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Abstract.  In this work we present a one-dimensional damage model capable of representing the dynamic 
fracture for elastodamage bar with combined hardening in fracture process zone - FPZ and softening with 
embedded strong discontinuities. This model is compared with another one we recently introduced (Do et al. 
2015) and it shows a good agreement between two models. Namely, it is indicated that strain-softening leads 
to a sensitivity of results on the mesh discretization. Strain tends to localization in a single element which is 
the smallest possible area in the finite element simulations. The strain-softening element in the middle of the 
bar undergoes intense deformation. Strain increases with increasing mesh refinement. Strain in elements 
outside the strain-softening element gradually decreases to zero. 
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1. Introduction 
 

Damage is usually considered as a deformation driven process and standard damage material 

models are generally based on the continuum damage mechanics (CDM) approach with the 

pioneering work of Kachanov (1958). CDM represents microscopic heterogeneous damage on the 

macroscale. Degradation of material properties, which results in behavior known as 

strain-softening, at the microscale due to nucleation and coalescence of cavities, microcracks, 

microvoids, and similar defects is described by a loss of effective load carrying area designated 

with a damage variable. This variable can be scalar or tonsorial. The expressions for constitutive 

equations are derived from well-known principals, such as effective stress in conjunction with 

equivalence hypothesis, such as strain equivalence or energy equivalence. However, it is well 

documented that the boundary value problem in continuum damage models becomes ill-posed 

during strain-softening, where the stress-strain diagram exhibits a negative slope (Fig. 1), leading 

to pathological sensitivity of the numerical results to the size of finite elements. The tangent 

stiffness matrix loses its positive-definiteness in the strain-softening area, as shown rigorously by 

Bazant (1976). As a consequence, the partial differential equations change their type from 
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hyperbolic to elliptic which does not fit the initial dynamic equation. In this case the CDM 

approach ceases to be mathematically meaningful. In other words, this kind of approach is not 

adequate for post-localization studies where strain-softening appears.  

In the attempt to overcome the shortcomings of local theories for modelling strain-softening, 

some alternatives have been proposed. One of the most efficient among them is the embedded 

discontinuity approach. In this method, the strain or displacement field is enhanced to capture the 

discontinuity. The early works of Simo et al. (1993), Oliver (1996), Wells and Sluys (2000), and 

Alfaiate et al. (2002) provide different representations of the embedded discontinuity method. 

Most of studies on finite elements with embedded discontinuities only consider quasi-static 

problems, while dynamic analyses with this approach (e.g., Huespe et al. 2006, Armero and Linder 

2009) are very rare. As the main novelty, herein we present a discrete bar model in which 

strain-hardening and strain-softening elastodamage behavior are combined in dynamics. We 

further compare with analytical solution of Bazant and Belytschko (1985) as well as with our 

recent work (Do et al. 2015) on plasticity models with discontinuity, thus providing an alternative 

strong discontinuity approach to modeling failure phenomena in dynamics.  

The paper is organized as follows: Section 2 is devoted to the theoretical formulation. In 

Section 3, we revisit a closed-form reference solution for a dynamic strain-softening problem 

without FPZ, followed by Section 4 with the numerical implementation for one-dimensional bar 

with embedded strong discontinuities. Section 5 will carry out numerical simulations and give 

comparison between this model and another one we recently introduced. Finally, conclusions are 

presented in Section 6. 

 

 

2. Theoretical formulation 
 

2.1 Elastodamage part 
 

2.1.1 Model summary 
The basic development for the 1D hardening part results with 

 

 

 

 

Fig. 1 Stress-strain diagram with strain-softening 
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Table 1 One-dimensional damage model 

  Constitutive relation 

  �̅�                                                          (1)                                   

  Evolution equation  

�̇̅�  
 ̇̅  𝑔𝑛( )

 
                                                     (2) 

  Evolution equation for the hardening parameter 𝜉̅   

𝜉̅̇   ̇̅                                                          (3)                                                        

  Yield function 

Ф̅( , 𝜉̅)  | | − ( 𝑓 + 𝐾𝜉̅) ≤ 0                                     (4)                                                                                  

  Kuhn-Tucker complementary conditions (loading-unloading conditions) 

 ̇̅  0     Ф̅( , 𝜉̅) ≤ 0      ̇̅Ф̅( , 𝜉̅)  0                           (5) 

  Consistency condition 

 ̇̅Ф̇̅( , 𝜉̅)  0                                                    (6) 

 

 

 

where  ̅ is the compliance,  ̅ is the “plastic/damage” multiplier, 𝜉̅ is the hardening parameter, 

 𝑓 is the elastic limit, and 𝐾 is the hardening coefficient.  

 
2.1.2 Stress-strain rate form 
We give here the detailed expressions of the evolution and constitutive equations (for the 1D 

case). 

The complementary condition  ̇̅Ф̅  0 implies that when Ф̅  0 we will have  ̇̅  0 and 

when  ̇̅  0 we will have Ф̅  0. 

In the first case  ̇̅  0 that is for elastic loading or unloading case, we have   

 ̇  �̅�   ̇ + �̇̅�                               (7) 

Besides          

�̅��̅�       �̇̅��̅�  + �̅��̇̅�   0   

             ⟹ �̇̅�
− 
 −

�̇̅��̅�
− 

�̅�
 −�̅�

− 
�̇̅��̅�

− 
 (8) 

 ̇  �̅�   ̇ − �̅�  �̇̅��̅�                               (9) 

�̇̅�  
 ̇̅    ( )

 
 0 

 ̇  �̅�   ̇                                 (10) 
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In the second case  ̇̅  0 and consequently Ф̅  0. Because Ф̅  0 remains constant as long 

as  ̇̅  0 also the rate of Ф̅ vanishes, Ф̇̅  0, and we obtain 

Ф̇̅  
𝜕Ф̅

𝜕 
 ̇ +

𝜕Ф̅

𝜕�̅�
𝜉̅̇                                                                                     

     ( )(�̅�   ̇ + �̇̅�   ) − 𝐾𝜉̅̇                                                  

     ( )�̅�   ̇ +     ( )�̇̅�   − 𝐾  ̅̇                                      

     ( )�̅�   ̇ −     ( )�̅�   �̇̅��̅�   − 𝐾 ̅ ̇                          

     ( )�̅�   ̇ −     ( )�̅�  
 ̇̅  𝑔𝑛( )

 
�̅�   − 𝐾 ̇̅               

     ( )�̅�   ̇ −  ̇̅(�̅�  + 𝐾)  0                                            

     (11) 

⟹  ̇̅  
�̅�
− 

�̅�
− 
+𝐾
 ̇    ( )                          (12) 

�̇̅�  
 ̇̅  𝑔𝑛( )

 
 

�̅�−1�̇�

(�̅�−1+𝐾) 
                          (13) 

 ̇  �̅�   ̇ − �̅�  �̇̅��̅�    

 �̅�   ̇ − �̅�  
�̅�   ̇

(�̅�  + 𝐾) 
�̅�    

 �̅�   ̇ − �̅�  
�̅�   ̇

�̅�  + 𝐾
 

 �̅�   ̇ . −
�̅�  

�̅�  + 𝐾
/ 

 
�̅�−1𝐾

�̅�−1+𝐾
 ̇                               (14) 

Hence, we obtain the following form for stress rate equation 

 ̇  {
�̅�   ̇ ;   ̇̅  0         
�̅�−1𝐾

�̅�−1+𝐾
 ̇ ;   ̇̅  0     

or  
𝜕 

𝜕𝜀
 {
�̅�   ;   ̇̅  0         
�̅�−1𝐾

�̅�−1+𝐾
;   ̇̅  0      

                (15) 

The stress response of a body subjected to the strain evolution with pseudo time t shown in Fig. 

2 is given in Fig. 3. 

 

2.1.3 Return mapping 
In the previous section, the theoretical 1D formulation of the elastodamage model was 

presented. We present here the key points of the numerical integration of such a model.  

Let’s consider a time step 𝑡𝑛+  with a given corresponding strain  𝑛+  and previously 

converged internal variables 𝜉�̅� and �̅�𝑛. The numerical integration is here performed considering 

a return mapping algorithm where we first consider no evolution of internal variables at time step 

𝑡𝑛+  which leads to the definition of a trial stat 
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Fig. 2 Strain evolution with pseudo time t  

 

 

 

 
 

Fig. 3 Stress-strain diagram for 1D damage model in loading-unloading cycle 

 

 

𝜉�̅�+ 
𝑡𝑟 𝑎𝑙  𝜉�̅� �̅�𝑛+ 

𝑡𝑟 𝑎𝑙  �̅�𝑛 and  𝑛+ 
𝑡𝑟 𝑎𝑙  �̅�𝑛

   𝑛+                   (16) 

The Yield function is then checked: Ф̅𝑛+ 
𝑡𝑟 𝑎𝑙

 Ф̅( 𝑛+ 
𝑡𝑟 𝑎𝑙 , 𝜉�̅�+ 

𝑡𝑟 𝑎𝑙). If Ф̅𝑛+ 
𝑡𝑟 𝑎𝑙

 0 then the trial 

state is admissible. If Ф̅𝑛+ 
𝑡𝑟 𝑎𝑙

 0, internal variables and stress state have to be updated so that 

Ф̅𝑛+  Ф̅( 𝑛+ , 𝜉�̅�+ )  0. 

The expression of  𝑛+  can be given in terms of the trial stress state  𝑛+ 
𝑡𝑟 𝑎𝑙 as 

 𝑛+  �̅�𝑛+ 
   𝑛+  (�̅�𝑛+ 

  + �̅�𝑛
  − �̅�𝑛

  ) 𝑛+  

 �̅�𝑛
   𝑛+ + (

 

�̅�𝑛+ 
−
 

�̅�𝑛
)  𝑛+  

  𝑛+ 
𝑡𝑟 𝑎𝑙 +

�̅�𝑛 − �̅�𝑛+ 

�̅�𝑛�̅�𝑛+ 
 𝑛+  
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  𝑛+ 
𝑡𝑟 𝑎𝑙 −

 ̅𝑛+     ( 𝑛+ )

�̅�𝑛�̅�𝑛+  𝑛+ 
 𝑛+  

       𝑛+ 
𝑡𝑟 𝑎𝑙 − �̅�𝑛

   ̅𝑛+     ( 𝑛+ )                       (17) 

Inserting this expression into the incremental equations leads to 

 𝑛+   𝑛+ 
𝑡𝑟 𝑎𝑙 − �̅�𝑛

   ̅𝑛+     ( 𝑛+ )

�̅�𝑛+  �̅�𝑛 +
 ̅𝑛+1  𝑔𝑛( 𝑛+1)

 𝑛+1
                   

𝜉�̅�+  𝜉�̅� +  ̅𝑛+                                     

Ф̅𝑛+  | 𝑛+ | − ( 𝑓 + 𝐾𝜉�̅�+ )  0  

                      (18) 

This is a set of 4 algebraic equations to be solved for the unknowns  𝑛+ , 𝐷𝑛+ , 𝜉𝑛+ ,  ̅𝑛+  

 

2.1.4 Analytical solution of (18) 
The sign of the stress equals the sign of the trial stress 

 𝑛+  | 𝑛+ |    ( 𝑛+ )  | 𝑛+ 
𝑡𝑟 𝑎𝑙|    ( 𝑛+ 

𝑡𝑟 𝑎𝑙) − �̅�𝑛
   ̅𝑛+     ( 𝑛+ )  

 (| 𝑛+ | + �̅�𝑛
   ̅𝑛+ )    ( 𝑛+ )  | 𝑛+ 

𝑡𝑟 𝑎𝑙|    ( 𝑛+ 
𝑡𝑟 𝑎𝑙)  

            ⇒ 2
    ( 𝑛+ )       ( 𝑛+ 

𝑡𝑟 𝑎𝑙) 

| 𝑛+ | + �̅�𝑛
   ̅𝑛+  | 𝑛+ 

𝑡𝑟 𝑎𝑙|
                     (19) 

With this result in hand, we find 

Ф̅𝑛+  | 𝑛+ | − ( 𝑓 + 𝐾𝜉�̅�+ )  0  

       | 𝑛+ 
𝑡𝑟 𝑎𝑙| − �̅�𝑛

   ̅𝑛+ − [ 𝑓 +𝐾(𝜉�̅�+ − 𝜉�̅� + 𝜉�̅�)] 

 | 𝑛+ 
𝑡𝑟 𝑎𝑙| − ( 𝑓 + 𝐾𝜉�̅�) − 𝐾(𝜉�̅�+ − 𝜉�̅�) − �̅�𝑛

   ̅𝑛+  

       Ф̅𝑛+ 
𝑡𝑟 𝑎𝑙

− 𝐾 ̅𝑛+ − �̅�𝑛
   ̅𝑛+   

       Ф̅𝑛+ 
𝑡𝑟 𝑎𝑙

−  ̅𝑛+ (�̅�𝑛
  + 𝐾)  0  

and finally  

 ̅𝑛+  
Ф̅𝑛+1
𝑡𝑟𝑖𝑎𝑙

�̅�𝑛
−1+𝐾

                              (20) 

which allows with (18) to update all internal variables and stress state. 

 

2.2 Softening part 
 
2.2.1 Model summary 
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Table 2 Model summary for softening part 

  Constitutive relation 

𝑡  �̅�  (𝐁𝐝 + �̅�𝛼)                                                                                      

  Evolution equations for internal variables  

�̇̿�  
 ̇̿  𝑔𝑛(𝑡)

𝑡
                                                     (21)                                                                                                    

𝜉̿̇   ̇̿                                                          (22) 

�̇�   ̇̿    (𝑡)                                                   (23) 

  Yield function 

Ф̿(𝑡, 𝜉̿)  |𝑡| − ( 𝑢 +𝐾 𝜉̿) ≤ 0                                    (24)                                                                                  

  Kuhn-Tucker complementary conditions (loading-unloading conditions) 

 ̇̿  0     Ф̿(𝑡, 𝜉̿) ≤ 0      ̇̿Ф̿(𝑡, 𝜉̿)  0                           (25) 

  Consistency condition 

 ̇̿Ф̇̿(𝑡, 𝜉̿)  0                                                   (26) 

 

 

where 𝑡 is the traction force acting at discontinuity, 𝛼 is the crack opening (incompatible mode 

parameter), �̿� is the discontinuity compliance,  ̿ is the softening damage multiplier, 𝜉̿ is the 

softening parameter (displacement-like variable),  𝑢  is the ultimate stress, and 𝐾  is the 

softening coefficient. 
 

2.2.2 Rate form 

The complementary condition  ̇̿Ф̿  0 implies that when Ф̿  0 we will have  ̇̿  0 and 

when  ̇̿  0 we will have Ф̿  0. 

In the first case  ̇̿  0, we have   

�̇�  �̿�  �̇� + �̇̿�  𝛼                      

 �̿�  �̇� − �̿�  �̇̿��̿�  𝛼        
                   (27) 

                �̇̿�  
 ̇̿  𝑔𝑛(𝑡)

𝑡
 0                            (28) 

             ⇒ �̇�  �̿�  �̇�                              (29) 

In the second case  ̇̿  0 and consequently Ф̿  0  

Ф̿  |𝑡| − ( 𝑢 −  ̿)  0                         (30) 

⇒ 𝑡  ( 𝑢 −  ̿)    (𝑡) 

⇒ �̇�  − ̇̿    (𝑡)  −
𝜕 ̿

𝜕�̿�

𝜕�̿�

𝜕𝑡
    (𝑡)  −

𝜕 ̿

𝜕�̿�
�̿�
̇
    (𝑡)  −

𝜕 ̿

𝜕�̿�
 ̇̿    (𝑡)  −

𝜕 ̿

𝜕�̿�
�̇�          
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⇒
�̇�

 ̇
 −

𝜕 ̿

𝜕�̿�
                               (31) 

Besides 

  ̿   𝑢 ( − 𝑒
  �̿�)                          (32) 

⇒
�̇�

 ̇
 −

𝜕 ̿

𝜕�̿�
 − 𝑢 𝑒

  �̿�   �̇�  − 𝑢 𝑒
  �̿��̇�               (33) 

Hence, we obtain the following form for stress rate equation: 

�̇�  2
�̿�  �̇� ;   ̇̿  0                    

− 𝑢 𝑒
  �̿��̇� ;   ̇̿  0       

or  
𝜕𝑡

𝜕 
 2

�̿�  ;   ̇̿  0             

− 𝑢 𝑒
  �̿�;   ̇̿  0 

 (34) 

 

2.2.3 Find 𝑡𝑛+ 
𝑡𝑟 𝑎𝑙 ,  ̿𝑛+ 

𝑡𝑟 𝑎𝑙 

We further discuss the solution method in the context of the backward-Euler implicit time 

integration scheme (e.g., see Ibrahimbegovic (2009)), which is used to integrate these rate 

constitutive equations. By first assuming that the state remains elastic, we will obtain so-called 

elastic trial state where crack opening will not change in the particular time step. We have 

2
𝑡𝑛+ 
𝑡𝑟 𝑎𝑙   𝑛+ 

𝑡𝑟 𝑎𝑙                 

𝑡𝑛+ 
𝑡𝑟 𝑎𝑙  �̿�𝑛+ 

𝑡𝑟 𝑎𝑙,  𝛼𝑛+ 
𝑡𝑟 𝑎𝑙

  ⇒ 𝛼𝑛+ 
𝑡𝑟 𝑎𝑙  �̿�𝑛+ 

𝑡𝑟 𝑎𝑙𝑡𝑛+ 
𝑡𝑟 𝑎𝑙  �̿�𝑛𝑡𝑛+ 

𝑡𝑟 𝑎𝑙  �̿�𝑛 𝑛+ 
𝑡𝑟 𝑎𝑙         (35) 

 𝑛+ 
𝑡𝑟 𝑎𝑙  �̅�𝑛

  (𝐁𝐝𝐧+𝟏 + �̅�𝛼𝑛+ 
𝑡𝑟 𝑎𝑙)           

       �̅�𝑛
  (𝐁𝐝𝐧+𝟏 + �̅��̿�𝑛 𝑛+ 

𝑡𝑟 𝑎𝑙)
                    (36) 

⇒ (�̅�𝑛 − �̅��̿�𝑛) 𝑛+ 
𝑡𝑟 𝑎𝑙   𝐁𝐝𝐧+𝟏 

⇒ 𝑡𝑛+ 
𝑡𝑟 𝑎𝑙   𝑛+ 

𝑡𝑟 𝑎𝑙  
𝐁𝐝𝐧+𝟏

�̅�𝑛 �̅��̿�𝑛
 

𝜀𝑛+1

�̅�𝑛+
1

𝑙 
�̿�𝑛

                     (37) 

Ф̿𝑛+  |𝑡𝑛+ | − ( 𝑢 + 𝐾 𝜉�̿�+ )  𝑡𝑛+     (𝑡𝑛+ ) − ( 𝑢 + 𝐾 𝜉�̿�+ )         (38) 

where 

𝑡𝑛+   𝑛+  �̅�𝑛
  (𝐁𝐝𝐧+𝟏 + �̅�𝛼𝑛+ )

𝛼𝑛+  (𝛼𝑛
𝑚𝑎𝑥 +  ̿𝑛+ )    (𝑡𝑛+ )      

𝛼𝑛
𝑚𝑎𝑥  �̿�𝑛𝑡𝑛

𝑚𝑎𝑥                                        

𝑡𝑛
𝑚𝑎𝑥   𝑢 + 𝐾 𝜉�̿�                                    

                    (39) 

Thus 

𝛼𝑛
𝑚𝑎𝑥  �̿�𝑛( 𝑢 + 𝐾 𝜉�̿�)                          (40) 

𝛼𝑛+  [�̿�𝑛( 𝑢 +𝐾 𝜉�̿�) +  ̿𝑛+ ]    (𝑡𝑛+ )                   (41) 

𝑡𝑛+   𝑛+  �̅�𝑛
  {𝐁𝐝𝐧+𝟏 + �̅�[�̿�𝑛( 𝑢 +𝐾 𝜉�̿�) +  ̿𝑛+ ]    (𝑡𝑛+ )}           (42) 

Ф̿𝑛+  �̅�𝑛
  {𝐁𝐝𝐧+𝟏    (𝑡𝑛+ ) + �̅�[�̿�𝑛( 𝑢 + 𝐾 𝜉�̿�) +  ̿𝑛+ ]} − [ 𝑢 + 𝐾 (𝜉�̿� +  ̿𝑛+ )]  (43) 
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Ф̿𝑛+ 

𝑡𝑟𝑖𝑎𝑙
  

|𝑡𝑛+ 
𝑡𝑟𝑖𝑎𝑙|  

Ф̿𝑛+  0  

  �̅�𝑛
  [𝐁𝐝𝐧+𝟏    (𝑡𝑛+ ) + �̅��̿�𝑛( 𝑢 + 𝐾 𝜉�̿�) + �̅� ̿𝑛+ ] − ( 𝑢 + 𝐾 𝜉�̿�) − 𝐾  ̿𝑛+  0 

  𝐁𝐝𝐧+𝟏    (𝑡𝑛+ ) + �̅��̿�𝑛( 𝑢 +𝐾 𝜉�̿�) + �̅� ̿𝑛+ − �̅�𝑛( 𝑢 + 𝐾 𝜉�̿�) − 𝐾 �̅�𝑛 ̿𝑛+  0  

  𝐁𝐝𝐧+𝟏    (𝑡𝑛+ ) + (�̅��̿�𝑛 − �̅�𝑛)( 𝑢 + 𝐾 𝜉�̿�)  (𝐾 �̅�𝑛 − �̅�) ̿𝑛+    

 

  
𝐁𝐝𝐧+𝟏  𝑔𝑛(𝑡𝑛+1)

�̅�𝑛 �̅��̿�𝑛

⏞        
− ( 𝑢 + 𝐾 𝜉�̿�)⏟                  

 
𝐾𝑠�̅�𝑛 �̅�

�̅�𝑛 �̅��̿�𝑛
 ̿𝑛+  

 

⇒  ̿𝑛+  
Ф̿𝑛+1
𝑡𝑟𝑖𝑎𝑙

(�̅�𝑛 �̅��̿�𝑛)

𝐾𝑠�̅�𝑛 �̅�
 

Ф̿𝑛+1
𝑡𝑟𝑖𝑎𝑙

(�̅�𝑛+
1

𝑙 
�̿�𝑛)

𝐾𝑠�̅�𝑛+
1

𝑙 

                     (44) 

 

 

3. Reference solution in a bar – Analytical solution of dynamic strain-softening 
 

Consider a bar of length 2L, with a unit cross-sectional area and a mass density 𝜌 per unit 

length. Let the bar be loaded by forcing both ends to move simultaneously outward, with constant 

opposite velocities of magnitude v. The longitudinal coordinate x is measured from the bar’s center 

(Fig. 4). The boundary conditions are 

,
      −      − 𝑡
              𝑡        

   (for 𝑡  0)                    (45) 

Two step waves are generated in the bar. One wave travels from the right boundary in the 

negative x-direction. The other wave travels from the left boundary in the positive x-direction. The 

two step waves of constant strain travel to the center of the bar and meet at x = 0 for the time 

𝑡   /𝑐𝑒. When the two waves meet strain doubles instantaneously at the center of the bar if 

 ≤  𝑝/2 and the midsection enters immediately the strain-softening regime with an increase to 

infinite strain if  𝑝/2   ≤  𝑝 , with the latter representing the strain value which triggers 

softening. 

Before the onset of strain-softening the problem is governed by the differential equation of 

motion with the elastic wave speed 𝑐𝑒  √
 

 
. This standard equation is the wave equation, which is 

hyperbolic for real wave speeds. 

𝑐𝑒
 𝜕

 𝑢

𝜕𝑥 
 
𝜕 𝑢

𝜕𝑡 
                              (46) 

The longitudinal displacement function in the linear elastic domain is derived from appropriate 

initial and boundary conditions. 
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Fig. 4 Geometry and loading of strain-softening bar 
 

 

 ( , 𝑡)  − 〈𝑡 −
𝑥+ 

  
〉 +  〈𝑡 +

𝑥  

  
〉                       (47) 

in which the symbol 〈  〉 is defined as 〈   〉    if   0 and 〈   〉  0 if   ≤ 0 

The corresponding strain function needs to be positive. Accordingly, the Heaviside step function 

H is used. 

  
𝜕𝑢

𝜕𝑥
 

𝑣

  
*𝐻 (𝑡 −

𝑥+ 

  
) + 𝐻 (𝑡 +

𝑥  

  
)+                      (48) 

The stress caused by the deformation is described with Hooke’s law for linear elasticity. 

  𝐸                                 (49) 

Obviously, if  ≤  𝑝/2, the assumption of elastic behavior holds for 𝑡 ≤ 2 /𝑐𝑒, i.e., until the 

time each wave-front runs the entire length of the bar. If, however,  𝑝/2   ≤  𝑝, the solution for 

the displacement u(x,t) in Eq. (47) holds only for 𝑡 ≤  /𝑐𝑒. 
The slope of the stress-strain diagram in the strain-softening domain is 𝐹 ( ) that is less than 

zero. Because 𝐹 ( )  0, the differential equation of motion in the strain-softening domain is 

elliptic, which means that interaction over finite distances is immediate.  

𝑐𝑒
 𝜕

 𝑢

𝜕𝑥 
+
𝜕 𝑢

𝜕𝑡 
 0    with 𝑐𝑒

  
  (𝜀)

 
                        (50) 

Strain-softening is limited to an area around x = 0. The displacements develop a discontinuity at x 

= 0, with a jump of magnitude     〈𝑡 −  /𝑐𝑒〉. Strain starts to increase infinitely and stress drops to 

zero in the strain-softening zone. The rest of the bar starts to unload elastically. 

Strain near x = 0, i.e., at the center of the bar can be expressed by the Dirac Delta function 

    〈𝑡 −  /𝑐𝑒〉 ( )                         (51) 

The solution for the strain field outside the strain – softening zone, 𝑡   /𝑐𝑒 and x < 0, is 

  
𝑣

  
*𝐻 (𝑡 −

𝑥+ 

  
) + 𝐻 (𝑡 +

𝑥  

  
) +   〈𝑡 −  /𝑐𝑒〉 ( )+              (52) 

For the right half of the bar, x > 0, a symmetric solution applies. 

 

 

4. Numerical implementation: Finite element with embedded strong discontinuities 
 

4.1 Standard finite element interpolation 
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The displacement interpolation for one-dimensional truss bar with 2 nodes can be written as 

 ( )  ∑ 𝑁𝑎( ) 𝑎  𝐍𝐮
 
a=                          (53) 

where u represents nodal displacement vector. 

For this case of element, we use standard linear interpolation functions for continuum 

displacement approximation 

𝐍  ,𝑁 ( )   −
𝑥

𝑙 
, 𝑁 ( )  

𝑥

𝑙 
-                       (54) 

The strain interpolation can be obtained from the displacement field resulting in 

 ( )  
𝑑𝑢(𝑥)

𝑑𝑥
 𝐁𝐮                            (55) 

where B is the strain-displacement matrix 

𝐁  
𝑑𝐍

𝑑𝑥
 

 

𝑙 
[−    ]                           (56) 

 

4.2 Strong discontinuity kinematics 
 

Once the localized failure occurs, the crack opening (further denoted as , see Fig. 6)  

contributes to a “jump” or irregular part in the displacement field. Thus, the total displacement 

field is the sum of regular (smooth) part and irregular part. 

 ( , 𝑡)   ̂( , 𝑡) + 𝛼{𝐻𝑥𝑐( ) − 𝜑( )}                   (57) 

  ( , 𝑡)   ̂( , 𝑡) − 𝛼𝜑( ) + 𝛼𝐻𝑥𝑐( )                   (58) 

where 𝐻𝑥𝑐( ) is the Heaviside function introducing the displacement jump. 

𝐻𝑥𝑐( )  {
 ;     
0;     

                             (59) 

and 𝜑( ) is a (smooth) function, introduced to limit the influence of the displacement jump 

within the “failure” domain. Usual choice for 𝜑( ) in the finite element implementation pertains 

to the shape function of selected interpolation. For a 1D truss-bar with 2 nodes, we can choose 

𝜑( )  𝑁 ( )  
𝑥

𝑙 
                              (60) 

 

 

Fig. 5 Shape functions 
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M(x) 

The corresponding illustrations for 𝐻𝑥𝑐( ) and 𝜑( ) for a two-node truss-bar element are 

given in Fig. 7. 

Denoting with  ̅( , 𝑡)   ̂( , 𝑡) − 𝛼𝜑( ) the continuous part of the displacement field, and 

with  the “jump” in displacement, we can further write additive decomposition of displacement 

field 

 ( , 𝑡)   ̅( , 𝑡) + 𝛼𝐻𝑥𝑐( )                         (61) 

 ( , 𝑡)   ̅( , 𝑡) + 𝛼𝜑( ) + 𝛼 {𝐻𝑥𝑐( ) − 𝜑( )}⏟                            (62) 

 ( , 𝑡)   ̅( , 𝑡) + 𝛼𝑁 ( ) + 𝛼{𝐻𝑥𝑐( ) − 𝑁 ( )}                (63)  

In Eq. (62) above, M(x) is the additional interpolation function (see Fig. 7), and can be used 

alongside standard interpolation function to describe the heterogeneous displacement field with 

activated jump inside the finite element. The M(x) is defined as follows 

𝑀( )  {
−
𝑥

𝑙 
;  ∈ [0,    

 −
𝑥

𝑙 
;  ∈   , 𝑙

𝑒]
                        (64) 

The finite element displacement interpolation can thus be stated as 

 ( )  ∑ 𝑁𝑎( ) 𝑎 + 𝛼𝑀( )
 
𝑎=                         (65)  

The corresponding strain field can then be obtained by exploiting the kinematic relation 

 ( , 𝑡)  ∑ 𝐵𝑎( ) 𝑎
 
𝑎= + 𝛼𝐺( )                       (66)  

where  

𝐺( )  𝐺 + 𝛿𝑥𝑐  −
 

𝑙 
+ 𝛿𝑥𝑐 ,  ∈ [0, 𝑙

𝑒]                   (67)  

and                  𝛿𝑥𝑐  ,
∞;          
0;  the wise – Dirac’s Delta function 

 

4.3 Computational procedure 
 

The solution will be computed at discrete time values 0, t1, t2,…, t by means of incremental 

iterative scheme. The local phase will be treated separately from global phase 

 

 

 

 

 

 

 

Fig. 6 Displacement discontinuity at localized failure for the mechanical load 
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Fig. 7 Displacement discontinuity for 2-node bar element: Heaviside function, smooth function and additional 

interpolation function 

 

 

 

Fig. 8 Return mapping algorithm 

 

 

The local (element) computation should provide the values of internal variables at the end of time 

step guaranteeing the plastic admissibility of the stress field. Implicit backward Euler scheme will be 

taken for time integration of evolution equations.  

Given: 𝑑𝑛+ , �̅�𝑛, 𝜉�̅�, 𝛼𝑛, �̿�𝑛, 𝜉�̿�, ∆𝑡  𝑡𝑛+ − 𝑡𝑛 

Find: 𝜉�̅�+ , �̅�𝑛+ , 𝛼𝑛+ , 𝜉�̿�+ , �̿�𝑛+  

In the global phase, we compute the current iterative values of nodal displacements at tn+1 while 

keeping other variables fixed. 

Given: 𝑑𝑛+ , 𝛼𝑛+   
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−�̅�𝑛 

Find: 𝑑𝑛+  𝑑𝑛 + ∆𝑑𝑛+  

The subscript n denotes the values of variables at the discrete time value tn. First, we need to 

solve the elastodamage part of the task, and once reached the ultimate stress, deal with localized 

failure and the softening phase. 

The local computation for the elastodamage phase can be summarized in the following Return 

Mapping Algorithm: 

Initial data: �̅̅�𝑛, �̅� 
 

Strain: 𝑛+  ∑ 𝑩𝑎𝑑𝑎,𝑛+ 
 
𝑎=                                                 (69) 

Compute elastic trial stress and test for damage loading 

 𝑛+ 
trial  �̅�𝑛

   𝑛+                                                     (70) 

Ф̅𝑛+ 
trial

 | 𝑛+ 
trial| − ( 𝑓 + 𝐾𝜉�̅�⏟)                                              (71) 

 

If Ф̅n+ 
trial

≤ 0 then 

Elastic step:  𝑛+   𝑛+ 
trial; 𝐶𝑛+ 

𝑒𝑑  �̅�𝑛
                                     (72) 

Exit 

Else 

 ̅𝑛+  
Ф̅𝑛+1
trial

�̅�𝑛
−1+𝐾

                                                       (73)  

 𝑛+   𝑛+ 
trial − �̅�𝑛

   ̅𝑛+     ( 𝑛+ 
trial)                                      (74)                                        

𝜉�̅�+  𝜉�̅� +  ̅𝑛+                                                       (75)                                          

�̅�𝑛+  �̅�𝑛 +
 ̅𝑛+1  𝑔𝑛( 𝑛+1

trial)

 𝑛+1
                                              (76)                                             

𝐶𝑛+ 
𝑒𝑑  

�̅�𝑛+1
−1 𝐾

�̅�𝑛+1
−1 +𝐾

                                                         (77) 

End 
 

Once the ultimate stress  𝑢 is reached, we carry on with solving the softening part of the task. 

Similar to hardening part, the local computation for this phase is summarized in the Return 

Mapping Algorithm as follows 
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−�̿�𝑛 

Initial data: �̅�𝑛, �̿�𝑛, �̿� 
 

Compute elastic trial traction force and test for damage loading 

𝑡𝑛+ 
𝑡𝑟 𝑎𝑙  

𝜀𝑛+1

�̅�𝑛+
1

𝑙 
�̿�𝑛

                                                          (78) 

Ф̿𝑛+ 

trial
 |𝑡𝑛+ 

trial| − ( 𝑢 + 𝐾 𝜉�̿�⏟)                                              (79) 

If Ф̿𝑛+ 

trial
≤ 0 then 

Elastic step: 𝑡𝑛+  𝑡𝑛+ 
trial                                                (80) 

Exit  

Else 

 ̿𝑛+  
Ф̿𝑛+1
𝑡𝑟𝑖𝑎𝑙

(�̅�𝑛+
1

𝑙 
�̿�𝑛)

𝐾𝑠�̅�𝑛+
1

𝑙 

                                                   (81)                                                

𝛼𝑛+  𝛼𝑛 +  ̿𝑛+     (𝑡𝑛+ 
trial)                                          (82)                                          

𝜉�̿�+  𝜉�̿� +  ̿𝑛+                                                        (83)                                                                   

 ̿𝑛+   𝑢 ( − 𝑒
  �̿�𝑛+1)                                                (84)                                                       

𝑡𝑛+  ( 𝑢 −  ̿𝑛+ )    (𝑡𝑛+ 
trial)                                           (85)  

      �̿�𝑛+  �̿�𝑛 +
 ̿𝑛+1  𝑔𝑛(𝑡𝑛+1)

𝑡𝑛+1
                                              (86)                                                    

End 
 

After the local computation is finished and the values of internal variables obtained, we turn to 

the global phase in order to provide new iterative values of nodal displacements. In this phase, we 

consider the numerical simulations by implicit Newmark scheme and Newton-Raphson method. 

The system of linearized equations can be written as 

0
𝔸𝑒 =  
𝑛 𝑙 �̂�(𝑒) 𝔸𝑒 =  

𝑛 𝑙 𝐅(𝑒)

𝐅(𝑒),𝑇 𝐇(𝑒)
1
𝑛+ 

 

.
∆𝐝𝑛+1

(𝒆),(𝒊)

∆𝛂𝑛+1
(𝒆),(𝒊)/  .

𝔸  = 1
𝑛 𝑙 𝐫𝑛+1

(𝒆),(𝒊)

𝐡𝑛+1
(𝒆),(𝒊) /            (87) 

in which the parts of element stiffness matrix are as follows 

�̂�𝑛+ 
(𝑒),( )

 𝐊𝑛+ 
(𝑒),( )

+
 

 (∆𝑡) 
𝐌𝑛+ 
(𝑒),( )

                     (88) 

𝐊𝑛+ 
(𝑒),( )

 ∫ 𝐁𝑇𝐶𝑛+ 𝐁𝑑  
𝑙 

0
                         (89) 
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𝐅𝑛+ 
(𝑒),( )

 ∫ 𝐁𝑇𝐶𝑛+ �̅�𝑑  
𝑙 

0
                         (90) 

𝐇𝑛+ 
(𝑒),( )

 ∫ 𝐆𝑇𝐶𝑛+ �̅�𝑑 +
𝜕𝑡𝑛+1

𝜕 𝑛+1
 

𝑙 

0
                      (91) 

and r
(e)

 and h
(e)

 are residuals 

𝐫𝑛+ 
(𝑒),( )

 𝐟𝑒𝑥𝑡,𝑛+ 
(𝑒),( )

− 𝐟 𝑛𝑡,𝑛+ 
(𝑒),( )

−𝐌𝑛+ 
(𝑒),( )

𝐚𝑛+ 
(𝑒),( )

                  (92) 

𝐡𝑛+ 
(𝑒),( )

 ∫ 𝐆𝑇σn+ 
(e),(i)

𝑑 + 𝑡𝑛+ 
(𝑒),( )𝑙 

0
                      (93) 

with t is the traction force acting at discontinuity. 

In Eq. (88) above, M
(e)

 is the element mass matrix. 

𝐌𝐧+𝟏
(𝐞),(𝐢)

 ∫ 𝜌𝐍𝑇𝐍𝑑 
 


                          (94) 

and 𝐟𝑒𝑥𝑡
(𝑒)

 and 𝐟 𝑛𝑡
(𝑒)

 in Eq. (92) are external and internal forces, respectively. 

𝐟𝑒𝑥𝑡,𝑛+ 
(𝑒),( )

 ∫ 𝐍𝐛𝐍𝑻𝑑
 


+ [𝐍𝑻𝑡̅]𝝈                     (95) 

𝐟 𝑛𝑡,𝑛+ 
(𝑒),( )

 ∫ 𝐁𝑇σ𝑑 
 


                         (96) 

 

4.4 Static condensation 
 
One of the main features of finite element framework with embedded strong discontinuities is 

the ability to statically condense out the local element parameters on the element level, leaving the 

focus again on the solution of the global problem in terms of the global displacement field d. Then, 

the final statically condensed system is 

 

 

 

Fig. 9 Newton-Raphson method 
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𝔸𝑒 =  
𝑛 𝑙 (𝐊𝑒𝑓𝑓,𝑛+ 

(𝑒),( )
∆𝐝𝑛+ 

(𝒆),(𝒊)
)  𝔸𝑒 =  

𝑛 𝑙 𝐫𝑒𝑓𝑓,𝑛+ 
(𝒆),(𝒊)

                  (97) 

The effective stiffness matrix and effective residual of element are respectively defined by 

𝐊𝑒𝑓𝑓,𝑛+ 
(𝑒),( )

 �̂�𝑛+ 
(𝑒),( )

− 𝐅𝑛+ 
(𝑒),( )

(𝐇𝑛+ 
(𝑒),( )

)
  
𝐅𝑛+ 
(𝑒),( ),𝑇

              (98) 

𝐫𝑒𝑓𝑓,𝑛+ 
(𝒆),(𝒊)

 𝐫𝑛+ 
(𝒆),(𝒊)

− 𝐅𝑛+ 
(𝑒),( )

(𝐇𝑛+ 
(𝑒),( )

)
  
𝐡𝑛+ 
(𝑒),( )

                 (99) 

 

 

5. Numerical simulations 
 
5.1 Quasi-brittle case 
 
For both plasticity-softening model and damage-softening model, we carry out numerical analysis of a 

bar of a unit cross-sectional area subjected to constant velocity v = 15 m/s applied at both ends in the 

outward direction. The geometric and material properties of the bar are L = 2 m, E = 10000 MPa, 𝐾  = 

-2500 Mpa, 𝜌      /  ,  𝑓   00    ,  𝑢    0    ,    0 The numerical results are 

compared for 𝑡  
    

  
 0 0 s with analytical results of the strain-sofening solution presented in 

Section 3. In addition, results obtained from plasticity-softening model and damage-softening model will 

be also compared together. At this time, the bar area defined by –
 

 
≤  ≤

 

 
 is governed by the 

strain-softening solution. The rest of the bar, − ≤   
 

 
 and 

 

 
  ≤   still remains in the 

elastic regime. It is very obvious that the numerical results agree quite well with the predicted 

strain-softening behavior from exact solution wherein a displacement jump occurs and strain is 

supposed to be infinite in the strain-softening discontinuity at infinitesimal area near x = 0. Outside 

this area the bar unloads, all displacements accumulate at x = 0, and strain gradually reduces to zero. 

Namely, the strain-softening area narrows with increasing the number of elements and accumulation in 

one element of all displacements (see Figs. 10(a)-11(a)) can be observed.  

 

 

  
(a) Longitudinal displacement (b) Longitudinal strain 

Fig. 10 Comparison between analytical and numerical solution at t = 0.03s and 
εp

 
 ε ≤ εp  for 

plasticity-softening model 
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(a) Longitudinal displacement (b) Longitudinal strain 

Fig. 11 Comparison between analytical and numerical solution at t = 0.03s and 
εp

 
 ε ≤ εp for 

damage-softening model 

 

 

 

 

 
 

 

Fig. 12 Wave propagation from the right and left end to the center of the bar at different instants in time  
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The strain-softening element in the middle of the bar undergoes intense deformation. Strain increases 

with increasing mesh refinement. Strain in elements outside the strain-softening element gradually 

decreases to zero (see Figs. 10(b)-11(b)). Furthermore, results for longitudinal displacement and strain 

along the bar, respectively, in Figs. 10(a)-11(a) and Figs. 10(b)-11(b) exhibit a strong sensitivity of results 

on the mesh discretisation for the strain-softening zone, whereas in the remaining elastic domain mesh 

sensitivity is not visible although an improvement in result accuracy can be seen with increasing mesh 

refinement. The process in which the two step waves from the right and left boundary travel to the 

center of the bar in Fig. 12 indicates strain-softening behavior as expected with a displacement 

jump around an area of x = 0. Fig. 13 illustrates typical stress-strain curve for quasi-brittle case in 

which after reaching ultimate stress the stress-strain diagram “turns down” and material strain 

softens. A comparison in Figs. 14 and 15 also shows a good agreement between two models: 

plasticity-softening and damage-softening. 

 

 

  
(a) Plasticity-softening model (b) Damage-softening model 

Fig. 13 Typical stress-strain curve for quasi-brittle case 

 

 

 

 
 

 

(a) Longitudinal displacement (b) Longitudinal strain 

Fig. 14 Comparison between plasticity-softening model and damage-softening model. 
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Fig. 15 Comparison between plasticity-softening model and damage-softening model 

 

 

 

5.2 Quasi-ductile case 
 
In the same manner, numerical analysis of a bar of unit cross-sectional area subjected to constant 

velocity v = 15 m/s applied at both ends in the outward direction was performed for both two models: 

plastitcity-softening and damage-softening. The bar has the geometric and material parameters as follows: 

L = 2 m, E = 10000 MPa, K = 5000 MPa, 𝐾  = -2500 MPa, 𝜌      /  ,  𝑓    0    , 

 𝑢    0    ,    0. Besides, to observe influence of ductility on failure process of material, fixed 

values of Young’s modulus (E = 10000 MPa) and softening modulus (𝐾  = -2500 MPa) together with 

various values of isotropic hardening modulus K were used. All numerical results of different mesh 

discretisations are compared for 𝑡  
    

  
 0 0 s  with exact solution. Results obtained from 

plasticity-softening model and damage-softening model will also be compared together in this case. At 

this time (𝑡  
    

  
) the waves from the left and right have both travelled 3/2 of the bar. 

Consequently, the bar area defined by –
 

 
≤  ≤

 

 
 is governed by strain-softening regime, 

whereas the rest of the bar obeys the elastic solution. Nevertheless, unlike quasi-brittle case, herein 

apart elastic and strain-softening regime material undergoes a phase of strain-hardening before 

failure as demonstrated in Fig. 19. Concurrently, results in Fig. 19 also allow us to confirm that the 

higher ductility (the smaller isotropic hardening modulus K) the larger plastic deformation material 

will undergo before failure and, therefore, this also implies the larger area under the stress-strain 

diagram, i.e., the larger strain energy density at rupture (modulus of toughness). Accordingly, the 

material has higher resistance to cracks and crack propagation and is more resistant to fracture. 

These above characteristics hold for ductile failure regime of material.  

Similar to quasi-brittle case, in the case of quasi-ductile, the numerical results agree well with 

the predicted strain-softening behavior from the analytical point of view as aforementioned. For 
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more clarity, seeing results in Figs.16 and 17 where results for longitudinal displacement and strain 

along the bar are indicated. Moreover, propagation of waves from the both ends to the bar’s center 

presented in Fig. 18 is well compatible with these predictions. Also, a strong sensitivity to the size 

of finite elements can be found in the strain-softening region, but is not present in the rest of the 

bar where elastic regime remains (see Figs. 16 and 17). 

Finally, results obtained from damage-softening have a negligible difference in comparison 

with those of plasticity-softening model, and this is very clearly expressed in Figs. 20 and 21. 

 

 

 

  
(a) Longitudinal displacement (b) Longitudinal strain 

Fig. 16 Comparison between analytical and numerical solution at t = 0.03s and 
εp

 
 ε ≤ εp  for 

plasticity-softening model 

 

 

 

 

 
  

(a) Longitudinal displacement (b) Longitudinal strain 

Fig. 17 Comparison between analytical and numerical solution at t = 0.03s and 
εp

 
 ε ≤ εp  for 

damage-softening model 
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Fig. 18 Wave propagation from the right and left end to the center of the bar at different instants in time 

 

 

 

  
(a) Plasticity-softening model (b) Damage-softening model 

Fig. 19 Typical stress-strain curve for quasi-ductile case 
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(a) Longitudinal displacement (b) Longitudinal strain 

Fig. 20 Comparison between plasticity-softening model and damage-softening model 

 

 

 

Fig. 21 Comparison between plasticity-softening model and damage-softening model 

 

 

6. Conclusions 
 

This paper contributes to enhance the understanding of localized failure both for a simple case 

without fracture process zone - FPZ and more general case where strain-hardening and 

strain-softening elastodamage behavior are combined in dynamics.  

The implementation of the dynamic strain-softening problem was done with a discrete bar 

model with strong discontinuities in FEAP. These discontinuities are embedded into the finite 

element through the proper enhancement of the discrete strain field of the element. It was shown 

that the strain-softening area which tends to narrow with increasing mesh refinement will cause 

pathological sensitivity of the numerical results to the size of finite elements and all displacements 

accumulate in one element. Strain increases in the softening domain with a simultaneous decrease 
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of stress. The numerical solution compares quite well with the analytical solution with increasing 

number of elements. Comparison results obtained from plasticity-softening model and 

damage-softening model shows a very small difference. 
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