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Buckling analysis of piles in weak single-layered soil
with consideration of geometric nonlinearities
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Abstract. This paper presents a numerical model for buckling analysis of slender piles, such as micropiles. The
model incorporates geometric nonlinearities to provide enhanced accuracy and a more comprehensive representation
of pile buckling behavior. Specifically, the pile is represented using geometrically nonlinear beams with the von
Karman deformation measure. The lateral support provided by the surrounding soil is modeled using the spring
approach, with the spring stiffness determined according to the undrained shear strength of the soil. The numerical
model is tested across a wide range of pile slendemness ratios and undrained shear strengths of the surrounding soil.
The numerical results are validated against analytical solutions. Furthermore, the influence of various pile bottom end
boundary conditions on the critical buckling force is investigated. The implications of the obtained results are
thoroughly discussed.

Keywords: buckling; geometric nonlinearities; micropile; pile; spring; stiffness; undrained shear strength;
von Karman; weak soil

1. Introduction

The consideration of buckling instability in pile design is often deemed unnecessary,
particularly for piles fully embedded in soil, due to the perceived low risk of its occurrence. The
prevailing belief is that even weak soil provides adequate lateral support, thereby eliminating the
possibility of pile buckling. This assumption, however, may not universally hold true, as factors
such as soil type, pile slenderness, and applied loads can influence the potential for buckling
(Bergfelt 1957, Gabr et al. 1994, Sabatini et al. 2005).

Pile buckling in weak soils, such as soft clays, refers to the potential instability and lateral
deflection of a pile under axial loads in soil conditions where the lateral support provided by the
surrounding soil is insufficient to prevent buckling. Design code EN 1997-1 mandates a buckling
assessment for soils with an undrained shear strength (c,) below 10 kPa, while DIN 1054 requires
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such an assessment for undrained shear strength values below 15 kPa. According to these design
codes, the occurrence of buckling failure is considered unlikely for higher values of undrained
shear strength. However, this assertion does not apply to slender piles, such as micropiles (Bruce et
al. 2005, Vogt et al. 2009). The use of micropiles is becoming more and more widespread due to
their suitability for projects located in areas with restricted access, such as urban environments or
sites with limited equipment maneuverability. However, owing to their relatively small diameter
(d), typically less than 300 mm, and lengths (L) of up to 20-30 m, micropiles may be susceptible to
buckling due to their high slenderness ratio (L/d), ranging up to 300 (Gato and Montrasio 2021).

The buckling of piles can be classified into two groups (Bhattacharya et al. 2005). The first
group involves local buckling, where the deformation primarily occurs within the cross-section of
the pile, leading to localized damage. The second group deals with global buckling, where a
significant portion or the entire length of the pile undergoes longitudinal deformation, resulting in
lateral instability reminiscent of Euler buckling observed in unsupported struts. Global buckling
becomes a significant concern in long and slender piles in weak soils, particularly when subjected
to significant axial loads.

The critical force at which the pile under axial compression becomes unstable and buckle is
greater than the theoretical Euler critical force for an unsupported strut due to the lateral support
provided by the surrounding soil. Therefore, when assessing the critical force for buckling failure
of piles, this lateral support, which helps to stabilize the pile against buckling by providing
resistance to lateral movement, has to be considered.

The critical buckling force assessment for piles has previously been carried out by employing
both analytical and numerical methods. Analytically, piles are often treated as beams on elastic
foundations (Engesser 1889, Timoshenko and Gere 1961), with lateral support from surrounding
soil modeled using discrete linear elastic springs. The springs may have constant stiffness or
stiffness that linearly increases with depth (Davisson 1963, Prakash 1987). Several studies
determined spring stiffness by correlating it with the undrained shear strength of the surrounding
soil (Poulos and Davis 1980, Reese et al. 2000). Furthermore, an analytical method
accommodating arbitrary end conditions and realistic variations in both soil stiffness and shaft
friction is introduced (Heelis er al. 2004). To enhance these analytical models, a mathematical
approach that accounts for soil nonlinearity and second-order effects has been proposed (Vogt et
al. 2009). Further exploration into the buckling load and post-buckling behavior of piles is
investigated using a nonlinear large deflection differential equation (Zhao et al. 2010). A
noteworthy contribution to the field has been made by analysing the influence of active and
passive earth pressures on the critical buckling load (Chen et al. 2013). In addition, a variational
approach utilizing the Rayleigh-Ritz direct method and Fourier development of soil stiffness along
the pile for buckling analysis is suggested (Fenu et al. 2021).

Apart from analytical approaches, numerous studies commonly employ numerical methods to
analyse pile buckling. For instance, the critical buckling force has been computed using the small
bending theory and the finite-difference method (Hegazy 2014). Furthermore, numerical models
employing the finite element method with either a spring or continuum approach to model single-
layered or multi-layered soil, have been widely utilized (Ofner and Wimmer 2007, Shatri et al.
2014, Nadeem et al. 2015, Salama and Basha 2019, Gatto and Montrasio 2021). Several works
have specifically focused on the buckling analysis of piles in soil prone to liquefaction, such as
(Knappett and Madabhushi 2009, Zhang et al. 2020, Tang et al. 2021). It is noteworthy that certain
numerical studies mentioned earlier incorporate the consideration of geometric nonlinearities in
their analyses, such as (Nadeem et al. 2015, Zhang et al. 2020, Tang et al. 2021).
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To conduct a more comprehensive pile buckling analysis, it is imperative to consider geometric
nonlinearities. By incorporating these nonlinearities into the analysis, the model becomes more
adept at capturing the intricate interactions between the pile and the surrounding soil, leading to a
more enhanced understanding of the buckling phenomenon.

Various beam finite elements have been developed and tested to ensure their effectiveness in
representing geometrically nonlinear behavior, such as (Ibrahimbegovic and Frey 1993, Jeleni¢
and Crisfield 1999, Meier et al. 2019, Masjedi et. al 2019, Imamovic ef al. 2019, Mejia-Nava et al.
2022, Tojaga et al. 2023), among others. These elements offer a versatile and comprehensive
approach to accurately model and analyse a wide range of structural responses.

Piles play a crucial role in supporting various structures, emphasizing the need for a
comprehensive understanding of their buckling behavior. This paper presents a refined numerical
model designed to evaluate the critical buckling force of the pile. A key aspect of the proposed
model lies in the representation of the pile using beam elements, offering the capability to account
for geometrically nonlinear behavior. Specifically, the von Karman deformation measure is
incorporated with an aim to accurately capture the complexities arising from geometric
nonlinearities (Ibrahimbegovic et al. 2013, Hajdo et al. 2022). The numerical representation of the
surrounding soil involves utilizing a spring model, in which the soil is represented as a series of
linear elastic springs. The stiffness of each spring in the model is determined based on correlations
with the undrained shear strength of the soil.

The outline of the paper is as follows: Section 2 provides a short overview of the analytical
solution for the pile critical buckling force. In Section 3, the theoretical formulation of the
geometrically nonlinear beam finite element, which allows for a more realistic and efficient
modeling of pile buckling behavior, is explained in more detail. In Section 4, the results of several
numerical simulations are presented and compared with analytical solutions for different pile
slenderness ratios and different values of undrained shear strength of surrounding soil. The
influence of pile bottom end boundary conditions on the critical buckling force is also
investigated. Concluding remarks are given in Section 5.

2. Analytical solution through analogy with a beam on an elastic foundation

The classical approach to obtain critical buckling force for a pile is closely related to the
problem of a beam on an elastic foundation, specifically a Winkler foundation (Fig. 1).
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Fig. 1 Pile supported by springs representing stiffness of the surrounding soil
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In this context, the surrounding soil is modeled as discrete, linear elastic springs, accounting for
the soil stiffness and its influence on the buckling behavior of the pile. The differential equation
governing the problem is given as

+ ku, =0 (1

where E is Young’s modulus of elasticity of the pile, / is the second moment of inertia of the pile,
u, is the lateral displacement of the pile, P is the axial force on the pile, and £ is the soil stiffness.
The analytical solution for the critical buckling force of a pile is equal to (Engesser 1889)
T\ 2 1 /L\?
Pcr,i = le (Z) El + F(E) k (2)
where L is the length of the pile, and # is the integer number representing the buckling mode, i.e.,
the number of sinusoidal semi-waves in a buckled form of the pile.

The critical buckling force of a pile consists of two parts. The first part pertains to the Euler
critical force at which buckling of unsupported pile occurs. The second part accounts for the
increase in the critical buckling force of a pile due to the lateral support provided by the
surrounding soil. The critical buckling force of a pile P, is determined as the minimum value
obtained from Eq. (2).

For higher values of pile length, the critical buckling force can be evaluated using the following
expression (Engesser 1889)

P.. = 2VEIk 3)

3. Finite element formulation

When addressing issues related to geometric instability, numerous structural analyses
predominantly concentrate on buckling, which considers small deformations before reaching a
critical equilibrium state. In such scenarios, it becomes feasible to maintain linear kinematics and
only introduce nonlinear equilibrium equations (Ibrahimbegovic 2009). In this context, we present
a finite element formulation for a two-dimensional Euler-Bernoulli beam element, incorporating
the von Karman deformation measure (Hajdo et al. 2020, Hajdo et al. 2021).

The von Karman deformation measure for an Euler-Bernoulli beam is defined as

2 2
ok QU 1 (duy> d*u, @

ek =—L4- (2] -

dx 2\ dx Y dx?
where u, is axial displacement, and u, is the transverse displacement. Further, upon introducing
displacements in the perturbed configurations, utilizing virtual displacements: the virtual axial
displacement wy, and the virtual transverse displacement w,, and computing the Gateaux derivative
along the direction of these virtual displacements, the virtual von Karman deformation is derived
as

dwy | duydwy, d*wy,
dx dx dx y dx?

)

Sevk =
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In a classical manner, the weak form of the beam instability problem can be obtained by
combining the well-known kinematic, constitutive, and equilibrium equations, resulting in the
following expression

dwy du, d*w, d*u, dw,, du, du,

EA El d EA( )d = fext

L(dx ax "o U axe x+fl dx ) f (6)
N

A two-node beam finite element is employed next as the foundational framework for
delineating the finite element approximation. Each node within this configuration has three
degrees of freedom: two translational components, u, and u,, and one rotational component ¢. The
corresponding vectors of displacements and virtual displacements are

d’ = [ugx Uy P11 Upx Uz BT

(7

wl = [Wix Wiy Wi Wz Wy Wp]T

The axial displacement field is described using linear shape functions N;, while transverse
displacements and rotations are characterised by Hermite shape functions H;. The interpolations of
the displacement fields are thus given as

Uy (x) = Ny(Duqx + N, (x)uZy
)
uy(x) = Hl(x)uly + Hy(x) ¢y + H3(x)u2y + Hy(x) 9,

The same shape interpolations are also used for the virtual displacement field description.
Further, one can easily obtain the corresponding derivatives of the displacement field and
subsequently incorporate them into the Eq. (6), which results with the internal force vector

wifint = w7 f(NTEAN +BTEIB)dxd + w” fHTHNdx d=w'K,d+w'K,d
l l

Km Kg 9)
wifint = wT(K,, +K;) d
where N, B, and H are defined as

[dN. dN.
Ne=[=—2 0 0 =2 0 0]
[ dH, dH ax dH; dH
He = [0 1 L 3 4] 10
L dx dx dx dx (10)
B = o d*H, d*H, 0 d?H, d2H4]
] dx?  dx? dx?  dx?

Following Eq. (9), the tangent stiffness matrix consists of the material stiffness matrix and the
geometric stiffness matrix, written as
K: =K, + K,

(11)
Kn = f (NTEAN + BTEIB)dx ; K, = f H"HNdx
l l
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The material stiffness matrix for the case of a linear elastic material remains unchanged, while
the geometric stiffness depends linearly on the applied load. Namely, the geometric stiffness
matrix directly depends upon the axial force, that is, on the external loading. The external load can
further be presented as the product of the load multiplier / and the reference load value f, f¢*t =
Af. This fact can be further used to rewrite the geometric stiffness matrix as the product of the load
multiplier A and the reference value of geometric stiffness Kg in the following manner

K: = K,, + 1K, (12)

The reference value of geometric stiffness Kg is computed for the reference value of the load f,
resulting in the reference internal axial force N

K, = leTHIde (13)

The focus here lies in addressing instability phenomena characterised by the singularity of the
stiffness matrix. The manifestation of instability suggests that small perturbations in applied loads
may result in a disproportionately amplified response of the structure or of the structural element.
Upon reaching a critical load, f,,. = A.,.f, the system attains a state of critical equilibrium. At this
critical equilibrium state, the tangent stiffness matrix becomes singular, while its determinant
assumes a zero value, written as

det(Kp +1,K;) =0 (14)
To compute the critical load value, the solution of eigenvalue problem is used, defined as

(Km + Acrﬁg)lpcr =0 (15)

4. Numerical results

In this section, a set of numerical computations is performed in order to assess pile critical
buckling force for various pile slenderness ratios and the undrained shear strength of surrounding
soil, which is assumed to be soft clay. All numerical implementations and computations are carried
out with the research version of the computer code FEAP, developed by R.L. Taylor (Zienkiewicz
and Taylor 2005).

The numerical computations are performed for different diameters and lengths of pile resulting
in a wide range of slenderness ratios. Namely, the outside diameter of the steel pipe pile is
assumed constant in all computations and selected to be 80 mm, with a thickness equal to 8 mm.
The pile length is varied at 2, 4, 8, 12, 16, and 20 m, resulting in a range od slenderness ratios from
25 to 250. Furthermore, additional computations were carried out for pile lengths less than 2 m to
identify the slenderness ratio beyond which the critical buckling force remains unaffected.

The finite element mesh consists of geometrically nonlinear beam elements, each with a length
of 0,1 m. Elastic springs are introduced at each finite element node to simulate the lateral support
provided by the surrounding soil, i.e., the lateral pile-soil interaction. In all computations, the
stiffness of the springs is uniformly set to 70c,, while the undrained shear strength is varied at 5,
10, 15, and 20 kPa. First, the assumption is made that the pile base rests on firm rock, and as a
result, both the top and bottom ends of the pile in the numerical model are considered pin-
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Fig. 4 Critical buckling force for slenderness ratios greater than 25

supported.

The computed critical buckling forces are shown in Fig. 3, for slenderness ratios less than 50,
and in Fig. 4 for slenderness ratios greater than 25, for clear presentation of the results. The
numerical results are compared against analytical solutions provided by Eq. (2). A high agreement
between numerical and analytical results is obtained, which indicates a successful validation of the
proposed numerical model under the specified conditions.

The results presented in Figs. 3 and 4 suggest that the reduction in the critical buckling force
becomes significant for slenderness ratios greater than 25, for all values of undrained shear
strength of surrounding soil. Above this value, for undrained shear strengths of 15 and 20 kPa, the
critical buckling force does not change significantly with the change in slenderness ratio.
However, for undrained shear strengths of 5 and 10 kPa, the limiting value of slenderness ratio,
where further changes in critical buckling force are not significant, is approximately 100.
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Fig. 5 Critical slenderness ratios when buckling should be evaluated further

To establish criteria when buckling should be evaluated further, the expression for the critical

buckling force can be rewritten in the following manner (Bjerrum 1957)
n2El  Egyl?
P = (16)

Here, the first term corresponds to the Euler critical buckling force for unsupported pile,
whereas the second term denotes the contribution of the lateral support provided by the
surrounding soil, expressed now in terms of the modulus of lateral reaction of the soil E.

Furthermore, the critical or limiting value of the modulus of lateral reaction of the soil, below
which the possibility of the buckling should be evaluated further, can be determined from the
following expression (Cadden and Gémez 2002)

1
Esy <

I

where A is the cross-sectional area of the pile, and f; is the yield stress of pile material.

The numerically obtained critical buckling forces are combined with Eq. (16) and (17) to obtain
the critical slenderness ratios for which buckling should be examined more closely. The computed
results are shown in Fig. 5, for yield stress of pile material equal to 275 MPa. The critical
slenderness ratio tends to increase with an increase in the undrained shear strength of the
surrounding soil. However, it is noteworthy that the critical slenderness ratio remains below 100,
irrespective of the specific values chosen here for the undrained shear strength.

Next, the pile diameter is varied in order to obtain critical slenderness ratios for different pile
cross-sectional properties. The computed results for the selected undrained shear strength of
surrounding soil are shown in Fig. 6. As results confirm, the critical slenderness ratio for which the
buckling should be analysed in more detail depends on both the pile and surrounding soil
properties. Moreover, the identifid critical slenderness ratios fall within the typical range
commonly encountered in micropiles used in engineering applications.
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The buckling modes for different pile lengths match those obtained analytically and are shown
in Fig. 7 (a)-(f).

Next, the entire length of the pile (¢=80 mm) is assumed to be in weak soil, corresponding to
the conditions typically associated with floating piles. Initially, the case of a fully-floating pile is
considered, thereby resulting in a free bottom end of the pile. For numerical purposes, the vertical
spring with a very small stiffness is introduced at the bottom end of the pile. Subsequently, the
contribution of the pile base is taken into account by introducing a vertical spring at the bottom
end of the pile, with its stiffness determined using the following expression (Crispin and
Mylonakis 2021)

k £sd 18

T (18)

where E; is the soil modulus of elasticity at the pile base, d is the pile diameter, and v; is the
Poisson ratio of soil, which for soft clays can be taken as 0,2.

The soil modulus of elasticity E; is derived from the undrained modulus of elasticity of soil,
which, in turn, is determined by correlating it with undrained shear strength. The undrained
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Table 1 The vertical spring stiffness values

Undrained shear strength Undrained modulus

Modulus of elasticity of Vertical spring stiffness

of elasticity of soil soil
cu [kPa] E, [kPa] E; [kPa] k, [kKN/m]
5 4000 3200 266,67
10 8000 6400 533,33
15 12000 9600 800,00
20 16000 12800 1066,67
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Fig. 8 Critical buckling force for different pile bottom end boundary conditions

modulus of elasticity is considered equal to £,=800c,. The soil modulus of elasticity E; is then

equal to

N

2(1+ v
2w,

(19)



Buckling analysis of piles in weak single-layered soil with consideration... 197

2.5 25
€20 g
e ©
o o
D_U 15 Q-o

1.0
c, [kPa] ¢y [kPa]
—=&—PINNED  ----®--- FREE — & —SPRING —=&—PINNED ----®--- FREE — & —SPRING
(a) L=2m (b) L=4m
25
25
= -
220 €20
© v
oy o
o’ 1.5 D_G 1.5

1.0
5 10 15 20 5 10 15 20

¢, [kPa] c, [kPa]
—&—PINNED ----@--- FREE — #& = SPRING

1.0

=@ PINNED ::--@-:- FREE = & = SPRING

(¢) L=8 m (d) L=12m

Fig. 9 Increase trends in critical buckling force for selected undrained shear strength values

The computed vertical spring stiffness values are given in Table 1.

The comparison of computed results for three types of pile bottom end boundary conditions and
for different values of undrained shear strength of soil are shown in Fig. 8 (a)-(d). The results
indicate that the critical buckling force for floating piles is approximately half of that computed for
piles pinned at the bottom end. The addition of a vertical spring with stiffness values calculated
from Eq. (15), simulating the contribution of the pile base, does not affect the critical buckling
force significantly when compared to the case of fully-floating piles. Namely, due to the generally
small diameter and, consequently, small cross-sectional area, any bottom end contribution in
micropiles embedded in weak soil can be neglected.

The influence of undrained shear strength of the surrounding soil on the critical buckling force
for all three types of pile bottom end boundary conditions and for pile lengths of 2, 4, 8, and 12 m
is shown in Fig. 9 (a)-(d). A consistent trend in the influence of undrained shear strength on the
critical buckling force is observed for pile lengths of 8 and 12 m for all varied pile bottom end
boundary conditions. Similar trends are also obtained for pile lengths of 16 and 20 m. However,
for 2 and 4 m pile lengths, the trend obtained for free and spring-supported pile bottom end differs
from that obtained for pin-supported bottom end. Specifically, for these pile lengths, an increase in
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Fig. 10 Buckling modes, bottom end of the pile spring-supported, =80 mm, ¢,=10 kPa

soil undrained shear strength has a comparatively lesser impact on the critical buckling force when
the bottom end of the pile is pinned.

The buckling modes for spring-supported pile bottom end for different pile lengths are shown
in Fig. 10 (a)-(f). A similar is obtained for the free bottom end of the pile.

5. Conclusions

In this paper, a novel numerical model that advances the understanding of pile buckling by
incorporating beam elements and explicitly considering geometric nonlinearities through the von
Karman deformation measure is presented. Its ability to consider geometric nonlinearities provides
a more realistic representation of pile buckling behavior, offering valuable insights for the design
and assessment of piles.

The model capabilities are tested across a range of pile slenderness ratios and soil conditions.
The validation of the numerical model is achieved by comparing the computed critical buckling
forces against existing analytical solutions, revealing a high level of agreement. The critical
slenderness ratios determined for selected pile properties and undrained shear strength values of
the surrounding soil fall within the range of slenderness ratios typically seen in micropiles
commonly used in engineering applications. The influence of pile bottom end boundary conditions
is also examined, unveiling that the critical buckling force for floating piles is reduced by almost
half compared to the case when the pile base is on firm rock. Floating piles are also commonly
observed in engineering practice. These observations combined indicate that the potential for pile
buckling in weaker soils, such as soft clays, should be recognized and not underestimated. They
emphasize the importance of considering buckling phenomena in the design and analysis of
micropiles, particularly in conditions where weak soils are prevalent.
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