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Abstract. The stochastic optimal control for a piezoelectric spherically symmetric shell subjected to
stochastic boundary perturbations is constructed, analyzed and evaluated. The stochastic optimal control
problem on the boundary stress output reduction of the piezoelectric shell subjected to stochastic boundary
displacement perturbations is presented. The electric potential integral as a function of displacement is obtained
to convert the differential equations for the piezoelectric shell with electrical and mechanical coupling into the
equation only for displacement. The displacement transformation is constructed to convert the stochastic boundary
conditions into homogeneous ones, and the transformed displacement is expanded in space to convert further
the partial differential equation for displacement into ordinary differential equations by using the Galerkin
method. Then the stochastic optimal control problem of the piezoelectric shell in partial differential equations
is transformed into that of the multi-degree-of-freedom system. The optimal control law for electric potential is
determined according to the stochastic dynamical programming principle. The frequency-response function
matrix, power spectral density matrix and correlation function matrix of the controlled system response are
derived based on the theory of random vibration. The expressions of mean-square stress, displacement and
electric potential of the controlled piezoelectric shell are finally obtained to evaluate the control effectiveness.
Numerical results are given to illustrate the high relative reduction in the root-mean-square boundary stress of
the piezoelectric shell subjected to stochastic boundary displacement perturbations by the optimal electric
potential control.

Keywords: piezoelectric shell; stochastic vibration; optimal control; boundary perturbation; stochastic
response

1. Introduction

Piezoelectric structures as smart sensors or controllers have a potential application in engineering

(Rao and Sunar 1994), for instance, to structural health monitoring (Park et al. 2005, Li and Zhang

2008), structural damage detection (Yu and Giurgiutiu 2005, Tawie et al. 2010), geotechnical

engineering (Zeng 2006), and structural vibration control (Rudolf et al. 2010, Jin et al. 2010). The

dynamic characteristics of piezoelectric and composite structures such as beam, plate and shell have

been studied analytically and numerically (Saravanos and Heyliger 1999, Tzou and Zhong 1994, Ying et

al. 2011). In smart piezoelectric structures, the piezoelectric shell structure has better electrical and
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mechanical coupling properties. The piezoelectric sensors and controllers have been applied to the

vibration control (Balamurugan and Narayanan 2001, Tzou et al. 2002, Correia et al. 2002, Ray

2003, Trajkov et al. 2006, Huang and Tseng 2008, Sohn et al. 2009, Sheng and Wang 2009, Gupta

et al. 2004) and acoustic control (Scandrett 2002, Li et al. 2004, Hasheminejad and Rajabi 2008) of

shell structures. The linear feedback control strategy is used generally except neural network and

genetic algorithms (Kumar et al. 2008, Roy and Chakraborty 2009).

In particular, the deterministic dynamic characteristics of piezoelectric shells have been studied

extensively. The studies on piezoelectric cylindrical shells include the free vibration of piezoelectric

ceramic cylinders radially polarized (Adelman et al. 1975, Ding et al. 2002, Berg et al. 2004), the

torsional wave motion of a finite inhomogeneous piezoelectric cylindrical shell (Sarma 1980), the

axisymmetric and other electroelastic waves of hollow piezoelectric ceramic cylinders (Shul’ga et

al. 1984, Paul and Venkatesan 1987), and the transient response of axisymmetric piezoelectric

hollow cylinders in plane strain analyzed by using the series expansion of Bessel functions and the

linear interpolation algorithm (Ding et al. 2003, Babaev et al. 1990). The corresponding studies on

the free and forced vibrations of piezoelectric spherical shells were also presented (Heyliger and Wu

1999, Chen et al. 2001, Loza and Shul’ga 1990, Li et al. 2000, Borisyuk and Kirichok 1979, Ding

et al. 2003). Recently, the electro-elastic wave propagation in piezoceramic cylinders of sector cross-

sections has been studied (Puzyrev 2010). Several studies on the stochastic dynamics of piezoelectric

structures have been presented. The numerical analysis of shell structures with distributed piezoelectric

control components was made by using the finite element method (Narayanan and Balamurugan

2003, To and Chen 2007). The theoretical solution approach to the stochastic response of piezoelectric

axisymmetric hollow cylinders subjected to random boundary pressure and/or electric potential

excitations was proposed and extended (Ying et al. 2009, Ying and Zhu 2009). However, the stochastic

optimal control of piezoelectric shells under stochastic boundary perturbations remains and needs to

be studied further, for instance, in improving the piezoelectric sensor capability against perturbations.

The present paper focuses on the stochastic optimal control analysis of a piezoelectric shell under

stochastic boundary displacement perturbations. Firstly, the basic formulations of the spherically

symmetric piezoelectric shell subjected to boundary displacement perturbations as well as the optimal

control performance index are given. The stochastic optimal control problem on the boundary stress

output reduction of the piezoelectric shell subjected to stochastic boundary perturbations is formed.

Secondly, the electric potential is expressed as a function of displacement by integrating the

electrostatics equation, and the differential equations for the piezoelectric shell with electrical and

mechanical coupling are converted into the differential equation only for displacement. Then the

stochastic boundary conditions are converted into homogeneous ones by using the constructed

displacement transformation. The transformed displacement is expanded in space into a series, and

the partial differential equation for displacement is converted further into ordinary differential equations

according to the Galerkin method, which represent a multi-degree-of-freedom dynamic system with

asymmetric stiffness matrix under stochastic excitations. Therefore the stochastic optimal control

problem of the piezoelectric shell in partial differential equations is transformed into that of the multi-

degree-of-freedom system in ordinary differential equations. Thirdly, the Hamilton-Jacobi-Bellman

equation for the control system with performance index is presented according to the stochastic dynamical

programming principle. The optimal control law for electric potential and the corresponding Riccati

equation are determined in terms of the optimal regulation. Fourthly, the frequency-response function

matrix, power spectral density matrix and correlation function matrix of the controlled system

response are derived successively based on the theory of random vibration. The expressions of mean-
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square stress, displacement and electric potential of the controlled piezoelectric shell are obtained for

non-white stochastic perturbations, which are compared with the corresponding uncontrolled ones to

evaluate the control effectiveness. Finally, numerical results are given to illustrate the stochastic stress,

displacement and electric-potential responses of the controlled and uncontrolled piezoelectric shells

to stochastic boundary displacement perturbations, the control effectiveness or relative reduction in

the root-mean-square boundary stress and the corresponding optimal electric potential control input,

and those varying with structure and excitation parameters.

2. Stochastic optimal control problem of a piezoelectric shell

The differential equations for piezoelectric shells with random boundary stress and electric potential

excitations have been given (Ying and Zhu 2009). For a spherically symmetric piezoelectric shell,

its differential equation of motion and charge equation of electrostatics in the radius r direction can

be expressed as

(1)

(2)

where σrr=σrr(r, t) and σθθ =σθθ (r, t) are respectively the radial and circular stresses, ur=ur(r,t) is the

radial displacement, ρ and cr are respectively the mass density and damping coefficient, Dr=Dr(r,t) is

the radial electric displacement. The electric potential control is inputted by the shell surfaces, and then

expressed by boundary conditions. The constitutive relations of orthotropic and radially polarized

piezoelectric medium are

(3a)

(3b)

(3c)

where γθθ and γrr are respectively the circular and radial strains, cij, eij and εij (i, j=1,2,3) are respectively

elastic, piezoelectric and dielectric constants, and Φ=Φ(r,t) is the electric potential. The strain-displacement

relations for the spherically symmetric problem are

(4a,b)

and the other displacement in spherical coordinates uθ = 0. The boundary conditions for displacements

and stresses are given by
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where a and b are respectively the inner and outer radii of the spherical shell, ura and urb are boundary

displacements including stochastic perturbation and non-perturbation parts, paa and pba are boundary

stresses with the perturbation part to be controlled. The electric potential consists of control and non-

control parts, and the control part corresponds to minimizing the perturbation stresses induced by

perturbation displacements. Then the boundary electric potentials are expressed by two parts as

(6a,b)

Separate the mechanical displacement, electric displacement and electric potential of the piezoelectric

shell into two parts corresponding to non-control and control (or perturbation) as follows

,   ,   (7a,b,c)

where subscript “a” and superscript “s” denote non-control and control, respectively. Substituting Eq.

(7) into Eqs. (1)-(4) and eliminating non-control parts yield equations for control parts

(8)

(9)

(10a)

(10b)

(10c)

The corresponding boundary conditions are

,  (11a,b)

,  (11c,d)

where Φca and Φcb are electric potential control inputs. The objective of stochastic optimal control is to

minimize boundary stress components  and  induced by stochastic boundary

displacement perturbations ura and urb. The performance index can be expressed as

(12)

where E[·] denotes the expectation operation, t0 and tf are respectively the initial and terminal times, α1

and α2 are weighting constants. Rewrite Eqs. (8)-(10) in the dimensionless form as follows
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(14)

(15a)

(15b)

(15c)

where

(16)

The boundary conditions Eq. (11) becomes correspondingly

(17a,b)

(18a,b)

where s = a/b, Ua and Ub are controls, ξa(t) and ξb(t) are the stochastic processes with power spectral

densities Sξa(ω) and Sξb(ω), respectively. The performance index Eq. (12) for control becomes as

(19)

Eqs. (13)-(15) and Eqs. (17)-(19) constitute a stochastic optimal control problem of the piezoelectric

shell subjected to stochastic boundary displacement perturbations. The optimal control law can be determined

by converting the partial differential control problem into an ordinary differential control problem.

3. Multi-degree-of-freedom control system

The stochastic optimal control problem for the piezoelectric shell in partial differential Eqs. (13)-(19)

can be converted into that of a multi-degree-of-freedom system in ordinary differential equations.

3.1 Electric potential integral

By substituting electric displacement Eq. (15(c)) into Eq. (14), integrating this equation with
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follows

(20)

where boundary displacements

,  (21a,b)

Substituting electric potential Eq. (20) and stresses Eq. (15) into Eq. (13) yields the differential equation

of motion only for displacement v

(22)

The corresponding boundary conditions are the same as Eq. (17). The radial stress Eq. (15(b)) becomes

correspondingly

(23)

The electrical and mechanical coupling problem [Eqs. (13)-(15) with Eqs. (17) and (18)] has been

converted into a mechanical dynamics problem [Eqs. (22) and (17)].

3.2 Displacement transformation

To convert the stochastic boundary conditions [Eq. (17)] into homogeneous ones and expand

the displacement as a series in radial functions, the following displacement transformation is introduced

firstly

(24)

By the substitution of transformation Eq. (24) into Eq. (17), the boundary conditions for displacement

component v0 obtained are

(25a,b)

Substituting transformation Eq. (24) into Eq. (22) yields the differential equation for displacement v0 as

follows
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The radial stress Eq. (23) becomes correspondingly

(27)

3.3 Galerkin method

The displacement v0 is then expanded in the radial coordinate as follows

(28)

where qj(τ) is a function of time, representing the modal displacement. Obviously, displacement Eq.

(28) satisfies the homogeneous boundary conditions Eq. (25). According to the Galerkin method,

substituting displacement Eq. (28) into Eq. (26), multiplying this equation by sin iπ(λ−s)/(1−s) and

integrating it with respect to λ on [s, 1] yield ordinary differential equations for qj(τ), which can be

rewritten in the following matrix form

(29)

where the superscript “.” denotes the derivative with respect to τ, modal displacement vector Q = [q1,

q2,..., qn]
T, modal damping matrix C = diag[c], electric potential control input U = Ua−Ub, and modal

stiffness matrix K, modal stochastic excitation vector F and modal control coefficient vector B have

elements respectively
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(31)

Eq. (29) represents a multi-degree-of-freedom control system subjected to stochastic excitations. This

system has asymmetric stiffness matrix due to the boundary excitations and the electrical and

mechanical coupling. Therefore, the conventional modal control method for symmetric systems is not

usable to the asymmetric system. The radial stress can be derived correspondingly from Eq. (27), for

instance, the boundary stress at the inner radius as

(32)

Based on the boundary stress expression as well as stress rate, the performance index Eq. (19) for

control is converted generally into

(33)

where Lc is a continuous differentiable function quadratic in system state (Q, ) and control U, Ψ  is

the terminal cost. The stochastic optimal control problem [Eqs. (13)-(19)] for the piezoelectric shell has

been converted into that for the multi-degree-of-freedom system described by Eqs. (29) and (33).

4. Optimal control law

Rewrite Eq. (29) further in the following state equation

(34)

where system state vector Z, coefficient matrix A, excitation amplitude vector Ft and control coefficient

vector Bt are

(35)

The performance index Eq. (33) is reduced to
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(36)

where S is a positive semi-definite symmetric constant matrix and R is a constant. It is assumed that the

control system Eq. (34) is completely observed. For the stochastic excitation W represented as filtering

white noises, applying the stochastic dynamical programming principle (Stengel 1986) to system Eq.

(34) and index Eq. (36) yields the Hamilton-Jacobi-Bellman equation as follows

 (37)

where V is the value function and tr[·] denotes the trace operation. By minimizing the left side of Eq.

(37), the optimal control law obtained is

(38)

Treat the optimal control of system Eq. (34) with index Eq. (36) as an optimal regulation problem. Then

the stationary value function and optimal control solutions to Eq. (37) are given by

(39a,b)

where symmetric constant matrix P is determined by the following Riccati equation

(40)

For controlling the boundary stresses of the piezoelectric shell, matrix S as well as P can be expressed

by sub-matrices
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The optimal control of electric potential Eqs. (39(b)) and (40) are reduced respectively to
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Sub-matrices P2 and P3 are obtained by solving Eqs. (43(a) and (b)). The optimal electric potential

control input U* is then determined by substituting P2 and P3 with system state into Eq. (42).

5. Stochastic response estimation

Substituting the optimal control Eq. (42) into Eq. (29) yields the controlled system equation
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The instantaneous responses of the controlled piezoelectric shell subjected to stochastic excitations can

be calculated rigorously by using Eqs. (44), (28), (24), (27) and (20). The response statistics of the

controlled asymmetric linear multi-degree-of-freedom system Eq. (44) can be estimated by using the

relationship between the correlation function in time domain and the power spectral density in

frequency domain. The frequency-response function matrix of the system Eq. (44) is

(45)

where I is the identity matrix, ω is a frequency and j = . Then the power spectral density matrix of

the system response is correspondingly

(46)

where SF(ω) is the spectral density matrix of the system excitation F(τ), and the superscript “T” denotes

the conjugate and transpose operation. The spectral density SF(ω) can be calculated by using Eq. (30(b)).

For independent stochastic boundary perturbation excitations ξa(τ) and ξb(τ) with respectively spectral

densities Sξa(ω) and Sξb(ω), the element in the spectral density matrix SF(ω) is

(47)

The natural frequencies of the system Eq. (44) or the piezoelectric shell can be obtained by the peak-

value characteristics of the frequency-response function H( jω), and the response spectra are

determined by spectral density matrix SQ(ω). The correlation function matrices of the system response

(Q, ) can be expressed as

(48a,b,c)

The mean-square response such as E[qi
2] of the controlled multi-degree-of-freedom system Eq. (44) is

determined by the diagonal elements of the correlation function matrix RQ(0). The mean-square

optimal electric potential control is obtained from Eq. (42) as

(49)

Further, the displacement, stress and electric potential expressions of the controlled piezoelectric

shell are obtained by substituting Eq. (28) respectively into Eqs. (24), (27) and (20) as follows
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(53)

By using Eqs. (50)-(52), (48) and (42), the response statistics of the controlled piezoelectric shell

subjected to stochastic boundary perturbations can be calculated rigorously. The mean-square displacement,

stress and electric potential of the shell are obtained as

(54)

(55)

(56)

where the cross-correlation function vectors of the system response (Q) and the boundary perturbations

(ξa and ξb) and the optimal control (U*), and the mean-square boundary perturbations are
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(57)

in which the cross power spectral density vectors

(58a,b)

with elements

(59a,b)

Eqs. (54)-(56) represent the mean-square displacement, stress and electric potential as functions of

dimensionless radial coordinate λ, which can be used for exploring the response characteristics and the

control effectiveness of the controlled piezoelectric shell subjected to stochastic boundary displacement

perturbations. The stochastic response of the uncontrolled piezoelectric shell subjected to boundary

displacement perturbations can be estimated by using the above equations with zero control.

6. Numerical results

Consider the stochastic optimal control of the PZT-4 piezoelectric spherically symmetric shell subjected

to stochastic boundary displacement perturbations. The basic structure, excitation and control parameters

(Ying et al. 2009, Berlincourt et al. 1964) are c11=139.0 GPa, c12=77.8 GPa, c13=74.3 GPa, c33=115.0 GPa,

e31=-5.2 C/m2, e33=15.1 C/m2, e33=5.62×10-9 C2/N·m2, s=a/b=0.5, c=0.5; ω0=7.5, s0=5×10-11, η =0.05,

Sξa(ω)=0, Ub=0 (or φr=φ); S1=diag [10, 10, 2×106, 2×105, 0, …] and S2=0 except the otherwise

pointed. The boundary perturbation spectral density at the outer radius and the weighting constant in

performance index for controlling boundary stresses are respectively

(60a,b)

Numerical results on the frequency-response functions, root-mean-square stresses, displacements

electric potentials and optimal controls have been obtained and shown in Figs. 1-15.

Fig. 1 shows the frequency-response functions H11(ω), H22(ω), H33(ω) and H44(ω) in matrix H(ω)
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varying with frequency ω for the controlled and uncontrolled piezoelectric shells. It can be seen that

the first four dimensionless natural frequencies of the uncontrolled shell are ω1=7.64, ω2=14.80,

ω3=22.04 and ω4=29.32. Figs. 2-4 illustrate the root-mean-square radial stress (σr), radial displacement

(v) and electric potential (φ) varying with the dimensionless radial coordinate (λ) for the controlled

and uncontrolled piezoelectric shells, respectively. The controlled root-mean-square stress and displacement

change much slowly along the shell radius than the uncontrolled ones. The relative reductions of the

controlled root-mean-square stress at the inner radius and displacement at λ=0.75 come to 72% and

58%, respectively, under the root-mean-square optimal control of electric potential at the inner radius

U*=1.2×10-4. The samples of boundary displacement perturbation (ξb), uncontrolled and controlled

stress (σr) at the inner radius and electric potential control (U*) are shown in Figs. 5-7.

Figs. 8-12 illustrate the root-mean-square radial stress (σr), radial displacement (v) and electric

potential (φ) of the controlled and uncontrolled piezoelectric shells varying with the dimensionless

Fig. 1 Frequency-response functions H11(ω), H22(ω), H33(ω) and H44(ω) (Uncontrolled - solid line; Controlled -
dashed line)

Fig. 2 Root-mean-square (RMS) radial stress (σr) versus dimensionless radial coordinate λ
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radial coordinate (λ) for different elastic, piezoelectric and dielectric constants, respectively. The root-

mean-square stress and displacement increase as the elastic constants c11 decreases or c33 increases,

as shown in Figs. 8 and 9. The effects of the elastic constants on the controlled root-mean-square

stress and displacement are less than uncontrolled ones. Then the control effectiveness such as the

relative reduction of the controlled root-mean-square stress at the inner radius is heightened

correspondingly. The dependence of the root-mean-square stress and displacement upon the

piezoelectric constant e33 and dielectric constant ε33 similar to the elastic constants c11 and c33 can be

observed by Figs. 11 and 12. However, as shown in Fig. 10, the piezoelectric constant e31 has more

effects on the controlled root-mean-square stress and displacement than uncontrolled ones.

Figs. 13 and 14 illustrate the control effectiveness or the relative reduction of the controlled root-

mean-square radial stress (σr) at the inner radius and the root-mean-square electric potential control

Fig. 3 Root-mean-square (RMS) radial displacement (v) versus dimensionless radial coordinate λ

Fig. 4 Root-mean-square (RMS) electric potential (φ) versus dimensionless radial coordinate λ
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Fig. 5 A sample of radial displacement at the outer radius or boundary perturbation (ξb)

Fig. 6 Samples of radial stress (σr) at the inner radius ((a) Uncontrolled and (b) controlled)

Fig. 7 A sample of electric potential at the inner radius or control input (U*)
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input (U*) varying with the stochastic boundary perturbation intensity s0 and dominant frequency

ω0, respectively. As the perturbation intensity s0 rises, the root-mean-square electric potential control

is enhanced correspondingly so that the relative reduction of the controlled root-mean-square stress

is held, as shown in Figs. 13(a) and (b). The dominant perturbation frequency ω0 has obvious

Fig. 8 Root-mean-square (RMS) radial stress, radial displacement and electric potential versus dimensionless
radial coordinate λ for different elastic constant c11 (c11=120 GPa - line with asterisk; c11=160 GPa - line
without asterisk). (a) radial stress σr, (b) radial displacement v and (c) electric potential φ

Fig. 9 Root-mean-square (RMS) radial stress, radial displacement and electric potential versus dimensionless
radial coordinate λ for different elastic constant c33 (c33=100 GPa - line with asterisk; c33=130 GPa -
line without asterisk). (a) radial stress σr, (b) radial displacement v and (c) electric potential φ

Fig. 10 Root-mean-square (RMS) radial stress, radial displacement and electric potential versus dimensionless
radial coordinate λ for different piezoelectric constant e31 (e31=-4.2 C/m2 - line with asterisk; e31=
-6.2 C/m2 - line without asterisk). (a) radial stress σr, (b) radial displacement v and (c) electric potential φ
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Fig. 11 Root-mean-square (RMS) radial stress, radial displacement and electric potential versus
dimensionless radial coordinate λ for different piezoelectric constant e33 (e33=13.6 C/m2 - line with
asterisk; e33= 16.6 C/m2 - line without asterisk). (a) radial stress σr, (b) radial displacement v and
(c) electric potential φ

Fig. 12 Root-mean-square (RMS) radial stress, radial displacement and electric potential versus dimensionless
radial coordinate λ for different dielectric constant ε33 (ε33=5.12×10-9 C2/Nm2 - line with asterisk;
ε33=6.12×10-9 C2/Nm2 - line without asterisk). (a) radial stress σr, (b) radial displacement v and (c)
electric potential φ

Fig. 13 Control effectiveness and control input versus stochastic perturbation intensity s0. (a) relative reduction of
the controlled root-mean-square boundary stress σr and (b) root-mean-square electric potential control
input U*
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influence on the optimal control (electric potential) and the control effectiveness (relative reduction

of the controlled root-mean-square stress), as shown in Figs. 14(a) and (b). There exists an optimum

control design to achieve the optimal control effectiveness for certain dominant perturbation frequency.

Figs. 15(a) and (b) show respectively the control effectiveness and corresponding optimal control

varying with the ratio s of inner radius to outer radius. The root-mean-square electric potential control

input is diminished with the increase of the ratio s due to the decreased uncontrolled root-mean-square

boundary stress (Fig. 15(c)). The numerical results above indicate that the root-mean-square

boundary radial stress of the piezoelectric shell subjected to stochastic boundary displacement

perturbations can be optimally controlled to the relative reduction of 70% by the electric potential

control input according to the proposed stochastic optimal control.

7. Conclusions

The stochastic optimal control for piezoelectric spherically symmetric shells subjected to stochastic

boundary perturbations has been proposed and analyzed by the electric potential integral, displacement

Fig. 14 Control effectiveness and control input versus dominant perturbation frequency ω0. (a) relative
reduction of the controlled root-mean-square boundary stress σr and (b) root-mean-square electric
potential control input U*

Fig. 15 Control effectiveness and control input versus ratio s of inner to outer radii. (a) relative reduction of
the controlled root-mean-square boundary stress σr, (b) root-mean-square electric potential control
input U* and (c) comparison between controlled and uncontrolled root-mean-square boundary stresses
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transformation, Galerkin method, stochastic dynamical programming and stochastic response

estimation. The proposed optimal control is applicable to the spherical shells with arbitrary thickness

under various non-white stochastic excitations at inner and/or outer surfaces. The stochastic optimal

control problem of the piezoelectric shell structure has been converted into that of the multi-degree-

of-freedom system, and the optimal control law for electric potential has been determined. The root-

mean-square stresses, displacements and electric potentials of the controlled and uncontrolled shells

as well as the control effectiveness have been obtained, and illustrated with a great deal of

numerical results on the piezoelectric shell with various structural and excitation parameters. The

high relative reduction in the root-mean-square boundary stress of the piezoelectric shell subjected

to stochastic boundary displacement perturbations can be achieved by the proposed optimal electric

potential control.
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