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1. Introduction 

 
More than two decades ago the idea of adaptive/smart 

structures has seen the light of day. It denoted the conceptual 

change of structures from passive, deformable systems to 

active systems capable of sensing changes in their condition 

and performing adequate actions to resist undesired changes 

(Gabbert and Tzou 2000). The idea has opened up vast 

possibilities to improve structural behavior and features such 

as vibration suppression (Li and Yao 2016, Oveisi and 

Nestorovic 2016), noise attenuation (Aridogan and Basdogan 

2015, Gabbert et al. 2017), shape control (Zhang et al. 2016, 

Zhang et al. 2017), energy harvesting (Biswal et al. 2017, 

Aladwani et al. 2014), structural health monitoring 

(Masmoudi et al. 2015, Vertuccio et al. 2016), quantitative 

damage identification (Huynh and Kim 2017), thus offering 

improved safety, robustness and comfort. 

Shell structures with piezoelectric active elements, as a 

distinctive group of adaptive structures, have drawn a great 

deal of attention from the research community. This may be 

attributed to the fact that the majority of engineering 

structures are thin-walled structures. Additionally, by 

adding/embedding active elements in the form of thin 

piezoelectric patches, the thin-walled structures can be 

converted into adaptive systems in a relatively simple 

manner. Piezoelectric material based active elements are a 

common choice for this purpose, as they operate in the 

required frequency range and offer adequate force, electric 

voltage and stroke ranges for this type of structures. The 

piezoelectric patches are used as both actuators (reverse  
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piezoelectric effect) and sensors (direct piezoelectric effect). 

Design of such structures calls for accurate, reliable and 

efficient numerical tools. This enables optimization in the 

early design stages related to the structure’s geometry, size, 

number and position of active elements as well as different 

parameters of the control algorithms. The finite element 

method (FEM) is typically addressed as the most powerful 

tool in the field of structural analysis. A number of 

researchers dedicated their work to the development of 

various finite elements for modeling and simulation of 

piezoelectric active structures. 

Three-dimensional solid elements do not represent the 

first choice when global structural behavior of thin-walled 

structures is aimed at. However, they offer insight into some 

local effects not covered by typical shell elements and were 

therefore addressed in the work of some researchers. They 

require additional techniques to improve their performance 

when used for modeling shell type of structures. Lee et al. 

(2004) developed an 18-node solid element with the 

assumed strain technique. Braess and Kaltenbacher (2008) 

used balanced reduced integration in the thickness direction, 

applied only to a portion of the shear term, to formulate a 

quadratic hexahedral piezoelectric element. Willberg and 

Gabbert (2012) based a 3D piezoelectric finite element for 

smart structures on the isogeometric approach. 

A number of researchers aimed at formulations that are 

essentially two-dimensional but offer accuracy and fidelity 

close to three-dimensional formulations. Those efforts resulted 

in layerwise theories. The Carrera Unified Formulation (CUF) 

(Carrera 2003) was used in a number of element formulations 

(Cinefra et al. 2015a, b). The formulation was also used by 

Valvano and Carrera (2017) to develop variable kinematic shell 

elements, in which both the equivalent single layer approach 

and the layerwise approach are used together to combine their 

advantages in the case of purely mechanical field. This 

formulation was extended by Carrera and Valvano (2017) to 
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coupled electro-mechanical problems.   

In most developments of piezoelectric shell elements, 

equivalent single layer based theories were addressed as 

they offer a very good balance between the accuracy and 

numerical effort when the global structural behavior is 

aimed at. The body of literature on the topic is prohibitively 

large for an exhaustive overview. Both the classical 

laminate theory (Kirchhoff-Love kinematical assumptions) 

and the First Order Shear Deformation theory (Mindlin-

Reissner kinematical assumptions) were used in the 

developments, the latter being more often addressed. The 

developed elements include both numerically highly 

efficient linear shell elements (To and Liu 2003, Zemčík et 

al. 2007) and curved quadratic shell elements (Gabbert et 

al. 2002, Marinkovic et al. 2006) with various techniques 

implemented to alleviate the locking phenomena. Although 

most of the developments are for linear analysis, some of 

the researchers also tackled the problems of geometrically 

nonlinear analysis in their work (Simoes Moita et al. 2002, 

Rabinovitch 2005, Lentzen et al. 2007, Marinkovic et al. 

2008, Rama 2017). Some of the developed elements were 

also implemented in commercial software packages by 

means of user subroutines (Nestorovic et al. 2013, 

Nestorovic et al. 2014), while a number of studies were 

aimed at different aspects in modeling piezoelectric 

coupled-field effects (Marinkovic et al. 2009, Piefort 2002, 

Marinkovic and Marinkovic 2012, Zhang 2014). 

In this paper, two numerically highly efficient, linear shell 

elements are presented for modeling piezoelectric shell 

structures with piezopatches polarized in the thickness 

direction. The formulation of the triangular and quadrilateral 

elements is extended to geometrically nonlinear analysis. For 

this purpose a co-rotational approach (Felippa and Haugen 

2005, Nguyen et al. 2016) is used. 

 

 

2. Geometry and mechanical field of the elements 
 

For the sake of brevity, in further text the linear 

triangular and quadrilateral shell elements will be referred 

to as SH3 and SH4ANS, respectively.  

For treatment of the transverse shear locking effect, the 

SH3 element uses the discrete shear gap technique as 

proposed by Bletzinger et al. (2000) while the SH4ANS 

element relies on the assumed natural strain (ANS) 

approach. In addition, to improve the accuracy and stability 

of the SH3 element, the cell strain smoothing technique 

proposed by Nguyen-Thoi et al. (2013) is implemented. 

Beside the global coordinate system, (x, y, z), the 

formulation of both elements requires also a local coordinate 

system, (x, y, z), Fig. 1. It is defined so that the local x-axis 

is oriented from element node 1 towards node 2, while the z-

axis is perpendicular to the plane defined by the x-axis and a 

vector orientated from node 1 to node 3. The local y-axis is 

then easily obtained by the cross-product.  

The shell geometry with respect to the local coordinate 

system is practically regenerated from its mid-surface 
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Fig. 1 Geometry and the local coordinate systems of 

the 3-node and 4-node shell elements 

 

 

where h is the shell thickness, Ni are the shape functions, n 

indicates the number of nodes of the element (for SH3 n = 

3; for SH4ANS n = 4), {ez} is the unit vector of the z-axis, 

and -1 < t < +1. The elements are based on the Mindlin-

Reissner kinematical assumption and, hence, the displacement 

field is given in terms of the mid-surface displacements u, 

v and w along the local x, y and z axes, respectively, and 

the rotations ix and iy around the local x and y axes 
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The strain field with respect to the local element 

coordinate system can be represented in the following form 

 
 

 

   

 
    'dB'd

B

B'zB

u

s

bm

s

mf




















































  (3) 

with the membrane-flexural (in-plane) strain field {mf}, the 

transverse shear strains {s}, the strain-displacement 

matrices for the membrane [Bm], bending [Bb] and transverse 

shear part [Bs] and the nodal degrees of freedom vector {d'}.  

The nodal membrane-flexural strain displacement 

matrices are given in the same way for both element 

formulations 
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where Ni,x and Ni,y are the derivatives of the corresponding 
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shape functions with respect to the local axes x and y. 

The treatment of the transverse strain field differs 

between the two elements. The triangular element uses the 

discrete shear gap approach (DSG) which separates the 

transverse deflections in parts due to pure bending and due to 

shear. The resulting strain-displacement matrices for the 

shear strain are given in the closed form as follows 

(Bletzinger et al. 2000) 
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with the parameters a, b, c and d given by 
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The shear strain field of the four node element is 

replaced by the assumed natural strain (ANS) field 

(Militello and Felippa 1990) which is interpolated by 

conforming strains at four tying points A, B, C and D 

depicted in Fig. 2, so that 
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where xz and yz are the transverse shear strains in the xz 

and yz planes. 

The 3-node element is further improved by applying the 

strain smoothing technique (Nguyen-Thoi et al. 2013), 

which implies division of the element into three sub-

triangles using the element centroid as an additional node. 

The strain-displacements matrices are computed for each 

sub-triangle and then averaged, whereby the assumption is 

implemented that the displacement of the centroid is given 

as an average of the displacements at nodes. 

 

 

 

Fig. 2 Position of the tying points for the assumed 

strains 

Finally, the element mechanical stiffness matrix in the 

local coordinate system is for both elements given by 
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with [C] denoting the Hooke’s matrix. Integration in the 

thickness direction is performed analytically. In the case of 

laminates involving orthotropic fiber-reinforced composite 

layers this results in the well-known ABD (membrane-

flexural part) and F (transverse shear part) matrices 

(Berthelot 1999), while the integration over the surface is 

performed numerically: 
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With the SH4ANS element, the full integration scheme is 

used. Since the strain-displacement matrices of the SH3 

element are constant over the element domain, the integration 

comes down to multiplication with the element area Ae. 

 

 

3. The piezoelectric coupling and the electric field  
 

Piezoelectric materials generate an electric field when 

subjected to mechanical deformation (direct piezoelectric 

effect) and strain when electric voltage is applied (reverse 

piezoelectric effect). The linear piezoelectric constitutive 

equations read 

       

       EdeD

EeC E







 -
 (11) 

with {} denoting the mechanical stress (Voigt notation), 

CE  the piezoelectric material Hooke’s matrix at constant 

electric field {E}, {D} is the electric displacement vector, 

d is the dielectric permittivity matrix at constant strain 

{}, and e denotes the piezoelectric coupling matrix. 

In the present formulation the piezoelectric patches are 

assumed to be polarized in the thickness direction and 

operating on the e31-effect, which couples the electric field 

in the thickness direction, E, with the in-plane strains. 

Typical approximation yielding constant electric field over 

the thickness of the piezopatch is applied, yielding for the 

kth piezolayer 

k

k
k

h
E


  (12) 

where k is the difference of electric potentials of the kth 

piezolayer with the thickness hk. Hence, the electric field – 

electric potential matrix, [B], is diagonal with 1/hk as a 

typical element on the main diagonal. Hence, the element 

piezoelectric coupling and dielectric stiffness matrices read, 

respectively 
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4. Finite element equations and the co-rotational 
approach 

 

The FE equations for the piezoelectric continuum are 

given below for the most general case considered here - 

geometrically nonlinear dynamic case 
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(15) 

with [Muu] denoting the global mass matrix, [Cuu] is the 

mechanical damping matrix, [KuuT], [Ku], [Ku], [K] and 

[Kσ] are the tangent global mechanical stiffness, 

piezoelectric direct and inverse coupling, the dielectric 

stiffness matrices, respectively The vectors {∆}, {∆u}, 

{ u }, { u } are the incremental differences of electric 

potentials of the piezolayers, incremental displacements, 

nodal velocities and accelerations, respectively. On the right 

hand-side of the FE equations are the external and internal 

mechanical forces, {Fext} and {Fin}, as well as the external 

and internal electric charges, {Qext} and {Qin}. The left 

superscript denotes the time, and since the solution 

proceeds iteratively, the index (k) in the right superscript is 

the iteration number. The FE equations for the static case 

are obtained by neglecting the inertia and damping effects 

in the mechanical field, while in the linear case the total 

displacements and electric potentials are used on the left-

hand side of the equations, and, on the right hand-side, the 

internal forces and electric charges are removed (they are 

given on the left-hand side by the product of the linearized 

generalized stiffness matrix and total displacements and 

electric potentials).  

In order to cover the geometrically nonlinear effects in 

an efficient manner, the co-rotational approach is used. It is 

used in a simplified form (Marinkovic et al. 2012) which 

implies that the element motion is decomposed into a rigid-

body motion, described by the rotation matrix, [Re], and 

deformable motion. As a consequence, the linear part of the 

element stiffness matrix is updated in a straight-forward 

manner 

 

 

Fig. 3 Co-rotational approach 
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The element rigid-body rotation is obtained by the polar 

decomposition of the element deformation gradient. It is 

constant for the whole domain of the SH3 element. In the 

case of SH4ANS element, the deformation gradient at the 

element centroid is used.  

The internal forces are determined using the rotation-

free displacements, obtained by rotating the current 

configuration backwards, i.e., through [Re]
T, and comparing 

the obtained configuration with the initial one. A similar 

procedure is used to obtain the internal moments, with the 

remark that the nodal normals are updated using nodal 

rotations and then rotated back from the current to initial 

configuration using [Re]
T in order to get the deformational 

rotations. The essence of the approach is illustrated in Fig. 3. 

More details on this procedure can be found in (Marinkovic 

and Rama 2017).  

The geometric stiffness matrix is added to the rotated 

element linear stiffness matrix in order to obtain the tangent 

mechanical stiffness matrix. The geometric stiffness matrix 

is obtained as follows 

       e
V

T

e, dVGSGK
e


 

(17) 

where [S] is the stress matrix comprising the in-plane stress 

components, while [G] includes the partial derivatives of 

the shape functions (Crisfield 1991). Finally, the element 

mechanical tangent stiffness matrix is simply the sum of the 

rotated linear stiffness matrix and the geometric stiffness 

matrix 

     e,σ

R

ee,uuT KKK   (18) 

 

 

5. Numerical examples 

 

In the following, a set of examples is studied in order to 

demonstrate the applicability of the presented elements in 

linear and geometrically nonlinear static and dynamic 
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analysis of smart thin-walled structures. Both sensor and 

actuator function of piezoelectric layers will be considered. 

The below considered structures are made of composites 

with various combinations of fiber-reinforced, isotropic and 

piezoelectric layers. The materials properties, thickness and 

stacking sequence of the layers vary in the examples and 

will be specified for each example separately where Y 

denotes the Young’s modulus and  the Poisson’s ratio 

(with indices referring to the material orientation, where 

applicable). 

 

5.1 Clamped active beam 

 
In the first example the deflection of a clamped beam 

under piezoactuation is computed and compared with the 

experimental results obtained by Gupta et al. (2004). The 

beam geometry and the position of a pair of piezopatches 

are depicted in Fig. 4. The two oppositely polarized 

piezopatches made of PSI-5A-S4-ENH are bonded onto the 

upper and lower surface (Fig. 4) of the host structure made 

of aluminum. Material properties of both passive and active 

materials are given in Table 1. 

The same voltage of 90 V is supplied to both 

piezopatches. As the patches are restrained (glued onto the 

surface), compressive or tensile stresses are induced 

depending on their polarizations. Hence, the actuation gives 

rise to the bending moments uniformly distributed along the 

edges of the surface covered by the piezopatches. The 

resulting vertical displacements along the beam centerline 

are computed using the presented elements. Upon 

convergence analysis, the results obtained with 400 SH3 

elements and 200 SH4ANS elements are taken as 

representative. The computed deflection is depicted in Fig. 

5 and it is obviously in a very good agreement with the 

experimental data by Gupta et al. (2004). The results by the 

SH3 and the SH4ANS elements are almost congruent. 

 

5.2 Simply supported active composite plate 
 

In the following example a simply supported laminated 

composite plate (0.2 m × 0.2 m) with two oppositely 

polarized piezoelectric ceramic layers is studied. The plate 

consists of four graphite–epoxy (T300/976) composite 

layers, each 0.25 mm thick, and the two piezolayers 

(PZTG1195N), each 0.1 mm thick. The laminate stacking 

sequence reads [p/-45/45]S. The geometry is depicted in 

Fig. 6 and the material properties are summarized in Table 

2. 

 

 

 

 

Fig. 4 Geometry of the clamped active beam 

 

 

Table 1 Clamped active beam - material properties 

 Aluminuim PSI-5A-S4-ENH 

Elastic properties  

Y [MPa] 63.8 47.6 

ν [-] 0.29 0.3 

Piezoelectric constants 

e31 = e32 [Cm-2]  17.91 

 

 

Table 2 Active composite plate - material properties 

 T300/976 PTZ-G1195 

Elastic properties 

Y11 [GPa] 150.0 63.0 

Y22 [GPa] 9.0 63.0 

Y33 [GPa] 9.0 63.0 

υ12 [-] 0.3 0.3 

υ13 [-] 0.3 0.3 

υ23 [-] 0.3 0.3 

Piezoelectric properties 

e31 = e32 [Cm-2]  22.86 

d31 (× 10-8) [F/m]  0.0254 

 

 

 

 

Fig. 5 Vertical displacements along the beam 

centerline 

 

 

 

 

Fig. 6 Geometry of simply supported piezoelectric 

composite plate 
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Fig. 7 Active plate - convergence of the FE results 

 

 

Table 3 Active plate mid-point deflection 

Center node displacement |w| 10-5 [m] 

Input voltage [V] 0 V 5 V 10 V 

SH3 6.36 2.80 -0.76 

SH4ANS 6.39 2.83 -0.73 

Liu et al. (2004) 6.04 2.72 -0.60 

 

 

First, the plate is exposed to a uniformly distributed 

pressure load of 100 N/m2 and a static analysis is performed. 

The convergence analysis of the FE results is studied using 

the presented elements and the Abaqus S3 and S4 shell 

elements. The deflection of the plate mid-point is observed 

as a representative result. The diagram in Fig. 7 shows that 

the results by each of the SH3 and SH4ANS elements 

exhibit similar convergence rate and behavior as the results 

by their Abaqus counterparts.  

In the further analyses, for each element the 

corresponding mesh consisting of 441 nodes is used. It is 

obvious from Fig. 7 that all the considered elements yield a 

reasonably good result with such a mesh (the results by all 

four elements with the corresponding meshes containing 

441 nodes differ by less than 1%). Liu et al. (2004) 

computed this case using a radial point interpolation method, 

which belongs to the group of meshless methods, and 

obtained the plate mid-point deflection of 6.038∙10-5 m 

using 225 nodes. This result differs from the FE results 

reported here by 5.7 %. 

In the next step actuator input voltages of 0V, 5V and 

10V are applied across the thickness of the two piezolayers. 

Similarly to the previous case, the outcome of the actuation 

is a uniformly distributed bending moments, which in this 

case acts along the edges of the plate. Table 3 gives the 

results by the SH3 and SH4ANS elements together with 

those reported by Liu et al (2004). 

Furthermore a dynamic analysis is performed in which the 

piezolayers are considered to operate as sensors. The plate 

is subjected to a time dependant (harmonic) uniform 

pressure with an amplitude of 400 Nm−2 and a frequency of 

200 Hz. The analysis is performed as linear and 

geometrically nonlinear and the deflection of the plate mid-

point is depicted in Fig. 8 and Fig. 9, respectively. In the 

analysis a constant time-step of 0.00005 s was used. One 

may notice a good agreement of the results obtained by the 

presented and Abaqus shell elements. 

The sensor voltage responses of the upper (1) and lower 

(2) piezoelectric layers are more interesting. The linear 

analysis neglects the change in the structural configuration 

and, hence, the deformation is bending dominated (the 

transverse shear effects are present but without influence on 

the sensor voltage). The piezolayers are oppositely 

polarized and since they have symmetric position with 

respect to the neutral plane (while one layer is in tension, 

the other is in compression), they yield the same sensor 

voltage, Fig. 10. On the other hand, the geometrically 

nonlinear analysis accounts for the change in structural 

configuration. During the deformation the plate becomes 

essentially a shell and the membrane effects are also present. 

The sensor voltages reflect the averaged in-plane strains in 

the piezolayers and the strains are due to both bending and 

membrane effects. Consequently, the resulting sensor 

voltages of the two layers differ, Fig. 10. This case 

emphasizes the need to account for the geometrically 

nonlinear effects in the behavior of the considered 

structures. Whereas the deflections do not stress out this 

need, the fact that the sensor voltages of the two piezolayers 

exhibit obvious differences does. Their accurate prediction 

is namely essential for the control algorithms. 

 

 

 

Fig. 8 Linear dynamic analysis – mid-point 

deflection 

 

 

 

Fig. 9 Geometrically nonlinear dynamic analysis – 

mid-point deflection 
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Fig. 10 Linear and geometrically nonlinear dynamic 

analysis – sensor voltages 

 

 

5.3 Curved bimorph beam 
 

A simply curved structure (with constant radius of 

curvature and about only one axis) is considered next. The 

curved bimorph beam depicted in Fig. 11 consists of two 

piezoelectric layers with opposite polarization. The radius R 

of the quarter-ring cantilever beam is 0.2 m and the 

thickness h is 0.001 m. 

A unit voltage  = 1 V is applied across the beam 

thickness, thus causing bending of the structure. The 

Young’s modulus Y is 2 GPa and the piezoelectric constant 

e is 0.046 Cm−2. The Poisson’s ratio is set equal to zero for 

the sake of comparison with the analytical solution obtained 

by means of the Castigliano’s theorem (Zemčík et al. 2007), 

which yields the following transverse deflection of the 

beam tip 

m107623 6

2

2
 .

Yh

r  e
w


 (19) 

The FE results are obtained using different meshes (6, 

10, 18, 34 and 66 nodes) and the convergence of the 

obtained results for the tip deflection is observed. The 

results for the presented elements are given in the diagram 

in Fig. 12. It may be noticed that the results by the SH3 and 

SH4ANS elements converge relatively fast toward the 

analytical solution and exhibit practically identical 

convergence rate in this case, when the number of nodes in 

the FE mesh is used as a parameter of the mesh density.  

 

 

 

Fig. 11 Geometry of the curved bimorph beam 

 

 

Fig. 12 Curved bimorph beam - convergence of the 

FE results 

 

 

5.4 Active funnel shaped structure 
 

Finally, the performance of the presented shell elements 

in modeling arbitrarily curved thin-walled structures is 

studied. For this purpose, a double curved funnel shaped 

structure under piezoactuation is considered. The example 

was originally proposed by Nestorovic et al. (2014). 

The 0.5 mm thick funnel shaped host structure is made 

of aluminum and its top and bottom surface are completely 

covered by piezoelectric layers with a thickness of 0.2 mm. 

The material properties are given in Table 4 and the 

geometry is depicted Fig. 13. The structure is considered to 

be clamped along its lower base, Fig. 13, left.  
The actuation is achieved by supplying the oppositely 

polarized piezolayers with the electric voltage of 100 V. The 

symmetry of geometry, boundary conditions and excitation 

allows to model only one quarter of the structure with the 

additional symmetric boundary conditions applied. 

In the first step a convergence study is carried out in 

order to evaluate the convergence rate of the presented shell 

elements in modeling double curved structures. The 

displacement magnitude (Usum) at point A, Fig. 13, is 

observed as a representative result. 

 

 

 

Fig. 13 Geometry of the funnel shaped structure 

 

 

Table 4 Funnel shaped structure material properties 

 Aluminuim Piezomaterial 

Elastic properties   

Y [Mpa] 70.3 60.0 

ν [-] 0.34 0.3 

Piezoelectric constants   

e31 = e32 [Cm-2] - 17.91 
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Fig. 14 Active funnel - convergence of the FE 

results 

 

 

 

Fig. 15 Active funnel – displacement magnitude 

along the section profile 

 

 

The results are given in Fig. 14. As a reference solution, 

the converged FE solution reported by Nestorovic et al. 

(2014), who used a full biquadratic piezoelectric 9-node 

shell element, is used. 

Furthermore, using the FE meshes that yield converged 

solution, the displacement magnitude along the section 

profile is computed and compared to the results by 

Nestorovic et al. (2014). The results presented in Fig. 15 

show a good agreement. 

 

 

6. Conclusions 
 

The integration of multifunctional material based 

elements into passive structures enabled design solutions 

capable of sensing and actively responding to external 

stimuli. This paper focuses on the thin-walled structures 

with piezoelectric patches as actuators and sensors, which is 

a distinctive, rather diverse and growing group of adaptive 

structures.  

Two linear shell elements are proposed for modeling 

and simulation of their behavior, which involves the electro-

mechanical coupled field effects. The obvious advantage is 

high numerical efficiency, but it comes inevitably at the 

price of rather stiff element elastic behavior. Two known 

distinctive techniques were applied to address the issues 

known as locking effects. The co-rotational approach was 

applied to extend the applicability of the elements to 

geometrically nonlinear analysis in an efficient manner. 

Besides the consideration of the element rigid-body 

rotation, the stress stiffening effects are also included in the 

formulation. The applied co-rotational approach is suitable 

for deformations characterized by finite local rotations but 

small strains and is therefore applicable to the considered 

type of structures.  

The verification of the shell elements was done by a set 

of examples that cover linear and geometrically nonlinear, 

static and dynamic analyses, in which both the actuator and 

sensor functions of piezolayers were addressed. The 

convergence rate of the elements was shown to be good in 

the considered examples, which is attributed to the applied 

techniques as a remedy for the locking effects. The 

examples have also demonstrated the significance of 

accounting for the geometrically nonlinear effects, even if, 

at the first glance, they may appear negligible.  

Finally, the current adaptive structures can be seen as a 

mere skeleton of what is expected in near future. Numerical 

tools are supposed to speed up the development and 

improve various design aspects. 
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