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Abstract.  Reduced graphene oxide (rGO) is one of the derivatives of graphene, which has drawn some experimental 
research interests in recent years however, numerical research studying the mechanical behaviors of composites made 
of rGO has not been taken into consideration yet. The objective of this research is to investigate the buckling, and free 
vibration of functionally graded reduced graphene oxide reinforced nanocomposite (FG rGORC) plates employing 
isogeometric analysis (IGA). The effective Young’s modulus of rGORC is determined based on the Halpin-Tsai model. 
Four different FG distribution types of rGO are considered varying across plate thickness. Besides, the refined plate 
theory is used based on Reddy’s third-order function. To capture the size effect, modified couple stress theory (MCST) 
is employed. A comprehensive study is provided examining the effect of various parameters including rGO weight 
fraction, FG distribution types, boundary conditions, material length scale parameter, etc. Our obtained results show 
that the addition of only 1% of uniformly distributed rGO into epoxy plates leads to the fundamental frequency and 
critical buckling load 18% and 39% higher than those of pure epoxy plates, respectively. 
 

Keywords:  Buckling; Free Vibration; Isogeometric Analysis (IGA); Modified Couple Stress Theory 
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1. Introduction 
 

In the last decade, graphene and its derivatives have been widely investigated due to their 

outstanding electrical and mechanical properties. There can be found much research in the literature 

devoted to analyzing the mechanical behaviors of composites made of carbon nanotubes (CNTs) 

(Zhang et al. 2016, Farzam and Hassani 2019), graphene platelets (GPLs) (García-Macías et al. 

2018, Song et al. 2018) and graphene oxide (GO) (Zhang et al. 2018). CNTs and GPLs tend to easily 

agglomerate and restack in the matrix, which significantly weakens the mechanical strength of 

composites. Therefore, to resolve such problems GO could be used. GO is structurally similar to 

graphene and a promising candidate for reinforcing composites. By oxidizing, the interlayer distance 

between graphite layers increases and so GO can be easily exfoliated compared to graphite or GNPs 

due to the Vander Waals forces. Also, functional groups of GO can be helpful and effective on the 

interfacial interaction, distribution of GNPs as well as load transfer between GO monolayers and 
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matrix (Rafiee et al. 2010). 

GO can be thermally or chemically reduced to graphene so-called reduced graphene oxide (rGO). 

In other words, rGO is obtained by reducing or removing the functional groups of GO. This process 

can partially restore mechanical and electrical properties. For instance, GO behaves as a soft 

structure, while rGO seems very hard (Huang et al. 2018). A schematic illustration of the fabrication 

process for rGO is depicted in Fig. 1. Reduced graphene oxide sheets have lateral dimensions of 0.1-

5 μm with an elastic modulus of 0.25±0.15 TPa (Gómez-Navarro et al. 2008). Robinson et al. (2008) 

reported 0.185 TPa for Young’s modulus of rGO thin films. Li et al. (2015a) reported the average 

sizes of reduced graphene and non-covalently functionalized graphene with poly(sodium 4-styrene 

sulfonate) (PSS) are smaller than GOs. They estimated the aspect ratio of PSS graphene to be 1000-

2000. Regarding the epoxy polymer matrix and rGO, some experimental research can be found in 

the literature. Starkova et al. (2013) investigated the thermo-mechanical properties of the epoxy 

resin matrix filled with thermally reduced graphene oxide (TRGO) and multi-wall carbon nanotubes 

(MWCNTs). They showed the improvement of the thermo-mechanical properties of the neat epoxy 

is higher for the TRGO compared to the MWCNTs. Yousefi et al. (2013a) prepared rGO/waterborne 

epoxy composites using hydrazine and in situ polymerization. They reported the formation of 

composites with a self-aligned layered structure and highly anisotropic properties. TK et al. (2014) 

made microwave exfoliated reduced graphene oxide (MERGO) from natural graphite via in situ 

polymerization. Olowojoba et al. (2016) developed a facile method to prepare epoxy resin 

composites containing rGO. They recorded improvements in thermal conductivity, storage modulus, 

and tensile modulus. There are also other experimental research studying the effects of rGO on 

ceramics (Ramirez et al. 2014, Xia et al. 2015, Belmonteet al. 2016, Hanzelet al. 2017, Shin and 

Hong 2014, Lee et al. 2014, Walker et al. 2011, An et al. 2016), poly(methyl methacrylate) (PMMA) 

(Zeng et al. 2012, Potts et al. 2011, Gong et al. 2016, Wang et al. 2012, Pham et al. 2012, Mishra 

et al. 2014, Ji et al. 2014, Tripathi et al. 2013) poly(methyl methacrylate), poly(vinylidene fluoride) 

(PVDF) (Maity et al. 2016), polyimide (PI) (Kong et al. 2012), polyurethane (PU) (Yousefi et al. 

2013b), polyvinyl alcohol (PVA) (Kashyap et al. 2016, Zhou et al. 2011), polycarbonate (PC) (Xu 

et al. 2013), polydimethylsiloxane (PDMS) (Kim et al. 2019), phenol formaldehyde (PF) (Sandhya 

et al. 2019), polymers (Weon 2009, She et al. 2014, Iqbal et al. 2016, Fornes and Paul 2003), 

aluminum (Li et al. 2015b, Li et al. 2014, Liu et al. 2016), concrete (Qureshi and Panesar 2019) 

matrices. Also, references (Zhu et al. 2010, Compton and Nguyen 2010) provide further reviews in 

terms of the properties and applications of graphene and its derivatives.   

To capture the size effect, many size-dependent continuum mechanics models were suggested 

such as nonlocal elasticity theory (Eringen and Edelen 1972, Hosseini et al. 2020, Fenjan et al. 

2020, Belmahi et al. 2019, Dastjerdi et al. 2020), nonlocal strain gradient theory (Fleck and 

Hutchinson 1993, Abazid et al. 2020, Sobhy and Zenkour 2021, Sobhy and Zenkour 2019, 

Dindarloo and Zenkour 2020, Miglani et al. 2021), modified couple stress theory (MCST) (Yang et 

al. 2002), and modified strain gradient theory (MSGT) (Lam et al. 2003, Akgöz and Civalek 2017). 

In all aforementioned theories, length scale parameters are appearing in the governing equations. 

These parameters could be experimentally measured. The MSGT can be obtained by reducing the 

number of length scale parameters from five in the strain gradient theory to three. By further 

simplification, one can obtain the MCST having only one length scale parameter, which leads to 

having much less complication in relations. Based on size-dependent continuum mechanics models, 

there can be found some research in the literature studying composite plates reinforced with 

graphene platelets (GPLs). Karami et al. (2019) investigated the resonance of FG composite 

nanoplates reinforced by GPLs using the nonlocal strain gradient theory. They concluded that the  
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(a) Graphite (b) Graphene oxide (GO) (c) rGORC 

Fig. 1 Schematic illustration of the fabrication process for reduced graphene oxide reinforced composite 

(rGORC) plates 

 

 

increase of the nonlocal parameter results in a resonance position with approaching to lower load 

frequencies. Pourjabari et al. (2019) studied the free and forced vibration of porous GPLRC 

nanoplates using the MSGT. Sahmani et al. (2018) examined the non-linear amplitude vibration of 

porous GPLRC plates based on the nonlocal strain gradient theory. They used the closed-cell 

Gaussian-Random field scheme to determine the mechanical properties of porous materials. Thai et 

al. (2019a, b) studied the free vibration and buckling of multilayer FG GPLRC microplates based 

on the MCST and MSGT. 

In 2005, isogeometric analysis (IGA) was introduced by Hughes et al. (2005) IGA employs either 

B-splines or Non-Uniform Rational B-Spline (NURBS) as shape functions. IGA can be used as an 

efficient numerical method, which can easily produce the exact geometry of problems and so IGA 

can solve problems with complex shapes. In recent years, IGA has been successfully used to analyze 

composite plate structures (Thanh et al. 2018, Phung-Van et al. 2017, 2018, 2019, Farzam and 

Hassani 2019a, b, c, Farzam-Rad et al. 2017, Saeedi et al. 2020, Devarajan and Kapania 2020, 

Kapoor et al. 2013, Kapoor and Kapania 2012, Devarajan and Kapania 2022) and plates reinforced 

by GPLs (Phung-Van et al. 2019, Li et al. 2018, Kiani 2018a, b, Thai et al. 2019, Nguyen et al. 

2019).  

To the best of the authors’ knowledge, there is no research in the literature investigating the 

mechanical behaviors of functionally graded polymer nanocomposite plates reinforced by reduced 

graphene oxide (rGO). For the first time, the current research study provides numerical solutions for 

rGO composite plates. Although graphene composite structures have been widely studied, the 

aggregation of graphene plates is a key issue, and so the study of fabrication and analysis of rGO 

composites could draw attention. In what follows first, the MCST is briefly explained and then 

equations of the Halpin-Tsai model, as well as four different distribution types across the plate 

thickness, are given. After that, the displacement field of a plate based on the refined plate theory is 

expressed. NURBS basis functions and the formulation of a plate are briefly presented in section 4. 

Finally, obtained results are validated and compared with solutions available in the literature besides 

discussion on presented results in details. 

 

 

2. Modified couple stress theory 
 

Based on modified couple stress theory (MCST) (Yang et al. 2002), the strain energy can be 

written as 

 𝑈 =
1

2
∫(𝜎𝑖𝑗ɛ𝑖𝑗 +𝑚𝑖𝑗𝜒𝑖𝑗)𝑑𝑉                                                             (1) 

Oxidation  Reduction 

Compacting 
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where σ and ɛ are the stress and strain tensors. m and χ are the components of the deviatoric part of 

the symmetric couple stress and curvature tensors defined as (Zenkour 2018a, b, Sobhy and Zenkour 

2020) 

𝑚𝑖𝑗 =
𝐸(𝑧)

(1 + 𝜈)
𝑙2𝜒𝑖𝑗 (2) 

𝜒𝑖𝑗 =
1

2
(
𝜕𝜃𝑖
𝜕𝑥𝑗

+
𝜕𝜃𝑗

𝜕𝑥𝑖
) (3) 

in which 𝜃 =
1

2
curl(𝑢) is the rotation vector, 𝑢 is displacement, and l is named material length scale 

parameter. 

By considering a rectangular plate with length a, width b, and thickness h reinforced with fillers 

randomly arranged on the x-y plane. Based on the Halpin-Tsai micromechanics model (Van 2001), 

Young’s modulus 𝐸 𝑟𝑎𝑛𝑑𝑜𝑚 is approximated as 

𝐸 𝑟𝑎𝑛𝑑𝑜𝑚 =
3

8
𝐸|| +

5

8
𝐸⊥ (4) 

in which 𝐸|| and 𝐸⊥ are in-plane Young’s modulus defined as 

𝐸|| = 𝐸𝑚
1 + 𝜉𝐿𝜂𝐿𝑉𝑟
1 − 𝜂𝐿𝑉𝑟

 (5) 

𝐸⊥ = 𝐸𝑚
1 + 𝜉𝑤𝜂𝑤𝑉𝑟
1 − 𝜂𝑤𝑉𝑟

 (6) 

in which 

𝜂𝐿 =
(𝐸𝑟/𝐸𝑚) − 1

(𝐸𝑟/𝐸𝑚) + 𝜉𝐿
 (7) 

𝜂𝑤 =
(𝐸𝑟/𝐸𝑚) − 1

(𝐸𝑟/𝐸𝑚) + 𝜉𝑤
 (8) 

𝜉𝐿 and 𝜉𝑤 are parameters dependent on the geometry of fillers expressed as (Van 2001) 

𝜉𝐿 =
2𝐿

3𝑡
 (9) 

𝜉𝑤 =
2𝑊

3𝑡
 (10) 

where 𝐿, 𝑊 and 𝑡 are the length, width, and thickness of rectangular fillers (rGOs). 𝑉𝑟 is the volume 

fraction of fillers (rGOs) defined as follows 

𝑉𝑟 =
𝛬𝑟𝐺𝑂

𝛬𝑟𝐺𝑂 + (𝜌𝑟𝐺𝑂/𝜌𝑚)(1 − 𝛬𝑟𝐺𝑂)
 (11) 

in which  𝛬𝑟𝐺𝑂  is the weight fraction of rGOs. Also, 𝜌𝑟𝐺𝑂 and 𝜌𝑚 are the mass density of rGOs and 

matrix, respectively. The variations of elastic modulus versus 𝐸𝑟/𝐸𝑚, 𝐿/𝑡, and 𝑉𝑟 for various filler 

geometry factors are depicted in Fig. 2.  
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According to the rule of mixture, the mass density and Poisson’s ratio of rGORC plate are 

expressed as 

𝜌 = 𝜌𝑟𝐺𝑂𝑉𝑟 + 𝜌𝑚(1 − 𝑉𝑟) (12) 

𝜈 = 𝜈𝑟𝐺𝑂𝑉𝑟 + 𝜈𝑚(1 − 𝑉𝑟) (13) 

in the above equations, 𝜈𝑟𝐺𝑂 and 𝜈𝑚 refer to the Poisson’s ratio of rGOs and matrix, respectively. In 

this research, uniform and functionally graded distribution types of rGOs are assumed as follows 

𝑉𝑟(𝑧) = 𝑉𝑟                         (UD)                                                  (14) 

𝑉𝑟(𝑧) = 2𝑉𝑟 (
ℎ−2|𝑧|

ℎ
)         (FG-O)                                               (15) 

𝑉𝑟(𝑧) = 4𝑉𝑟 (
|𝑧|

ℎ
)               (FG-X)                                               (16) 

𝑉𝑟(𝑧) = 𝑉𝑟 (
ℎ+2𝑧

ℎ
)             (FG-V)                                               (17) 

 

 

3. Refined plate theory (RPT) 
 

Based on refined plate theory (RPT), the displacement field can be written as 

𝑢(𝑥, 𝑦, 𝑧) = 𝑢0 − 𝑧
𝜕𝑤𝑏
𝜕𝑥

+ 𝑔(𝑧)
𝜕𝑤𝑠
𝜕𝑥

 

𝑣(𝑥, 𝑦, 𝑧) = 𝑣0 − 𝑧
𝜕𝑤𝑏
𝜕𝑦

+ 𝑔(𝑧)
𝜕𝑤𝑠
𝜕𝑦

 

𝑤(𝑥, 𝑦, 𝑧) = 𝑤𝑏 +𝑤𝑠 

(18) 

where 𝑢, 𝑣, 𝑤 are displacements in the 𝑥, 𝑦, 𝑧 directions, 𝑢0, 𝑣0, 𝑤𝑏 and 𝑤𝑠 are mid-plane bending 

and shear deflections. Also, the function 𝑔(𝑧) stands for the distribution of transverse shear strains 

and stresses through plate thickness. Also, the transverse normal strain is assumed ɛ𝑧𝑧 = 0. There 

are other shear deformation theories, which can be used for the analysis of plates (Carrera et al. 

2015, 2017). In this research, Reddy’s third-order function is selected for 𝑔(𝑧) as follows (Reddy 

1984) 

𝑔(𝑧) = − 
4

3
(
𝑧3

ℎ2
) (19) 

The relationships between strains and displacements can be expressed as 

{ɛ} = {

ɛ𝑥
ɛ𝑦
𝛾𝑥𝑦

} = {

ɛ𝑥
0

ɛ𝑦
0

𝛾𝑥𝑦
0

} + 𝑧 {

𝑘𝑥
𝑏

𝑘𝑦
𝑏

𝑘𝑥𝑦
𝑏

}+ 𝑔{

𝑘𝑥
𝑠

𝑘𝑦
𝑠

𝑘𝑥𝑦
𝑠
}                                         (20) 

{𝛾} = {
𝛾𝑥𝑧
𝛾𝑦𝑧
} = (1 + 𝑔′) {

𝛾𝑥𝑧
𝑠

𝛾𝑦𝑧
𝑠 }                                                      (21) 

where 
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(a) 𝑉𝑟 0.5% (b) 𝑉𝑟=0.5%, Er/Em=100 

 
(c) Er/Em=100, L/t=1000 

Fig. 2 Variations of elastic modulus for various filler geometry factors 

 

 

{

ɛ𝑥
0

ɛ𝑦
0

𝛾𝑥𝑦
0

} =

{
 
 

 
 

𝜕𝑢0

𝜕𝑥
𝜕𝑣0

𝜕𝑦

𝜕𝑢0

𝜕𝑦
+
𝜕𝑣0

𝜕𝑥}
 
 

 
 

  , {

𝑘𝑥
𝑏

𝑘𝑦
𝑏

𝑘𝑥𝑦
𝑏

} = −

{
 
 

 
 

𝜕2𝑤𝑏

𝜕𝑥2

𝜕2𝑤𝑏

𝜕𝑦2

2
𝜕2𝑤𝑏

𝜕𝑥𝜕𝑦}
 
 

 
 

 , {

𝑘𝑥
𝑠

𝑘𝑦
𝑠

𝑘𝑥𝑦
𝑠
} =

{
 
 

 
 

𝜕2𝑤𝑠

𝜕𝑥2

𝜕2𝑤𝑠

𝜕𝑦2

2
𝜕2𝑤𝑠

𝜕𝑥𝜕𝑦}
 
 

 
 

 , {
𝛾𝑥𝑧
𝑠

𝛾𝑦𝑧
𝑠 } = [

𝜕𝑤𝑠

𝜕𝑥
𝜕𝑤𝑠

𝜕𝑦

]         (22) 

Also, the relationships between curvatures and displacements can be written as 

{𝜒1} = {

𝜒𝑥
𝜒𝑦
𝜒𝑥𝑦

} = {

𝜒𝑥
𝑏

𝜒𝑦
𝑏

𝜒𝑥𝑦
𝑏

} + (1 − 𝑔′){

𝜒𝑥
𝑠

𝜒𝑦
𝑠

𝜒𝑥𝑦
𝑠
}                                              (23) 
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{𝜒2} = {
𝜒𝑥𝑧
𝜒𝑦𝑧

} = {
𝜒𝑥𝑧
0

𝜒𝑦𝑧
0 } + 𝑔

′′ {
𝜒𝑥𝑧
1

𝜒𝑦𝑧
1 }                                                 (24) 

 𝜒𝑧 = 0                                                                     (25) 

where 

{

𝜒𝑥
𝑏

𝜒𝑦
𝑏

𝜒𝑥𝑦
𝑏

} =

{
  
 

  
 

𝜕2𝑤𝑏
𝜕𝑥𝜕𝑦

−
𝜕2𝑤𝑏
𝜕𝑥𝜕𝑦

1

2
(
𝜕2𝑤𝑏
𝜕𝑦2

−
𝜕2𝑤𝑏
𝜕𝑥2

)
}
  
 

  
 

, {

𝜒𝑥
𝑠

𝜒𝑦
𝑠

𝜒𝑥𝑦
𝑠
} =

{
  
 

  
 

1

2

𝜕2𝑤𝑠
𝜕𝑥𝜕𝑦

−
1

2

𝜕2𝑤𝑠
𝜕𝑥𝜕𝑦

1

4
(
𝜕2𝑤𝑠
𝜕𝑦2

−
𝜕2𝑤𝑠
𝜕𝑥2

)
}
  
 

  
 

 (26) 

{
𝜒𝑥𝑧
0

𝜒𝑦𝑧
0 } =

1

4

{
 
 

 
 (
𝜕2𝑣0
𝜕𝑥2

−
𝜕2𝑢0
𝜕𝑦𝜕𝑥

)

(
𝜕2𝑣0
𝜕𝑦𝜕𝑥

−
𝜕2𝑢0
𝜕𝑦2

)
}
 
 

 
 

, {
𝜒𝑥𝑧
1

𝜒𝑦𝑧
1 } =

1

4
{
 

 −
𝜕𝑤𝑠
𝜕𝑦

𝜕𝑤𝑠
𝜕𝑥 }

 

 
 (27) 

By substituting Eqs. (20)-(27) into Eq. (1) the stress resultants can be obtained as  

{

{𝑁}

{𝑀𝑏}
{𝑀𝑠}

} = Db {

{ɛ0}

{𝑘𝑏}

{𝑘𝑠}

}                                                           (28) 

{𝑆𝑠} = Ds{𝛾𝑠}                                                                 (29) 

{
{𝐴𝜒}

{𝐵𝜒}
} = Dχ

b {
{𝜒𝑏}

{𝜒𝑆}
}                                                            (30) 

{
{𝐷𝜒}

{𝐸𝜒}
} = Dχ

s {
{𝜒0}

{𝜒1}
}                                                            (31) 

The material matrices can be given as follows 

Db = [
𝐴 𝐵 𝐷
𝐵 𝐶 𝐸
𝐷 𝐸 𝐹

] (32) 

(𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹) = ∫ [

1 𝜈 0
𝜈 1 0

0 0
1 − 𝜈

2

]
𝐸

1 − 𝜈2
(1, 𝑧, 𝑧2, 𝑔, 𝑧𝑔, 𝑔2)𝑑𝑧

ℎ 2⁄

−ℎ 2⁄

 (33) 

Ds = [
1 0
0 1

]∫
𝐸(1 + 𝑔′)2

2(1 + 𝜈)
𝑑𝑧

ℎ 2⁄

−ℎ 2⁄

 (34) 

Dχ
b = [

𝐴𝜒 𝐵𝜒
𝐵𝜒 𝐶𝜒

]                                                                  (35) 
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(𝐴𝜒, 𝐵𝜒, 𝐶𝜒) =  [
1 0 0
0 1 0
0 0 2

]∫ (1, (1 − 𝑔′), (1 − 𝑔′)2)
𝐸

(1 + 𝜈)
𝑙2𝑑𝑧

ℎ 2⁄

−ℎ 2⁄

 (36) 

Dχ
s = [

𝐺𝜒 𝐻𝜒
𝐻𝜒 𝐼𝜒

] (37) 

(𝐺𝜒, 𝐻𝜒, 𝐼𝜒) =  [
2 0
0 2

]∫ (1, 𝑔′′, (𝑔′′)2)
𝐸

(1 + 𝜈)
𝑙2 𝑑𝑧

ℎ 2⁄

−ℎ 2⁄

 (38) 

The kinetic energy is expressed as 

𝑇 =
1

2
∫𝜌 [(𝑢̇)2 + (𝑣̇)2 + (𝑤̇)2]𝑑𝑉 (39) 

The variation of the kinetic energy is given as 

𝛿𝑇 =∬(𝑢̇𝛿𝑢̇ + 𝑣̇𝛿𝑣̇ + 𝑤𝛿𝑤̇) 𝜌𝑑𝑧𝑑𝐴 = −∫𝛿𝑢̃𝑇𝑚𝑢̈̃𝑑𝑉 (40) 

where 𝑚 stands for the mass matrix defined as follows 

𝑚 = [

𝐼0 0 0
0 𝐼0 0
0 0 𝐼∗

] , 𝐼0 = [

𝐼1 𝐼2 𝐼4
𝐼2 𝐼3 𝐼5
𝐼4 𝐼5 𝐼6

] , 𝐼∗ = [
𝐼1 𝐼7 0
𝐼7 𝐼8 0
0 0 0

] (41) 

(𝐼1, 𝐼2, 𝐼3, 𝐼4, 𝐼5, 𝐼6, 𝐼7, 𝐼8) = ∫ (1, 𝑧, 𝑧2, 𝑔, 𝑧𝑔, 𝑔2, (1 + 𝑔′), (1 + 𝑔′)2)
ℎ 2⁄

−ℎ 2⁄

𝜌𝑑𝑧 (42) 

𝑢̃ = {𝑢0, −
𝜕𝑤𝑏
𝜕𝑥

,
𝜕𝑤𝑠
𝜕𝑥

, 𝑣0, −
𝜕𝑤𝑏
𝜕𝑦

,
𝜕𝑤𝑠
𝜕𝑦

, (𝑤𝑏 +𝑤𝑠),0,0}
𝑇 (43) 

The variation of the work done for buckling load can be expressed as follows 

𝛿𝑊 = ∫∇𝑇δ𝑤P∇𝑤𝑑Ω (44) 

where 

P = [
𝑁𝑥 𝑁𝑥𝑦
𝑁𝑥𝑦 𝑁𝑦

] , ∇= [
𝜕

𝜕𝑥
  
𝜕

𝜕𝑦
]𝑇 (45) 

 

 

4. A brief introduction of NURBS basis functions 
 

4.1 NURBS basis functions 
 

B-spline basis functions with degree p can be expressed as (Hughes et al. 2005) 
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𝑁𝑖,0(𝑢) = {
1                            𝑖𝑓 𝑢𝑖 ≤ 𝑢 ≤ 𝑢𝑖+1
0                                 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒       

 

𝑁𝑖,𝑝(𝑢) =
𝑢 − 𝑢𝑖
𝑢𝑖+𝑝 − 𝑢𝑖

𝑁𝑖,𝑝−1(𝑢) +
𝑢𝑖+𝑝+1−𝑢

𝑢𝑖+𝑝+1 − 𝑢𝑖+1
𝑁𝑖+1,𝑝−1(𝑢) 

(46) 

A piecewise-polynomial B-spline surface of degree p is defined as 

𝑆(𝑢, 𝑣) =∑ 

𝑛

𝑖=0

∑ 

𝑚

𝑗=0

𝑁𝑖,𝑝(𝑢)𝑁𝑗,𝑞(𝑣)𝑃𝑖,𝑗 (47) 

where 𝑃𝑖,𝑗  form a bidirectional control net, 𝑁𝑖,𝑝(𝑢) and 𝑁𝑗,𝑞(𝑣) are the B-spline basis functions. 

Also, the NURBS surface of degree p can be written as follows 

𝑆𝑖,𝑗(𝑢, 𝑣) =
∑ ∑ 𝑁𝑖,𝑝(𝑢)

𝑚
𝑗=0 𝑁𝑗,𝑞

𝑛
𝑖=0 (𝑣)𝑤𝑖,𝑗𝑃𝑖,𝑗

∑ ∑ 𝑁𝑖,𝑝(𝑢)
𝑚
𝑗=0 𝑁𝑗,𝑞

𝑛
𝑖=0 (𝑣)𝑤𝑖,𝑗

 (48) 

where 𝑤𝑖,𝑗 are the weights.  

 

4.2 RPT formulation based on NURBS approximations 
 

The equation of free vibration can be derived by using Hamilton’s principle as  

𝛿∫ (𝑇 − 𝑈)𝑑𝑡
𝑡

0

= ∫ (𝛿𝑇 − 𝛿𝑈)𝑑𝑡
𝑡

0

= 0 ⇒ ∫𝛿ɛ𝑇Dɛ + 𝛿𝜒𝑇Dχ𝜒𝑑𝑉 = −∫𝛿 𝑢̃
𝑇𝑚𝑢̈̃𝑑𝑉 (49) 

By simplifying Eq. (49), one can have the below equation. 

(K − 𝜔2M)D = 0 (50) 

where 

M = ∫𝑅̃𝑇𝑚𝑅̃𝑑Ω (51) 

𝑅̃ =

[
 
 
 
𝑅𝑖 0 0 0 0 0 0 0 0
0 0 0 𝑅𝑖 0 0 0 0 0
0 −𝑅𝑖,𝑥 0 0 −𝑅𝑖,𝑦 0 𝑅𝑖 0 0

0 0 𝑅𝑖,𝑥 0 0 𝑅𝑖,𝑦 𝑅𝑖 0 0]
 
 
 
𝑇

 (52) 

and the global stiffness matrix K can be expressed as follows 

K = ∫(BmTDbBm + BsTDsBs + Bχ
mTDχ

mBχ
m + Bχ

sTDχ
sBχ

s)𝑑Ω (53) 

where 

Bm =

[
 
 
 
 
𝑅𝑖,𝑥 0 𝑅𝑖,𝑦 0 0 0 0 0 0

0 𝑅𝑖,𝑦 𝑅𝑖,𝑥 0 0 0 0 0 0

0 0 0 −𝑅𝑖,𝑥𝑥 −𝑅𝑖,𝑦𝑦 −2𝑅𝑖,𝑥𝑦 0 0 0

0 0 0 0 0 0 𝑅𝑖,𝑥𝑥 𝑅𝑖,𝑦𝑦 2𝑅𝑖,𝑥𝑦]
 
 
 
 
𝑇

 (54) 
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Bs = [
0 0 0 𝑅𝑖,𝑥
0 0 0 𝑅𝑖,𝑦

] (55) 

Bχ
m =

1

4
[
 
 
 
0 0 0 0 0 0
0 0 0 0 0 0

4𝑅𝑖,𝑥𝑦 −4𝑅𝑖,𝑥𝑦 2(𝑅𝑖,𝑦𝑦 − 𝑅𝑖,𝑥𝑥) 0 0 0

0 0 0 2𝑅𝑖,𝑥𝑦 −2𝑅𝑖,𝑥𝑦 (𝑅𝑖,𝑦𝑦 − 𝑅𝑖,𝑥𝑥)]
 
 
 
𝑇

 (56) 

Bχ
s =

1

4

[
 
 
 
 
−𝑅𝑖,𝑥𝑦 𝑅𝑖,𝑥𝑥 0 0

−𝑅𝑖,𝑦𝑦 𝑅𝑖,𝑥𝑦 0 0

0 0 0 −𝑅𝑖,𝑦
0 0 0 𝑅𝑖,𝑥 ]

 
 
 
 

 (57) 

Similarly, one can derive the weak form of the total energy for buckling analysis as follows 

δП = 0 ⇒  ∫𝛿ɛ𝑇Dɛ + 𝛿𝜒𝑇Dc𝜒𝑑𝑉 = ∫∇
Tδ𝑤P∇𝑤𝑑Ω (58) 

By simplifying the above equation, one can have the simplified equation for buckling analysis as 

(K − λcrKg)D = 0 (59) 

where 𝜆𝑐𝑟 is the critical load. The geometric stiffness matrix Kg  can be written as 

Kg = ∫(B
gTPBg)𝑑Ω (60) 

Bg = [
0 0 𝑅𝑖,𝑥 𝑅𝑖,𝑥
0 0 𝑅𝑖,𝑦 𝑅𝑖,𝑦

] (61) 

 

 

5. Results and discussion 
 

In this section, IGA results are provided for the free vibration, and buckling of functionally 

graded reduced graphene oxide reinforced nanocomposite (FG rGORC) plates. The material length 

scale parameter l is assumed to be constant and selected as 17.6 μm (Lam et al. 2003, Liu et al. 

2017). The material properties and geometric parameters of rGOs are assumed as 𝐸𝑟𝐺𝑂 = 250 GPa, 

(Gómez-Navarro et al. 2008, Li et al. 2015, Iqbal et al. 2016, Suk et al. 2010), 𝜌𝑟𝐺𝑂 = 2250 kg/m3 

(Li et al. 2015), 𝜈𝑟𝐺𝑂 = 0.165 (Suk et al. 2010), 𝐿𝑟𝐺𝑂 = 𝑊𝑟𝐺𝑂 = 1 μm (Gómez-Navarro et al. 2008, 

Li et al. 2015), 𝑡𝑟𝐺𝑂 = 1 nm (Li et al. 2015). Besides, epoxy is considered as a polymer matrix 

having material properties 𝐸𝑚 = 3 GPa, 𝜌𝑚 = 1200 kg/m3, 𝜈𝑚 = 0.34 (Zhang et al. 2018). The 

dimensionless fundamental frequency 𝜔̅ = 𝜔ℎ√𝜌𝑚 𝐸𝑚⁄  and critical biaxial buckling load 𝑃̅ =

𝑃𝑐𝑟𝑎
2/ℎ3𝐸𝑚 are considered for all problems, unless otherwise clearly expressed. Also, the details 

of simply supported (SSSS) and clamped (CCCC) boundary conditions for square plates are 

assumed as follows: 

SSSS: 

𝑣0 = 𝑤𝑏 = 𝑤𝑠 = 0  at  x = 0, 𝑎 
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𝑢0 = 𝑤𝑏 = 𝑤𝑠 = 0  at  y = 0, 𝑏 

CCCC: 

𝑢0 = 𝑣0 = 𝑤𝑏 = 𝑤𝑠 = 0 

 

5.1 Convergence study 
 

As the first example, the dimensionless natural frequencies 𝜔̅ = 𝜔𝑎2√𝜌ℎ 𝐷⁄  of isotropic plates 

are tabulated in Table 1 for length to thickness ratio a/h = 10 (𝐷 = 𝐸ℎ3/12(1 − 𝜈2)). It is assumed 

that 𝐸 = 70 GPa , 𝜌 = 2702 kg m3⁄ , 𝜈 = 0.3 . The results are given for different meshes and 

degrees p=2, 3, 4. As it can be seen, the obtained IGA results converge so fast, particularly for 

quartic NURBS elements (p=4) and simply boundary conditions (SSSS). Also, the obtained results 

are very close to solutions obtained based on first-order shear deformation theory FSDT (Zhao et al. 

2019). For the following problems, a mesh of 11×11 quartic NURBS elements (p=4) can be 

sufficient and selected as illustrated in Fig. 3.  

 

 

Table 1 Convergence of the dimensionless natural frequencies 𝜔̅ = 𝜔𝑎2√𝜌ℎ 𝐷⁄  of isotropic plates 

B.S. Mode p 
Mesh Zhao et al. 

(2019) 3×3 5×5 7×7 9×9 11×11 

SSSS 

1 

2 19.5148 19.2184 19.1423 19.1116 19.0962  

3 19.0745 19.0664 19.0656 19.0654 19.0653 19.065 

4 19.0655 19.0653 19.0653 19.0653 19.0653  

2 

2 51.1442 47.3293 46.3955 46.0290 45.8473  

3 45.9212 45.5462 45.5007 45.4917 45.4890 45.482 

4 45.6280 45.4895 45.4872 45.4870 45.4870  

CCCC 

1 

2 43.3860 35.9848 34.4729 33.8809 33.5821  

3 33.4530 33.1498 33.0613 33.0187 32.9935 32.525 

4 33.1191 33.0343 32.9922 32.9693 32.9552  

2 

2 123.6352 75.2157 69.0208 66.8325 65.7757  

3 66.0662 64.3434 63.9842 63.8490 63.7754 62.042 

4 64.6997 63.9005 63.7708 63.7067 63.6687  

 

  
(a) Control points (b) Elements 

Fig. 3 Meshing of 11×11 quartic elements 
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Table 2 Dimensionless fundamental frequency 𝜔̅ = 𝜔ℎ√𝜌𝑚 𝐸𝑚⁄   of GPLRC plates (Λ=1%, 𝜉𝐿 = 2𝐿/𝑡, 𝜉𝑤 =
2𝑊/𝑡) 

B.C. Type Model 
l/h 

0 0.2 0.4 0.6 0.8 1 

SSSS 

Pure epoxy 
Thai et al. (2019a) 0.0584 0.0631 0.0753 0.0922 0.1116 0.1324 

Present 0.0584 0.0631 0.0753 0.0922 0.1116 0.1324 

UD 
Thai et al. (2019a) 0.1216 0.1313 0.1568 0.1919 0.2323 0.2757 

Present 0.1216 0.1313 0.1568 0.1919 0.2323 0.2757 

CCCC 

Pure epoxy 
Thai et al. (2019a) 0.0999 0.1087 0.1314 0.1622 0.1974 0.2350 

Present 0.1007 0.1095 0.1322 0.1630 0.1982 0.2358 

UD 
Thai et al. (2019a) 0.2078 0.2261 0.2735 0.3378 0.4111 0.4111 

Present 0.2096 0.2278 0.2751 0.3394 0.4127 0.4911 

 

Table 3 Dimensionless natural frequencies 𝜔̅ = 𝜔ℎ√𝜌𝑚 𝐸𝑚⁄  of FG rGORC plates (l/h=0, ΛrGO=1%) 

B.C. Type b/a 
Mode 1 Mode 2 

a/h=5 a/h=10 a/h=20 a/h=5 a/h=10 a/h=20 

SSSS 

UD 

0.5 0.4521 0.1638 0.0436 0.5469 0.2260 0.0688 

1.0 0.2510 0.0688 0.0177 0.4521 0.1638 0.0436 

1.5 0.1871 0.0502 0.0128 0.3014 0.0943 0.0244 

FG-O 

0.5 0.4521 0.1537 0.0405 0.5242 0.2261 0.0641 

1.0 0.2369 0.0641 0.0164 0.4521 0.1537 0.0405 

1.5 0.1758 0.0467 0.0119 0.3014 0.0880 0.0227 

FG-X 

0.5 0.4521 0.1723 0.0463 0.5619 0.2261 0.0730 

1.0 0.2624 0.0730 0.0188 0.4521 0.1723 0.0463 

1.5 0.1965 0.0533 0.0136 0.3014 0.0998 0.0260 

FG-V 

0.5 0.4521 0.1618 0.0430 0.5415 0.2261 0.0679 

1.0 0.2481 0.0679 0.0174 0.4521 0.1618 0.0430 

1.5 0.1848 0.0495 0.0126 0.3014 0.0931 0.0241 

CCCC 

UD 

0.5 0.7939 0.2822 0.0828 1.0040 0.3604 0.1067 

1.0 0.3894 0.1186 0.0317 0.6973 0.2286 0.0635 

1.5 0.3073 0.0907 0.0239 0.4520 0.1374 0.0367 

FG-O 

0.5 0.7872 0.2709 0.0777 0.9954 0.3462 0.1001 

1.0 0.3763 0.1116 0.0295 0.6814 0.2168 0.0593 

1.5 0.2953 0.0851 0.0223 0.4361 0.1293 0.0342 

FG-X 

0.5 0.7886 0.2894 0.0871 0.9972 0.3695 0.1122 

1.0 0.3967 0.1243 0.0337 0.7023 0.2376 0.0673 

1.5 0.3149 0.0954 0.0254 0.4611 0.1442 0.0390 

FG-V 

0.5 0.7899 0.2796 0.0818 0.9988 0.3571 0.1054 

1.0 0.3862 0.1172 0.0313 0.6923 0.2262 0.0628 

1.5 0.3045 0.0896 0.0236 0.4480 0.1358 0.0363 
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5.2 Free vibration analysis 
 

The results of the dimensionless fundamental frequency 𝜔̅ = 𝜔ℎ√𝜌𝑚 𝐸𝑚⁄  of graphene platelet 

reinforced nanocomposite (GPLRC) plates are tabulated in Table 2 for l/h = 0, 0.2, 0.4, 0.6, 0.8, 1, 

Λ = 1%, 𝜉𝐿 = 2𝐿/𝑡, and 𝜉𝑤 = 2𝑊/𝑡. The material properties are assumed as 𝐸GPL = 1010 GPa, 

𝐿GPL = 2.5 μm, 𝑊GPL = 1.5 μm, 𝑡GPL = 1.5 nm, 𝜌GPL = 1060 kg/m3, 𝜈𝐺𝑃𝐿 = 0.186, 𝐸𝑚  = 3 GPa, 

𝜌𝑚=120t kg/m3, and 𝜈𝑚 =0.34 (Thai et al. 2019a). The UD type and pure epoxy matrix are 

considered. As observed, the present results are very close to those of higher-order shear deformation 

theory (HSDT) (Thai et al. 2019a), particularly for the SSSS boundary condition. 

Table 3 gives the dimensionless natural frequencies of FG rGORC plates by assuming l/h=0 and 

Λ𝑟𝐺𝑂=1%. The increase of a/h and b/a results in the decrease of natural frequencies. Also, FG-X 

and FG-O give the largest and lowest values for natural frequencies, respectively. 

In Tables 4 and 5, the results are given for the dimensionless fundamental frequency of FG 

rGORC plates with SSSS and CCCC boundary conditions. As can be seen, the increase of h/l and 

Λ𝑟𝐺𝑂 remarkably leads to the decrease and increase of fundamental frequency, respectively. For 

example, adding only 1% weight fraction of rGO by assuming FG-X and UD types leads to the 

fundamental frequency of about 23% and 18% higher than that of the epoxy plate, respectively. The 

percentage of frequency change ωrGORC/ωepoxy (%) versus weight fraction Λ𝑟𝐺𝑂 for various FG 

distribution types is depicted in Fig. 4(a). There can be found a nearly linear relationship between  

 

 

Table 4 Dimensionless fundamental frequency 𝜔̅ = 𝜔ℎ√𝜌𝑚 𝐸𝑚⁄  of FG rGORC plates (SSSS) 

Type Λ𝑟𝐺𝑂(%) 
h/l 

∞ 10 5 2 1 

Pure epoxy 0.0 0.0584 0.0596 0.0631 0.0833 0.1324 

UD 

0.2 0.0606 0.0619 0.0655 0.0865 0.1374 

0.4 0.0628 0.0641 0.0678 0.0895 0.1422 

0.6 0.0648 0.0662 0.0700 0.0925 0.1469 

0.8 0.0668 0.0682 0.0722 0.0954 0.1515 

1.0 0.0688 0.0702 0.0743 0.0981 0.1559 

FG-O 

0.2 0.0596 0.0609 0.0645 0.0857 0.1368 

0.4 0.0608 0.0621 0.0659 0.0881 0.1412 

0.6 0.0619 0.0633 0.0673 0.0903 0.1454 

0.8 0.0630 0.0645 0.0686 0.0926 0.1495 

1.0 0.0641 0.0656 0.0699 0.0947 0.1535 

FG-X 

0.2 0.0616 0.0629 0.0664 0.0872 0.1379 

0.4 0.0647 0.0659 0.0696 0.0910 0.1433 

0.6 0.0676 0.0688 0.0726 0.0946 0.1484 

0.8 0.0703 0.0716 0.0755 0.0981 0.1534 

1.0 0.0730 0.0743 0.0782 0.1014 0.1582 

FG-V 

0.2 0.0606 0.0618 0.0654 0.0865 0.1374 

0.4 0.0626 0.0639 0.0676 0.0894 0.1421 

0.6 0.0645 0.0658 0.0697 0.0922 0.1467 

0.8 0.0662 0.0676 0.0716 0.0949 0.1512 

1.0 0.0679 0.0693 0.0734 0.0975 0.1555 
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Table 5 Dimensionless fundamental frequency 𝜔̅ = 𝜔ℎ√𝜌𝑚 𝐸𝑚⁄  of FG rGORC plates (CCCC) 

Type Λ𝑟𝐺𝑂(%) 
h/l 

∞ 10 5 2 1 

Pure epoxy 0.0 0.1007 0.1030 0.1095 0.1468 0.2358 

UD 

0.2 0.1045 0.1069 0.1136 0.1524 0.2447 

0.4 0.1082 0.1106 0.1176 0.1578 0.2534 

0.6 0.1118 0.1143 0.1215 0.1630 0.2617 

0.8 0.1152 0.1178 0.1252 0.1680 0.2698 

1.0 0.1186 0.1212 0.1289 0.1729 0.2777 

FG-O 

0.2 0.1031 0.1054 0.1122 0.1511 0.2436 

0.4 0.1053 0.1078 0.1148 0.1553 0.2513 

0.6 0.1075 0.1100 0.1174 0.1594 0.2586 

0.8 0.1096 0.1122 0.1199 0.1634 0.2658 

1.0 0.1116 0.1144 0.1223 0.1673 0.2728 

FG-X 

0.2 0.1059 0.1083 0.1150 0.1536 0.2458 

0.4 0.1109 0.1133 0.1202 0.1602 0.2554 

0.6 0.1155 0.1180 0.1252 0.1664 0.2647 

0.8 0.1200 0.1226 0.1300 0.1724 0.2737 

1.0 0.1243 0.1270 0.1346 0.1783 0.2824 

FG-V 

0.2 0.1045 0.1068 0.1135 0.1523 0.2447 

0.4 0.1079 0.1104 0.1174 0.1576 0.2532 

0.6 0.1112 0.1137 0.1209 0.1625 0.2614 

0.8 0.1143 0.1169 0.1244 0.1673 0.2693 

1.0 0.1172 0.1199 0.1276 0.1719 0.2770 

 

 

frequency change (%) and weight fraction Λ𝑟𝐺𝑂 . The effects of ratio h/l on the fundamental 

frequency of FG rGORC plates are also shown in Figs. 4 (b) and (c) for various distribution types 

and weight fraction Λ𝑟𝐺𝑂. 

Fig. 5 depicts the effect of L/t on the fundamental frequency of FG rGORC plates. It is assumed 

that  Λ𝑟𝐺𝑂=1%, l/h=0 and CCCC boundary condition. Similar to the deflection, for L/t˂2000 the 

fundamental frequency remarkably changes. Furthermore, when L/t is beyond 2000, the 

fundamental frequency remains almost unchanged. In addition, square rGO platelets (W/L=1) give 

fundamental frequencies higher than those of rectangular rGO platelets (W/L=0.25). 

 

5.3 Buckling analysis 
 

To validate the IGA model for buckling analysis, the obtained results for the dimensionless 

biaxial buckling load 𝑃 = 𝑃𝑐𝑟𝑎
2/𝐸𝑚ℎ

3 of graphene, platelet reinforced nanocomposite (GPLRC) 

plates are given in Table 6 and also compared with those of reference (Arefi et al. 2019). To solve 

this problem, it is assumed that l=15 μm, Λ=1%, 𝜉𝐿 = 2𝐿/𝑡, 𝜉𝑤 = 2𝑊/𝑡, by considering UD and 

SSSS boundary conditions. The material properties are also assumed as 𝐸GPL=1010 GPa, 𝐿GPL=2.5 

μm, 𝑊GPL=1.5 μm, 𝑡GPL=1.5 nm, 𝜌GPL=1062.5 kg/m3, 𝜈𝐺𝑃𝐿 =0.186, 𝐸𝑚=3 GPa, 𝜌𝑚=1200 kg/m3, 

and 𝜈𝑚 =0.34 (Arefi et al. 2019). Similar to the free vibration problems, the obtained IGA results 

for buckling analysis are close to reference (Arefi et al. 2019), particularly for thin plates.  

82



 

 

 

 

 

 

Isogeometric analysis of FG polymer nanocomposite plates reinforced with reduced graphene… 

  
(a) (b) 

 
(c) 

Fig. 4 Effect of rGO weight fraction on the fundamental frequency change (%) of FG rGORC plates for various 

distribution types (CCCC) 

 

 

Fig. 5 Effect of L/t ratio on the dimensionless fundamental frequency of FG rGORC plates for 

various distribution types (Solid line: W/L=0.25, dashed line: W/L=1, ΛrGO=1%, l/h=0, CCCC) 
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Table 6 Dimensionless biaxial buckling load 𝑃 = 𝑃𝑐𝑟𝑎
2/𝐸𝑚ℎ

3  of GPLRC plates (l=15 μm, Λ=1%, 𝜉𝐿 =
2𝐿/𝑡, 𝜉𝑤 = 2𝑊/𝑡, UD, SSSS) 

a/h h/l 
b/a = 0.5 b/a = 1 

Arefi et al. (2019) Present Arefi et al. (2019) Present 

5 

∞ 12.6152 12.6008 6.4860 6.4833 

10 13.3060 13.2898 6.7873 6.7844 

5 15.3782 15.3564 7.6911 7.6873 

1 81.5841 81.3868 36.4996 36.4672 

10 

∞ 17.4692 17.4650 7.5752 7.5745 

10 18.2395 18.2348 7.8898 7.8891 

5 20.5491 20.5432 8.8335 8.8325 

1 94.1970 94.1464 38.9666 38.9586 

20 

∞ 19.3454 19.3443 7.9084 7.9082 

10 20.1358 20.1347 8.2260 8.2259 

5 22.5067 22.5053 9.1790 9.1788 

1 98.2682 98.2557 39.6560 39.6540 

50 

∞ 19.9464 19.9463 8.0070 8.0070 

10 20.7422 20.7420 8.3255 8.3255 

5 23.1292 23.1290 9.2811 9.2810 

1 99.4945 99.4926 39.8549 39.8546 

 
Table 7 Dimensionless buckling load 𝑃 = 𝑃𝑐𝑟𝑎

2/𝐸𝑚ℎ
3 of FG rGORC plates (l/h=0, ΛrGO=1%) 

B.C. Type b/a a/h=5 a/h=10 a/h=20 

SSSS 

UD 

0.5 4.0628 5.6328 6.2396 

1.0 2.0908 2.4432 2.5509 

1.5 1.5951 1.7925 1.8499 

FG-O 

0.5 3.7730 4.9698 5.4003 

1.0 1.8689 2.1233 2.1983 

1.5 1.4124 1.5531 1.5929 

FG-X 

0.5 4.2428 6.2243 7.0545 

1.0 2.2760 2.7484 2.8993 

1.5 1.7554 2.0240 2.1047 

CCCC 

UD 

0.5 7.1688 13.8568 18.1873 

1.0 4.2150 5.9283 6.6041 

1.5 3.5818 4.7510 5.1757 

FG-O 

0.5 7.0682 12.7191 15.9641 

1.0 3.9259 5.2378 5.7183 

1.5 3.2952 4.1743 4.4740 

FG-X 

0.5 7.0614 14.6500 20.2189 

1.0 4.3882 6.5401 7.4628 

1.5 3.7776 5.2757 5.8606 

FG-V 

0.5 7.1009 13.6049 17.7556 

1.0 4.1459 5.7925 6.4360 

1.5 3.5177 4.6388 5.0428 
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Table 7 gives the dimensionless biaxial buckling load of FG rGORC plates for l/h=0 and 

Λ𝑟𝐺𝑂=1%. The increase of aspect ratio b/a results in the decrease of dimensionless biaxial buckling 

load. Furthermore, FG-X and FG-O give the largest and lowest biaxial critical buckling load, 

respectively. 

The results of the dimensionless biaxial buckling load of FG rGORC plates are tabulated in Table 

8 for various distribution types, weight fraction Λ𝑟𝐺𝑂 and ratio h/l. Similar to the free vibration 

analysis, the increase of h/l and weight fraction Λ𝑟𝐺𝑂 significantly leads to the decrease and increase 

of critical buckling load, respectively. As an example, by assuming weight fraction Λ𝑟𝐺𝑂=1% as 

well as FG-X and UD types, the critical buckling load increases over 53% and 39%, respectively 

compared to the pure epoxy plate. The percentage of critical biaxial buckling load change 

PrGORC/Pepoxy (%) versus weight fraction Λ𝑟𝐺𝑂 is shown in Fig. 6(a). As observed, there is a nearly 

linear relationship between critical biaxial buckling load change (%) and weight fraction Λ𝑟𝐺𝑂. In 

Fig. 6(b), the dimensionless biaxial buckling load versus ratio h/l is shown. Also, the effect of ratio 

h/l on the dimensionless biaxial buckling load of FG rGORC plates is depicted in Fig. 6(c). 

The effect of ratio L/t on the biaxial buckling load of FG rGORC plates is shown in Fig. 7 by 

assuming Λ𝑟𝐺𝑂=1%, l/h=0 and CCCC boundary condition. Similar to the free vibration, when L/t is 

beyond 2000, the critical buckling load remains almost constant. Moreover, the critical buckling 

load of composite plates made of square rGO platelets (W/L=1) is higher than that of rectangular 

rGO platelets (W/L=0.25). 

 

 
Table 8 Dimensionless biaxial buckling load 𝑃 = 𝑃𝑐𝑟𝑎

2/𝐸𝑚ℎ
3 of FG rGORC plates (CCCC) 

Type Λ𝑟𝐺𝑂(%) 
h/l 

∞ 10 5 2 1 

Pure epoxy 0.0 4.2581 4.4464 5.0111 8.9567 23.0148 

UD 

0.2 4.5909 4.7940 5.4029 9.6578 24.8182 

0.4 4.9243 5.1422 5.7955 10.3605 26.6259 

0.6 5.2583 5.4910 6.1889 11.0647 28.4376 

0.8 5.5930 5.8406 6.5830 11.7704 30.2535 

1.0 5.9283 6.1908 6.9779 12.4776 32.0736 

FG-O 

0.2 4.4586 4.6604 5.2656 9.4989 24.6024 

0.4 4.6562 4.8717 5.5181 10.0419 26.1932 

0.6 4.8516 5.0809 5.7690 10.5857 27.7874 

0.8 5.0453 5.2887 6.0189 11.1304 29.3850 

1.0 5.2378 5.4954 6.2681 11.6760 30.9861 

FG-X 

0.2 4.7191 4.9238 5.5372 9.8162 25.0336 

0.4 5.1774 5.3987 6.0616 10.6770 27.0566 

0.6 5.6333 5.8715 6.5846 11.5393 29.0839 

0.8 6.0875 6.3428 7.1067 12.4030 31.1157 

1.0 6.5401 6.8128 7.6281 13.2684 33.1520 

FG-V 

0.2 4.5839 4.7870 5.3960 9.6507 24.8110 

0.4 4.8983 5.1162 5.7694 10.3339 26.5989 

0.6 5.2035 5.4361 6.1337 11.0085 28.3808 

0.8 5.5011 5.7486 6.4906 11.6763 30.1585 

1.0 5.7925 6.0547 6.8413 12.3386 31.9333 
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(a) (b) 

 
(c) 

Fig. 6 Effect of rGO weight fraction on the buckling change (%) of FG rGORC plates for various distribution 

types (CCCC) 

 

 

Fig. 7 Effect of L/t ratio on the dimensionless buckling of FG rGORC plates for various 

distribution types (Solid line: W/L=0.25, dashed line: W/L=1, ΛrGO=1%, l/h=0, CCCC) 
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6. Conclusions 
 

The present numerical research has studied the free vibration, and buckling of functionally graded 

polymer plates reinforced by reduced graphene oxide (rGO). The isogeometric analysis (IGA) and 

modified couple stress theory (MCST) have been used. IGA method is an efficient numerical tool 

for solving problems, which uses Non-Uniform Rational B-Spline (NURBS) basis functions. To 

determine the effective Young’s modulus of reduced graphene oxide reinforced nanocomposite 

(rGORC), the Halpin-Tsai micromechanics scheme was applied. Furthermore, four different 

distribution types of rGO as well as the refined plate theory (RPT) based on Reddy’s third-order 

function have been employed. Our results show that only a small amount of rGO significantly 

enhances the stiffness of composite plates due to the high Young’s modulus of reduced graphene 

oxide. Adding only 1% of rGO into pure epoxy plates by assuming UD type results in free vibration 

and buckling load 18% and 39% higher as compared to epoxy, respectively. Besides, the material 

length scale parameter l leads to the increase of both fundamental frequency and critical buckling 

load. The size-dependent or length scale parameter l makes the stiffness of plates harder. For L/t 

beyond 2000, both fundamental frequency and critical buckling load remain almost unchanged. 

Moreover, among the four distribution types, FG-X and FG-O types have the most and least effects 

on free vibration and buckling results, respectively. Furthermore, the composite plates made of 

square rGO platelets (W/L=1) give a higher value for both free vibration and critical buckling load 

as compared to the rectangular rGO platelets (W/L=0.25). 
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