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1. Introduction 
 

Many researchers studied the elasticity problem for the 

functionally graded composite materials (FGM). A lot of 

papers in this field were presented. In view of many 

literatures on the subject, we only study the problem for 

investigating the stress distribution in a thick cylinder of 

FGM. For a homogeneous hollow circular cylinder, the 

relevant elastic problem has been solved by (Muskhelishvili 

1963, Timoshenko and Goodier 1970).  

A lot of papers were devoted to study the stress 

distribution in thick-walled cylinder of FGM (Horgan and 

Chan 1999a, b, Zhang and Hasebe 1999, Shi et al. 2007, 

Tutuncu 2007, Dryden and Jayaraman 2006, Li and Peng  

2009, Chen and Lin 2008). In an earlier year, a solution for 

the pressurized FGM hollow cylinder or disk problem was 

achieved (Horgan and Chan 1999a, b). It is assumed that the 

material and the thermal properties are varying along the 

radial direction with a power law function. It is shown that 

the stress response of the inhomogeneous cylinder is 

significantly different from that of the homogeneous body. 

For example, in contrast with the situation for the 

homogeneous material, the maximum hoop stress does not 

find along the inner surface. Some exact elastic solutions 

were developed for a radially nonhomogeneous hollow 

circular cylinder (Zhang and Hasebe 1999, Shi et al. 2007). 
A problem for the thick-walled FGM cylinder was 

studied, which was reduced to an ordinary differential 

equation with respect to the radial displacement (Tutuncu  

2007). Two types of Young’s elastic modulus for evaluating 

stresses in pipes were suggested (Dryden and Jayaraman  

2006).  
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The stress analysis for a functionally graded hollow 

cylinder was studied (Tutuncu and Temel 2009). In the 

paper, the Young’s modulus and Poisson’s ratio were 

arbitrary functions of the radial coordinate. The studied 

problem can be reduced to a two-point boundary value 

problem with a governing differential equation of variable 

coefficients, and can be solved by the complementary 

functions method (CFM). The CFM reduces the boundary 

value problem to an initial-value problem (IVP) which can 

be solved accurately by one of many efficient methods such 

as Runge–Kutta method. 
Recently, a study for dealing with a FGM hollow 

cylinder was proposed, which is reduced to a solution of 

Fredholm integral equation (Li and Peng 2009). In addition, 

a numerical solution was suggested to solve the problem, 

which was based on a superposition of two particular initial 

problems (Chen and Lin 2008). In addition, some hollow 

sphere problems of FGM were solved (Eslami et al. 2005, 

You et al. 2005). A consistent solution for the fully elastic 

and viscoelastic deformations of rotating functionally 

graded hollow and solid cylinders was obtained (Zenkour et 

al. 2008).  

In recent years, a lot of problems for FGM thick-walled 

cylinders under more complicated conditions were solved.  

Based on the surface elasticity theory of Gurtin-Murdoch, 

thermo-elastic fields within rotating nanoshafts with 

varying material properties subjected to a thermal field were 

explicitly examined. (Kiani 2016). A thick truncated hollow 

cone with finite length made of two-dimensional 

functionally graded materials subjected to combined loads 

as internal, external and axial pressure was considered 

(Asemi et al. 2011). The finite element method based on the 

Rayliegh-Ritz energy formulation was applied to obtain the 

elastic behavior of the functionally graded thick truncated 

cone.  

Strain gradient elasticity formulation for analysis of FG 
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(functionally graded) micro-cylinders was presented 

(Sadeghia et al. 2012). The material properties are assumed 

to obey a power law in radial direction. The governing 

differential equation is derived as a fourth order ODE. An 

elasticity solution for the functionally graded thick-walled 

tube subjected to internal pressure was given in terms of 

volume fractions of constituents (Xin et al. 2014). 

Airy stress function was employed to derive analytical 

solutions for plane strain static deformations of a 

functionally graded (FG) hollow circular cylinder with two 

elastic constants to be functions of the radius r (Nie and 

Batra 2010). In the study, the applied loading, for example, 

along the inner boundary are arbitrary. For a functionally 

graded (FG) circular cylinder loaded by uniform pressures 

on the inner and the outer surfaces and Young’s modulus 

varying in the radial direction, Nie and Batra (2013) found 

the lower and upper bounds for Young’s modulus of the 

energetically equivalent homogeneous cylinder.  

A novel solution was provided for thick-walled 

cylinders made of functionally graded materials (Chen 

2015). In the formulation, the cylinder was divided into N 

layers with constant elastic constant. A numerical solution 

for multiple confocal elliptic dissimilar cylinders was 

provided (Chen 2017). The medium is composed of many 

confocal elliptic dissimilar cylinders. The transfer matrix 

method is used to study the continuity condition for the 

stress and displacement along the interfaces. 
In this paper, two fundamental solutions for FGM 

cylinder are proposed, which are obtained from the 

numerical solution of an ordinary differential equation. The 

two fundamental solutions are defined by two particular 

initial boundary conditions. By using the two fundamental 

solutions, the transfer matrix N can be formulated for the 

single layer case ( bra  ). The matrix gives a relation 

between the values of stress and displacement at the two 

end points, or ar   and br  . The transfer matrix 

method also provides an effective way for the solution of 

multiply layered cylinder. Several numerical results are 

presented. In the examples, the Young’s modulus is 

assumed in the form: (a) )1()( sErE
o

  or (b) 

)()()(

jjjo

j sErE   , )/()( abars
jj

  
jj

bra  ,  

(j=1,2,3 ) in the case of cylinder with three layers . We 

prove from the computed results that the influence of 

inhomogeneous Young’s modulus to the stress distribution 

is significant. 

 

 

2. Boundary value problem for single layer FGM 
cylinder with an arbitrary elastic property 
 

In order to solve the boundary value problem (BVP) of a 

thick-walled FGM cylinder with general elastic response, 

we introduce an ordinary differential equation and the 

concept of transfer matrix. Based on the transfer matrix 

method, we provide a lot of examples and numerical 

solutions for FGM cylinder. 

 

2.1 Formulation of ordinary differential equation for a 
thick cylinder made of functionally graded material 

 

Fig. 1 Two typical boundary conditions: (a) 
oar

q
,

  at 

r=a, 0
,


br
  at r=b and (b) 

oar
q

,
  at r=a, 0

b
u  

at r=b 

 

 

We investigate a long cylinder with inner radius “a” and 

outer radius “b” (Fig. 1). Along the inner boundary ( ar  ) 

and outer boundary ( br  ) some traction or displacement 

boundary value conditions are assumed.  

We study the problem in the polar coordinates ),r(  . In 

the symmetrical deformation case, the stress components 

r
 and 


  should satisfy the following equilibrium 

equation (Timoshenko and Goodier 1970) 

0



rdr

d
rr 


 (1) 

Now we introduce a function )r(F and let 

r

rF
r

)(
 ,   

dr

dF



 (2) 

In this case, Eq. (1) can be satisfied automatically.  

The displacement in the r-direction is denoted by “u”. 

Two strain components can be expressed as (Muskhelishvili 

1963, Timoshenko and Goodier 1970) 

dr

du
r
 , 

r

u



   (with ru


  ) (3) 

By using Eq. (3), we will obtain the following 

compatibility condition for displacement 

dr

rd
r

)(



  ,  or 
dr

d
r

r






   (4) 

We assume that the Poisson’s ratio takes a constant 

value  0.3 and the Young’s modulus E(r) is an arbitrary 

function.  From the stress-strain relation in the plane strain 

case, we have 

)
1

(
)(

1 2


















rr
rE

)
1

(
)(

1 2

dr

dF

r

F

rE 







  (5) 

 

)
1

(
)(

1 2

r
rE
















  )
1

(
)(

1 2

r

F

dr

dF

rE 







  (6) 
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)
1

(
)(

)1( 2

r

F

dr

dF

rE

r
ru











  (7) 

Substituting Eqs. (5) and (6) into Eq. (4) yields 

22

2 1

r

F

dr

dF

rdr

Fd
 0

)(

)(

1

1













dr

rdE

rEr

F

dr

dF




 

( or 0))((  rF ) 

(8) 

We study the problem within the range bra   and 

use the following notations 

arrar 


,
,    

ara
uu


  (9) 

 

brrbr 


,
,    

brb
uu


  (10) 

In Eqs. (9) and (10), 
ar ,

 , 
br ,

  denote the stress 
r

 at 

ar  or br  , and 
a

u , 
b

u  denote the displacement “u” 

at ar  or br  , respectively. 

There are four possibilities to formulate the boundary 

problems for a single layer cylinder case. They are as 

follows 

1,
f

ar
 ,   

2b,r
f  (11a) 

 

1,
f

ar
 ,   

2
gu

b
  (11b) 

 

1
gu

a
 , 

2,
f

br
  (11c) 

 

1
gu

a
 , 

2
gu

b
  (11d) 

where 
1

f ,
2

f ,
1

g and 
2

g  are values given beforehand.  

 

2.2 Derivation of the transfer matrix  
 

Obviously, if we assume the two initial values for 
ar ,

  

and 
a

u  at ar  , we will have definite values for 
br ,

  

and 
b

u  at br  (Fig. 1). The relation between (
a,r

 , 
a

u ) 

and  (
b,r

 , 
b

u ) can be expressed through a  transfer  

matrix N . The transfer matrix N is not only used to the 

single layer case but also to the multiply layered case.   

From Eq. (8), we can introduce the two fundamental 

functions )(
1

rs and )(
2

rs as follows 

0))((
1

 rs , 1
1


ar

s , 01 
ardr

ds
, 

(the first fundamental function) 

(12) 

 

0))((
2

 rs , 0
2


ar

s , 12 
ardr

ds
, 

(the second fundamental function) 

(13) 

Clearly, it is easy to evaluate the numerical solution for 

Eq. (8) under the boundary condition Eq. (12) or (13) by 

using the Runge–Kutta method (Hildebrand 1974). 

In fact, we can express the general solution for the 

ordinary differential equation Eq. (8), or 0))((  rF , as 

follows 

)()()(
2211

rscrscrF   (14a) 

From Eqs. (12) and (13), we see that 

1
cF

ar



, 

2
c

dr

dF
ar



 (14b) 

Clearly, the general solution )()()(
2211

rscrscrF  is 

a solution of Eq. (8) under the two initial boundary 

conditions 
1

cF
ar



, 

2
c

dr

dF
ar



, where 

1
c  and 

2
c

are two undetermined coefficients. Further, the involved 

two coefficients 
1

c  and 
2

c  can be evaluated by the two 

boundary conditions shown by Eqs. (11a)- (11c) or (11d). 

From the above-mentioned derivation, we can convert 

the boundary value problem into initial boundary value 

problem. We use the stress function method in the 

derivation. This method was suggested early by Tutuncu 

and Temel (2009). They called the method with the name of 

the complementary functions method (CFM). In addition, 

they chose the displacement as unknown function in the 

derivation.  

In addition, from Eqs. (2), (7), (12), (13) and (14), we 

have 

1

2

2

1

1,

1)()(
c

ar

rs
c

r

rs
c

ararar



  

ara
r

rs

dr

rds

aE

a
cu

















)(

1

)(

)(

)1(
11

2

1



 

arr

rs

dr

rds

aE

a
c

















)(

1

)(

)(

)1(
22

2

2



 

(15) 

 

















21

2

)1()(

)1(
cc

aaE

a




 (16) 

Note that, in the derivation of Eqs. (15) and (16), we use 

the conditions 1
1


ar

s ,   0/
1


ar

drds ,  0
2


ar

s   

and 1/
2


ar

drds defined by Eqs. (12) and (13). 

Eqs. (15) and (16) can be rewritten as 

ar
ac

,1
 ,  

aar
u

a

aE
c

)1(

)(

1 2,2











  (17) 

or in a matrix form 
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T

aar

T
uHcc }{}{ ,21   (18) 

where 

aH 
11

,  0
12
H ,   








1
21

H , 

a

aE
H

)1(

)(
222


  

(19) 

Similarly, from Eqs. (12)-(14), we have 

brbrbr
r

rs
c

r

rs
c




)()(
2

2

1

1,
  (20) 

 

brb
r

rs

dr

rds

bE

b
cu

















)(

1

)(

)(

)1(
11

2

1



 

brr

rs

dr

rds

bE

b
c

















)(

1

)(

)(

)1(
22

2

2



 

(21) 

Eqs. (20) and (21) may be written as 

2

*2

,1

*1

,,
cc

brbrbr
  , 

2

*2

1

*1 cucuu
bbb

  (22) 

where 

b

bs

r

rs
brbr

)()(
11*1

,



 , 

brb
r

rs

dr

rds

bE

b
u

















)(

1

)(

)(

)1(
11

2

*1




, 

b

bs

r

rs
brbr

)()(
22*2

,



 , 

brb
r

rs

dr

rds

bE

b
u

















)(

1

)(

)(

)1(
22

2

*2




 

(23) 

Note that, after numerical integration for two 

fundamental solutions defined by Eqs. (12) and (13), the 

four values 
*1

,br
 , 

*1

b
u , 

*2

,br
 and 

*2

b
u  can be evaluated 

accordingly. 

Eq. (22) can be rewritten in a matrix form 

TT

bbr ccGu }{}{ 21,   (24) 

where 

*1

,11 br
G  , *2

,12 br
G  ,  *1

21 b
uG  , *2

22 b
uG   (25) 

By using Eqs. (18) and (24), we have 

T

aar

T

bbr uNu }{}{ ,,    (26) 

where the matrix N is defined by 

GHN   (27) 

The matrix N is called the transfer matrix in this paper, 

which gives a relation between the vector 
T

bbr u }{ , to 

vector
T

aar u }{ , . 

In the first example, we want to solve the following 

BVP 

oarrar
q




,
, 0

,


brrbr
  (28) 

In fact, one relation in Eq. (26) can be expressed as 

aarbr
uNN

12,11,
   (29) 

By using Eqs. (28) and (29), we will find 

1211
/ NqNu

oa
  (30) 

Since the value 
oar

q
,

  is given beforehand and the 

value 
a

u  can be evaluated from Eq. (30), two values 
1

c  

and 
2

c  can be obtained by using Eq. (18). Finally, the 

function )()()(
2211

rscrscrF    shown by Eq. (14) is 

obtained. Thus, the whole stress field for the single layer 

cylinder is obtainable. 

In the second example, we want to solve the following 

BVP 

oarrar
q




,
,   0

brb
uu  (31) 

In this case, one needs to use the following relation in 

Eq. (26) 

aarb
uNNu

22,21
   (32) 

By using Eqs. (31) and (32), we find 

2221
/ NqNu

oa
  (33) 

The next steps are same as in the first example.  

 

2.3 Numerical solution in the single layer case 
 

Several boundary value problems are introduced below. 

Example 1 

In the first example (Fig. 1), we assume the Young’s 

modulus as follows 

)1()( sErE
o

  where 
ab

ar
s




  

(with 
o

EaE )( ,  
o

EbE )1()(   ) 
(34) 

Note that, the Young’s modulus changes from 

o
EaE )(  ( ar  ) to 

o
EbE )1()(    ( br  ), and 

 0 represents the homogeneous case.   

The cylinder is applied by an inner pressure 
o

q  and the 

boundary conditions take the following form (Fig. 1) 

oarrar
q




,
, 0

,


brrbr
  (35) 

Now we may summarize necessary steps of solution as 

follows: (a) to evaluate numerically two fundamental 

solutions )(
1

rs  and )(
2

rs defined by Eqs. (12) and (13), 

(b) to obtain three matrices H, G and N by their definition 

shown by Eqs. (18), (19), (24), (25) and (27), (c) to evaluate 

a
u  by using Eq. (30) and (d) to evaluate two constant

1
c  
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and 
2

c from 
ar ,

 (
o

q ) and 
a

u   by using Eq. (18). 

Thus the whole stress field is obtained from Eq. (14). 

In the solution of the differential equation, we use 

N=200 divisions in the integration (Hildebrand 1974). The 

calculated results for stresses can be expressed as 

or
qrf ),(

1
  ,   

o
qrf ),(

2



 , 

ore
qrf ),(

3



 , 

(36) 

The calculated results for 
1

f , 
2

f , 
3

f , under the 

conditions: (a) 5.0b/a  , and (b)  0, 1,2,3 and 4, 

are plotted in Figs 2-4, respectively. Clearly, for  0, 

1,2,3 and 4, we have 1)a(E/)b(E  , 2, 3, 4 and 5, 

respectively, and  0 represents the homogeneous case. 

We see from general theory of strength of materials that 

the strength of the cylinder mainly depends on the stress 

component 
re



  (or ),(

3
rf  ). From Fig. 4 we see 

that the 
e

  distribution along the interval ( bra  ) is 

varying rapidly in the homogeneous material case. For 

example, in the case of 0 , we have 
3

f 2.6667, 

1.1852 and 0.6667, for )ab/()ar(   =0, 0.5 and 1.0, 

respectively. In addition, a higher  value can considerably 

improve the 
e

  distribution along the interval ( bra  ).  

For example, at 4 , we have 
3

f 1.4710, 1.4435 and 

1.2977, for )ab/()ar(   =0, 0.5 and 1.0, respectively. 

This means that if outer portion of the cylinder is more rigid, 

the safe condition is better. On contrary, if outer portion of 

the cylinder is less rigid, the safe condition becomes worse 

(see the curves for 0  or 1  in Fig. 4). 
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Fig. 2 Non-dimensional radial stress ),(
1

rf  , for the 

r
  component in cylinder, with a/b=0.5,  

)1()( sErE
o

 , s=(r-a)/(b-a) and 
oar

q
,

 , 

0
,


br
  (see Eq. (36) and Fig. 1) 
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Fig. 3 Non-dimensional circumferential stress  

),(
2

rf  , for the 


  component in cylinder, with  

a/b=0.5, )1()( sErE
o

 , s=(r-a)/(b-a) and  

oar
q

,
 , 0

,


br
  (see Eq. (36) and Fig. 1) 
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Fig. 4 Non-dimensional stress ),(
3

rf  , for the 

re



  component in cylinder, with  a/b=0.5,  

)1()( sErE
o

 , s=(r-a)/(b-a) and 
oar

q
,

 , 

0
,


br
  (see Eq. (36) and Fig. 1) 

 

 

Example 2 

In the second example, the Young’s modulus still takes 

the form shown by Eq. (34). The cylinder is subjected to an 

inner pressure 
o

q  and the outer boundary is fixed. Thus, 

the boundary conditions take the following form (Fig. 1) 

oarrar
q




,
, 0

brb
uu  (37) 

The other conditions are same as in the first example. 

The calculated results for stresses are still expressed by 

Eq. (36). The calculated results for 
1

f , 
2

f , 
3

f , under the 

conditions: (a) 5.0b/a  , and (b)  0, 1,2,3 and 4, are 

plotted in Figs. 5-7, respectively. 
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It is seen from Fig. 7 that the condition of 4 can 

provide a better distribution for 
e

  component. In fact, in 

the homogenous case (or 0 ), we have 
e

 =1.2308 (at 

ar  ), and 
e

 =0.3077 (at br  ). Thus, the ratio 


 arebre

 / 0.25 (=0.3077/1.2308, or 25%) is achieved. 

That is to say the outer boundary has too much safety factor 

when 
e

 at the inner boundary point reaches its limit value.  

 

 

0.0 0.2 0.4 0.6 0.8 1.0

-1.0

-0.9

-0.8

-0.7

-0.6

-0.5

u
b
=0

r,a
=-qo

E(b)=()Eo
E(a)=Eo

s=(r-a)/(b-a)E(r)=Eo(1+s)

(r-a)/(b-a)








homogeneous case)

a/b=0.5

N
o

n
-d

im
e

n
s
io

n
a

l 
s
tr

e
s
s
 f

1
(

,r
) 

(
r/
q

o
)

 

Fig. 5 Non-dimensional radial stress ),(
1

rf  , for  the 

r
 component in cylinder, with a/b=0.5,  

)1()( sErE
o

 , s=(r-a)/(b-a) and  
oar

q
,

 , 

0
b

u  (see Eq. (36) and Fig. 1) 
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Fig. 6 Non-dimensional circumferential stress  

),(
2

rf  , for the 


  component in cylinder, with  

a/b=0.5, )1()( sErE
o

 , s=(r-a)/(b-a) and  

oar
q

,
 , 0

b
u  (see Eq. (36) and Fig. 1) 
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Fig. 7 Non-dimensional stress ),(
3

rf  , for the 

re



  component in cylinder, with a/b=0.5,  

)1()( sErE
o

 , s=(r-a)/(b-a) and  
oar

q
,

 , 

0
b

u  (see Eq. (36) and Fig. 1) 

 

 

However, under condition of 4 , we have 
e

 =0.8640 

(at r=a), and 
e

 =0.3341 (at r=b). In this case, the relative 

ratio is 
 arebre

 / 0.3867 (=0.3341/0.8640). 

However, in the second example, the improvement for 
e

  

component is not as much as in the first example. For 

example, in the case of 4 , we have 
 arebre

 /

0.8822 and 0.3867 in the first and second examples 

respectively, which can be seen from Figs. 4 and 7. 

 

 

3. Solution for multiply layered cylinder using the 
transfer matrix method 

 

As mentioned previously, the transfer matrix N gives the 

relation of (
r

 ,u ) at the initial point (r=a) to those at the 

end point (r=b). For the problem of multiply layered 

cylinder, we can propose many transfer matrices 
)( j

N
(j=1,2,    ). By linking those transfer matrices from the 

continuity condition along the interfaces and using the 

assumed boundary conditions, we can solve the boundary 

value problem for the  multiply layered cylinder. 

 

3.1 Procedure for the solution of multiply layered 
cylinder using the transfer matrix method 

 

We study the problem for a cylinder with three layers 

(Fig. 8). The cylinder is composed of three layers along the 

intervals 
jj

bra  (j=1,2,3), where aa 
1

,   

3/)2(
12

baba  , 3/)2(
23

baba   and bb 
3

 (Fig. 

8). We choose the Young’s elastic modulus for three layers 

as follows 
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)()()(

jjjo

j sErE   ,   
ab

ar
s

j

j



 , 

jj
bra  ,  (j=1,2,3 ) 

(38) 

where
j

 , 
j

 (j=1,2,3) are given beforehand. 

In the derivation, we denote the boundary values at the 

initial point for j-th layer ( j=1,2,3)  by  
)(

,

j

inr
 , )( j

in
u , and at 

the end point by 
)(

,

j

endr
   

)( j

e n d
u  (j=1,2,3) (Fig. 8). Clearly, 

the continuity condition between layers can be expressed as 

)1(

,

)(

,

 j

inr

j

endr
 ,  )1()(  j

in

j

end
uu ,  ( j=1,2) (39) 

In addition, we denote the relevant matrices by  
)( j

H , 
)( j

G ,
)( j

N  (j=1,2,3) (refer to Eqs. (18), (19), (24), (25), 

(27)), and denote the relevant coefficients before the 

fundamental solutions by 
)(

1

jc , 
)(

2

jc ( refer to Eq. (14) ). 

By using the result obtained in the single layer case, or 

from Eqs. (26) and (39), we have 

Tj

in

j

inr

jTj

end

j

endr

Tj

in

j

inr
uNuu }{}{}{ )()(

,

)()()(

,

)1()1(

,
 

, 

(j=1,2) 

(40) 

 

T

ininr

T

endendr
uNu }{}{ )3()3(

,

)3()3()3(

,
   (41) 

In Eqs. (40) and (41), there are eight unknowns, namely,  
)1(

,inr ,
)1(

inu , 
)2(

,inr ,
)2(

inu ,
)3(

,inr ,
)3(

inu , 
)3(

,endr  and 
)3(

endu  

in six simultaneous equations.  

 

 

 

Fig. 8 A cylinder with three layers 

When the three layers cylinder is applied by an inner 

pressure with intensity 
o

q  (at aar 
1

) and the outer 

boundary is traction free (at bbr 
3

), the following 

boundary value problem is formulated 

oinr
q)1(

,
 ,  0)3(

,


endr
 , 

(or 
oar

q
,

 ,  0
,


br
 ) 

(42) 

Clearly, substituting Eq. (42) into Eqs. (40) and (41), we 

can obtain the other six unknowns 
)1(

inu , 
)2(

,inr ,
)2(

inu ,

)3(

,inr ,
)3(

inu   and 
)3(

endu  from the system of the algebraic 

equations. As mentioned previously, once 
)1(

,inr ,
)1(

inu , 

)2(

,inr ,
)2(

inu ,
)3(

,inr ,
)3(

inu  are obtained, the stress 

distribution for all layers are obtainable. 

 

3.2 Numerical example for three layers cylinder  
 

Example 3 

In the present example, the case for the three layered 

cylinder is considered   and the Young’s elastic modulus is 

assumed as 

))1(41()(
1

)1( sErE
o

 , 

ab

ar
s




 1

1
      ( 

11
bra  ) 

(43a) 

 

)4
3

)1(4
1()(

2

)2( sErE
o







, 

ab

ar
s




 2

2
   ( 

22
bra  ) 

(43b) 

 

))1(4
3

)2(4
1()(

3

)3( sErE
o







 , 

ab

ar
s




 3

3
   ( 

33
bra  ) 

(43c) 

wher aa 
1

, 3/)2(
12

baba  ,   

3/)2(
23

baba   and bb 
3

. In Eq. (43), the factor  

  represents a modification to the case shown by Eq. (34) 

with  =4. Clearly, in any given value of  , 

5)(/)( aEbE . 

The function is expressed alternatively by 

oE
ErhrE ),()(   (44) 

For some given values of   (=-0.5, -0.25, 0, 0.25, 

0.5), the function ),( rh
E
  is plotted in Fig. 9. 

In this example, the boundary conditions take the 

following form 
oarrar

q



,

, 0
,


brrbr

 , 

which was  shown by Eq. (28) previously. The calculated 

results for stresses can be expressed as 
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Fig. 9 Non-dimensional Young’s modulus ),( rh
E
 (= 

)/)(
o

ErE ), in a three layered cylinder (see Eqs. (41) and 

(44)) 
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Fig. 10 Non-dimensional radial stress ),
1

rh , for the 

r
  component in a three layered cylinder, with a/b=0.5 

and  
oar

q
,

 , 0
,


br
  (see Eqs. (45)) 

 

 

or
qrh ),(

1
  ,   

o
qrh ),(

2



  

ore
qrh ),(

3



  

(45) 

The calculated results for 
1

h , 
2

h , 
3

h , under the 

conditions: (a) 5.0b/a  , and (b)  =-0.5, -0.25, 0, 0.25 

and 0.5, five cases, are plotted in Figs. 10-12, respectively. 

Taking 5.0  as an example, the derivatives 

dE(r) /dr  take  the  va lues )/(6 abE
o

 ,  )/(4 abE
o

 , 

)/(2 abE
o

 , for the first, second and third layer, 

respectively. In this case, the function E(r) is continuous at 

j
ar   (j=1,2), but the derivative dE(r)/dr is discontinuous 

at 
j

ar   (j=1,2) (see Fig. 9). In this case, the stress 

component ),(
3

rh  , for example at  5.0 , has a  

0.0 0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6











N
o
n
-d

im
e
n
s
io

n
a
l 
s
tr

e
s
s
 h

2
(
r

) 
(


/q

o
) 

r,b
=0

r,a
=-qoa/b=0.5

(r-a)/(b-a)

 

Fig. 11 Non-dimensional circumferential stress  

),(
2

rh  , for the 


  component in a three layered 

cylinder, with  a/b=0.5 and  
oar

q
,

 , 0
,


br
  (see 

Eq. (45) and Fig. 5) 
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Fig. 12 Non-dimensional stress ),(
3

rh  , for the 

re



  component in a three layered cylinder, 

with  a/b=0.5 and 
oar

q
,

 , 0
,


br
  (see Eq. (45) 

and Fig. 5) 

 

 

broken configuration, which is worse than its counterpart in 

the smooth case of E(r) ( see Figs. 4 and 12). It is seen from 

Fig. 12 that the case of 0  still provides better stress 

distribution for the stress component e (=
o

qrh ),(
3
 ).  

 

 

4. Conclusions 
 

Some researchers try to find a solution for cylinders of 

FGM in a closed form. However, this goal can be achieved 

only in some simpler case. Clearly, for the cases of the 

arbitrary elastic response, one needs to develop some 

numerical technique. The suggested transfer matrix method 
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provides an effective way for the addressed problem. The 

technique meanly depends on the two fundamental 

solutions defined by Eqs. (12) and (13), and the transfer 

matrix can be formulated simply by using results obtained 

in the two fundamental solutions. For the single layer case, 

one only needs to substitute the boundary conditions into 

the equations derived from transfer matrix. Similarly, the 

transfer matrix method also provides a powerful tool for the 

solution of multiply layer case. 

The adopted Young’s modulus has significant influence 

to the stress distribution in the cylinders of FGM. From the 

general theory of strength of materials, the smooth 

distribution of the stress component 
e

 (
r



 ) is 

desirable in design. From Fig. 4 we see that in the case of  

4  in the Young’s modulus )1()( sErE
o

 (where 

)ab/()ar(s  ), the 
e

 distribution is better among 

many options.  
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