al,O5: E=380 Gpa, v=0.3, p= 3800 kg/m?.

On the basis of FSDT, the displacement field in

subdomain i can be expressed as follows

u®(x;,y;,2,t) = u(()i)(xi'yivt) + ley(ci)(xi!yi't)x (23)
50 (2, ¥0,2,t) = v (0, ¥0t) + 27 (3,73, 1), (2b)
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wO(x,y;,2,t) = wO(x;, y;, 1), (2¢)
where @@, 5@, and w @ are the displacement components
along the x;, y;, and z directions, respectively, u”, v{",
and w® are the displacements in the midplane, and "
and 1 are rotations of the midplane normal along the x;

and y; directions, respectively. The stress resultants in
subdomain i can be defined as follows

N© )
M — (W2 0 BB _ h/2 (i1
Qp fh/z 52 97, {M(i) = f_h/z O {Z}dz,

L
NG| _ onse
0
{M(i) ~h/2 xy{ Jaz @)
xy

where the subscript § represents x or y and g;; represents
the stress components. The equations of motion can be
expressed as follows (Mindlin 1951)

NGy + NS, = Lot + L, (4a)
Nipe, + N3y, = 1o + Ly, (4b)
QY + @, = Iw®, (40)

M+ MGy, = Q0 =11u“')+12¢(“, (4d)
M. + My = Q) = Lo + 10, (de)

where [ =f_h/2p(z)zf dz , and the subscript comma

denotes partial differentiation with respect to the coordinate
defined by the variable after the comma.
Substituting the linear strain-displacement relationship

(Ea. (5))

0 ®

Epn Uo x; ol
£® @ e
vy 0,y 1/)3()‘;
@O\ _ @) ® L
ZEx;, = uOLy + vO,lxi +z l/J(i) N ll}(i) (5)
® ® ) xYi Vxi
2&,; x T Wy k 0 )
([) . .
2¢ey, ;1) + W,;li) 0
and the stress-strain relationship (Eq. (6))
® ®
o EvE g g g%
@ 1-v2  1-v2 (i)
yy VE E yy
O'(i) —|1-vZ2 1-v2 0 0 0 g(i) (6)
’2’) 0 0 26 0 O ’(‘ly)
Oxs l 0 0 0 2G J Exz
o) 0 0 0 0 261|:®
yz yz

into Eqg. (3) yields the following expressions

NG = Equg), + Byl + Dovsy + Dl (72)

NS = Doull, + Dyl + Eov(”. + By, (D)

+p0),  (70)

MY = Eyu) + E,pl), + Dyvsy + Dyl (7d)

Niy = Go(ugy, +v50) + G (¥, +

M) =D, u(” + D, + E‘lvgf;i + B, (7e)

MO = G® + vy + 600, + i), (7

Y.Xxi
QY = kGo(w + ), (79)
Q) = KGo(wy) + ), (7h)
where
G = f_h’{jz Gz/ dz, E; = f_h,f/zz 132 7/ dz,
D; = f_hﬁz 125;2 7z dz. 8)

The transverse shear correction coefficient x is assumed
to be 5/6 without special mention.

Substituting Eq. (7) into Eq. (4) yields the following
governing equations in terms of displacement functions

Eoul) o + B+ Dovi), + Dyl +
GO (u(()g/iy + vtgla)c iVi ) + Gl (lp)(cl;/lyl 3(/?513/1) - Iou(l) + (9a)
1 (1)
1 1]
Doty + Diiry, + Eovayyy, + Extyyy, +
Go Wy, + Vo) + o Wicny, + W) = Loty + (90)
1 MO
1¥y
Kéo[ w0+ W+l )] =1,w®, (9c)
E_vlu(()l'g)c iXi + EZIIJJ(CLJ)C iXi + Dl (2 iVi + Dzwj(/l))flyl
6ol + 0 + G0, 00— (@)

KGO(W(L) +¢;(cl)) 11u(1) +121/)(l)

()] NN ()] @ 0)
Dluo.xl:yi + DyYrx,y, t Eiv, v T Ezll)yytyl
Gy (U, + Vo) + G + i) — (%)

KGyw ¢(z)): 5O + 1,0,

3. Series solutions

The Fourier cosine series are adapted herein to establish
analytical series solutions for the vibrations of cracked
FGM rectangular plates. In subdomain i of the cracked plate
displayed in Fig. 1, let

u(()z)(xi,yi,t) = U(gl)(xityi) . eiwt’
vo(z) (x,yi,t) = Vo(l)(xi»yl') . glwt
W(gl)(xi,yl'; t) = Wo(l)(xi:yi) . eiwt,

:(ci)(xz'}’i’ t) = l},x(i)(xi'yi) - elwt,
Py Gy t) = BO0ay) e (10)
and
U(i)(xi: yi) =

e s ALY cosal) x; cos By +

S, 60 T B cos B0y, +
1

S2 000 L, CL4 cos all x,

(11a)
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V(i)(x“yl) —
o st ALY cosal) x; cos By +
S2, 6O T, BID cos Oy, +
SZ 1O T, cosa

W(i)(xuyl) —
o st ALY cosal) x; cos B0y +
520 60 ) 5, B cos B0y, +
Y mOO) Znlo C (13) cos ay, x;

WO (xyi) =

o s ALY cosal) x; cos B y; +

N; 4
X 151(”( X)) oo By ) cos Oy +
Xam© )(yi)Zmzo Cl(,f) cosa x

ql(i)(xi'yl) =
Yo s AGS cosaly x; cos By, +
ST 6O ()5 B cos g0y, +
Zl 1771()(3")27” 0 (15) COSa(l)xl,

(l) _TlTL'/bl , Ag;l]) B(l]) nd

n’=in

clP are the coefficients to be determined. Moreover,
l(i)(xi) and nl(i)(yi) are supplementary polynomial
functions, which satisfy the following conditions (Li 2000,
Li et al. 2009)

20 =1,67 @) =0 (0)=0,

(11b)

(11c)

(11d)

(11e)

where a,(n) =mn/a; ,

“) 2(@) =1, n‘” (0) = <’> ) (b) =0,

(1) PN o (L) 12

TIZy (0) 0 77 (b ) 1 f L)dxi - 0
and f U(l)(Yi)dyl‘ =0(l=1, 2).

Consequently

i xiz i

()(xi):__ +x; — ()( 1)_ 6. 13)

(l)(yL) — YL + y; — _, TI(L)(yl) L _bi

-

Establishing the desired analytical solutlons involves
two main steps. The first step entails satisfying the
boundary conditions and continuity conditions between two
adjacent subdomains and determining the relationships
between the sets of coefficients {A%)|j=1~5,i=

1~4 (or 6), m = 0~M;, n = 0~N;} and {B®", ¢V|j =
1~5,i=1~4 (or6), I=1 and 2, m=0~M;, n = 0~N;}.
Notably, the continuity conditions consist of the continuities
of the displacement and rotation components and the stress
resultants. For instance, satisfying the boundary condition
v(gi) (x;,y;,t) = 0 at x; = a; yields Vo(i)(ai,yi) =0, which
gives

Z [ZM’ A(LZ) cos a(’)a + Y7 15,(1)((1 )B(LZ) +

14
Y2, chyM ¢ cos a(l) a;]cos By, = 0 (14)
Here, ¢ is determined from n,®(y;) , where

i N; -
MmO i) = Bnlo &y cos By and e =

Rin® ) cos BLy;dy;
[Yicos By 2 dy;
[0, bi], and this results in
Z A(l 2 cosal a; + N2 151(1)( L)B(,il‘z) +
2 '(L) ZM‘ C(L 2 cos a,(,? a; =0 (15)
(n=0, 1, ..., Ny).

Ten continuity conditions exist along a common edge of
two adjacent subdomains. Consider the continuity of M,,,
along a common horizontal edge of two adjacent
subdomains i and j, where y; = b; and y; = 0 along the
edge. Substituting Egs. (7€), (11), and (13) into
M) (x;, by, ) = M) (x;,0,¢) yields

Zﬁio MI. (l)( DlA(i'l)
D, A%y sma(l)x cos B b, +
pa 1711(1)(b)2m 0 r(r?( DlC(anl) -
Dy Cy”) sin ey iy Bia Gu (0 Tl o(DiBry ™ +
DZB(“*)) cos B b; + T ¥ O (~F, 402 —
EZA(‘ 5))sm oF b cosald x; +
i) () ( 2) _
i l( l)Zn 0 n ( El : . (16)
EZB“))smﬁ,E‘)b + T My () o (B €l +

By cos ) x, = L, L, ) (DALY -

D,AY*)sin a(])x. +¥2 (]) (x )Zn O(DlB(i‘l) +
()

D,BI™) + Tk m”(O)z 0@ (DG ~

D,y sinayx] + 3L 177(” (0) ZpL o (B CP +

2Cl(J 5)) cos a(/)

. Eq. (14) must be satisfied for all y; in

For simplicity, let M; = M;. The functions of x; and x;
in Eq. (16) can be expanded in terms of Fourier cosine
series as follows

K My 7(k K
()(xk) = ka:obz( ) cos a® x,,

K My 7k K
ffxi (x) = Tk b cosal x 17)
sin a( ) X, = ZM" S)Ef,fp cosal x, (k=i orj)

Introducmg Eq. (17) into Eq. (16) yields

TntoZpto @y (~DiAf ~
Dy Ay VS 0SBy by + By b“’ i
D,B*) cos[)’(l)b +
2 a® @1 _
Zl=1nl (b)z:p =0 p ( chp
. DZCI(;;A))S)EQI.ZJ +Zn oﬁél)(_ElA(l‘Z) - '
EzA%i))sinﬁn’)b + 31 bl Tnto By (<Ei B ~
BBy )singi b + Xy miy, (b) (B + (18)
(15)) _Zn Ozp . I(J])( DlA(] 1)
zAéfn”)S,Ei%p +32, b T, (DiBUY +
D,BU™) cosﬁ(’)b +
%ml”(mzp 0@ (=D —
j,5
D,Ciy ) Semp +Zioamy), (O)ECID + B,c09)
(m 0~ Mi).

o(D:BSY +
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Satisfying the boundary conditions along a horizontal
edge and a vertical edge of subdomain i yields 5 (M;j+1) and
5 (Ni+1) linear algebraic homogeneous equations for the set

of coefficients {42, B&Y, ¢ |j = 1~5, I=1 and 2,
m = 0~M;,n = 0~N,}, respectlvely. For simplicity, when
subdomains i and j share a common horizontal edge or a
common vertical edge, let M;=M; or N;,=N; ,
respectively. Satisfying the continuity conditions along a
shared horizontal edge and a shared vertical edge of
subdomains i and j yields 10 (Mj+1) and 10 (Ni+1) linear
algebraic homogeneous equations for the coefficients,
respectively.

To satisfy the boundary conditions along the crack and
the four edges of a rectangular plate and the continuity
conditions along the shared edges between every two
adjacent subdomains, a total of Y%, 10(M; + N; + 2) and

5  10(M; + N;+2) linear algebraic homogeneous
equations are established for the coefficients of a side-
cracked plate and an internally cracked plate, respectively.
Consequently, these algebraic equations can be expressed in
matrix form as follows

BpP = BF, (19)
where
P= (P(l) P(Z) P(3) P(k))T — (F(l) F(Z) F(3)
FO)T FO = (ARG X . XYy,
PO = (B(l 1 C(l 1) ~(12) f.:(12) . E(1',5) C(i,s))
BGH = (Bl(u) Bﬁ})' Bl(llvj)’Bz(:)J)’Bz(tll)’ B(”))
Ch = (C(”) Cl(;])' . Cl(zlvzj)'cz(gj)'cz(llj), . C(”))

Al — (Agl ) Agl ) Atgl ) AL(I ) AL(I g) A%); ..

Ao Al A,
where k=4 and 6 for a side-cracked plate and an internally
cracked plate, respectively. Applying Eq. (19) yields
= (By 'Bp)F. (20)

The second step in constructing the analytical solutions
entails satisfying the governing equations in each
subdomain. For example, to satisfy Eq. (9e), Egs. (11) and
(13) should be substituted into Eq. (9e) with careful
arrangement to obtain

Tt o Emiotas B [(Dy + G ALY + (D, +
G)AYsina® x;sin BV y, — [(BP)2E, +
(a‘r(r’;.))zGl A(12)+((ﬁ(1))2E2 +(a(l))262
KGO)A(l 5)]cos a(’)x cos (’) v +
DG, A% cos a(l)x sin (’) yi}+
St o S { B—ER (x)[(Dy + G)BSD + (B, +
GYBUM] + Gyt (x)BE ) sin B0y, +
(=B 2E &P () + Gi& . (k) 1B™ +
[=(B)E; + 1Go)§ (x) +
G810 (k1B P} cos B yi} +
zxgozm{ ap iy Iy +Gy) CP + (D, +
GO sinay) x; + {[Evnfy, () =

(@)2Gn” )IC? —
KGonyy (V) G Y cos agy) x; + [Eamiyy, () —
((af,?)zo'z + KGN IC cos ay x;} =
_wZ{ZMi Ni 0(11A(L ,2) +
LA A® 5)) cos am X; COS (L) y; + (21)
L gf”(xl) Yol 0(1130” +
1,BE™Y cos B i+ 32, n® (v T
I, CLS;S)) cos a,(,? x;}.

(L CED +

The functions of x; and y; are expanded using the Fourier
cosine series as follows

. M.
z(;)x (x) = Yot (l) > cos a()xl, nll)()’i) =
Zn 061(1? Ccos by, yunl(ljz (yl) _Zn OcAl(Vll)COS r(ll)Yi'
N; «~
771(213/1(3’:) = Zn OCl(:l) cos (L)y“

sin au) x;sin iy, =

M; N; (l) () (l)
Yim=0 Lneo Smnpq COS Apy’ X; COS Viy

sin ,3(’) Zgl 0 Sj(,gq cos (l) ;.

(22)

Substituting Egs. (17) and (22) into Eg. (21) with
careful arrangement yields

(BB + (@Gl A —[(B,)°E, +
(a(L))sz +KGolAG + Talo By KGoS S AGS +

Tpto Zato @y By fri?mq[(Dl +G)AGY + (D, +
GZ)A(“”] + 2[=(BY)?Ey by, + Gib1BG” +
{- [(,3(0)2132 +xGo]bS) + sz@}B“ ot
Yol XE, B8O {=bi[(Dy + GBS + (D, +
GZ)B“ 1+ kGobl) B Y+ SEL[E &) —  (23)
(ar(rll))zG C_(L)]C(lz) KG C(l)C(l?’) + [EZ ~(l)
((a$)?G, + x(;o)c“)]c“ ) —
S0 21 @ €4 Simp[(Dy + Gp) € + (D, +
G)CoP) = —w?{LAGY + IZASLE’ +
SE b (hBL® + LBGD) + i, ) (€2 +
L,cE?)} (m=0, 1, ..M, and n=0, 1, ...,N,).
m
Similarly, satisfying the governing equations for every
subdomain  vyields Y 5(M, + 1)(N, +1) linear

algebraic equations in total, and they can be expressed in
matrix form as follows

(KF + KP) = w?(MF + MP). (24)
Substituting Eq. (20) into Eq. (24) yields
(K+ K(Bp 'Bp))F = w?(M + M(B, 'B;))F. (25)

Eqg. (25) represents a generalized eigenvalue problem,
and it is solved to obtain the eigenvalues and the
corresponding eigenvectors. Subsequently, the coefficient
vectors P can be obtained using Eq. (20).

4. Convergence study and comparison

An analytical series solution is typically expected to
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Table 1 Convergence of Q = w(b?/h)\/p./E. for FFFF side-cracked square Al/Al,0; FGM plates (h/a=0.1,

Cy/a=0.5,d/b = 0.2)

M .
m K Mode 15 25 5 Al 45 51 Published
1 3.6085 3.6162 3.6191 3.6201 3.6206 3.6212 (3.624)
2 5.4062 5.4093 5.4108 5.4114 5.4117 5.4120 (5.413)
0 m? 3 6.7820 6.7833 6.7843 6.7846 6.7848 6.7851 (6.786)
12 4 8.8016 8.8272 8.8371 8.8406 8.8424 8.8445 (8.859)
5 9.1048 9.1105 9.1124 9.1130 9.1133 9.1136 (9.116)
6 13.944 14.025 14.056 14.067 14.072 14.079 /
1 2.3685 2.3736 2.3755 2.3761 2.3764 2.3768 {2.369}
2 3.5376 3.5396 3.5406 3.5409 3.5411 3.5414 {3.536}
5 E 3 4.4393 4.4402 4.4408 4.4410 4.4412 4.4413 {4.431}
6 4 5.7551 5.7718 5.7783 5.7805 5.7817 5.7831 {5.760}
5 5.9510 5.9548 5.9560 5.9564 5.9566 5.9568 {5.918}
6 9.1098 9.1618 9.1820 9.1891 9.1927 9.1970 /

(): Li (2009),{ }: Huang et al. (2013), /: no available data

Table 2 Convergence of Q = w(b?/h)./p./E,for CFFF side-cracked square Al/Al,0; FGM plates (h/a=0.1,

Cy/a=0.5,d/b = 0.2)

m K Mode Published
15 25 35 41 45 51
1 1.0157 1.0160 1.0161 1.0161 1.0162 1.0162 (1.016) {1.017}
2 2.3058 2.3097 2.3112 2.3117 2.3120 2.3123 (2.315) {2.322}
0 m? 3 5.6317 5.6368 5.6389 5.6396 5.6400 5.6404 (5.644) {5.655}
12 4* 6.1787 6.1854 6.1882 6.1892 6.1897 6.1903 () {6.197}
5 7.4385 7.4456 7.4487 7.4497 7.4503 7.4510 (7.456) {7473}
6 8.1330 8.1368 8.1380 8.1384 8.1386 8.1389 (8.140) {/}
1 0.66810 0.66825 0.66833 0.66836 0.66838 0.66840 /
2 1.5143 1.5169 15178 15182 1.5183 15186 /
5 E 3 3.6892 3.6926 3.6940 3.6945 3.6947 3.6951 /
6 4* 4.0140 40184 4.0201 4.0208 4.0211 4.0215 /
5 4.8682 4.8728 4.8748 4.8755 4.8758 4.8763 /
6 5.3277 5.3301 5.3310 5.3312 5.3314 5.3315 /

(): Li (2009),{ }: Huang et al. (2013), /: no available data

converge to the exact solution when the number of series
terms, determined by M; and N;, is sufficiently large. To
demonstrate the accuracy of the proposed series solutions,
convergence studies of the nondimensional frequency 2 =

w(b?/h)/p./E, of cracked plates are conducted herein.
Four letters are used to denote the boundary conditions
along the four edges of a rectangular plate. For example, the
CFSF boundary conditions represent the clamped, free,
simply supported, and free boundary conditions at x=0, y=0,
x=a, and y=b, respectively. For an edge with y;=constant in
subdomain i, the S, C, and F boundary conditions are
defined as follows:

Simply supported: U” = w,” = ¢ = N = MY) =
01
@ O O g ® — g® —
Clamped: Uy” = V¥ = w,"” = ¥,* = ¥¥ =0, and
ND D — O — D — gD
Free 159 = sy =037 = My = ) =0
Similar definitions of boundary conditions can be
applied to an edge with x;=constant.

4.1 Side-cracked plates

A rectangular plate with a vertical side crack, as
considered herein, is decomposed into four rectangular
subdomains, and these subdomains are numbered as
illustrated in Fig. 1. For simplicity, the following series
solutions are obtained by setting M; = M — 1 for i=1-4 and

N; _ (1/2 when b;/a; < 0.5
M; _{ 1 otherwise (26)

The relationship between M; and N; in Eq. (26) is
applied in the present solutions.

Tables 1-3 present a summary of the convergence of the
first six nondimensional frequencies Q with increasing
numbers of solution terms for the FFFF and CFFF square
FGM plates with h/a=0.1 and vertical side cracks d/b=0.2
or 0.5 at C,,/a= 0.5. Six rigid-body modes corresponding to
zero natural frequencies for the FFFF plate are not
presented in Tables 1 and 3. In these tables, the asterisk “*”
indicates that the corresponding mode is dominated by in-
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Table 3 Convergence of Q = w(b?/h)./p./E, for square plates with side cracks of d/b = 0.5 at C/a=05

(h/a=0.1)
BC Mod M Published
mo &k ode 15 25 35 a1 45 51 ublishe
1 088026 088130 088176 088192 088201 088212  (0.8829)[0.8853]
C 2 17120 17171 17189 17195 17198  1.7202 (1.723) [1.729]
F o, m 3 38266 3832 38389 38402 38400 38417 () [3.848]
F o 4 44661 44706 44723 44729 44732 44735 (4.476) [4.485]
F 5 50313 59404 59440 59452 59459 59467 (5.951) [5.979]
6 78664  7.8734 78762 78771 78776  7.8782 (7.882) [/]
1 15150 15215 15241 15250 15255 15261 {1525}
F 2 26700  2.6733  2.6746 26750 26752  2.6755 £2.666}
F o 5 3 41039 41107 41131 41140 41144 41150 £4.085}
F 5 4 41415 41467 41485 41492 41495 41499 {4.149}
F 5% 41959 42022 42051 42062 42068  4.2075 {4212}
6 58079 58093 58095 58096 58096  5.8097 /

75

(): Li (2009), [ ]: Huang et al. (2011b), { }: Huang et al. (2013), /: no available data

Table 4 Convergence of Q = w(b?/h)./p./E_ for SSSS square plates (h/a=0.1) with internal central cracks of

d/b=0.2
, M Huang et al.
m x Mode 10 15 21 25 31 35 (2011a)
1 55600 55723 55738 55744 55750 55753 5577
2 13554 13553 13557 13559 13561  13.562 13.57
o 3 13750 13743 13742 13741 13741 13741 13.74
- 4% 19475 19476 19477 19477 19477 19477 /
5 10484 19483 19483 10483 19483  19.483 /
6 20965 20960 20961 20961 20962  20.963 20.97
1 36564 36586 36596 36600 36604  3.6606 /
2 88757 88753 88779 88791 88804 88810 /
s 5 3 9.0020 89985 89976 89974 89974 89973 /
6 4% 12630  12.631 12631  12.631 12632  12.632 /
5 12638  12.638 12638  12.638 12638  12.638 /
6 136907 13694 13695 13695  13.696  13.696 /

/: no available data

plane deformation. Notably, when m = 0, the asterisk “*”
indicates that the mode is a pure in-plane mode and

corresponds to u” or v{". To compare the results obtained
herein with those derived by existing FSDT-based studies,
the transverse shear correction coefficient x was set to
w2 /12 for homogeneous plates (m = 0).

Notably, all the Q values presented in these tables
converge from the lower bounds when the number of
solution terms increases. According to Table 1, the relative
differences between the results obtained by setting M to 51
and those obtained by setting M to 35 and 45 are less than
0.2% and 0.05%, respectively. Similarly, as indicated in
Table 2, the relative differences are less than 0.06% and
0.035%, as listed in Table 3, the relative differences are less
than 0.08% and 0.02% for the CFFF plate and less than
0.15% and 0.04% for the FFFF plate.

For comparison, these tables also present the results
obtained by Li (2009), Huang et al. (2011b), and Huang et
al. (2013) on the basis of FSDT, Reddy’s TSDT, and three-
dimensional elasticity, respectively. These results were
obtained by integrating the Ritz method with admissible

functions, including appropriate crack functions, which
accurately describe the stress singularities at the tip of the
crack and display displacement and slope discontinuities
across the crack. Li (2009) studied the vibrations of
homogeneous plates but did not consider the in-plane
deformations on the middle plane of a plate. Notably, the
Ritz method yields upper-bound solutions for natural
frequencies. The FSDT-based results obtained in the present
study using M=51 are in excellent agreement with those
obtained by Li (2009), and the results obtained in the
present study are smaller than those obtained by Li by less
than 0.2%. The exact Q values should lie between the
values obtained herein and those reported by Li (2009).
Additionally, the results obtained herein by setting M to 51
are in good agreement with those obtained using Reddy’s
TSDT and three-dimensional elasticity.

4.2 Internally cracked plates

A rectangular plate with an internal vertical crack is
decomposed into six rectangular subdomains, which are
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Table 5 Convergence of Q = w(b?/h)./p./E,for square FGM plates (1 = 5, h/fa=0.1) with internal central

cracks of d/b = 0.5

Chiung-Shiann Huang and Yun-En Lu

M Huang et al.
BC Mode 15 25 31 35 41 45 (2012)
1 3.3169 3.3188 3.3192 3.3194 3.3198 3.3199 /
2 7.1381 7.1766 7.1851 7.1898 7.1956 7.1982 /
SSSS 3 8.8366 8.8373 8.8376 8.8378 8.8381 8.8382 /
4* 12.452 12.458 12.460 12.461 12.462 12.462 /
5* 12.638 12.638 12.638 12.638 12.638 12.638 /
6* 12.804 12.831 12.836 12.839 12.843 12.845 /
1 0.64100 0.64139 0.64147 0.64152 0.64158 0.64161 0.6423
2 1.5677 1.5686 1.5687 1.5688 1.5689 1.5689 1.561
CFFE 3 3.3679 3.3730 3.3738 3.3744 3.3751 3.3754 3.365
4* 3.9326 3.9389 3.9406 3.9414 3.9424 3.9428 3.960
5 4.8251 4.8266 48271 4.8274 4.8277 4.8279 4.808
6 5.5006 5.5035 5.5040 5.5042 5.5045 5.5046 /
1 1.5408 1.5433 1.5437 1.5440 1.5444 1.5445 /
2 3.0212 3.0225 3.0226 3.0227 3.0228 3.0228 /
SESF 3 6.3732 6.3742 6.3744 6.3745 6.3746 6.3747 /
4 6.3950 6.4164 6.4210 6.4237 6.4269 6.4283 /
5 8.3219 8.3245 8.3250 8.3253 8.3258 8.3259 /
6* 9.4858 9.4875 9.4878 9.4880 9.4882 9.4883 /
[ no available data
Table 6 Q = w(b?/h)/p./E,for SSSS square plates with side cracks at C,/a=0.5
hib m dib Mode
1 2 3 4 5 6
0 5.9717 14.903 14.903 23.783 29.710 29.710
0 0.2 5.9517 14.831 14.861 23.664 29.372 29.672
0.02 0.5 5.6090 12.896 14.431 19.297 26.290 29.307
0 3.9300 9.8058 9.8058 15.646 19.543 19.543
5 0.2 3.9169 9.7588 9.7783 15.568 19.321 19.518
0.5 3.6913 8.4846 9.4952 12.695 17.292 19.278
0 5.7670 13.765 13.765 19.483* 19.483* 21.122
5.7497 13.672 13.698 18.534* 19.483* 20.885
0 0.2 [5.750] [13.68] [13.70] [18.56] [19.48] 1
(5.758) (13.72) (13.74) (18.57) (19.48) ()
05 5.3763 11.319 13.319 16.172* 17.278 19.483*
(5.385) (11.40) (13.35) (16.19) (17.35) 0]
0 4.8993 11.726 11.726 17.484* 17.484* 18.042
0.1 0.5 0.2 4.8825 11.650 11.669 16.633* 17.484* 17.847
0.5 4.5668 9.6793 11.345 14.499* 14.757 17.484*
0 3.7872 9.0060 9.0060 12.638* 12.638* 13.785
3.7740 8.9447 8.9620 12.023* 12.638* 13.631
5 0.2 [3.756] [8.851] [8.867] [12.04] [12.64] |
(3.759) (8.867) (8.885) (12.05) (12.64) 0]
0.5 3.5283 7.4079 8.7118 10.481* 11.293 12.638*

(): Huang et al. (2013), [ ]: Huang et al. (2011b), /: no available data

numbered as illustrated in Fig. 1. For simplicity, the
following solutions for the vibrations of a plate with a
vertical central crack were obtained by setting M;+1=M for
i=1-6, and N; was determined using Eq. (26).

Table 4 lists the nondimensional frequencies £ of the
first six modes for the SSSS square plates (h/a=0.1) with
vertical central cracks of d/b=0.2, these frequencies were
obtained by setting M to 10, 15, 25, 31, and 35. The

frequencies converge from the lower bounds when the
number of series solution terms increases gradually from
M=15 to M=35, except for the 2 values for the third modes
of the FGM nplates with m = 0 and 5. The frequencies of
these modes converge from the upper bounds. The relative
differences between the frequencies obtained by setting M
to 35 and those obtained by setting M to 21 and 31 are
smaller than 0.04% and 0.008%, respectively. Furthermore,
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Table 7 Q = w(b?/h)+/p./E, for SFSF rectangular plates with side cracks at Cx/a=0.5

ab  hb  m db Mode
1 2 3 4 5 6
0 2.9174 4.8548 11.013 11.768 14.071 21177
0 02 27350 46841 10.943 10.977 12.977 10.188
002 05 21218 45322 5.1700 10.844 12.473 17.925
0 1.9200 3.1949 7.2462 7.7437 9.2581 13.931
5 02 18000 3.0825 7.2003 7.2022 8.5381 12,622
05 13963 2.9826 3.4016 71351 8.2076 11.792
0 2.8572 46567 10245 11.003 12.950 14.755%
1 0 02 26493 4.4729 9.7957 10201 11.908 12.037*
05 20219 4.3465 46154 5.9332* 10,048 11.565
0 2.4234 3.9546 8.7116 9.3645 11.030 13.239%
01 05 02 22484 3.7989 8.3642 8.6735 10143 10.803*
05 17172 3.6908 3.9393 5.3256 8.5443 9.8475
0 18778 3.0554 6.6947 7.2055 8.4690 9.5681*
5 02 17409 2.9347 6.4115 6.6659 7.7906 7.8111%
05 13281 2.8520 3.0265 3.8532* 6.5656 7.5677
0 071577 2.0017 2.8582 4.6574 5.3885* 6.3399
0 02 069033 1.9849 28233 4.4671 4.7023* 6.0990
o 05 059562 1.9603 23331 2.7514* 3.6614 5.4285
0 047093 1.3145 1.8785 3.0558 3.5018* 4.1598
5 02 045416 1.3034 1.8555 2.9309 3.0560* 4.0013
05 039178 1.2867 15328 1.7887* 2.4035 3.5605
2 0 0.70560 1.8857 2.6942* 2.7188 4.2651 5.7466
0 02 067746 1.8696 2.3512* 2.6744 4.0753 5.5288
0 05 057804 1.3757* 1.8473 2.1342 3.3933 4.9422
0 046375 1.2284 1.7594% 1.7803 2.7767 3.7467
5 02 044520 1.2156 1.5382* 1.7512 26534 3.6028
05 037975 0.89105* 1.2126 1.3972 22131 3.2116

the frequencies obtained by setting M to 35 show excellent
agreement with those reported by Huang et al. (2011a), and
the differences are smaller than 0.06%. Notably, on the
basis of FSDT, Huang et al. (2011a) determined the
frequencies of cracked homogeneous plates by using the
Ritz method with admissible functions including crack
functions, which accurately describe the stress singularities
at the tips of the crack and display displacement and slope
discontinuities across the crack, and claimed their results
accurate to at least three significant figures.

Table 5 lists the nondimensional frequencies 2 of the
SSSS, CFFF, and SFSF square FGM plates (h/a=0.1, m =
5) with vertical central cracks of d/b=0.5, these frequencies
were obtained by setting M to 15, 25, 31, 35, 41, and 45.
These frequencies converge from the lower bounds. The
frequencies computed by setting M to 31 and 41 are smaller
than those computed by setting M to 45 by less than 0.2%
and 0.04%, respectively, for the SSSS plate, less than 0.06%
and 0.01%, respectively, for the CFFF plate, and less than
0.2% and 0.03%, respectively, for the SFSF plate. The
frequencies of the CFFF plate obtained by setting M to 45
agree well with those determined using the Ritz method on
the basis of three-dimensional elasticity (Huang et al.
2012), and the relative differences are smaller than 0.5%.

5. Numerical results

After the verification of accuracy of the proposed
solutions through comprehensive convergence studies, this
paper presents an extensive tabulation of the results of the
first six nondimensional frequency parameters for the
rectangular plates with side and internal vertical cracks
under various boundary condition combinations, the
purpose of the tabulation is to provide a database for
comparison with frequencies obtained using various
numerical solutions. In the subsequent tables, the
frequencies of the intact plates were obtained without
dividing the plates into several subdomains. The
frequencies of the FFFF intact plates were determined by
setting M to 45, and those of the plates under other
boundary condition combinations were obtained by setting
M to 35.

Tables 6-8 present a summary of the first six
nondimensional frequencies 2 of the SSSS, SFSF, CFFF,
and CFCF rectangular plates (a/b=1 and 2, m = 0, 0.5, and
5) with various thickness-width ratios (h/b=0.02, 0.1, and
0.2) and vertical side cracks (d/b=0.2 and 0.5) at C,/a=0.5.
Tables 9 and 10 list the 2 values of for the first six modes
of the SSSS, SFSF, FFFF, CFFF and CFSF rectangular
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Table 8 Q = w(b?/h)+/p./E, for CFFF and CFCF rectangular plates with side cracks at C./a=0.5

Mode
BC ab hb @m db : 5 5 y : 5
0 026005 1.1120 1.6200 3.6176 45411 6.9441
0 02 025843 1.0833 15713 3.5459 4.4901 6.6770
0.2 05  0.24662 0.93405 1.3881 3.0958 3.8618 5.5659
: 0 017116 0.73185 1.0662 2.3807 2.9886 45696
5 02 017010 0.71290 1.0342 2.3335 2.9548 43937
05 016232 0.61470 0.91355 2.0373 25414 3.6627
0 025889 1.0729 1.5954 21725 3.4590 4.3896
0p 025644 1.0455 1.5390 2.0878* 3.3836 43121
c 0 £0.2565} £1.047} {1540} o0 {3386} {4315}
F 0.24347 0.89795 1.3470 1.5099* 29123 3.6504
o2 01 05 1024351 £0.8995} £1.347} o £2.919} £3.653}
F 0 017037 0.70451 1.0488 14126 2.2701 2.8808
5 02  0.16875 0.68652 1.0116 1.3575* 2.2206 2.8298
05 016019 0.58956 0.88527 1.0403* 1.9112 2.3956
0 025655 1.0037 1.0863* 1.5303 3.1627 3.0434%
0 02 025367 0.97914 1.0439* 1.4710 3.0914 3.5124%
0> 05 023917 0.79929* 0.83853 1.2794 2.2645% 2.6076
' 0 016873 0.64410 0.72101* 1.0025 2.0585 2.5457%
5 02  0.16683 0.62665 0.69476* 0.96354 2.0098 2.2863*
05 01572 0.50861* 0.56113 0.83763 1.4691* 1.7085
0 6.6820 7.9316 13.047 18.367 20.118 23.874
0 02 63417 7.6447 12.960 15.724 18.994 23.873
0.0 05 53679 7.4865 7.5279 12.754 18.707 21.966
0 43975 5.2195 8.5842 12.084 13.236 15.703
5 02 41733 5.0305 8.5269 10.343 12.496 15.702
. 05 35324 4.9256 4.9538 8.3911 12.307 14.448
0 6.2421 7.2677 11.662 15.944 17.262 17745+
0 02 58907 7.0075 11.586 12.985 16.394 17.216*
C o1 05 50352 6.6615 6.9299 11.378 15.959 17.032*
F ' 0 4.0971 47623 76137 10.424 11.272 11.483*
C 5 02  3.8657 45925 7.5640 8.4830 10.712 11.145*
F 05 33038 4.3640 45425 7.4282 10.420 11.013*
0 1.6322 25819 4.4004 5.8202 77732 7.9170%
0,  15%3 2.5502 4.3298 5.5572 7.6320% 7.7661
0 (1.598) (2.560) (4.355) (5.592) (7.654) 0
1.4465 25127 3.1694 4.8927 7.1688 7.2784%
201 05 (1453) (2.521) (3.197) (4.915) (7.206) 0
0 1.0735 1.6949 2.8900 3.8164 5.0835 5.1441%
5 02  1.0458 1.6741 28435 3.6438 4.9591* 5.0791
05 095116 1.6495 2.0807 3.2105 46776 4.7470%

{}: Huang et al. (2011a), (): Huang et al. (2013)

plates with internal vertical central cracks (d/b=0.2 and 0.5).
The frequency parameters of the SFSF and CFCF side-
cracked plates were obtained by setting M to 51, and those
of the side-cracked plates under other boundary conditions
and d/b=0.2 and 0.5 were obtained by setting M to 31 and
45, respectively. The nondimensional frequencies of the
square plates with internal cracks of d/b=0.2 were
determined by setting M to 35, and those of the other plates
were found by setting M to 45. The solutions obtained using
the various M values are accurate to at least three
significant figures. As listed in Table 8, almost all solutions
obtained for the CFFF rectangular homogeneous plates with
a/b=2, h/b=0.1, and d/b=0.2 and 0.5 are consistent (up to

three significant figures) with those obtained by Huang et
al. (2011a) using the Ritz method. Notably, x¥=5/6 and
m2/12 were adopted in the present solutions and those of
Huang et al. (2011a), respectively. Tables 6 and 8 also show
the published results obtained for the SSSS and CFCF
plates through the Ritz method, based on Reddy’s TSDT
(Huang et al., 2011b) and three-dimensional elasticity
(Huang et al., 2013). The results obtained herein agree well
with those reported in the literature.

Fig. 2 displays the mode shapes of the side-cracked
SSSS, SFSF, CFFF, and CFCF square plates with m =5,
h/b=0.1, and vertical cracks of d/b=0.2 at C,/a=0.5, while
Fig. 3 depicts the mode shapes of the SFSF, FFFF, CFFF,
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Table 9 Q= w(b?/h)\/p.,/E. for SSSS and SFSF
rectangular plates with internal vertical central cracks

Table 10 Q = w(b?/h)./p./E. for CFFF and CFCF
rectangular plates with internal vertical central cracks

Mode
1 2 3 4 5 6
0 3.7365 5.9773 9.7165 12.680 14.905 14.940
0 0.2 3.7085 5.9630 9.4980 12.663 14.854 14.881
0.5 3.6243 5.8177 8.8916 12.595 13.628 14.824
0 24591 3.9337 6.3938 8.3439 9.8073 9.8300
5 0.2 24407 3.9243 6.2502 8.3326 9.7737 9.7913
0.5 2.3853 3.8286 5.8510 8.2876 8.9662 9.7542
0 3.6521 5.7702 9.18999.7417* 11.832 13.765
0 0.2 3.6222 5.7574 8.96739.7417* 11.828 13.665
0.5 35299 5.5602 8.36869.7417* 11.762 12.011
0 23995 3.7875 6.02336.3244* 7.7470 9.0062
5 0.2 2.3798 3.7791 5.8769 6.3244* 7.7443 8.9410
0.5 2.3190 3.6496 5.48306.3244* 7.7006 7.8595
0 29174 4.8548 11.013 11.768 14.071 21.177
0 0.2 2.8266 4.8553 10.888 11.730 14.050 21.082
0.5 2.4668 4.8150 10.549 11.005 13.987 18.109
0 1.9200 3.1949 7.2462 7.7437 9.2581 13.931
5 0.2 1.8603 3.1952 7.1636 7.7187 9.2444 13.869
0.5 1.6233 3.1686 6.9405 7.2408 9.2026 11.912
0 2.8572 46567 10.245 11.003 12.950 14.755*
0 0.2 2.7478 46553 10.082 10.937 12.903 14.752*
0.5 2.3510 4.6072 9.7569 9.8131 12.733 14.633*
0 1.8778 3.0554 6.6947 7.2055 8.4690 9.5681*
5 0.2 1.8057 3.0544 6.5881 7.1623 8.4383 9.5664*
0.5 1.5445 3.0228 6.3747 6.4283 8.3259 9.4883*
0 0.724112.0679 2.9286 4.8616 6.6311 7.9395
0 0.20.708732.0687 2.9138 4.8520 6.4918 7.9126
0.50.65774 2.0658 2.8991 4.8447 6.0644 7.8553
0 0.47656 1.3609 1.9273 3.1993 4.3635 5.2243
5 0.20.46646 1.3614 1.9177 3.1930 4.2722 5.2066
0.50.43289 1.3595 1.9080 3.1882 3.9907 5.1688
0 0.71577 2.0017 2.8582 4.6574 5.3885* 6.3399
0 0.20.70098 2.0016 2.8549 4.6393 5.3870* 6.2165
0.50.64206 1.9980 2.8274 4.6032 5.3302* 5.7689
0 0.47093 1.3145 1.8785 3.0558 3.5018* 4.1598
5 0.20.46117 1.3145 1.8763 3.0438 3.5008* 4.0787
0.50.422331.3120 1.8581 3.0198 3.4639* 3.7840

BC a/b h/b m d/b

0.02

nwunmunuom
N

0.1

0.02

0.1

mw Tw;m

0.02

0.1

and CFSF square plates with vertical internal central cracks.
In these figures, the out-of-plane displacement contours
(solid lines) and nodal lines (dashed lines) represent the
modes dominated by out-of-plane displacement. Moreover,
blank mode shapes show the in-plane mode deformations
and represent the modes dominated by in-plane
displacements.

On the basis of the results presented in Tables 6-10 and
Figs. 2 and 3, the following inferences are drawn:

1. When m = 0 changes to . = 0.5 and then tom =5,

a/b changes from 1 to 2, or d/b changes from 0 to 0.2

and then to 0.5, the frequencies decrease because of the

decrease in plate stiffness.

2. When d/b increases from 0 to 0.2, the frequencies of

the side-cracked thin plates with h/b=0.02 decrease by

less than 1%, 4%, 10% and 15% under the SSSS, CFFF,

Mode

2 3 4 5 6
0 26570 3.9319 4.8432 6.8694 6.8694 12.109
0.02 0.2 26527 3.8439 4.6880 6.8541 6.8573 12.062
0.5 2.6448 3.4407 4.3759 6.6088 6.7672 10.524
0 25250 3.7522 46206 6.3115 6.3115 10.914
50.2 25037 3.6814 4.4560 6.2984 6.3075 10.753
0.5 24634 3.2096 4.1706 6.0047 6.2028 8.7660
0 1.0578 1.2666 2.7528 2.8752 4.2006 4.7000
2 0.2 1.0300 1.2603 2.7526 2.8719 4.1776 4.6891
0.50.92549 1.2483 2.7409 2.8301 4.0957 4.6608

BC a/b h/b md/b

M T T

0 0.69070 1.6798 4.2237 5.3825 6.1018 10.634

1 0.0250.20.68584 1.6795 4.1202 5.3357 6.1072 10.503
0.50.65776 1.6750 3.6536 5.1743 6.0349 9.9136

0 0.25889 1.0729 1.5954 2.1725* 3.4590 4.3896
00.20.25760 1.0691 1.5636 2.1660* 3.4564 4.3849
0.50.25152 1.0615 1.4393 21249 3.4399 4.3203

0 0.170370.70451 1.0488 1.4126* 2.2701 2.8808
50.20.169510.70198 1.0278 1.4083* 2.2684 2.8777

0.5 0.165500.696890.945951.3817* 2.2575 2.8353

MmO

0 3.0215 4.0740 7.8334 9.8015 11.121 15.229

0.02 0.2 29590 4.0740 7.7300 9.7437 11.112 15.230
0.5 2.7026 4.0386 7.4580 89019 11.041 13.050

0 28901 3.8163 7.1099 8.7964 9.8319 10.098*

0.1 0.2 28162 3.8139 6.9857 8.7177 9.8029 9.8699*
0.5 25420 3.7721 6.7429 7.6110 8.0959* 9.6679

0 1.1247 22628 3.5969 5.2047 6.6035* 7.3482

00.2 1.1093 22623 3.5846 5.1865 6.5929* 7.2178

0.5 1.0482 2.2567 3.5135 5.1469 6.5056* 6.7068

0 0.73985 1.4857 2.3632 3.4139 4.2911* 4.8193
50.20.72964 14854 2.3551 3.4018 4.2842* 4.7333
0.50.68941 1.4817 2.3082 3.3755 4.2274* 4.3964

mMmwn T O

N

0.1

SFSF, and CFCF boundary conditions, respectively. For
the side-cracked square plates with h/b=0.1, such
change in d/b declines 12 by less than 2%, 8% and 19%
for the out-of-plane-displacement-dominated modes of
the SSSS, SFSF, and CFCF plates, respectively. For the
rectangular plates with a/b=2 and h/b=0.1, the increase
in d/b leads to a less than 5% decrease in the frequencies
of the out-of-plane-displacement-dominated modes of
the SFSF, CFFF, and CFCF plates.

3. The frequencies of the internally cracked SSSS,
SFSF, FFFF, CFFF, and CFSF plates with d/b=0.2 are
smaller than those of the intact plates by less than 4%.

4. Let 4; denote the ratio of the frequency of mode j of a
cracked plate to that of an intact plate. Although the 4;
values depend on mode number, boundary conditions,
plate geometries, and crack configurations, the 4; values
of the homogenous plates are slightly different from
those of the FGM plates with/ = 5. The differences
are smaller than 1% for most of the results of the side-
cracked plates and smaller than 0.2% for the internally
cracked plates.
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Mode Boundary Conditions
SSSS SFSF CFFF CFCF
\\ly W
1

Fig. 2 The first six modal shapes of FGM square plates (h/b=0.1, m = 5) with vertical side cracks of d/b=0.2 at C,/a=0.5

5. A notable observation for the data in Table 6 is that
crack length does not affect the 2 values (2= 19.483,
17.484 and 12.638) for the side-cracked SSSS square
plates withm = 0, 0.5, and 5, respectively. The modes
corresponding to these frequencies are in-plane modes
(see the fifth mode in Fig. 2). These modes correspond
to the exact closed-form Navier solutions for the
vibrations of intact SSSS square plates with wave
numbers of 1 and 0 in the x and y directions,
respectively. Such solutions result in zero stress

resultants N, Ny, Q,, M,, and M,,, along x/a=0.5.

6. As expected, the mode shapes of the side-cracked
SSSS, SFSF, and CFCF square plates (Fig. 2) are
symmetrical or anti-symmetrical about x/a=0.5. The
side crack destroys the symmetry of the mode shapes of
these plates about y/b=0.5. The mode shapes of
internally cracked SFSF and FFFF square plates (Fig. 3)
have two axes of symmetry, while those of the CFFF
and CFSF plates have one axis of symmetry along
y/b=0.5.

5. Conclusions

On the basis of FSDT, this study presented analytical
series solutions for the vibrations of rectangular FGM plates
with cracks parallel to an edge of the plates. Side-cracked
and internally cracked plates are decomposed into four and
six rectangular subdomains, respectively. The five
displacement functions in each subdomain are expressed in
terms of Fourier cosine series and polynomial auxiliary
functions. The desired analytical solutions are established
by satisfying the governing equations in each domain,
boundary conditions along the crack and the four edges, and
continuity conditions between two adjacent subdomains
without an approximation.

The accuracy of the proposed analytical solutions was
confirmed through comprehensive convergence studies of
the natural frequencies of the side-cracked FFFF and CFFF
square plates and internally cracked SSSS, CFFF, and SFSF
square plates. Most of the results converge from the lower
bounds. The well-converged results obtained herein for
homogeneous plates are in excellent agreement with
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Mode

SFSF

FFFF

Boundary Conditions

CFFF CFSF

Fig. 3 The first six mode shapes of FGM square plates (h/b=0.1, n = 5) with internal vertical central cracks of d/b=0.2

literature results obtained using the Ritz method on the
basis of FSDT. The results obtained herein for FGM plates
are also in close agreement with literature results obtained
on the basis of Reddy’s TSDT and three-dimensional
elasticity.

Accurate nondimensional frequency data were provided
for the cracked rectangular Al/AI,O; FGM plates with
a/b=1 and 2, h/b=0.02 and 0.1, 7 =0,0.5and 5, and
d/b=0, 0.2, and 0.5 under six boundary condition
combinations (SSSS, SFSF, FFFF, CFFF, CFSF and CFCF).
Increasing the crack length or m reduces the non-
dimensional frequencies of the cracked plates because of
the decrease in plate stiffness. The frequencies of the
internally cracked plates with d/b=0.2 are smaller than
those of the intact plates by less than 4%, while the
decreases in frequencies of the side-cracked CFCF square
plates with h/b=0.05 and 0.1 can reach up to 15% and 19%,
respectively. These frequencies can be used as benchmark
data for assessing the accuracy of numerical approaches
based on FSDT.

Unlike typical numerical methods, the approach used
herein is not applicable for establishing analytical solutions
for vibrations of plates with complicated geometries and

cracks with arbitrary configurations. However, in theory, the
present approach can be extended to develop analytical
solutions for vibrations of a plate that can be decomposed
into rectangular subdomains.
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