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Abstract.  This paper presents post-buckling analysis of a functionally graded beam under hygro-thermal 

effect. The material properties of the beam change though height axis with a power-law function. In the 

nonlinear kinematics of the post-buckling problem, the total Lagrangian approach is used. In the solution of 

the problem, the finite element method is used within plane solid continua. In the nonlinear solution, the 

Newton-Raphson method is used with incremental displacements. Comparison studies are performed.  In the 

numerical results, the effects of the material distribution, the geometry parameters, the temperature and the 

moisture changes on the post-buckling responses of the functionally graded beam are presented and 

discussed. 
 

Keywords:  functionally graded beam; hygro-thermal effect; post-buckling analysis; total Lagrangian; 
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1. Introduction 
 

Hygro-thermal effects, namely moisture changes are very important role in the mechanics of 

the structural elements. Especially, nuclear power plants, aerospace vehicles, thermal power plants 

etc. are subject to large hygro-thermal loadings. After a certain moisture value, the structural 

elements can be lost their strength. Functionally graded materials (FGMs) are a type of composite 

which properties of materials change in a direction. Generally, FGMs are used the thermal barrier 

systems which produced metal and ceramic materials. As compared to the conventional composite 

materials, FGMs perform more fracture-resistance and structural strength. With the development 

of technology, FGMs are used in many engineering projects such as aircrafts, space vehicles, 

power plants. In FGM structural elements with immovable ends, the buckling and post-buckling 

cases occurs with temperature or moisture effects. So, understanding the hygro-thermal effects on 

the FGM structures is very important.  

In the literature, a lot of investigations have been given to thermal analysis of FGM beams. 

However, hygro-thermal studies about FGM structures are not investigated broadly. In recent 

years, some studies of hygro-thermal effect in the FGM structural elements are published in the 

literature; Zenkour (2013) investigated the hygrothermal analysis of exponentially graded 
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rectangular plates. Akbarzadeh et al. (2013) analyzed hygrothermal responses of a functionally 

graded piezoelectric media. Kocatürk and Akbaş (2011, 2012), Akbaş and Kocatürk (2012, 2013) 

investigated post-buckling behavior homogeneous and non-homogeneus beams under temperature 

effects. Laoufi et al. (2016) analyzed the effects of the moisture on the deflection and stress 

responses of the FGM plates resting on elastic foundation. Beldjelili et al. (2016) presented hygro-

thermal analysis of functionally graded plates embaded on elastic foundation. Mohammadimehr et 

al. (2016) examined static, dynamic and stability of  microplate reinforced functionally graded 

carbon nanotubes under hygro-thermo-mechanical environment. Akbaş (2014, 2015, 2017a, 

2017b, 2018a, 2018b, 2018c, 2019)  analyzed post-buckling responses of functionally graded and 

laminated beams under thermal and mechanical loads by using finite element method. Barati 

(2017) studied dynamic analysis of nano porous FGM plates under hygro-thermal effects. 

Mouffoki et al. (2017) investigated  vibration analysis of nanobeams under hygro-thermal effects 

by using a higher order beam theory. Ebrahimi and Habibi (2018) presented nonlinear behavior of 

a polymer-carbon nanotube-fiber multiscale nanocomposite plate under hygro-thermal load by 

using finite element method based on von Kármán geometrical nonlinearity. Jouneghani et al. 

(2018) investigated the hygro-thermal effects of FGM nano structures. Kaci et al. (2018) used the 

a higher order beam theory for post-buckling responses of composite beams. Nguyen et al. (2017) 

analyzed dynamic and stability of FGM beams under moisture effects by using the Ritz method. 

Lee and Kim (2013) investigated nonlinear hygro-thermal effects of FGM structures. Radwan 

(2017) examined non-linear hygrothermal effects of FGM sandwich plates resting on elastic 

foundation. Karami et al. (2018) examined wave dispersion of FGM nanoplates by using quasi-3D 

plate theory under hygro-thermal effect. Abazid et al. (2018) analyzed hygrothermal bending of 

FGM sandwich plates resting on Pasternak foundation. 

As seen from the literature, post-buckling and nonlinear studies of FGM structures under 

hygro-thermal loading have not been investigated in detail. The novelty in this work consists on 

the post buckling behavior of a FGM beam under hygro-thermal. In the modeling and solution of 

the problem, the finite element method is implemented with Total Lagrangian two dimensional 

solid continua. Another novelty of this study is using two dimensional solid continua model which 

gives more realistic results in contrast with the beam theories such as Euler-Bernoulli, Timoshenko 

and higher order beam theories. In nonlinear solution, Newton-Raphson is used with incremental 

displacement. Effects of the material parameter and the hygro-thermal loading on post-buckling 

deflections of FGM beam are investigated. Also, comparison studies are presented. 
 

 

2. Theory and formulation 
 

A FGM pinned-pinned beam with height h, length L, width b under non-uniform temperature 

and moisture rising is shown in Fig. 1. Temperature rising of bottom surface indicates as 𝛥𝑇𝐵, 

whereas temperature rising of top surface indicates as 𝛥𝑇𝑇. Moisture content of the bottom surface 

indicates as 𝐶𝐵, whereas moisture content of the top surface indicates as 𝐶𝑇. As seen from figure 1, 

because the boundary conditions have immovable ends, the buckling or post-buckling cases occur 

with increasing temperature rising. 

The material properties (P) change though height axis based on following power-law function 

distribution 

P(Y) = (PT − PB) (
Y

h
+
1

2
)
n

+ PB (1) 
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Fig. 1 A pinned-pinned FGM beam under non-uniform moisture and temperature rising 
 

 

Fig. 2 Eight -node plane element 
 

 

Fig. 3 Finite element model of the problem 
 

 

where PB and PT are material properties of bottom and top surfaces, n is the power-law coefficient 

(material distribution parameter). According to equation (1), when Y=-h/2, P=PB, and when 

Y=h/2, P=PT. when n=0 material of beam gets homogenous full top material, and when n=∞ 

material of beam gets homogenous full bottom material. The temperature rise ΔT= ΔT(Y) is 

obtained with using heat transfer formulation 

−
d

dY
[k(Y)

d∆T(Y)

dY
] = 0 (2) 

where k indicates the coefficient of thermal conductivity.  After integration the equation (2), the 

following expression can be obtained 

T(Y) = ∆TB(∆TT − ∆TB) ∫
1

k(Y)

y

−0.5h

dY ∫
1

k(Y)

0.5h

−0.5h

dY⁄  (3) 

In hygro-thermal effect, the moisture rising is assumed to nonlinear distribution as a sinusoidal 

law (Nguyen et al. (2017)) 

C(Y) = (CT − CB) [1 − cos
π

2
(
2Y + h

2h
)] + CB (4) 
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The kinematic equations are based on nonlinear relations because post-buckling phenomena is 

a geometrically nonlinear problem. In the nonlinear kinematic model, total Lagrangian 

approximation is used within the 2-D solid continuum model by using finite element method. 

Constitutive formulation with Green-Lagrange strain and second Piola-Kirchhoff stress with 

hygro-thermal effect is given as 

                S0
1 = {

S110
1

S220
1

S120
1

} = [

C110 C120 0

C120 C220 0

0 0 C660

] {

E11− − α(Y)ΔT − β(Y)∆C0
1

E220
1

2 E120
1

}    (5) 

where S110
1 , S220

1 , S120
1 are second Piola-Kirchhoff stress components, Eij0

1  is the Green-Lagrange 

strain components, Cij0  are the reduced constitutive tensor components, α  and β  are thermal 

expansion and moisture expansion coefficients, respectively. Reduced constitutive tensor 

components are given as 

C110 = C220 =
E(Y)

1−ν2(Y)
, C120 = C210 =

ν(Y)E(Y)

1−ν2(Y)
,       C660 =

E(Y)

2(1+ν(Y))
 (6) 

where E and 𝜈  indicate the Young's modulus and Poisson’s ratio, respectively. The Green-

Lagrange strain components are stated in as follows 

E0
1 = {

E110
1

E220
1

2 E120
1

} =

{
  
 

  
 

∂u

∂X
+
1

2
[(
∂u

∂X
)
2

+ (
∂v

∂X
)
2

]

∂v

∂Y
+
1

2
[(
∂u

∂Y
)
2

+ (
∂v

∂Y
)
2

]

∂u

∂Y
+
∂v

∂X
+
1

2
[
∂u

∂X

∂u

∂Y
+
∂v

∂X

∂v

∂Y
]
}
  
 

  
 

 (7) 

where u and v indicate displacement components in X and Y directions, respectively. Eight-node 

element plane element is considered in the finite element model (Figs. 2,3). 

Total displacement (δ ) and incremental displacement ( δ̅ ) fields are presented following 

equations 

           {δ} = {
u
v
} = {

∑ ujψj(x)
8
j=1

∑ vjψj(x)
8
j=1

} (8) 

{δ̅} = {
u̅
v̅
} = {

∑ u̅jψj(x)
8
j=1

∑ v̅jψj(x)
8
j=1

}     (9) 

where ψ is the shape functions. The shape functions for an eight-node element are as follows 

[ψ1] = (Xe −
Lx
2
) (Ye −

Ly

2
)(−

1

LxLy
−

2Xe

Lx
2Ly

−
2Ye

LxLy
2) 

[ψ2] = (
4

LxLy
2) (Xe −

Lx
2
) (Ye +

Ly

2
) (Ye −

Ly

2
) 

[ψ3] = (Xe −
Lx
2
) (Ye +

Ly

2
) (

1

LxLy
+

2Xe

Lx
2Ly

−
2Ye

LxLy
2) 

[ψ4] = (
4

LyLx
2) (Xe −

Lx
2
) (Xe +

Lx
2
) (Ye −

Ly

2
) 

(10) 
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[ψ5] = (
4

LyLx
2) (Xe −

Lx
2
) (Xe +

Lx
2
) (Ye +

Ly

2
) 

[ψ6] = (Xe +
Lx
2
) (Ye −

Ly

2
) (

1

LxLy
−

2Xe

Lx
2Ly

+
2Ye

LxLy
2) 

[ψ7] = (−
4

LxLy
2)(Xe +

Lx
2
) (Ye +

Ly

2
) (Ye −

Ly

2
) 

[ψ8] = (Xe +
Lx
2
) (Ye +

Ly

2
)(−

1

LxLy
+

2Xe

Lx
2Ly

+
2Ye

LxLy
2) 

(10) 

In the  i th iteration, the finite element equation is given as follows 

[K
11L + K11NL K12L

K21L K22L + K22NL
]
i

{
u̅
v̅
}
i

= {−F
1

−F2
}
i

 (11) 

where expressions of K indicate the tangent stiffness matrix, the expressions of F indicate the load 

vector at the i th iteration and p+1th load increment. The expressions of K and F are given in 

below 

Kij
11L = b ∫ { C110 (1 +

∂u

∂X
)
2 ∂ψi

∂X

∂ψj

∂X
+ C220 (

∂u

∂Y
)
2 ∂ψi

∂Y

∂ψj

∂Y
+

A
        

  C120 (1 +
∂u

∂X
) (

∂ψi

∂X

∂ψj

∂X
+

∂ψi

∂Y

∂ψj

∂X
) + C660 [(1 +

∂u

∂X
)
∂ψi

∂Y
+

∂u

∂Y

∂ψj

∂X
] × [(1 +

∂u

∂X
)
∂ψj

∂Y
+

∂u

∂Y

∂ψj

∂X
]} dXdY                 

(12a) 

Kij
11L = b ∫ { C110 (1 +

∂u

∂X
)
2 ∂ψi

∂X

∂ψj

∂X
+ C220 (

∂u

∂Y
)
2 ∂ψi

∂Y

∂ψj

∂Y
+

A
        

  C120 (1 +
∂u

∂X
) (

∂ψi

∂X

∂ψj

∂X
+

∂ψi

∂Y

∂ψj

∂X
) + C660 [(1 +

∂u

∂X
)
∂ψi

∂Y
+

∂u

∂Y

∂ψj

∂X
] × [(1 +

∂u

∂X
)
∂ψj

∂Y
+

∂u

∂Y

∂ψj

∂X
]} dXdY                 

(12b) 

Kij
22L = b ∫ { C110 (

∂v

∂X
)
2 ∂ψi

∂X

∂ψj

∂X
+ C220 (1 +

∂v

∂Y
)
2 ∂ψi

∂Y

∂ψj

∂Y
+

A
                

C120 (1 +
∂v

∂Y
)
∂v

∂X
(
∂ψi

∂X

∂ψj

∂X
+

∂ψi

∂Y

∂ψj

∂X
) + C660 [(1 +

∂v

∂Y
)
∂ψi

∂X
+

∂v

∂X

∂ψj

∂Y
] × [(1 +

∂v

∂Y
)
∂ψj

∂X
+

∂v

∂X

∂ψj

∂Y
]} dXdY                 

(12c) 

Kij
11NL = Kij

22NL = b ∫ { S110
1 ∂ψi

∂X

∂ψj

∂X
+

A
S120
1 (

∂ψi

∂Y

∂ψj

∂X
+

∂ψi

∂X

∂ψj

∂Y
) + S220

1 ∂ψi

∂Y

∂ψj

∂Y

2

} dXdY                            (12d) 

F1 = b ∫ { S11 (1 +
∂u

∂X
)0

1
∂ψi
∂X

+ S22
∂u

∂Y0
1

∂ψi
∂Y

+
A

 

S120
1 [(1 +

∂u

∂X
)
∂ψi
∂Y

+
∂u

∂Y

∂ψi
∂Y
]} dXdY 

(12e) 

F2 = b ∫ { S11
∂v

∂X0
1

∂ψi
∂X

+ S22 (1 +
∂v

∂Y
)0

1
∂ψi
∂Y

+
A

 

S120
1 [(1 +

∂v

∂Y
)
∂ψi
∂X

+
∂v

∂X

∂ψi
∂Y
]} dXdY 

(12f) 

In the solution of the nonlinear finite element of total Lagrangian formulations, small-step 

incremental method are used within Newton-Raphson iteration method. In the iteration steps, the 
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temperature rising is divided by large number. In Newton-Raphson method, the solution equation 

of problem in n+1th load increment and i th iteration is expressed as follows 

𝑑𝛿𝑛
𝑖 = (𝑲𝑇

𝑖 )
−1
𝑹𝑛+1
𝑖  (13) 

where 𝑲𝑇
𝑖  is tangent stiffness matrix, d𝛿𝑛

𝑖  is incremental displacement vector 𝑹𝑛+1
𝑖  is residual 

vector and n+1 is load increment in i th iteration. Iteration tolerance criterion is selected Euclidean 

norm as follows 

√
[(𝑑𝛿𝑛

𝑖+1−𝑑𝛿𝑛
𝑖 )
𝑇
(𝑑𝛿𝑛

𝑖+1−𝑑𝛿𝑛
𝑖 )]

2

[(𝑑𝛿𝑛
𝑖+1)

𝑇
(𝑑𝛿𝑛

𝑖+1)]
2 ≤ 𝜁𝑡𝑜𝑙           (14) 

where 

   𝛿𝑛+1
𝑖+1 = 𝛿𝑛+1

𝑖 + 𝑑𝛿𝑛+1
𝑖 = 𝛿𝑛 + ∆𝛿𝑛

𝑖   (15) 

 ∆𝛿𝑛
𝑖 = ∑ 𝑑𝛿𝑛

𝑘𝑖
𝑘=1  (16) 

The dimensionless quantities can be expressed as 

𝑇𝑅 =
∆𝑇𝑇

∆𝑇𝐵
 ,  𝜆 = 𝛿2𝛼𝐵 ∆𝑇𝐵 , 𝛿 = 𝐿 ℎ⁄  , �̅� = 𝑣 𝐿⁄  ,  �̅� = 𝑋 𝐿⁄  , �̅� = 𝑌 𝐿⁄  (17) 

where 𝑇𝑅 indicates temperature ratio of top and bottom surfaces, 𝐶𝑅 indicates moisture ratio of top 

and bottom surfaces, 𝜆 is the dimensionless temperature rising, 𝛿 is the ratio of length and height, 

�̅� is the dimensionless vertical displacement, �̅� and �̅� are dimensionless coordinates in the X and 

Y directions, respectively. If 𝑇𝑅 = 1, temperature rising becomes uniform distribution, otherwise it 

becomes non-uniform distribution. 

 

 

3. Numerical results 
 

In this section, hygro-thermal post-buckling deflections, post-buckling configurations and 

critical buckling temperatures of the pinned-pinned FGM beam are calculated for different 

material distribution parameter, geometry parameters, temperature rising values and moisture 

rising values. The FGM beam is established by of Aluminum Oxide (E=349 GPa,  𝜈=0.26, 

𝛼 = 6.86x10-6, k=0.26, 𝛽 =0.01 wt %-1) at the bottom surface and Stainless Steel (E=201 

GPa, 𝜈=0.3262, 𝛼 =12.30x10-6, k=15.37, 𝛽=0.005 wt %-1) at the top surface (Reddy (1998), Sobhy 

(2016)). In numerical study, the initial temperature value is selected as T0=27 0C. The geometry 

values of the beam are selected as: b = 0.2 m, h = 0.2 m and the length L is varied according to the 

𝛿 ratio in the numerical results. In the obtaining of the numerical results and graphs, the MATLAB 

program is used. It is noted that the moisture content of the bottom surface is changed and 

moisture content of the top surface 𝐶𝑇 is constant 𝐶𝑇 = 0 = %0 𝑤 in the numerical calculations. 

So, the hygro-thermal rising only rises at the bottom surface of FGM beam. 

In order to verify the present formulation, special results of a similar work Nguyen et al. (2017) 

are compared with results of this study. In the comparison study, Normalized critical buckling 

temperatures of pinned-pinned FGM beam are obtained and compared with data presented in table 

1 and table 4 of Nguyen et al. (2017) for different power-law parameter n for L/h=20 for  
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Table 1 Comparison study: Normalized critical buckling temperatures of pinned-pinned FGM beam for 

different power-law parameter n 

 Dimensionless critical buckling temperatures 

 n=0 n=0.5 n=1 n=2 n=5 n=10 

Nguyen et al. 

(2017) 
1.309 0.970 0.878 0.812 0.752 0.714 

Present 1.314 0.9716 0.884 0.823 0.768 0.724 

 

 

Fig. 4 Comparison study: The dimensionless maximum displacement versus n parameter for different 

dimensionless temperature rising 
 

  

(a) for uniform hygro-temperature rising (b) for non-uniform hygro-temperature rising 

Fig 5. Dimensionless temperature rising- dimensionless post-buckling vertical displacements curves for 

different moisture content values 
 

 

temperature-independent case. The comparison study shows in Table 1 that the results of present 

study are very close to those of Nguyen et al. (2017).  

To further compare this study, dimensionless max. post-buckling deflections of FGM beam for 

different values of 𝑇𝑅 , n and 𝜆 are obtained and compared with Li et al. (2006) for clamped-

clamped beam and 𝛿 = 15 in figure 4. It is seen from figure 4 that the results of present study are 

very close to those of Li et al. (2006). 

In Figs. 5(a) and 5(b), the effect of the moisture content on the maximum hygro-thermal post-

buckling vertical deflections (vmax) of the FGM beam are presented for n=0.5, 𝛿 = 10 with 
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(a)  for n=0 (b) for n=1 

 
(c) for n=10 

Fig. 6 The relationship between of the moisture content values and n in the hygro-thermal post-buckling 

deflected shape under uniform hygro-temperature rising 

 

 

uniform and the non-uniform hygro-temperature rising, respectively. Also, the effects of the 

moisture content and material distribution (power-law parameter) n on the hygro-thermal post-

buckling deflection shapes of the FGM beam are presented in figures 6 and 7. In figures 6 and 7, 

the hygro-thermal post-buckling deflected shapes are presented for 𝛿 = 10 , 𝜆 = 3  for under 

uniform and non-uniform hygro-temperature rising, respectively. 

It is seen from Figs. 5 that increasing moisture content, post-buckling displacements increase 

significantly. Post-buckling deflections of FGM beams significantly change with moisture content 

rising. The post-buckling displacements converge significantly with increasing the temperature. 

Also, as seen from figure 5 that furcation points which gives the critical buckling temperatures 

decrease with moisture content rising. In higher values of moisture content, the buckling occurs 

even if the temperature rising do not occur (𝜆 = 0). In spite of the low values of temperatures, the 

buckling or post-buckling cases can occur with the moisture effects. The effect of moisture 

contents can be clearly seen in figures 6 and 7. Figures 6 and 7 show that although the values of 

temperature (𝜆 = 3) is stable, hygro-thermal post-buckling displacement configuration of FGM 

beam change considerably with increasing the moisture content. It shows that the moisture has 

important role on post-buckling behavior of FGM beams. 

Fig. 8 highlights effects of moisture content on the relationship between the length/height ratio 

(𝛿)-dimensionless critical buckling temperatures (𝜆𝑐𝑟) for n=0 and 𝑇𝑅 = 1. As seen in Fig. 8, 

increasing the moisture content yields to decreasing the critical buckling tempe ratures  
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(a)   for n=0 (b)  for n=1 

 
(c)    for n=10 

Fig. 7 The relationship between of the moisture content values and n in the hygro-thermal post-buckling 

deflected shape under non-uniform hygro-temperature rising 

 

 

Fig. 8 Dimensionless critical temperature rising versus the ratio 𝛿 = 𝐿/ℎ  for different the moisture 

content values 

 

 

considerably. Also, the difference among moisture contents increases with increasing Lenth/height 

ratio. In higher values of 𝛿, the moisture is more effective in the critical buckling temperatures. 

In Figs. 9(a) and 9(b) show effects of material distribution on dimensionless hygro-thermal 

post-buckling displacements with different moisture contents for 𝜆 = 3, 𝛿 = 10 with uniform and 

the non-uniform hygro-temperature rising, respectively. As seen in Fig. 9, increasing n causes  
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(a)  for uniform hygro-temperature rising (b) for non-uniform hygro-temperature rising 

Fig. 9 The relationship between of the moisture content values and the power-law parameter n in the post-

buckling displacements 

 

  
(a) for pinned-pinned beam (b) for pinned-clamped beam 

 
(c) for clamped-clamped beam 

Fig. 10 The relationship between of the moisture content values and n in the hygro-thermal post-buckling 

deflected shape under non-uniform hygro-temperature rising 

 

 

decreasing post-buckling displacements. The difference between among the moisture content 

values increases with increasing material distribution parameter. It shows that the material 

distribution parameter is very effective in hygro-thermal post-buckling responses of FGM beams. 

The effect of n can be clearly seen in Figs. 6 and 7. It is observed from Figs. 6 and 7 that n 
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parameter play important role post-buckling deflections of FGM beam. Increase in n, nonlinear 

deflections of the FG beam decrease considerably. With increase in n, the beam material gets to 

homogeneous Aluminum Oxide (bottom surface material). The Young modulus of the Aluminum 

Oxide is bigger than Stainless Steel’s. Hence, increasing the n yields to increase the elasticity 

modulus and rigidity of the beam increase.  

In order to investigate the effects of different boundary conditions on the hygro-thermal post-

buckling responses of FGM beam, the maximum hygro-thermal post-buckling vertical deflections 

(vmax) are presented for n=1, 𝛿 = 10, 𝑇𝑅 = 0.3 for pinned-pinned, pinned-clamped and clamped-

clamped boundary conditions in Fig. 10.  

It is seen from Fig. 10 that hygro-thermal effects in pinned-pinned beam is more bigger than 

the other boundary conditions. In clamped-clamped boundary condition, the moisture is less 

effective in the post-buckling responses. With increasing the moisture content, the post-buckling 

results less increase in contrast with other boundary conditions. It shows that the boundary 

conditions have important role on the hygro-thermal post-buckling responses of the FGM beams. 

 

 

4. Conclusions 
 

Hygro-thermal post-buckling analysis of a FGM beam is investigated by finite element method 

within Total Lagrangian 2D continua and the Newton-Raphson iteration. The Effects of material 

distribution, geometry parameters, temperature rising and moisture changes on post-buckling 

responses of FGM beam are examined. The results showed that: 

• The moisture plays important role on the post-buckling behavior of FGM beams. 

• Increasing the moisture content yields to increasing post-buckling displacements and  

decreasing the critical buckling temperatures considerably.  

• With increasing Lenth/height ratio, the effects of moisture on buckling/post-buckling 

behavior increase and the difference among moisture contents increases significantly.  

• The material distribution parameter and boundary conditions of the beam are very effective in 

hygro-thermal post-buckling behavior of FGM beams. 

• With increasing material distribution parameter, the difference among moisture contents 

increases. 

• The superiority of two dimensional solid continua model to the other beam      theories is that 

in the two dimensional solid continua model, more realistic results can be obtain without any 

assumptions.  
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