Coupled Systems Mechanics, Vol. 10, No. 5 (2021) 453-467
https://doi.org/10.12989/csm.2021.10.5.453 453

Distributed loads in modified couple stress thermoelastic
diffusion with non-local and phase-lags

Rajneesh Kumar', Sachin Kaushal*? and Vikram Dahiya?

"Department of Mathematics, Kurukshetra University, Kurukshetra-136119 Haryana, India
2Department of Mathematics, School of Chemical Engineering and Physical Sciences,
Lovely Professional University-144411 Phagwara, India

(Received April 27, 2021, Revised June 19, 2021, Accepted October 6, 2021)

Abstract. Thermomechanical loading is considered to examine the non-local and phase-lags effects in a modified
couple stress thermoelastic (MCT) half space. Governing equations are solved by using Laplace and Fourier transform
techniques. Concentrated source in time and distributed sources with space variable are taken to demonstrate the
application. Distributed sources are further classified as uniformly distributed source (UDS) and linearly distributed
source (LDS) for mechanical, thermal and chemical potential sources. Numerical results are calculated for
displacements, stresses, temperature distribution and chemical potential and are disucussed by displaying graphically.
Some particular cases are deduced.
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1. Introduction

The state of stress at a point is a function of strain of all points in the body for non-local theory
of elasticity, whereas classical (local) elasticity describes the stress state at a given point by strain
state at the same point. Non-local theory has been derived by various researchers by adopting
different assumptions, e.g., Eringen and Edelen (1972), Edelen and Law (1971), Eringen (1972a,
1972b, 1981, 1991). A comprehensive work on development of non-local theory is given by book
of Eringen (2002).

The non-local response and lagging response are same since earlier in space and as later in time.
Tzou (1992) combined the response of non-local with single phase-lag heat conduction and
compared it with the model given by Cao and Guo (2007), Guo and Hou (2010). Tzou and Guo
(2010) demonstrate the union of non-local response with the dual-phase-lag model proposed by
Tzou (19954, 1995b) and known as the new theory comprising both effects.

Sharma (2012) studied reflection of plane waves in thermodiffusive elastic half space with voids.
Abouelregal and Zenkour (2014) analyzed the effect of phase lags on thermoelastic functionally
graded microbeams subjected to ramp-type heating. Sharma et al. (2014) investigated the influence
of heat sources and relaxation time on temperature distribution in tissues. Marin et al. (2014) studied
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relaxed Saint-Venant principle for thermoelastic micropolar diffusion. Kumar and Abbas (2016)
studied the disturbance due to thermomechanical sources in porothermoelastic medium. Abbas and
Marin (2018) investigated analytical solution for two dimensional generalised thermoelastic
diffusion problem.

Kumar et al. (2018) investigated transient analysis of non-local microstretch thermoelastic thick
circular plate with phase-lags. Kumar et al. (2019) studied the effect of thermal and chemical
potential sources in a thin beam in MCT with three-phase-lag thermoelastic diffusion model. Zhang
et al. (2020) studied entropy generation on blood flow through anisotropic tapered arteries filled
with magnetic zinc oxide nanoparticles. Borjalilou et al. (2020) investigated an explicit relation for
thermoelastic damping in non-local nanobeams considering dual-phase-lag effect. Mashat and
Zenkour (2020) presented a problem of ramp-type heating to study vibration of a temperature
dependent nanobeam under multi-dual-phase-lag thermoelastic with non-local.

In this article, non-local and phase-lags effects are examined due to distributed sources in MCT
diffusion. Integral transform technique is applied to investigate the problem. Normal load, thermal
source and chemical potential source are taken to show the approach. Resulting quantities are
depicted graphically to show non-local and phase-lags effects. This theory can help to capture the
size effect of elastic deformation and heat conduction of nanoscale structures with thermal lagging
which can be useful in nanotechnology.

2. Basic equations

Following Tzou and Guo (2010), Sherief et al. (2004) and Yu et al. (2016), we have
(i) Constitutive Relations

1
tij = 2pe;; — S exijmye + 8ij[Aoekk — V1T — ¥2P], (1)
m;j = 2ax;;, 2
(i) Equation of motion
(o + 1+ STV ) + ( — SA)AD) — 1, VT —1,VP = p(1 - 2022, (3)
(iii) Equation of heat conduction
a1 5 82 . . . d
(1 - {ZA + Tq E + - Té atz)(leoe + llTOT + TodP) = K(l + Tt E)AT, (4)
(iv) Equation of mass diffusion
a 1
(1-¢?A+1y5 +5T0 atz)(yze +dT + nP) =D(1+71,5 24P, (5)
Here
Xij =5 (Wij + @), 0; = S €ipqliqp
where

Ce 1
ho= A=y =B 428, = 1 =2 s a= =t

In the Egs. (1)-(5), &,{,¢ - non- Iocal parameters, Tq&‘[t- thermal relaxation times with
74, T¢ = 0 and 7,&rt, - diffusion relaxation times with 7,,7, 2 0. f; = B4+ 2wWa;, P, =
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(31 + 2p)a.. Here a;, a. correspond to the coefficient of linear thermal expansion and diffusion
expansion respectively. A is the Laplacian operator, V is nabla(gradient) operator. Other symbols
have their usual meanings.

3. Statement of the problem

A homogeneous isotropic non-local MCT diffusive body with dual-phase-lag occupying the
region x; = 0 is taken. A rectangular Cartesian coordinate system (x;,x,,x3) having origin on
x3 = 0 is followed. The half space is subjected to normal load, thermal source and chemical
potential source on the bounding plane x3; = 0.

For the assumed model, we have

U = (uq (%, x3,£),0,uz (1, %3, £)), T (%1, X3, 1), P (%1, X3, ). (6)
Using Egs. (6) in (3)-(5), recast the following equations
aT ar 5 0%u
(4o +,u)—+yAu1 +— A(__Aul) Vim o, — Y25 o, =p(1-¢ A) atz ) @)
oT oP 5 0%ug
(Ao +u) +uAu3+ A( Aus)—]’1a_x3—72@=l)(1—fﬂ) FTEk (8)
5 g 1, 02 . . . d
(1-¢4+ Ta5; + 57 m)(leoe + L T,T+T,dP) =K(1+ 1, a)AT, 9)
Lmatr, L4220 o gt b by = D+ 1, 2ap 10
Following dimensionless quantities are used
! a)* ! a)* ! a)* ! a)* ! a)*
5:0_95, §=C—§, §=C—§. Xi:C_Xiv ui:C_ui’
1 1 1 1 1
t'=w"t, =0T, T, =01, 1,=07T, T,=07T, (11)
ti’j:Lij’ ;j:w—mijv T’=7—12T, Przip
7T, 7iT,C PCy by,
where o = £Cecl o2 _ Aot20
k '1 p

w™ is the characteristic frequency and c, is the longitudinal wave velocity in the media.
Egs. (7)-(10) with the aid of Eq. (11), reduce to the following equations after suppressing the
primes

@ g+ G hus + a5 = M) = 5= ay g = (1= §20) Zu, (12)
_ 2 6 us
a1 Py + azAdus + a3A( — duz) — a_ 4 oms =1=-8) -5 (13)
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(1— A+ +172 ;tz)(a5é + aT + a,P) = (1 + 7, 2)AT, (14)
) . . . )
(1-¢?A+1, pria Erﬁ ﬁ)(age +agT + a;0P) = (1 +1, E)AP . (15)
where
A, + . by’ : l,c?
a, = ( ,u) ZZLZ’ Szga)_4, a4=L22, a, = 71 *To' a6=1_1*'|'0’
pCl PC 4 pc, PCy Kpa Ko
by,y,T d ¢! c/d nc? 2 2 ou,  dug
a, = VaV1lo q =1 a 1 Up a, =2 :8_ 07 e

Koo' ' ° Dbo' B Dbw*y,y,

4. Solution procedure

Following Helmholtz’s decomposition, the displacement components u,(x;,x3,t) and
uz (x4, x3,t) relate to scalar potentials ¢ (xq,x5,t) and P (xq, x3,t) in dimensionless form as

G0 o0, S0 0% (16)

- aX3 axll

With the aid of Eq. (16), Egs. (12)-(15) yield

(a; +ax)Ap —T —asP — (1 — SZA) atz =0, (17)
(a; —azA)AY — (1 — SZA) 6t2 =0, (18)
a1
(1-3*A+1, E + —rq atz)(aSAgo + a6T + a7P) =1+ )AT (19)
(1—-¢?A+1,— o 0,1 Tu atz)(aBA(p + a9T + alOP) ={1+71, a—)AP (20)
We define Laplace and Fourier transforms as
Foaxs,s) = [ fnxs, Detde,
0
f(&1x3,5) = [, f (1,23, 8)e ™1 dxy. (21)
Using Eq. (21) on Egs. (17)-(20), determines following after simplification
(W1 DY + W,DY + W3D? + W,)(9, T, P) = 0, (22)
(D} + WsD? + W)y = 0. (23)

where
Wy = Wy WisWis — ‘17‘1952“/'11(2(;2 - a55W15{2 + a7a852<2§2 - a4a5a95252§2
+ azagsWisc?,
W, =Wy, — 3512W1,W3 = 3ff'W1 - 2512W01 + Woo, Wy = W01'ff - W1'f16 - Wozf12 — Wos,
ap +§%s? + 2¢fa; azél + azéf + 57 +§7¢%s?

W=— W:
5 as » Ve as ’
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Wor = =Wy 1 WoyWis — Wy WizWae — WisWyss? + azsWi i Wos(? + agsWos Wy 62
+ a,aq(?¢?s*
+assWpel? + Wy Wis — a7sWpul? — agsWos¢? + assWpaasl? + agsWoays? — WizWyyay
—a85W22C2‘14' Wop = Wi WorWoe + W13W2652 + W22W1552 — Wy Wy Wys — ‘17W25(253
—AgWp362s3 — Wy W + WosWoy — Wo1 Wasay + WayWosas, Wos
= =5 W, W,, + 52W23W225, ;

s s
Wi =ay +a; +&%s%, Wy, =1+ 574+ ?Té,ng = ags(? + 1+ 51, Wiy =1+ 51y +?T5,
Wis = 1+ 5T, + 5¢%a10, Wy = assWip, Woy = agsWip, Wos = azsWip, Wy = agsWay,
Was = agsWis, Whe = a1osWiy.
The bounded solution of Eq. (22) and Eq. (23) are
(@,T,P)(x3,61,5) = i1 (L, R}, S)A; e i3, (24)
P(x3,&1,5) = Xi_y Ay @73, (25)

Here m;(i = 1,2, ...,5) are the roots of Eq. (22) and Eq. (23) and the coupling constants are
given by
(mf—7)3(arsWs40% 62 —assWys{2)+(mi —§3)? (assWael 2 +Wo1 Wis
—a7SWp4 0% —A9SWp162)+(MF —EF) Wy Wos—Wo3Was)
(M?—E2)2(Wi3Wi5—0a70952{262)+(mf —EF) (~Wo Wys—Wi3Wae
+a7SW25§2+a9SW23§2)+(W22er—W23W25)
(mf—£7)3(asags?{?¢2—agsWy362)+(mf —£7)%(agsWap 2+ Wiz Way
¥ = —a5sWas0%—a9sWp162)+(MF —EF) (Woy Wos—Woa Was)
L (MF—E2)2(Wi3Wi5—a7a9520262)+(mf —EF) (~Wop Wys—Wi3Wae
+a75Wo58%+agSWy362)+(Wap Wae—Wa3Wss)

R} =

i=1,23.

5. Thermomechanical conditions
Boundary conditions for plane boundary x; = 0 subjected to normal force, thermal source and
chemical potential source are
t33 = —F1(x1)8(t), t31 = 0,m3; = 0,T = F,(x1)6(t), P = F3(x1)6(t). (26)
Non dimensional stress components are given by

t33 = 2T1(au3) + 2(% + % — 13T — 1P, (27)
ou ou ou ou
t31—7”1( 1+_3 — T3 (a_x:— 3) (28)
_ 0 Ous _Odug
M3z = 275 6x3 dx3 axl)' (29)

Using Eq. (21) on Eqg. (26), we get

E33 = —F1(S(1); f31 =0,Mm3, = O,T = 132({1),13 = 133(51), (30)

Making use of Eq. (24) and Eq. (25) in Eq. (30) along with Eqg. (16), Eq. (21) and Egs. (27)-(29)
we get
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~ |§1 3 —m; X 1 s A 13 —MiXg |§1 5 —MiXg
u; __XZiine +Kzi=4miAie v Ug __X2i=1miAie _X i=4Aie (31)

P 1 m: x P 1 —m; X = 1 —m; X
lgs = ZziilaliAie7 Tty = ZziilaZiAie Ty My, = KZLaaiAie I (32)

f:%f R'AE™, ﬁ%y S'AEe™ (33)

i=1 ! i=1

Here,
4 = (S3R1 — S{R3)ny + (S1R3 — S3R1)INy + (S3R; — S3R3)m3,
Ny = Q13024035 — Q13034025 — Q14023035 T A14033025 + A15023034 — A15033024,
Ny = Q12024035 — Q12034025 — Q14022035 T Q14032025 + A15022034 — A15032024,
N3 = 41024035 — Q11032025 — Q14021035 T Q14031025 + Q15021034 — A15031024,
ay; = (2ry + )mf — &8, — 3R — 1S}, aqj = 2i&rymy, ay;
= 2i&; (=rsm] + rym; + r5&fmy),

— 4 2 2 4 — 4 — 2 2 __H _ Ho
Azj = rsmy —1rymy — 118y — 158y, az; = 4i§yrsmy, az; = —2rs(mj +$1), 1 = ——, 1 = ——,
] ] ) J ¥1To ¥1To
rzﬁrzhz_br=gLi=123j=45
3 11T’ 4 11T’ 5 4y1Toc?’ e T

Putting [—F;(&1),0,0, F5 (&), F5(§)]7in it" column of A respectively determine A;(i =
1,2,..5).

6. Applications

6.1 Uniformly distributed source
_ (Lliflxq| < a,
[F1(x1), F2(x1), F3(x1)] = {Oif|x1| > a,
Now applying Laplace and Fourier transforms defined by (21) and putting the values

(7160, o (60, Fs (60)] = 252 6 0, (34)

in Egs. (31)-(33), resulting expressions are obtained. The geometry of uniformly distributed load is
given in Fig. 1(a):

6.2 Linearly distributed source

|xq] ,
1 ——llf|x1| <a,

[F1(x1), F2(x1), F3(x1)] = a,
0iflx4| > a,
Fourier transform in this case applying on the plane boundary x; = 0 in dimensionless form is

_ 2[1=cos(§1a0)]

[Fy (G, Fo (§0), s (§)] = =— 2=, (35)

§a,

where 2a, isthe non dimensional width of the strip of the source.
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lags ‘xl|<w, 0<x;, <o

v
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Fig. 1(a) Uniformly distributed normal force Fi(x1) or uniformly distributed thermal source Fx(x1) or
uniformly distributed chemical potential source F3(x1) acting on plane boundary xs=0
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v
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v X5

Fig. 1(b) Linearly distributed normal force Fi(x1) or linearly distributed thermal source Fy(x1)
or linearly distributed chemical potential source Fs(x1) acting on plane boundary x;=0

Putting the values from Eqg. (35) in Egs. (31)-(33), resulting expressions are obtained. Complete
geometry of linearly distributed load is in Fig. 1(b).

7. Validation

() Taking F, = F3 = 0 Egs. (31)-(33) yield the corresponding quantities for normal force.

(I1) For thermal source we consider F; = F; = 0 in Egs. (31)-(33), which in turn yield the
required quantities.

(1) Putting F;, = F, =0 in Egs. (31)-(33) determine the desired quantities for chemical
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potential source.
Subcases

(i) Allowing the values of £, (&), F,(&;), F5(&;) from Egs. (34) and (35) in Egs. (31)-(33) gives
the resulting expressions for uniformly distributed and linearly distributed normal force
respectively.

(ii) Using the values of F, (&), F,(&;), F5(&;) from Egs. (34) and (35) in Egs. (31)-(33) yield
the corresponding expressions for uniformly distributed and linearly distributed thermal source
respectively.

(iii) Resulting expressions for uniformly distributed and linearly distributed chemical potential
source are obtained by substituting the values of F, (&), F,(&,), F5(&;) from Egs. (34) and (35)
in Egs. (31)-(33).

Special cases

(1) Taking é§ =¢ =¢ =0 in Egs. (31)-(33), determine the desired expressions in absence of
non-local parameters.

(2) Using t; =14 =1, = T, = 0 in Egs. (31)-(33), determine the desired expressions without
dual-phase-lag.

8. Inversion of the transformation

We invert the transforms in Egs. (31)-(33), with the help of Kumar et al. (2017).

9. Numerical implementation and discussion

For numerical computations, following Sherief and Saleh (2005), we take the copper material
(thermoelastic diffusion solid) as:

A1=7.76x10"Kgm=1s~2,u = 3.86 x 10'°Kgm~1s~2,T, = 0.293 x 103K, C,
=0.3891 x 103
JKg 'K, a, = 1.78 x 105K ~Y, ¢, = 1.98 X 10~*m3Kg~',a = 1.02 X 10*m?s 2K},
b=9x10°Kg~'m>s~2,D = 0.85 X 107 8Kgm™3s,p = 8.954 x 103Kgm~3,K = 0.386 x 103
Wm™'K~!, a = 0.05Kgms~2,t = 0.01s,t, = 0.2s,7, = 0.65,7, = 0.75,7,, = 0.85,7,, = 0.95,
§=0395x10""m,{ =0.2%x 10™°m,¢ = 0.15 X 10~°m,a, = 1

The software Matlab (R2016a) is used for computation for the following cases:
I. MCT diffusion with non-local and dual-phase-lag (MNP).

Il. MCT diffusion with dual-phase-lag (MP).

1. MCT diffusion with non-local and without diffusion phase-lag (MNWDP).
IV. MCT diffusion with non-local and without thermal phase-lag (MNWTP).
V. MCT diffusion with non-local (MN).

Figs. 2-13 are for UDS and figs. 14-25 are for LDS.
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9.1 Uniformly distributed normal force

Fig. 2 demonstrates trend of t;3 VvS. x;. t33 shows decreasing trend for all the cases.
Magnitude of t;; for MNP is higher than that for other cases.

Fig. 3 shows trend of m3, vs. x;. Magnitude of ms, increases near the source and after that
decreases for MNP. m3, decrease monotonically for 0 < x; < 1.5 and after that increase for
MNWDP & MN. ms, shows oscillatory behavior for MP and decreasing trend for MNWTP.

Fig. 4 depicts trend of T vs. x;. T shows decreasing trend for all the cases except for MNWTP
far away from the source where it shows increasing trend.

Fig. 5 depicts trend of P vs. x,. Value of P shows increasing trend for MNWTP and decreasing
trend for all the remaining cases with difference in magnitude values.

9.2 Uniformly distributed thermal source

Fig. 6 demonstrates trend of t33 VvS. x;. t33 shows decreasing trend for all the cases except for
MNWTP for which it shows increasing trend.

Fig. 7 shows trend of m3, vs. x;. m3, shows decreasing trend for 0 < x; < 1.2 and after
that increasing trend for MNP, MNWDP and MP. Magnitude of ms, decreases near the source and
after that fluctuates for MN whereas it decreases monotonically for MNWTP.

Fig. 8 depicts trend of T vs. x,. Value of T increases with increasing distance for MNWTP and
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Fig. 9 depicts trend of P vs. x;. Magnitude of P decreases with increasing distance for all the

cases except for MNWTP for which it increases.

9.3 Uniformly distributed chemical potential source

Fig. 10 demonstrates trend of t33 vs. x;. Variational behavior of t3; is increasing for
MNWTP and decreasing for other cases. Behavior of t55 is similar for MN & MP.
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Fig. 11 shows trend of m3, vs. x;. Magnitude of ms, decrease monotonically for 0 < x; <
1.0 and after that increase for MNP, MNWDP and MN. m3, shows increasing trend for 0 < x; <
1.6 and after that decreasing trend for MNWTP. ms, shows oscillatory behavior for MP.

Fig. 12 depicts trend of T vs. x;. Variational behavior of T is decreasing for all values of x, for
all the cases with difference in magnitude values. Magnitude of T for MNWDP is higher than the

other cases.

Fig. 13 depicts the trend of P vs. x;. P demonstrates decreasing trend for all the cases except for
MNWTP for which it shows monotonically increasing trend.

9.4 Linearly distributed normal force

Fig. 14 demonstrates trend of t3; vs. x4. ts33 depicts increasing trend for 0 < x; < 1.2 and
after that increasing trend for MNP. Magnitude of t5; decreases with increasing distance for
MNWTP. Magnitude of t;; decreases for 0 < x; < 1.2 and after that increases for remaining

cases.

Fig. 15 shows trend of m, vs. x,. m3, demonstrates decreasing trend near the source and
after that oscillatory behavior for MNP, MP and MNWDP. m3, shows increasing trend for
bounded region and after that decreasing trend for MNWTP & MN.

Fig. 16 depicts trend of T vs. x,. Variational behavior of T is decreasing for all the cases except
far away from the source for MNWTP where it shows increasing trend.
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Fig. 17 depicts trend of P vs. x;. Magnitude of P monotonically increases for MNWTP and

decreases monotonically for all the remaining cases.

9.5 Linearly distributed thermal source

Fig. 18 demonstrates trend of t;3 vs. x;. Magnitude of t55 increases monotonically for 0 <
x; < 1.0 and after that decreases for MNP. Variational behavior of t;; is decreasing for all the

remaining cases.
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Fig. 19 shows the trend of m3, vs. x;. Variational behavior of ms, is similar for MNP, MN
and MN. Values of m3, decrease near the source and increase away from the source for MNWDP.
Trend of ms, is decreasing for MNWTP.

Fig. 20 depicts trend of T vs. x;. T demonstrates decreasing trend for all the cases except for
MNWTP for x; > 1.8 where it shows increasing trend.

Fig. 21 depicts trend of P vs. x;. Trend of P is increasing for MNWTP. Magnitude of P decreases
with increasing distance for other cases.

9.6 Lineraly distributed chemial potential source

Fig. 22 demonstrates trend of t35 Vvs. x;. Value of t;5 increases monotonically for 0 < x; <
1.0 and after that decreases for MNP. Variational behavior of t;; is decreasing for remaining
cases.

Fig. 23 shows the trend of m5, vs. x;. Value of ms, is decreasing monotonically for 0 <
x; < 1.0 and after that increasing for MNP & MNWTP. Magnitude of ms, is increasing
monotonically except far away from the source where it decreases for MNWDP. ms, shows
oscillatory behavior for MP & MN.

Fig. 24 depicts trend of T vs. x,. T demonstrates decreasing trend with increasing distance for
all the cases with difference in magnitude values.

Fig. 25 depicts the trend of P vs. x;. P shows decreasing trend for x; < 1.0 and increasing
trend after that for MNWDP. Magnitude of P decreases monotonically for the remaining cases.
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10. Conclusions

In this problem, thermomechanical load is taken to study the non-local and phase-lags effects in
a MCT half space. Laplace transform with respect to time and Fourier transform with respect to
space variable are employed to investigate the problem. Thermomechanical loading is classified as
UDS and LDS. Inconsistent/non-uniform pattern of curves is followed by the resulting quantities
for uniformly distributed normal force. For uniformly distributed thermal source irregular behavior
is shown by the resulting quantities. Tangential couple stress shows oscillatory behavior and other
guantities show decreasing trend except for MNWTP for normal force and chemical potential for
which increasing trend is observed for uniformly distributed chemical potential source.

Fluctuations in the magnitude values of stress components are observed while temperature
distribution and chemical potential except for MNWTP show decreasing trend with increasing
distance for linearly distributed normal force. Inconsistent/non-uniform pattern of curves is followed
by resulting quantities for linearly distributed thermal source. Stress components and temperature
follow oscillatory path while temperature distribution and chemical potential shows decreasing trend
except for MNWTP for linearly distributed chemical potential source. It is observed that magnitude
values of resulting quantities are high in case of UDS in comparison to LDS. The present work is
useful for researchers working in modified couple stress thermoelastic with non-local and mass
diffusion.
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