Advances in Aircraft and Spacecraft Science, Vol. 11, No. 1 (2024) 55-81
https://doi.org/10.12989/aas.2024.11.1.055 55

Exact solutions of vibration and postbuckling response of
curved beam rested on nonlinear viscoelastic foundations

Nazira Mohamed?', Salwa A. Mohamed'! and Mohamed A. Eltaher*23

"Department of Engineering Mathematics, Faculty of Engineering, Zagazig University, Egypt
2Mechanical Engineering Department, Faculty of Engineering, King Abdulaziz University,
Jeddah, Saudi Arabia
3Mechanical Design and Production Department, Faculty of Engineering, Zagazig University, Egypt

(Received January 25, 2024, Revised May 17, 2024, Accepted May 20, 2024)

Abstract. This paper presents the exact solutions and closed forms for of nonlinear stability and vibration behaviors
of straight and curved beams with nonlinear viscoelastic boundary conditions, for the first time. The mathematical
formulations of the beam are expressed based on Euler-Bermoulli beam theory with the von Karméan nonlinearity to
include the mid-plane stretching. The classical boundary conditions are replaced by nonlinear viscoelastic boundary
conditions on both sides, that are presented by three elements (i.e., linear spring, nonlinear spring, and nonlinear
damper). The nonlinear integro-differential equation of buckling problem subjected to nonlinear nonhomogeneous
boundary conditions is derived and exactly solved to compute nonlinear static response and critical buckling load.
The vibration problem is converted to nonlinear eigenvalue problem and solved analytically to calculate the natural
frequencies and to predict the corresponding mode shapes. Parametric studies are carried out to depict the effects of
nonlinear boundary conditions and amplitude of initial curvature on nonlinear static response and vibration behaviors
of curved beam. Numerical results show that the nonlinear boundary conditions have significant effects on the critical
buckling load, nonlinear buckling response and natural frequencies of the curved beam. The proposed model can be
exploited in analysis of macrosystem (airfoil, flappers and wings) and microsystem (MEMS, nanosensor and
nanoactuators).

Keywords: analytical solutions; curved beam; nonlinear viscoelastic boundary conditions; static and
dynamic stability

1. Introduction

Nowadays, beam structural member that is used in many applications in various disciplines
(i.e., aecrospace, marine, mechanical, architecture, and civil engineering) and in various scale (i.e.,
micro/nano-electromechanical systems (MEMS/NEMS) Benguediab et al. 2023), may suffer from
geometric nonlinearities since it is not known a priori in which ranges of displacement
magnitudes, (Mohamed et al. 2018). The buckling/postbuckling and vibration of structures are a
highly researched area in the field of structural mechanics. Since 1997, Lacarbonara studied the
nonlinear vibrations of a buckled beam around its first buckling mode shape by using Galerkin
discretization and the direct reduction method. Ecsedi and Dluhi (2005) developed 1D linear
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mathematical model to investigate the static and dynamic responses of non-homogeneous curved
beams and closed rings in cylindrical coordinate system. Calim (2012) predicted the forced
vibration responses of curved beams rested on elastic foundations by using Timoshenko beam
theory and Laplace domain technique.

Sedighi et al. (2014) employed Homotopy perturbation method to examine dynamic pull-in
instability of vibrating curved modified couple stress microbeams under electrostatic actuation.
Lee and Jeong (2016) exploited Timoshenko beam and the Runge—Kutta method to study flexural
and torsional vibrations of curved beams relying on Pasternak foundations. Mochida and Ilanko
(2016) examined free vibration analysis of axially loaded slightly curved beams subject to partial
axial restraints. Ghayesh ef al. (2017) employed backward differentiation formula with the pseudo-
arclength continuation method to investigate the vibration of three-layered modified couple stress
curved microbeams. Eltaher et al. (2019) studied the influence of periodic and non-periodic
imperfection modes on postbuckling stability and vibration of beams rested on nonlinear elastic
foundations. Jin et al. (2020) used two-step perturbation with the modified Lindstedt-Poicaré
method in static and dynamic to analyze snap-through of the imperfect postbuckled sandwich
beams. Ding et al. (2022) exploited two-step perturbation method to determine buckling and
resonances of functionally graded (FG) curved pipes under fluid moving. Mohamed et al. (2022a)
developed a mathematical model to predict nonlinear bending, and buckling/postbuckling,
responses of imperfect bioinspired composite beams by using DIQM. Yuan and Ding (2022, 2023)
presented a novel finite element model based on the absolute nodal coordinate formula to study the
dynamics curved pipe conveying fluid. She and Ding (2023) used Reddy’s higher-order shear
deformation shell theory and Galerkin method to study the nonlinear primary resonance of
graphene platelet reinforced metal foams doubly curved shells under pre-stressing force. Yang et
al. (2023) retrieved mode shapes of curved bridges from the contact responses of a single axle
scanning vehicle using the variational mode decomposition and synchrosqueezed wavelet
transform. Hosseini et al. (2023) studied free vibration of deep and shallow curved FG nanobeam
based on nonlocal elasticity.

In general, mechanical analyses of elastic structures assume that the boundaries of the structure
are supported classically by simply supported, fixed, or free. Only a few studies have considered
the imperfections of the boundary, Ding et al. (2019). Based on nonlinear boundary conditions, Ma
(2003) examined the existence of solutions of the nonlinear fourth order differential equation of
beam with nonlinear boundary conditions. Ma and Da Silva (2004) developed iterative solution
techniques for a beam equation with nonlinear boundary conditions of third order. Sedighi and
Shirazi (2012) presented exact equivalent function for studying the cantilever beam vibration with
a deadzone nonlinear boundary conditions. Ding et al. (2019) exploited three linear springs to
construct a nonlinear isolation system with quasi-zero stiffness and investigate the transverse
vibration of pre-pressure beams with nonlinear isolation effect. Ye ef al. (2020) studied the
nonlinear vibrations of slightly curved beam by harmonic balance method. It is shown that the
nonlinear boundary conditions and initial deformation have a significant effect on the vibration
behaviors of the beam. Geng ef al. (2020) used impact damper at the free edge of cantilever beam
to suppress multiple modal resonances. Zhao et al. (2022) predicted dynamic behavior of the beam
structure with the nonlinear support and elastic boundary constraints. Tekin et al. (2023) used
mixed-type finite element to investigate the axial vibration of bars with arbitrary boundary
conditions. Wang et al. (2023) examined the vibration and resonance responses of non-uniform
beam with randomly varying boundary conditions. Zhai ef al. (2023) studied dynamic vibrational
behavior of beam structures with nonlinear elastic foundations and boundaries by using finite
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element analysis. Alessi et al. (2023) developed finite element model to study the dynamic
analysis of piezoelectric perforated cantilever bimorph energy harvester.

Analytical solutions were carried out for beams, plates, and shells over the years. Based on
analytical solutions, Li and Qiao (2014) presented the exact bending curvature model for nonlinear
free vibration of shear deformable anisotropic laminated beams. Chen and Li (2018) developed
exact analytical solutions of buckling and postbuckling responses of the imperfect microbeams via
Euler-Bernoulli beam and modified couple stress theory. Borjalilou et al. (2019) presented the
exact solutions of bending, buckling and vibration of nonlocal FG nanobeams in frame of
Timoshenko beam theory. Eltaher and Mohamed (2020) derived closed form solutions to examine
the nonlinear static and dynamic stability of imperfect carbon nanotubes (CNTs) in prebuckling
and postbuckling domains using Doublet mechanics theory. Juhdsz and Szekrényes (2020)
estimated critical buckling loads and eigenfrequencies in closed form for delaminated composite
spherical doubly curved shells. Rezaiee-Pajand and Kamali (2021) presented the exact solution for
thermos-mechanical postbuckling of FG modified couple stress Timoshenko microbeams
embedded on an elastic substrate. Adam et al. (2022) derived analytical expressions for free and
forced vibrations of curved composite beams with symmetric layer arrangement and soft-hinged
bearings. Almitani et al. (2022) developed in detail the exact solution of nonlinear postbuckling
response of imperfect bioinspired composite beams resting on nonlinear foundations. Chang et al.
(2022) presented closed solutions of static buckling and post buckling behaviors of functionally
graded (FG) curved pipeline Euler-Bernoulli beam rested on Pasternak foundations. Mohamed et
al. (2022b, 2023) developed an analytical closed form formula of the nonlinear load-deflection
snap-through instability of helicoidal composite imperfect beams. Siam et al. (2023) exploited
Navier analytical method to investigate the free vibration analysis of nonlocal viscoelastic
nanobeam with holes and elastic foundations. Mohamed et al. (2024a) examined the nonlinear
postbuckling and snap-through instability of movable simply supported BDFG porous plates
rested on elastic foundations. Mohamed ef al. (2024b) exploited the fractional differential
quadrature method to study the nonlinear dynamics and forced vibrations of simply-supported
fractional viscoelastic microbeams using.

The main objective of this paper is to investigate analytically the nonlinear static response in
prebuckling and postbuckling domains, as well as linear vibration behaviors of straight and curved
beam subjected to symmetric and asymmetric nonlinear boundary conditions, which are not
considered elsewhere. The closed form solution for buckling, post buckling and vibration are
derived in details. The proposed model is applicable only for a thin structure element.

2. Problem formulation

A curved beam with nonlinear elastic and damped boundary conditions is schematically shown
in Fig. 1. The beam with length L in axial coordinate £ and under external force F(%,%). The
transverse deflection w in the direction of Z. The beam with initial imperfection w, and rested on
nonlinear viscoelastic boundaries with linear spring K, nonlinear spring Ky and linear damper C.
The subscripts L and R indicate left and right boundaries.

Based on the Euler Bernoulli beam theory including the initial geometrical curvature, mid-
plane stretching and nonlinear end viscoelastic boundary conditions (BCs), the equation of motion
of beam can be portrayed as
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Fig. 1 Schematic of curved beam with nonlinear boundary conditions (Mohamed et al. 2024c)
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The governing equation and BCs in normalized form can be rewritten as

nrr

w+uw""" +w
F(x,t)

with
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w'(0,t) =w"(1,t) =0 (5a)
KLW(O, t) + CLW(O, t) + KNLW3(0' t) + W”,(O, t) =0 (Sb)
Krw(1,t) + Crw(1,t) + Kypw3 (1, ) + w''(1,) =0 (5¢)
The field variable of governing Eq. (1) is expressed as
w(x, t) = wg(x) + wy(x, t) (6)

meanwhile w(x) is a static deflection and w,;(x, t) is a small dynamic disturbance around static
deflection. Substituting Eq. (6) into the governing Eg. (1) and the equations of boundary
conditions (5). Then collecting the static parts, the result is time-independent equation, which
represents the nonlinear buckling problem of curved beam

we'" + (wy' + wg') (P — %fol(ZWS’W(’) + Ws’z)dx) =0 (7)
subjected to
ws'(0) =w'(1) =0 (8a)
Kyws(0) + Ky, wi (0) +wg' (0) = 0 (8b)
Krwg(1) + Kygwd (1) —wg""'(1) = 0 (8¢)

Assembling the time-dependent terms around the static deflection position. The result is the
following nonlinear dynamic equation

wg +uw]" +wl" +w) (P — lfl(ZWSIW(’) + ws’z)dx) - —wd 12 dx —
w fo wj(wy + wj)dx — WS + w{' f whidx — (w!' +w fo Wd(WS +whdx+  (9)

,ufo w! +wj + whwjdx = F(x,t)

With
wi(0,t) =wj(1,t) =0 (10a)
K wg(0,t) + Cg (0,t) + Ky w3 (0, t2u+ 3Ky, ws(0)w3(0,t) + 3Ky, w2(0)wg(0,t) + (10b)
4 (0,t) =0
Krwq(1,t) + Cpwg(1, 1) + Kygwg (1, t?”+ 3Knrws(Dwg (1, ) + 3Kygwd (Dwg (1, t) — (100)
4 (1,t) =0
The total static deflection of the beam 1(x) can be evaluated by
n(x) = wg(x) + wy = w(x) =n(x) —wy (11)
where wy is the initial shape of curvature, which can be assumed by
wo = gsin(mx) (12)

and g is the normalized amplitude.
Substituting Egs. (11), (12) in the governing equations and BCs of static and dynamic
problems. Egs. (7), (8) become, respectively,
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"+ (P =3 Ly O = we®)dx)n” = wg” (13)
With
N0 =n"(1) =0 (142)
Kin(0) + Ky (0) + 7 (0) = wg’ (0) = 0 (14b)
Ken(1) + Kygn®(1) =" (1) + wg’ (1) = 0 (140)

Also, Egs. (9) and (10) become

1

12 molo oy
o Wa dx —wg [ wgn'dx —

wg +uw)" +w]" +wl (P — %fol(n’z — W(’)Z)dx) - %w,’i'

1 n 1 12 144 1 I 7 1 ! ! Y (15)
0" Jy watdx —n" [rwan'dx + u [y (0" + wpwgdx = F(x,t)
With
wi(0,t) =w/j(1,t)=0 (16a)
Kywq(0,t) + Cpwrg (0, 1) + Ky,wg (0, 8) + 3Ky, n(0)wg (0, 1) + 3Ky, n?(0)wg (0, t) + (16b)
wi'(0,£) =0
Krwq(1,t) + Cpwg(1, 1) + Kygwg (1, 8) + 3Kypn(Dwg (1, 1) + 3Kypn*(Dwg (1, t) — (16¢)

w!'(1,6) =0

3. Solution procedure

In this section, exact solutions of nonlinear buckling problem and linear vibration problem are
developed.

3.1 Static buckling problem
The nonlinear buckling problem (13) can be written as
T]IIII + Aznu — W(,),” (173)
101/, ,
2=pP-=[(n 2 —wp?)dx (17b)

Since Eq. (17a) is a fourth-order nonhomogeneous linear ordinary differential equation with
constant coefficients, the general solution is

n(x) = np(x) +1p(x) (18)
whereas the homogeneous solution 7, (x) can be obtained as
Np(x) = ¢ + c3x + c3sin(Ax) + ¢4 cos(Ax) , 1 # 0 (19)

and the particular solution 7,,(x), which is dependent on initial shape of curvature w, (Eq. (12)),
can be computed as
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2
T >sin(mx) , A # +m (20)

-7

np(x) = _Af

(a) Straight beam (wy, = 0)
The buckling problem of perfect beam is governed by Egs. (17a&b) with w, = 0, that is

n/lu + /127’]” — 0 (213)
101,
2=pP—_f'n 2dx (21b)
Subjected to

n"(0)=n"(1)=0 (22a)
K;n(0) + Ky,n*(0) +7"'(0) = 0 (22b)
Kzn(1) + Kygn®*(1) —1""(1) = 0 (22¢)

As a result, the general solution of Eq. (21a) is
n(x) = np(x) = ¢; + cx + c3sin(Ax) + ¢4 cos(Ax), 1 # 0 (23)

Substituting Eq. (22) into Eq. (21), results in the following nonlinear homogeneous algebraic
equations

C4ﬂ.2 =0 (243)
cyA?cos(A) + c3A%sin(A) = 0 (24b)
kNL(Cl + C4)3 - C313 + kL(Cl + C4) =0 (240)

kr(cy + ¢z + c35in(d) + cucos(A)) + knr(cr + ¢z + c3sin(d) + c4cos(/'l))3 + (24d)
c3A3cos(1) — ¢4 A3sin(1) =0
System (24) can be written in the form
N(/L C) = 0' C = [Clp CZJ C31 C4]

which is nonlinear eigenvalue problem in both parameter A and vector C. For the system to have
nontrivial solution and from Eq. (24a), (24b), we have

s =0 -cA%sin(A) =0 -sin(A)=0 -

25
A=nm,n=1,2,.. (2)
Substituting Eq. (25) into (24c¢), (24d), yields
ci(kyci? +k
kNLC13 - C3ﬂ,3 + kLC1 =0- C3 = 1( NLllg L) (2’6)
Substituting Egs. (25), (26) into Eq. (23), get the total displacement as
kyLci? +k
nx) =c (1 + %sin(lx)) + cyx (27)

To determine the values of ¢; and c,, substituting Egs. (25), (26) into Eq. (24d) and substituting
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Eq. (27) into Eq. (21b), the result is two nonlinear algebraic equations of polynomial type for
constants ¢; and ¢,

kR(C1 + Cz) + kNR(Cl + C2)3 + Cl(kNLCIZ + kL)COS(/’{) =0 (283)

cZ(kyci? + k)% +2c22%2 = 4(P — 2?) (28b)

Solving Eqgs. (28a) and (28b), the values of c; and ¢, can be easily computed and the static
response n(x), Eq. (27), can be obtained. One has to notice that the left-hand side of Eq. (28b) is
sum of squares and hence it is greater than or equal to zero irrespective of the values of the
foundation constants. This implies that P > A2 and the case P = A? corresponds to ¢; = ¢, =
0 - n(x) =0. For the first buckling mode, A = m, and the critical buckling load P.,. = 2
independent of the nonlinear foundation constants.

In the case of symmetric boundary conditions (k; = kg and ky; = kyg ), Using Eq. (25) and
Eq. (27), we have

n(0) =¢;
b 2 e e 72 =0

As a result

ci(kypci? + k) =42Py— 22 5 n(x) =c¢; Z—VP;;AZ sin(Ax) (29)

and hence the critical buckling loads in case of symmetric boundary conditions can be determined
as

Py =22

(b) Curved beam (wy # 0)

Since wq # 0, The solution of Eq. (17a) is

gn®

Az_nz
Substituting Eq. (14) into Eqg. (30), the result is the following nonlinear nonhomogeneous

algebraic system

n(x) = ¢; + c3x + ¢5 sin(Ax) + ¢, cos(Ax) — sin(mx), A # {0, +7} (30)

C4AZ = 0 (313)
csA?cos(d) + c3A%sin(1) = 0 (31b)
5

kni(er + €a)® — 32 + k(e + ¢) = —gn® - Af:rz (31¢)
kr(cy + ¢+ c3sin(d) + cucos(D)) + kyg(cy + ¢z + c3sin(d) + c4cos(/1))3 + (314d)

5

c3A3c0s(1) — c4A3sin(A) = —gn3 — Af:rz

From Egs. (31a), (31b), we have

c, =0 (32a)

c3A%sin(1) = 0 (32b)
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It is noticed from Eq. (32b) that there are two cases
sinlA)) =0->A=nm,n=23,..n={0,1}

are excluded from Eq. (30) this case gives the higher buckling mode. Second (which gives the first
buckling mode)

c3=0 (33)

Substituting Eq. (32a) and Eq. (33) into Eq. (30), the total displacement is

gr’
mSiH(T[X) A+ {0, £m} (34)
Substituting Eq. (31a) and Eqg. (33) into Egs. (31c), (31d) and substituting Eq. (34) into Eq.
(17b), the result is nonlinear nonhomogeneous algebraic system in constants c;, ¢, and A

5
gm
kyocd + kyc; = —gn® — 2 (35a)

nx) =c +cx —

5
kr(cy + ) + kyr(c; + ¢)® = —gn® —/{g:{z (35b)
(123 + i [2¢2 — 4P, — 812 — g?m?](A?)?% — %nz[czz — gn? —m? — 4Py)A% = (350
c
—%n‘*[c% — 2Py]

Egs. (35a), (35b), (35c) can be easily solved symbolically, using Matlab. As a result, the static
response of the first buckling mode of curved beam can be easily computed.
In the case of symmetric boundary conditions (k;, = kg and ky;, = kyg ), using Eq. (33)

{ n(0) =¢; c, =
n(1) =c tc, 2
As a result
(12)3 — [PO +2m? + %gznz] (12)? + 2m? [PO +2m? + %gﬂz] A2 —m*Py =0 (36)

which is a cubic polynomial with respect to A2. It always has at least on real root, when the number
of real roots changes, the buckling occurs. Therefore, the discriminant of Eq. (36) is set to zero. As
a result, the first critical buckling load of curved beams with symmetric boundary conditions can
be obtained as

Py =72 (14 7= g5 — 167 (37)
cr 316 4

3.2 Linear vibration problem

By omitting the external excitation, damping and nonlinear terms in Egs. (15) and (16), the
governing equation and boundary conditions of the free vibration problem are

wg +wy" +wy (P =[50 = wi)dx) — " fy win'dx = 0 (38)
With
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wi(0,t) =w/j(1,t)=0 (39a)
K,wq(0,t) + 3Ky n?(0)wy(0,8) + wy'(0,t) =0 (39b)
Krwq(1,t) + 3Kypn*(Dwg(1,t) —wy'(1,t) = 0 (39¢)

Assuming w, = ¢ (x)e't and using Eq. (17b), Eq. (38) can be simplified as follows
1
B + 29" = ¢ =" [ ¢rax (40)
0

in which w denotes the natural frequency and ¢(x) is the corresponding mode shape. The
boundary conditions in terms of ¢ are given as

¢"(0) =¢"(1) =0 (41a)
K¢ (0) + 3Ky n*(0)¢(0) + ¢""(0) = 0 (41b)
Krp(1) + 3Kypn*(1)p(1) —¢"' (1) = 0 (41¢)

Since Eq. (40) is fourth order nonhomogeneous linear ordinary differential equation with
constant coefficients, the general solution of this equation can be represented as

d(x) = Pp(x) + Pp(x) (42)
The homogeneous solution ¢y, (x) is
¢ (x) = dysin(ryx) + dycos(rx) + dgsinh(ryx) + dycosh(ryx) (43)

Whereas

1 1
7"1’2 == \/E\/ A4 + 4‘(1)2 i Elz (44)

The particular solution takes the form

¢p(x) = dsn” (x) (45)
Substituting Eg. (42) into Eq. (40) and using Eqg. (17), one obtains
ds (wgi = [w? + [ n'n"dx|n") =" [} n'ppdx (46)

Substituting BCs Eq. (41) into Eq. (42) with Eq. (46) yields five homogeneous algebraic
equations which can be written in the following matrix form

[gC]SXS[d]le = [0]5><1»d = [d1:d2'd3'd4:d5]T 47)

in which X is nonlinear stiffness matrix. Eq. (47) is nonlinear eigenvalue problem in parameter w,
in this case, for non-trivial solution, the determinant of the matrix must vanish. As a result, at a
given axial load, the natural frequencies and the corresponding mode shapes around buckled
position can be computed. The nonlinear stiffness matrix & for straight and curved beams are
presented in Table 1.
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Table 1 Nonlinear stiffness matrix of straight and curved beams in prebuckling and postbuckling
states

Nonlinear Stiffness matrix K
(a) Prebuckling State m(x) =0 - A2 =P)

(%] =
0 —rf 0 r2
—rZsin(r,) —ricos(ry) r2sinh(ry) r2cosh(ry)
- k; 3 k;

ricos(ry) + kgsin(ry) kgcos(r)) — rsin(r)) kgsinh(r,) — ricosh(ry) kgcosh(ry) — risinh(ry)

(b) Postbuckling State (n(x) = c; (1 -+ 4 5in (1)) + ¢ - 42 = n?n?)

A3
0 —1rf 0 T2 0
—r¢sin(ry)) —rfcos(ry) risinh(r,) ricosh(ry) 0
. [:]C] = _T13 3kNLC12 + kL T23 3kNLC12 + kL Azcl(kNLclz + kL)
Straight 2 2
b aq a, as ay A COS(/I) Cq (kNL(,‘l + kL)
cam by b, bs by bs

a, = ricos(ry) + kgsin(ry) + kygr(cy + ¢3)? sin(ry)
ay = kgcos(ry) — risin(ry) + kygr(cy + ¢3)? cos(ry)
as = kgsinh(ry) — r3cosh(ry) + kyg(c; + ¢3)? sinh(ry)
a4 = kgrcosh(ry) — r3sinh(ry) + kyg(c; + c3)? cosh(ry)
b, =—-(2*>+ rzz)sin(rl)(czlz [rZ — 22] + cyrélknic? + kL]cos(A))
b, = (A + 1) (c222[rf — A%][1 = cos(r)] + cyri[kypc? + ki ][1 = cos(2) cos(ry)])
by = —(rf - /12)5»*1'7”Lh(r1)(c2/12 (A2 + 73] + cyré[kyc? + kL]cos(A))
by = (1% — 22)(cA%[2% + r2][1 — cosh(ry)] + ¢ [knic? + ki ][1 — cos(A) cosh(r,)])
bs = (2 +12)(F = 1) (chey [5 iy + choy, + 3| — 0?22)

T

Prebuckling and Postbuckling States (7(x) = ¢; + c;x — -5 22 sin(mx), A # {0, +7})

A?-m

0 —r 0 $ 0
—rfsin(ry)) —rfcos(r;) risinh(ry) ricosh(ry) 0
3 2 3 2 gn’
[7] = -1y 3kypci + ki, r 3kyper + ki T g2
gn’
Curved a; a, as a, — T2z
beam €1 €2 €3 €4 €5

e; = (m? + r2)(A? — n?) sin(ry) (c3[A% — n?][rE — n?] + gn®r?
e; = —(m? + r7)(A = 12)(c,[22 — m?][rf — n?][1 = cos(ry)] — gm3rE[1 + cos(ry)])
e = (rf — 12)(A%2 — n¥)sinh(ry) (c,[A2 — m2][r? + n?] + gn3rf
e, = —(rE —n2) (A% — 1) (c,[2? — n?][r# + w?][1 — cosh(r;)] — gn3rZ[1 + cosh(r,)])
es = (@2 + ) (rf — n?) (~w?[(42 — n?)*] + Jgn° — ?[(22 ~ n?)?])

4. Numerical results

In this section, the effects of symmetric and asymmetric nonlinear BC on static and linear
vibration behaviors of straight and curved beam are investigated.

4.1 Static results

The influences of nonlinear BCs on critical buckling load of straight and curved beams for
symmetric and asymmetric cases are shown in Tables 2, 3. It is noted that the critical buckling
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Table 2 Effect of symmetric BCs on nondimensional first critical buckling load of straight and curved beams

Imperfection kygr = ky, =10 kygr = ky, = 30
amplitude krp=k, =5 20 40 krp=k, =5 20 40
g=20 9.8696 9.8696 9.8696 9.8696 9.8696 9.8696
g=1 19.1525 19.1525 19.1525 19.1525 19.1525 19.1525
g=2 18.6524 18.6524 18.6524 18.6524 18.6524 18.6524
g=3 12.1045 12.1045 12.1045 12.1045 12.1045 12.1045

Table 3 Effect of asymmetric BCs on nondimensional first critical buckling load of straight and curved
beams

kyg =5 kyg = 20

k. kp =5 kg =15 kp =5 kg =15

k,=10 20 k., =10 20 k., =10 20 Kk, =10 20

10 9.8696  9.8696  9.8696  9.8696  9.8696  9.8696  9.8696  9.8696
30 9.8696  9.8696  9.8696  9.8696  9.8696  9.8696  9.8696  9.8696
go1 10 192945 193997 191365 192454 191905 191581 192266 191755
30 19.6816 19.7704 19.4388 19.5049 19.1768 19.1986 19.1587 19.1714
go2 10 188389 180400 187230 187893 187166 18.6746 18.7546 186988
30 19.3934  19.4829 19.1349 19.2076 18.6833 18.7036 18.6644 18.6780
go3 10 123276 124263 122077 122777 121908 121441 122298 121716
30 13.0191 13.1089 12.7530 12.8289 12.1409 12.1604 12.1215 12.1356

load of straight beam has no change as the value of the linear and nonlinear foundation constant
changes in two cases symmetric and asymmetric. This is expected as presented in Eq. (2), the
forces of foundation are functions of transverse deflection (w). So, for straight beam under axial
compressive load, the only deformation occurs in the axial direction U, until reach to the first
buckling load, then cause the transverse deflection. Therefore, the first linear buckling load does
not affected by the foundations. If we add axial elastic spring on the boundaries, we can get
influence on first buckling load for straight beam.

For curved beam, in case of symmetric BCs, the value of foundation constants has no effect on
the critical buckling load (see Eq. (37)). However, in asymmetric case, as the value of foundation
constants changes, the critical buckling load changes.

Figs. 2 and 3 show the nonlinear responses in prebuckling and postbuckling states of straight
beam for different values of linear and nonlinear elastic foundation constants, respectively. The
solid lines display stable solutions and dotted line displays the unstable one. It is noted that the
foundation constants has no effect on the response of straight beam in prebuckling state (the
response is zero). While, in postbuckling state, foundation parameters have a great influence on the
nonlinear response and this effect becomes more tangible when the value of axial load increases.

The influences of linear and nonlinear elastic foundation constants on the nonlinear response of
curved beam at a given imperfection amplitude g = 1 are plotted in Figs. 4 and 5, respectively. It
is observed that the foundation constants have great effect on the nonlinear response of curved
beam in prebuckling and postbuckling domains. Furthermore, one can note that the nonlinear
foundation parameters have the most effect on the nonlinear response.
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Fig. 2 Effect of k and k; on nonlinear static response of straight beam in prebuckling and postbuckling

states ( kNL = kNR = 10)
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Table 4 Effect of symmetric boundary conditions on nondimensional first three natural frequencies of
straight and curved beam in prebuckling state at axial load P = 0.5P,,., (P, is reported in Table 2)

kNR = kNL =10 kNR = kNL =30

—0 w4 3.0361 5.4364 6.7968 3.0361 5.4364 6.7968

p ‘i ; 8696 W, 5.4447 10.6959 14.7683 5.4447 10.6959 14.7683
r . w3 23.2631 25.8498  29.0382 23.2631 25.8498  29.0382
—1 w4 10.1650 9.7529 10.1702 11.2111 10.8608 10.8346

p j 1_9 1525 @2 15.5193 14.5731 15.5318 18.3239 173074  17.2348
r ' w3 30.8649 30.0289  30.8764 33.7490 32.6317  32.5551
_5 w4 12.7205 12.1432  13.1751 14.4575 13.8368  14.0216

p ;q 1_8 6524 @2 14.7246 13.8961 15.4051 17.4995 16.4495  16.7543
r . w3 32.1241 31.6174  32.5767 34.1916 33.3387  33.5771

The mutual effects of foundation parameters with amplitude of initial curvature on the
nonlinear response of curved beam in the prebuckling domain are displayed in Figs. 6 and 7.

Figs. 8 and 9 show the influence of initial curvature amplitude with linear and nonlinear
foundation constants on the nonlinear response of curved beam in postbuckling domain. It is
observed that, as the value of the amplitude of initial curvature increases, leads to increase in the
absolute values of the amplitude of the stable and unstable responses.

4.2 Dynamic results

In Table 4, the first three natural frequencies of straight and curved beam in prebuckling state
in case of symmetric BCs for different values of foundation constants are tabulated. It is evident
from Table 4 that with increasing the variation of linear foundation constant the natural
frequencies of straight and curved beam change. For the case of straight beam, the nonlinear
foundation constant has no rule on the value of natural frequencies in prebuckling state. The
reason for this can be seen from boundary conditions Egs. (39b), (39¢), which indicate that the
nonlinear foundation constant depends on the static response n(x) at ends. As seen from Figs. 2, 3,
the static response of straight beam in prebuckling state is zero, so the nonlinear foundation
constant plays no rule in prebuckling domain. On the contrary, for curved beam, the nonlinear
foundation constant increases the value of natural frequencies.

Figs. 10 and 11 shows the variations of the first four mode shapes of the straight beam in
postbuckling domain when P = 1.5P,,. with different values of foundation constants. The mode
shapes are normalized such that ¢ (0) = 1.

The effect of the amplitude of initial curvature on the first two natural frequencies is shown in
Fig. 12. It is noted that an increase of initial curvature decreases the second natural frequency of
transverse vibration of the curved beam. Furthermore, as can be seen from Fig. 12, as the
amplitude of initial curvature increases, the one to one internal resonance is activated (w; = w,),
Fig. 12(c).

It is observed from Fig. 12(c) that the one to one internal resonance between the first and
second mode occurs for curved beam in prebuckling state when g = 3 at P = 0.3647P.,.(w; =
w, = 10.8199). Fig. 13 shows the first and second vibration mode shapes of curved beam when
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g = 3 in the prebuckling domain (a) before internal resonance, P = 0.3P,,, and (b) after internal
resonance, P = 0.4P,,.

5. Conclusions

This study analyzed post buckling stability and dynamic responses of straight and curved
beams subjected to symmetric and asymmetric nonlinear boundary conditions analytically. For the
first time, exact solutions of nonlinear static response of straight and curved beams were derived.
Closed form formulas for the critical buckling loads of straight and curved beams under symmetric
boundary conditions were deduced. Besides, the natural frequencies and corresponding mode
shapes around buckled position were analytically computed. The proposed formula can be
exploited in analysis of airfoil, flappers and wings by engineers and designers. The main results of
the current analysis can be summarized as:
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» For straight beam, the foundation constants have no effect on the critical buckling load in both
symmetric and asymmetric nonlinear boundary conditions.

« For curved beam, the foundation constants play no rule on the critical buckling load in case of
symmetric boundary conditions. Whereas, in the case of asymmetric boundary conditions, they
have great influence on the critical buckling load.

* In both symmetric and asymmetric boundary conditions, the static response of straight beam
has no change with the variation of foundation constants (the static response is zero).

« The variation of foundation constants have a great influence on nonlinear static response of
curved beam in prebuckling and postbuckling domains.

« The foundation constants and the amplitude of initial curvature have significant effects on the
natural frequencies of the curved beam.

« As the amplitude of initial curvature increases, one to one internal resonance can be activated.



78 Nazira Mohamed, Salwa A. Mohamed and Mohamed A. Eltaher

-
o

18

(a)g=1, P.,=19.1525 (b)g=2, P.,=18.6524

N
[6)]

©

Dimensionless Natural Frequencies
N
N

Dimensionless Natural Frequencies

0 025 05 075 1 0 025 05 075 1
P/P, P/P,

7 %
%2’1 o :511

Dimensionless Natural Frequencies

0 0.25 0.5 0.75 1
P/P,,

Fig. 12 Effect of imperfection amplitude g on first two natural frequencies of curved beam in prebuckling
state (kL = kR = 15, kNL = kNR = 10)

1.5 T T T 1.5
1 1
0.5F 4 05F
% %
ASS <
0 ot
(a)P =0.3F,, (b)P =0.4P.,
-0.5T — Mode 1,w1:10.3898 1 0.5 — Mode ],w1=11.058
= Mode 2, w2:10.4308 = Mode 2, w2211.0347
1 1 1 : A I I !
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
X X

Fig. 13 First two vibration mode shapes of curved beam in prebuckling state at different values of axial
load(g = 3, kL = kR = 15, kNL = kNR = 10, PCT = 12.1045)



Exact solutions of vibration and postbuckling response of curved beam... 79

References

Adam, C., Ladurner, D. and Furtmiller, T. (2022), “Free and forced small flexural vibrations of slightly
curved slender composite beams with interlayer slip”, Thin Wall. Struct.,, 180, 109857.
https://doi.org/10.1016/j.tws.2022.109857.

Alessi, Y.A., Ali, LLA., Alazwari, M.A., Almitani, K.H., Abdelrahman, A. and Eltaher, M.A. (2023),
“Dynamic analysis of piezoelectric perforated cantilever bimorph energy harvester via finite element
analysis”, Adv. Aircraft Spacecraft Sci., 10(2), 179-202. https://doi.org/10.12989/aas.2023.10.2.179.

Almitani, K.H., Mohamed, N., Alazwari, M.A., Mohamed, S.A. and Eltaher, M.A. (2022), “Exact solution
of nonlinear behaviors of imperfect bioinspired helicoidal composite beams resting on elastic
foundations”, Math., 10(6), 887. https://doi.org/10.3390/math10060887.

Benguediab, S., Kebir, T., Kettaf, F.Z., Daikh, A.A, Tounsi, A., Benguediab, M. and Eltaher, M.A. (2023),
“Thermomechanical behavior of Macro and Nano FGM sandwich plates”, Adv. Aircraft Spacecraft Sci.,
10(1) 83-106. https://doi.org/10.12989/aas.2023.10.1.083.

Borjalilou, V., Taati, E. and Ahmadian, M.T. (2019), “Bending, buckling and free vibration of nonlocal FG-
carbon nanotube-reinforced composite nanobeams: exact solutions”, SN Appl. Sci., 1, 1-15.
https://doi.org/10.1007/s42452-019-1359-6.

Calim, F.F. (2012), “Forced vibration of curved beams on two-parameter elastic foundation”, Appl. Math.
Model., 36(3), 964-973. https://doi.org/10.1016/j.apm.2011.07.066.

Chang, X., Zhou, J. and Li, Y. (2022), “Post-buckling characteristics of functionally graded fluid-conveying
pipe with geometric defects on Pasternak foundation”, Ocean Eng., 266, 113056.
https://doi.org/10.1016/j.0ceaneng.2022.113056.

Chen, X. and Li, Y. (2018), “Size-dependent post-buckling behaviors of geometrically imperfect
microbeams”, Mech. Res. Commun., 88, 25-33. https://doi.org/10.1016/j.mechrescom.2017.12.005.

Ding, H.X., She, G.L. and Zhang, Y.W. (2022), “Nonlinear buckling and resonances of functionally graded
fluid-conveying pipes with initial geometric imperfection”, Eur. Phys. J. Plus, 137(12), 1-18.
https://doi.org/10.1140/epjp/s13360-022-03570-1.

Ding, H., Lu, Z.Q. and Chen, L.Q. (2019), “Nonlinear isolation of transverse vibration of pre-pressure
beams”, J. Sound Vib., 442, 738-751. https://doi.org/10.1016/j.jsv.2018.11.028.

Ecsedi, I. and Dluhi, K. (2005), “A linear model for the static and dynamic analysis of non-homogeneous
curved beams”, Appl. Math. Model., 29(12), 1211-1231. https://doi.org/10.1016/j.apm.2005.03.006.

Eltaher, M.A. and Mohamed, N. (2020), “Nonlinear stability and vibration of imperfect CNTs by doublet
mechanics”, Appl. Math. Comput., 382, 125311. https://doi.org/10.1016/j.amc.2020.125311.

Eltaher, M.A., Mohamed, N., Mohamed, S.A. and Seddek, L.F. (2019), “Periodic and nonperiodic modes of
postbuckling and nonlinear vibration of beams attached to nonlinear foundations™, Appl. Math. Model.,
75, 414-445. https://doi.org/10.1016/j.apm.2019.05.026.

Geng, X., Ding, H., Wei, K. and Chen, L. (2020), “Suppression of multiple modal resonances of a cantilever
beam by an impact damper”, Appl. Math. Mech., 41(3), 383-400. https://doi.org/10.1007/s10483-020-
2588-9.

Ghayesh, M.H., Farokhi, H. and Gholipour, A. (2017), “Vibration analysis of geometrically imperfect three-
layered shear-deformable microbeams”, Int. J. Mech. Sci., 122, 370-383.
http://dx.doi.org/10.1016/j.ijmecsci.2017.01.001.

Hosseini, S.A.H., Rahmani, O., Refaeinejad, V., Golmohammadi, H. and Montazeripour, M. (2023), “Free
vibration of deep and shallow curved FG nanobeam based on nonlocal elasticity”, Adv. Aircraft
Spacecraft Sci., 10(1), 51. https://doi.org/10.12989/aas.2023.10.1.051.

Jin, Q., Hu, X., Ren, Y. and Jiang, H. (2020), “On static and dynamic snap-throughs of the imperfect post-
buckled FG-GRC sandwich beams”, J. Sound Vib., 489, 115684.
https://doi.org/10.1016/j.jsv.2020.115684.

Juhdsz, Z. and Szekrényes, A. (2020), “An analytical solution for buckling and vibration of delaminated
composite spherical shells”, Thin Wall. Struct., 148, 106563. https://doi.org/10.1016/j.tws.2019.106563.


https://doi.org/10.1016/j.tws.2022.109857
https://doi.org/10.12989/aas.2023.10.2.179
https://doi.org/10.3390/math10060887
https://doi.org/10.12989/aas.2023.10.1.083
https://doi.org/10.1007/s42452-019-1359-6
https://doi.org/10.1016/j.apm.2011.07.066
https://doi.org/10.1016/j.oceaneng.2022.113056
https://doi.org/10.1016/j.mechrescom.2017.12.005
https://doi.org/10.1140/epjp/s13360-022-03570-1
https://doi.org/10.1016/j.jsv.2018.11.028
https://doi.org/10.1016/j.apm.2005.03.006
https://doi.org/10.1016/j.amc.2020.125311
https://doi.org/10.1016/j.apm.2019.05.026
https://doi.org/10.1007/s10483-020-2588-9
https://doi.org/10.1007/s10483-020-2588-9
http://dx.doi.org/10.1016/j.ijmecsci.2017.01.001
https://doi.org/10.12989/aas.2023.10.1.051
https://doi.org/10.1016/j.jsv.2020.115684
https://doi.org/10.1016/j.tws.2019.106563

80 Nazira Mohamed, Salwa A. Mohamed and Mohamed A. Eltaher

Lacarbonara, W. (1997), “A theoretical and experimental investigation of nonlinear vibrations of buckled
beams”, Doctoral Dissertation, Virginia Tech., USA.

Lee, J.K. and Jeong, S. (2016), “Flexural and torsional free vibrations of horizontally curved beams on
Pasternak foundations”, Appl. Math. Model., 40(3), 2242-2256.
https://doi.org/10.1016/j.apm.2015.09.024.

Li, Z.M. and Qiao, P. (2014), “On an exact bending curvature model for nonlinear free vibration analysis
shear  deformable  anisotropic  laminated  beams”, = Compos.  Struct, 108, 243-258.
http://dx.doi.org/10.1016/j.compstruct.2013.09.034.

Ma, T.F. (2003), “Existence results and numerical solutions for a beam equation with nonlinear boundary
conditions”, Appl. Numer. Math., 47(2), 189-196. https://doi.org/10.1016/S0168-9274(03)00065-5.

Ma, T.F. and Da Silva, J. (2004), “Iterative solutions for a beam equation with nonlinear boundary
conditions of third order”, Appl. Math. Comput., 159(1), 11-18.
https://doi.org/10.1016/j.amc.2003.08.088.

Mochida, Y. and Ilanko, S. (2016), “Condensation of independent variables in free vibration analysis of
curved beams”, Adv. Aircraft Spacecraft Sci., 3(1), 045. https://doi.org/10.12989/aas.2016.3.1.045.

Mohamed, N., Eltaher, M.A., Mohamed, S.A. and Seddek, L.F. (2018), “Numerical analysis of nonlinear
free and forced vibrations of buckled curved beams resting on nonlinear elastic foundations”, Int. J.
Nonlin. Mech., 101, 157-173. https://doi.org/10.1016/j.ijnonlinmec.2018.02.014.

Mohamed, N., Mohamed, S.A. and Eltaher, M.A. (2022a), “Nonlinear static stability of imperfect bio-
inspired helicoidal composite beams”, Math., 10(7), 1084. https://doi.org/10.3390/math10071084.

Mohamed, S.A., Assie, A.E., Eltaher, M.A., Abo-bakr, R.M. and Mohamed, N. (2024a), “Nonlinear
postbuckling and snap-through instability of movable simply supported BDFG porous plates rested on
elastic foundations”, Mech. Bas. Des. Struct. Mach., 1-28.
https://doi.org/10.1080/15397734.2024.2328339.

Mohamed, S.A., Eltaher, M.A., Mohamed, N. and Abo-bakr, R.M. (2024b), “Nonlinear postbuckling and
snap-through instability of movable simply supported BDFG porous plates rested on elastic foundations”,
Mech. Bas. Des. Struct. Mach., 1-28. https://doi.org/10.1080/15397734.2024.2353321.

Mohamed, S.A., Mohamed, N. and Eltaher, M.A. (2022b), “Snap-through instability of helicoidal composite
imperfect beams surrounded by nonlinear elastic foundation”, Ocean Eng., 263, 112171.
https://doi.org/10.1016/j.0oceaneng.2022.112171.

Mohamed, N., Mohamed, S.A. and Eltaher, M.A. (2024c), “Nonlinear Forced Vibration of Curved Beam
with ~ Nonlinear  Viscoelastic =~ Ends”, Int. J. Appl. Mech., 16(3), 2450031.
https://doi.org/10.1142/S1758825124500315.

Mohamed, S.A., Mohamed, N., Abo-bakr, R.M. and Eltaher, M.A. (2023), “Multi-objective optimization of
snap-through instability of helicoidal composite imperfect beams using Bernstein polynomials method”,
Appl. Math. Model., 120, 301-329. https://doi.org/10.1016/j.apm.2023.03.034.

Rezaiee-Pajand, M. and Kamali, F. (2021), “Exact solution for thermal-mechanical post-buckling of
functionally graded micro-beams”, CEAS Aeronaut. J., 12, 85-100. https://doi.org/10.1007/s13272-020-
00480-9.

Sedighi, H.M. and Shirazi, K.H. (2012), “A new approach to analytical solution of cantilever beam vibration
with  nonlinear  boundary  condition”, J.  Comput. Nonlin. Dyn., 7(3), 034502.
https://doi.org/10.1115/1.4005924.

Sedighi, H.M., Chan-Gizian, M. and Noghreha-Badi, A. (2014), “Dynamic pull-in instability of
geometrically nonlinear actuated micro-beams based on the modified couple stress theory”, Lat. Am. J.
Solid. Struct., 11, 810-825.

She, G.L. and Ding, H.X. (2023), “Nonlinear primary resonance analysis of initially stressed graphene
platelet reinforced metal foams doubly curved shells with geometric imperfection”, Acta Mechanica
Sinica, 39(2), 522392. https://doi.org/10.1007/s10409-022-22392-X.

Siam, O.A., Shanab, R.A., Eltaher, M.A. and Mohamed, N.A. (2023), “Free vibration analysis of nonlocal
viscoelastic nanobeam with holes and elastic foundations by Navier analytical method”, Adv. Aircraft
Spacecraft Sci., 10(3), 257-279. https://doi.org/10.12989/aas.2023.10.3.257.


https://doi.org/10.1016/j.apm.2015.09.024
http://dx.doi.org/10.1016/j.compstruct.2013.09.034
https://doi.org/10.1016/S0168-9274(03)00065-5
https://doi.org/10.1016/j.amc.2003.08.088
https://doi.org/10.12989/aas.2016.3.1.045
https://doi.org/10.1016/j.ijnonlinmec.2018.02.014
https://doi.org/10.3390/math10071084
https://doi.org/10.1080/15397734.2024.2328339
https://doi.org/10.1080/15397734.2024.2353321
https://doi.org/10.1016/j.oceaneng.2022.112171
https://doi.org/10.1142/S1758825124500315
https://doi.org/10.1016/j.apm.2023.03.034
https://doi.org/10.1007/s13272-020-00480-9
https://doi.org/10.1007/s13272-020-00480-9
https://doi.org/10.1115/1.4005924
https://doi.org/10.1007/s10409-022-22392-x
https://doi.org/10.12989/aas.2023.10.3.257

Exact solutions of vibration and postbuckling response of curved beam... 81

Tekin, G., Ecer, S. and Kadioglu, F. (2023), “An alternative procedure for longitudinal vibration analysis of
bars with arbitrary boundary conditions”, J. Appl. Comput. Mech., 9(1), 294-301.
https://doi.org/10.1016/j.ijmecsci.2021.106903.

Wang, P., Cao, R., Deng, Y., Sun, Z., Luo, H. and Wu, N. (2023), “Vibration and resonance reliability
analysis of non-uniform beam with randomly varying boundary conditions based on Kriging model”,
Struct., 50, 925-936. https://doi.org/10.1016/j.istruc.2023.02.050.

Yang, Y.B., Liu, Y.H. and Xu, H. (2023), “Recovering mode shapes of curved bridges by a scanning
vehicle”, Int. J. Mech. Sci., 253, 108404. https://doi.org/10.1016/j.ijmecsci.2023.108404.

Ye, S.Q., Mao, X.Y., Ding, H., Ji, J.C. and Chen, L.Q. (2020), “Nonlinear vibrations of a slightly curved
beam  with nonlinear boundary conditions”, Int. J. Mech. Sci., 168, 105294.
https://doi.org/10.1016/j.ijmecsci.2019.105294.

Yuan, J.R. and Ding, H. (2022), “Dynamic model of curved pipe conveying fluid based on the absolute
nodal coordinate formulation”, Int. J. Mech. Sci., 232, 107625.
https://doi.org/10.1016/j.ijmecsci.2022.107625.

Yuan, J.R. and Ding, H. (2023), “An out-of-plane vibration model for in-plane curved pipes conveying
fluid”, Ocean Eng., 271, 113747. https://doi.org/10.1016/j.0ceaneng.2023.113747.

Zhai, Y.J., Ma, Z.S., Wang, B. and Ding, Q. (2023), “Dynamic characteristic analysis of beam structures
with nonlinear elastic foundations and boundaries”, Int. J. Nonlin. Mech., 153, 1044009.
https://doi.org/10.1016/j.ijnonlinmec.2023.104409.

Zhao, Y., Du, J., Chen, Y. and Liu, Y. (2022), “Dynamic behavior analysis of the axially loaded beam with
the nonlinear support and elastic boundary constraints”, Chin. J. Theor. Appl. Mech., 54(9), 2529-2542.
https://doi/10.6052/0459-1879-22-088.

CC


https://doi.org/10.1016/j.ijmecsci.2021.106903
https://doi.org/10.1016/j.istruc.2023.02.050
https://doi.org/10.1016/j.ijmecsci.2023.108404
https://doi.org/10.1016/j.ijmecsci.2019.105294
https://doi.org/10.1016/j.ijmecsci.2022.107625
https://doi.org/10.1016/j.oceaneng.2023.113747
https://doi.org/10.1016/j.ijnonlinmec.2023.104409
https://doi/10.6052/0459-1879-22-088



