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Abstract.

In this paper, based on first-order shear deformation theory, the governing equations of motion for a sandwich

curved beam including an elastic core and two piezo-magnetic face-sheets are presented. The curved beam model is resting on
Pasternak's foundation and subjected to applied electric and magnetic potentials on the piezo-magnetic face-sheets and
transverse loading. The five equations of motion are analytically solved and the bending and vibration results are obtained. The
influence of important parameters of the model such as direct and shear parameters of foundation and applied electric and
magnetic potentials are studied on the electro-mechanical responses of the problem. A comparison with literatures was

performed to validate our formulation and results.
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1. Introduction

Studying the problem in various configurations and
shapes needs more consideration and development of
mathematical equations. For example analysis of the
structures such as curved beams or doubly curved plates
needs more complexities and mathematical operations
rather than corresponding straight structures. Due to these
conditions, analysis of straight structures have attracted
more considerations from various researchers rather than
curved or doubly curved structures. In this work, we focus
on the combination of curved beam with multi-field loads
and first-order shear deformation theory.

Vibration control of a composite beam integrated with
curved piezoelectric layers was studied by Sun and Tong
(2001) using a novel method for designing fiber modal
sensors and modal actuators based on curved piezoelectric
fiber. The influence of the curvatures of the fibers was
investigated on the sensing signals. Sun and Tong (2002)
presented a method for analysis of thin-walled curved
beams with partially debonded piezoelectric actuator/sensor
patches. They solved the problem using displacement
continuity and force equilibrium conditions at the interfaces
between the bonded and debonded regions. Shi (2005)
analyzed bending behaviors of a piezoelectric and
functionally graded curved actuator based on theory of
piezo-elasticity subjected to an external voltage. The
influence of power index of functionally graded material
was investigated on the results and the obtained results were
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approved by comparison with finite element approach.

Koutsawa and Daya (2007) presented static and free
vibration analyses of laminated glass beam rest on
viscoelastic foundation. For free vibration analysis, finite
element method was used. Kuang et al. (2007) investigated
static responses of a circular curved beam bonded with
piezoelectric actuators. The model was studied by one-
dimensional beam theory of piezo-elasticity and the
obtained results were verified by comparison with finite
element results. The influence of electric potential on the
bending analysis of a functionally graded piezoelectric
curved beam was studied by Shi and Zhang (2008). Theory
of piezo-elasticity was employed for derivation of the
governing equations of the model and the bending results
were derived using Taylor series expansion method.
Electro-elastic analysis of piezoelectric laminated slightly
curved beams was performed by Susanto (2009) based on
an analytical model. The author has mentioned that
stretching-bending coupling due to curvature has a
considerable effect on the frequency parameters. The
numerical results showed that increasing the radius of
curvature leads to increase of the natural frequencies of
curved beam.

Zhou et al. (2010) studied the transient analysis of a
curved piezoelectric beam with variable curvature as
piezoelectric vibration energy harvester. The influence of
surface effects was studied on the electromechanical
response of a curved piezoelectric nanobeam subjected to
mechanical and electrical loads by Yan and Jiang (2011)
based on Euler—Bernoulli curved beam theory. They
mentioned some usefulness of the current model as
nanoswitches or nanoactuators for control of displacement.
Arefi (2014) studied piezo-magnetic analysis of a thick
shell of revolution made of functionally graded materials
using tensor analysis and a curvilinear coordinate system.
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Arslan and Usta (2014) employed theory of elasticity for
electro-mechanical analysis of a curved bar. A comparison
with previous results including an actuator under an initial
electric potential was performed for verification of the
results. The influence of the applied couple has been studied
on the electro-mechanical results such displacement and
electric potential distribution. Arefi and Khoshgoftar (2014)
studied the influence of gradation of piezoelectric materials
and electric potential on the electro-elastic analysis of a
spherical shell. Arefi (2015) studied elastic solution of a
curved beam made of functionally graded materials with
various cross sections such as circular, rectangular and
triangular. The influence of some important parameters such
as non-homogeneous index and various cross sections was
investigated on the stress distribution of curved beam.
Hosseini and Rahmani (2016a) studied free vibration
responses of curved functionally graded nanobeam based on
nonlocal elasticity theory using Hamilton’s principle. They
presented an analytical approach based on Navier method to
investigate the influence of parameter, opening angle,
aspect ratio, mode number, and gradient index on the
responses of curved nanobeam. Hosseini and Rahmani
(2016b) presented an analytical approach for calculation of
thermal buckling loads and natural frequencies of
temperature dependent functionally graded curved beam.
The influence of nonlocal parameter and temperature loads
was investigated on the buckling loads and natural
frequencies of nanobeam using nonlocal elasticity theory.
They mentioned that considering temperature dependencies
leads to lower natural frequency responses. Kananipour et
al. (2014) developed differential quadrature method for
dynamic analysis of a curved nanobeam.

Zhou et al. (2016) studied the piezoelectric laminated
curved nanobeams with variable curvature as an element of
electromechanical systems. They modeled the curved beam
using radial and tangential displacements and rotation. The
influence of some geometrical parameters and patterns of
layers studied in detail. The influence of applied electric
and magnetic potentials on the sandwich rod, beam and
plates was studied by the first two authors (Arefi and
Zenkour 2017, Arefi and Zenkour 2016 a, b, c, d, e Zenkour
and Arefi 2017 a).

In this paper, the first-order shear deformation theory is
used to derive the governing equations of motion for a
sandwich curved beam integrated with piezomagnetic face-
sheets. The electric and magnetic potentials is assumed as
combination of a linear function along the thickness
direction that reflects applied electric and magnetic
potentials and a cosine function that reflects electric and
magnetic boundary conditions. Combination of curved
beam problem with piezo-magnetic materials leads to an
important and novel subject that can be applicable in
electro-mechanical systems as sensor and actuator for
control of deflections or stresses.

2. Formulation

In this section, the formulation of a curved beam is
presented. Two displacement components are considered

including radial and circumferential displacements. First-
order shear deformation theory is used for circumferential
displacement. Based on this theory, two displacement
components are expressed as (Arefi and Rahimi 2014, Arefi
2015, Shi and Zhang 2008)

ur(r: 6) = ur(e);
ug(r,6) = ug(6) + {x(6),

in which ¢ =r — R. In addition, u,(8),ug(8) are radial
and circumferential displacements of mid-surface and y(8)
is beam rotation. In Eq. (1), ¢ shows variation from mid-
surface (Fig. 1).

Strain-displacement relations based on polar coordinate
are defined as

M

Ju,
& = or
Uy 10ug  u, 1 dug ¢ dy
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In this stage, the stress components including
circumferential and shear stresses for elastic core are
defined as

c — C

090 = Cgp00€00, @)
c __ CC

09 = Lroro€ro

in which Cjj,, are stiffness coefficients of elastic core. The
constitutive relations for piezomagnetic face-sheets are
defined as (Arefi 2014, Arefi and Zenkour 2016 a, b, c, d,
Shi and Zhang 2008)

P _ D D D

g9 = Copoo€o0 — €porEr — dgg, Hr,
P _ P P _ D

0rg = Cror€ro — €rgoEo — ArgoHe,

(4)

in which Ci’}kl are stiffness coefficients of elastic core. In

addition, ef’jk are the piezoelectric coefficients, qf}k are
piezomagnetic coefficients, E; and H; are the components
of electric and magnetic fields, respectively. For calculation
of stress in piezo-magnetic face-sheets, it is necessary to
calculate electric and magnetic fields. Electric and magnetic
fields are derived using electric and magnetic potentials as
(Arefi and Zenkour 2016 a, b, c, d, Arefi and Zenkour 2017
a, b, c, d)

Fig. 1 The schematic diagram of a sandwich curved beam



Electro-magneto-elastic analysis of a three-layer curved beam 697

P 10y

Er:__l 9:___J
or r 06 ©)
P 10¢

tr==% M="7%

The curved beam is subjected to applied electric and
magnetic potentials. To apply initial electric and magnetic
potential at top and bottom of face-sheets, a linear function
of radial components is used. In addition for general
distribution of electric and magnetic potentials, a cosine
function is used to apply homogenized electric and
magnetic boundary conditions. The electric and magnetic
fields are assumed as combination of a cosine function
along the thickness direction and an unknown function
along the circumferential direction 8 (Arefi and Zenkour
2016 a, b, ¢, d, 2017 a4, b, c, d)

o T 2
Y(r,80) = —(0) cos <EP> + Kp,

. _ T 2¢,
¢(r,0) = —¢(6) cos <E,0> + K,D.

(6)
in  which 1, ¢, are applied electric and magnetic
potentials, p = {+ > hz” for top and bottom piezo-

magnetic face-sheets. Substitution of electric and magnetic
potential into Eq. (6) gives electric and magnetic fields as
follows

_ T ) T 21/10 alll T
ET__h_I,wSln(h_pp)_K' Eg—;@mS(EP)J @)

_om (m 2¢, 10¢ T
H, = hpq’)sm(hpp) hp' Hg—ragcos hpp.

The electric displacement and magnetic induction along
the radial and circumferential directions are derived as
(Arefi and Zenkour 2016 a, b, c, d)

Df = el e9 + €L E, + mE H,, -

p_ D p p
Dy = egrg¥ro t €ggEo + mggHo,

Bf = Qfegfe + mfrEr + rufrHr' (9)
Bg = qgreyre + mgeEe + -“geHG'

in which mf; and uf; are dielectric and electromagnetic

coefficients. In this stage and using the Hamilton's principle
[8(T—U+V)dt=0, we can derive the governing
equations of motion. The variation of strain energy &U is
defined as (Zenkour and Arefi 2017 a, b)

oU = Jf (0'99(5899 + Ur96grg —DrdEr
v
— DySEy — B,6H, — BySHy )dV.

(10)

By substitution of volume element dV = brdrdf =
b(R 4+ {)d¢dé and variation of strains, electric and
magnetic fields into Eq. (10), we will have

SU = fff 6ur 1 d6u9+ X d6u1]
"99R+( R+( d@ 'R+¢ do

1 dé & R
+ re[ Uy Ug ]

R+{ d8 R+{ R+(X
(11)

—D, = & sin (l ) Dy —ﬂcos( p) + B, =8¢ sin (lp)
hy hy hyp hy

B, —a—cos( )} (R +¢)d¢de.
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By definition of resultant of mechanical, electrical and
magnetic components, we will have variation of strain
energy as follows

5U—fﬂ [N Sty + Nog S0L0 4 a1y, 90Xy 90Uy
= 5 660Uy 99 48 99 48 LAY

+ (RNyg + Myg)8x — Nygbug (12)

—Myo8% + D89 — Dg 22 + B.6¢ — By 7| 6,

in which the resultant components are defined as (Arefi and
Zenkour 2016 a, b, c, d)
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Applying the integration by part on Eq. (12) yields
dn, dM, dn,
sU =W [Ngg(?ur S bug - 5y~ S su,
; do
+ (RNre + Mre)5X — Nygug (14)

~M,o8x + D, 89 — Dy 2% + B.5¢ — Eg""“”]de

In addition, the variation of energy due to external
works is given by

8V = f (R; — q)du,dA4, (15)

in which Ry is reaction of Pasternak's foundation. This
reaction is defined by

Rr = Kyu, — K,V?uy, (16)
where V2 is Laplace operator in polar coordinate system,
K; and K, are spring and shear parameters of foundation.

2
By substitution of V2= L % into above equation, we will

2 092
have the reaction of foundatlon as follows
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1 62ur

SIOFTER (17)

Ry = Kyu, —
Variation of kinetic energy is defined as
6T = f ) pli81, + (g + (7)) (S1tg + I8N]b(R + ¢)d¢do.  (18)
Integration by part yields

6T = —J- (Alﬁ,(?ur + A1ﬁ95u9 + Az)'('5u9 + AZUQBX
A (19)
+ A3j5x)do,

in which the integration constants A;, A, and A; are
expressed in Appendix. Substitution of variations of strain
energy, Kinetic energy and energy due to external works into
Hamilton's principle leads to the following five governing
equations of motion

dN,g 1 d?u, .
Su,: — Ngg +—— a0 ° ¢ Kiu, — KT}IZW_CI = Ail,,

Sug: ° ¢ Nyg = Ajiig + Ay %,

d9

Mg o (20)
e RNyg = Ayilg + A3},

Sy:

sp: D, + Do
lp' T de

5 -1§+dE"—0
¢ Brtqg =0

=0,

In this stage, we can calculate the resultant components
in terms of displacement and rotation components and
electric and magnetic potentials. These resultants are
defined as

N992A4<ur ) 5d9+A61/)+A7¢+N¢+N¢,

d
ug) +
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o 09
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_ a

By = Ay (@ - ue) + (Ay7 — Azg)x + Aso aléi + 43 6?
in which the integration constants are expressed in
Appendix. Substitution of above resultant components into
five governing equations of motion leads to
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3. Solution procedure

In this section, the solution procedure for free vibration
and electro-magneto-mechanical bending results are
developed. Before presentation of solution procedure, the
required mechanical, electrical and magnetic boundary
conditions must be expressed. These boundary conditions
are mentioned as

0=0L/R-ou=9p=¢=0, Ng=Myg=0 fug,x#0}. (23)

The proposed solutions for a simply-supported curved
sandwich beam are expressed as (Arefi and Zenkour 2016 a,
b, ¢, d)

{ [ug, 1] }:eiwf z { [Ug, X] cos (B, 6) }

[, ¥, ] U, %, ] sin(6,,6) (24)

in which B,, = mmR /L. Substitution of proposed solution
into governing equations of motion leads to below equation

[K1{X} = {F} + w?[M]{X} (25)

in which {X} = {U,, Uy, X, ¥, ®} is an unknown vector
corresponding to five unknown functions. The symmetric
elements of the matrix [K] and [M] are expressed as

1
Ky = —Apfh— Ay + K + K, Tﬁm. Kiz = (A4 + A1) By,
(r-3

_1’
2

Kiz = (As — A1z + A13)fm, Kia = A14ﬁrzn —As Kis
= A15ﬁ1§1 —4;, My =4,

Kp1 = (A4 + A1)Bms Kap = —AsfBh — A1y, Koz = —AsBh + A, — Ass
Ky = (A6 — A1a)Bm,  Kas = (A7 = A15)Bm, Moy = A1, My =4,

K31 = (As = RA1)Bm,  Ksp = —AsBh + RA11,  Kss (26)
= —AgBh — R(A1z — A)X,

Ks4 = (Ao + RA1)Pm,  Kzs = (A1 + RA15)Bm, Ms; = Az, Maz = A3
Kay = ApsBh — Aty Kaz = (A16 — A23)Bm,  Kaz = (A17 + Azy — A2s)fm
Kyy = Azeﬁ% + A1 Kys = Asoﬁ% + Ao

K5y = Azsﬁrzn —Ayour, Ksz = (Az0 —A26)B1  Ksz
= (A21 + Az7 — Azg)Bm

Ksq = A3oBi + Aro,  Kss = Az1Bh + Az
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In addition, the elements of the force vector {F} are
expressed as

F=Ny+N—Rp+a F=——gi=——g F=-"g"=——g" (27)
Fy=-Dy—Dy, Fs=—By— By

4. Results and discussions

In this section, the numerical results of the problem are
presented. Before presentation of numerical results, the
material properties of elastic core and piezomagnetic layers
must be introduced (Hou and Leung 2004)

Core
E =210GPa, v=0.3.
Piezomagnetic face-sheets (Arefi and Zenkour 2017 a, b)

p — p
CPipo = 286 GPa, C,

P o = 453 GPa,

epor = €rgg = —44 (C/m?), ep o =116 (C/m?),

dher = drge = 580.3 (N/Am), qg,, = 550 (N/Am),

el =93 x 1071 (C/mV), €f, =8x 107 (C/mV),

ml, =3 x 10712 (Ns/CV), mp, =5 x 10712 (Ns/CV),

uh =157 x 107* (Ns?/C?), pub, = —5.9 x 10~* (Ns2/C2).

Comparison and validation

To validate the present formulation and corresponding
analytical and numerical results, comparison between
results of our formulation with a valid reference (Shi and
Zhong 2008) is performed. For this comparison, radial
displacement w, is selected to plot in terms of applied
electric potential ¥, and angle of curved beam 6. Shown
in Fig. 2 is influence of applied electric potential on the
variation of radial displacement u, based on present
formulation and results of Shi and Zhong (2008).

In addition, comparison between current and previous
results (Shi and Zhang 2008) for radial displacement w,. in
terms of angle of curved beam 6 for W, =100V is
presented in Fig. 3. One can conclude that our numerical
results in this paper are in good agreement with reference.

o (V)

25 50 75 100

-+ Present

-= Shi and Zhang (2008)

-1.8

Fig. 2 Variation of radial displacement w,.(um) in terms of
applied electric potential ¥, (V)

6(Rad)

-+ Present

= Shiand Zhang (2008)

-1.8

Fig. 3 Variation of radial displacement u,.(um) in terms
of angle of beam 6(Rad)

0.354

\%:os
0.351
®y =02
i,
o= 0.1
0.348
Dy =0
0.345 -
0 " 2 3 4 5
Wy (V)

Fig. 4 The non-dimensional value of radial displacement ,
in terms of applied electric and magnetic potential ¥, and

1.0E+07 1.2E+07 1.4E407 Kl

Fig. 5 The non-dimensional value of radial displacement #,
in terms of two parameters of Pasternak's foundation K,
and K,
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Shown in Fig. 4 is the non-dimensional value of radial
displacement #, = U,/h in terms of applied electric and
magnetic potential ¥, and ®,. The numerical results in
this figure indicates that increase of applied electric
potential ¥, leads to decrease of radial displacement while
increase of applied magnetic potential @, leads to increase
of radial displacement. Figure 5 shows the variation of non-
dimensional value of radial displacement %, in terms of
two parameters of Pasternak's foundation K; and K,. It is
observed that the radial displacement is decreased
uniformly with increase of both parameters. This decrease
is due to increase of stiffness of foundation.

The influences of applied electric and magnetic
potentials ¥, and @, on the non-dimensional value of
circumferential displacement i, are depicted in Fig. 6.
The same behavior expressed for Fig. 2 can be presented in
this figure. Fig. 7 shows the variation of non-dimensional
value of #y in terms of two parameters of Pasternak's
foundation K; and K,.

Fig. 8 shows the variation of rotation of sandwich
curved beam in terms of applied electric and magnetic
potential ¥, and ®,. This figure shows that increase of
applied electric potential leads to decrease of rotation, while
increase of applied magnetic potential leads to increase of
rotation of sandwich curved beam. Figure 9 shows the
influence of two parameters of foundation on the rotation of
curved beam.

0.113

0112

Ug by =02

011

T g (v) a 5

Fig. 6 The non-dimensional value of circumferential
displacement i, in terms of applied electric and magnetic
potential ¥, and @,

0.035 T

LOF47 12607 K LaE7 Kl

Fig. 7 The non-dimensional value of circumferential
displacement i, in terms of two parameters of Pasternak's
foundation K; and K,

0.00092

0.00084 \\'

0.00976

Fig. 8 Maximum beam rotation X in terms of applied
electric and magnetic potential ¥, and &,

0.0045

K, =2E5

K, =3E5

1.0E407 1.2E407 1.4E407 Kl

Fig. 9 Maximum beam rotation X in terms of two
parameters of Pasternak's foundation K; and K,

The influence of important parameters of the problem
can be studied on the magneto-electric results of the
sandwich curved beam in Figs. 10-13. Fig. 10 present
interesting results on the effect of electro-magnetic coupling
loads. One can conclude that increase of applied electric
potential leads to decrease of maximum electric potential
through thickness direction. Furthermore, it can be
discussed that increase of applied magnetic potential
significantly increases maximum electric potential. Fig. 11
shows that increase of two parameters of foundation
decreases maximum electric potential.

The maximum value of magnetic potential through
thickness direction in terms of applied electric and magnetic
potentials is presented in Fig. 12. It can be concluded that
decrease of applied electric potential and increase of applied
magnetic potential increases maximum magnetic potential
of curved piezo-magnetic face-sheets. Fig. 13 shows the
variation of maximum magnetic potential in terms of two
parameters of foundation.

The non-dimensional fundamental natural frequencies
@ = wl?,/p/EI of sandwich curved beam in terms of two
non-dimensional parameters of foundation K, = K,L3/EI
and K, = K,L/EI are presented in Fig. 14. It is observed
that the natural frequencies are increased with increase of
two parameters of foundation. This increase is due to
increase of stiffness of foundation.
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®, =03

18.75

2 LIJO (V) 3 a 5

Fig. 10 The maximum value of electric potential ¥
through thickness direction in terms of applied electric and
magnetic potential ¥, and @,

K, =2E5

K, =3E5

1.0E+07 1.2E407 1.4E407 K 1

Fig. 11 The maximum value of electric potential ¥
through thickness direction in terms of two parameters of
Pasternak's foundation K; and K,

0.0015

e —————

) @y =03
@y = 0.2

R

0

0.00148

B B R

2 lpO(V) 3 4 5

0.00146

Fig. 12 The maximum value of magnetic potential @
through thickness direction in terms of applied electric and
magnetic potential ¥, and &,

0.0005

0.00025

1.0E+07 1.2E+07 1.4E+07 Kl

Fig. 13 The maximum value of magnetic potential &
through thickness direction in terms of two parameters of
Pasternak’s foundation K; and K,

320 370 420 470 K
1

Fig. 14 The fundamental natural frequencies @ of
sandwich curved beam in terms of two parameters of
Pasternak's foundation K; and K,

5. Conclusions

Electro-magneto-elastic bending and free vibration
analysis of a sandwich curved beam including an elastic
core and two curved piezo-magnetic face-sheets was
presented in this paper. The model was subjected to applied
electric and magnetic potentials resting on Pasternak's
foundation. Hamilton's principle was employed to derive
five governing equations of motion in terms of two
displacement components, one rotation component and two
electric and magnetic potentials. The influences of
important parameters of loading and electro-magnetic
loadings were studied and discussed on the bending and
vibration results of the problem as:

e The influence of spring and shear parameters of
foundation was discussed on the fundamental
frequencies of curved beam. The numerical results
indicate that fundamental frequencies are increased
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with increase of both parameters of foundation due
to increase of foundation stiffness.

e Piezomagnetic face-sheets can be subjected to
applied electric and magnetic potentials. These
parameters of loading can control the
displacements or stresses in curved beam. The
numerical results indicate that increase of applied
electric potential decrease all mechanical, electrical
and magnetic components. Furthermore, it can be
concluded that increase of magnetic potential
increases electro-magneto-mechanical components.

e Pasternak's foundation with two parameters can
strongly change the behavior of curved sandwich
beam. The results indicate that increase of spring
and shear parameters of foundation decreases radial
and circumferential displacements, rotation and
electric and magnetic potentials.
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