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Abstract. The electro-magneto- thermo-elastic behavior of a rotating functionally graded long hollow
cylinder with functionally graded piezoelectric (FGPM) layers is analytically analyzed. The layers are
imperfectly bonded to its inner and outer surfaces. The hybrid cylinder is placed in a constant magnetic field
subjected to a thermo-electro-mechanical loading and could be rested on a Winkler-type elastic foundation.
The material properties of the FGM cylinder and radially polarized FGPM layers are assumed to be graded
in the radial direction according to the power law. The hybrid cylinder is rotating about its axis at a constant
angular velocity. The governing equations are solved analytically and then stresses, displacement and
electric potential distribution are calculated. Numerical examples are given to illustrate the effects of
material in-homogeneity, magnetic field, elastic foundation, applied voltage, imperfect interface and
thermo-mechanical boundary condition on the static behavior of a FG smart cylinder.

Keywords: functionally graded piezoelectric (FGPM); functionally graded material (FGM); magnetic
field; Imperfect bonding; elastic foundation

1. Introduction

Recently, material structures consisting of piezoelectric components have been intensively
investigated due to their potential for converting one form of energy to one another. They have
found increasing applications in intelligent structures as actuators and sensors. Functionally graded
piezoelectric material (FGPM) is a kind of piezoelectric material with material composition and
properties varying continuously along certain directions. FGPM is a composite material that is
intentionally designed to possess desirable properties for some specific applications. FGM is made
of a mixture with arbitrary composition of two different materials. The volume fraction of each
material changes continuously and gradually. FGM is attractive due to its many engineering
applications in magnetic storage elements, plasma physics and the corresponding measurement
techniques of magneto-thermo-elasticity. Stresses in FGM structures under mechanical or thermal
loads can be optimized by selecting proper material distribution.

It is possible to make intelligent hybrid materials by combining piezoelectric materials with
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structural materials. New structures including FGM members bonded with piezoelectric actuators
and sensors are smart in response to environmental changes. So, the integration of piezoelectric
materials and composite materials or FGMs has become an attractive subject in the area of smart
material and structures. Static analysis of functionally graded hollow cylinder with piezoelectric
layers with different boundary condition was studied by Alibeigloo (2009, 2010). The functionally
graded hollow thick cylinder with a piezoelectric ring is analyzed using FEM by Yas et al. (2011).
Javanbakht et al. (2009) analyzed dynamic behavior of functionally graded shell with piezoelectric
layers based on elasticity. The transient responses in a two-layered elasto-piezoelectric composite
hollow cylinder in the state of axisymmetric plane strain are obtained by Wang (2007). Shakeri et
al. (2009) studied dynamic response of functionally graded plate integrated with two piezoelectric
layers, based on elasticity solution. Shen and Noda (2007) presented post-buckling analysis of a
FGM cylindrical shell with piezoelectric actuators. Alibeigloo (2011) provided a thermo-elastic
solution for axisymmetric deformations of a functionally graded cylindrical shell bonded to thin
piezoelectric layers. To the best of authors’ knowledge using the piezoelectric layers as sensor and
actuator in hybrid cylinder is considered in many papers. But, the application of FGPM layers as
sensor and actuator in hybrid cylinder is rarely studied. Recently, the thermo-electro-elastic
analytical solution of a long functionally graded hollow cylinder bonded to functionally graded
piezoelectric layers was presented by authors (Aghaei khafri and Saadatfar 2013).

Rotating disks and cylinders have important applications in rotating machinery and structures.
The stress analysis of rotating homogeneous isotropic, orthotropic and anisotropic disks and
cylinders has been an important topic in engineering design and applications (Chang 1975, Genta
and Gola 1981, Tutuncu 1995, Reddy and Srinath 1974, Horgan and Chan 1999, Chen et al. 2007).
The stress analysis of rotating FGM cylinders are carried out by researchers (EI-Naggar et al. 2002,
Eraslan and Akis 2006, Wang 2010). Also, rotating piezoelectric disks and cylinders are concerned
in many investigations. Babaei and Chen (2008a) presented the exact solution for
electromechanical behavior of a rotating FGP hollow cylinder. Ghorbanpour Arani et al. (2011)
studied the electro-thermo-mechanical behaviors of rotating FGP cylinder. Dai et al. (2012)
presented the exact solution for stresse distributions in a rotating FGP hollow cylinder for the case
that properties of the material obey different power laws in the thickness direction.

Akbarzadeh et al. (2011) found that reducing the hoop stress by imposing a magnetic field is a
capable way to increase the reliability of an FGPM cylinder. This is due to that the orthotropic
piezoelectric cylinders have been observed to fail at a critical hoop stress (Galic and Horgan 2003).
Recently, Dai et al. (2006, 2007, 2011a) studied the magnetothermoelastic interactions in hollow
and solid cylindrical and spherical structures of FGM. Thermo-magneto-dynamic stresses in a
non-homogeneous hollow cylinder was investigated (Kong et al. 2009; Wang and Dong 2006).
Analytical solution for the electromagnetoelastic behavior of piezoelectric and FGPM hollow
cylinder under magnetic, thermal, electrical, and mechanical loading are presented (Dai 2007,
2010). Babaei and Chen (2008b) presented the exact solutions for radially polarized and
magnetized magnetoelectroelastic rotating cylinders.

Furthermore, it is vital to analysis smart composite structures on elastic foundations for an
accurate prediction of the structural behavior of smart materials. Ying et al. (2008) obtained the
exact two-dimensional elastic solutions for the bending and free vibration of functionally graded
beams on a Winkler—Pasternak elastic foundation. Kiani et al. (2012) studied the static, dynamic
and free vibration behavior of FG doubly curved panels resting on a Pasternak-type elastic
foundation. Akbarzadeh and Chen (2012) studied the Magneto-electro-elastic behavior of rotating
solid and hollow cylinders resting on a Winkler elastic foundation under hygrothermal loading.
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Imperfect interfacial bonding or delamination is a common type of flaw in laminated composite
structures due to manufacturing defects or environmental conditions. Recently, the interlaminar
bonding imperfections have been considered (Chen and Lee 2004, Chen et al. 2004). Kapuria and
Nair (2010) investigated the exact three-dimensional piezothermoelasticity solution for dynamic
behavior of rectangular cross-ply hybrid plates with bonding imperfections. Wang (2011) studied
the dynamic electromechanical behavior of a triple-layer piezoelectric composite cylinder with
imperfect interfaces using the linear spring model.

However, to the best of the authors’ knowledge the electro-magneto-thermo-elastic analysis of
a rotating long functionally graded hollow cylinder imperfectly bonded with functionally graded
piezoelectric layers has not yet been reported. In the present study an analytical solution of a
rotating FGM hollow cylinder with surface bounded functionally graded piezoelectric layers of
infinite length under pressure, electrical excitation and thermal condition is presented. The
mechanical boundary conditions also include the Winkler-type elastic foundation. The hybrid
cylinder is placed in a constant magnetic field. A general linear spring-layer model is employ to
describe the weakness of the imperfect interface between the FGM layer and the FGPM layers.
The material properties of the FGM cylinder and radially polarized FGPM layers are assumed to
be graded in the radial direction according to the power law. But, Poisson’s ratio is assumed to be
constant for FGM hollow cylinder. The hybrid cylinder is rotating about its axis at a constant
angular velocity. The equations are solved analytically and the stresses and displacements and
electric potential distributions are investigated. Numerical examples are given to show the
influences of the material inhomogeneity, thermo-electro-mechanical boundary conditions, and
magnetic field on the static behavior of smart FGM cylinder.

2. Basic formulations of the problem

An infinitely long hybrid functionally graded hollow cylinder (Fig. 1) with nonhomogeneous
mechanical properties in the radial direction is considered. A cylindrical coordinate system (r, 0, z)
is used. The cylinder rotates about its axis at the constant angular velocity ®. The hybrid cylinder
is placed in a constant magnetic field H, and subjected to an axisymmetric
thermo-electro-mechanical loading. The cylinder could be rested on an elastic foundation with
Winkler-type foundation stiffness K,, at the inner and/or outer surfaces or exposed to internal
and/or external pressure.

Fig. 1 Rotating FGM hollow cylinder with FGPM layers resting on an elastic foundation
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2.1 Heat conduction problem

In this section, the symmetric, steady-state heat transfer equation is solved for the assumed
boundary conditions in the cylindrical coordinate system for FGM cylinder bonded with two
FGPM layers. The heat conduction equation in the steady-state condition for the one-dimension
problem without internal heat source in the cylindrical coordinate is expressed as

li(rk(r)_aT(r)Jzo, (asr<d),
ror or )
where k(r) is the thermal conduction coefficient of the hollow cylinder in the radial direction.
Thermal conduction coefficient of FGM cylinder, inner FGPM layer and outer FGPM layer can be
expressed as Kk (r) =k, r”, k(ry=k,r” and k(r)=k,r’ , respectively. n and B are
inhomogeneity parameters of FGM and FGPM layers, respectively. Considering above expressions,
Eq. (1) becomes

laﬁ[rauma_(r)}:o 0=pn.
ror r )
By integrating twice, the solution of Eq. (2) for every layer can be expressed as

T, (r)=w,r7’ +w},

Tign (N) =Wor™ +w,,

T,(r)=w.r” +ws$ @)

where T;, T, and T, are temperature distributions in the inner FGPM, outer FGPM and FGM
layer, respectively. w; (i=1, 2, 3, 4) are unknown coefficients that can be found by applying
boundary conditions. The linear spring model is considered due to the thermal field discontinuity
(Kapuria and Nair 2010). The boundary conditions and continuity conditions can be expressed as

T (r)‘,:a =T,

[GTO (r)
or

:0,

r=d

+hT, (r)}

A, (1], =%ign ()] _, »
Ao ()], e =ign (1)
T, ~Tign (0], =20 (0],
Tin (1), ~To(M)], . =20, (1), -

(4)
where h is the ratio of the convective heat-transfer coefficient of the cylinder and the surrounding

medium, g; (j=i, o, fgm ) are heat flux and y; and y, are the compliance constants of the inner and
outer interfaces for thermal field. Clearly, for perfectly bonded interface, we have y; =0 (i = 1,2).
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Utilizing Egs. (4)

WO = |:hk0 (k| ﬂ(lznkfgm _C)C(_ﬂ_l) +77kfgm (Zl/Bk| _b)b ) + kiﬁb(_q))c(_ﬂ_l)
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Vo (5)
2.2 FGM layer

In the symmetric state, the nonzero components of displacement and thermal distribution can
be denoted as u = u(r) and T=T(r). The equation of motion of the rotating long FGM hollow
cylinder with perfect conductivity in plane strain state is expressed as

do. o -0
r+r %

+f, +p reo’ =0,
or r f (6)

where pr and ® are the mass density and the angular velocity and f, is defined as Lorentz’s force,
which for a constant magnetic field Ho may be written as (Akbarzadeh et al. 2011, Dai et al. 2010,

2011)
foonzl(, (6_u+gj |
or or r @

. . - o du u
where p; is the magnetic permeability. By considering &, =— and g, =— , the

stress-displacement relations for FGM cylinder are
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o, ZIE(O((I—V)W+VUJ_IW
@+v)1-2v) dr - r (1-2v)
E(r) ( du (1—v)tij—E(er)T(r)_

Oy=——"———|V—+
L+v)@-2v)\  dr 1-2v)

(8)

In the FGM layer, the Poisson’s ratio v is constant and the Young modulus, mass density,
thermal expansion coefficient and magnetic permeability vary along the radial direction according
to a power law as follows (Jabbari 2002)

EM=Er", p(=p",  a=ar",  u@O=ur", o

where Eq, ps , 0o and p are material constants and 7 is the inhomogeneous constant. Substituting
Egs. (8) and (7) into Eq. (6) gives

2
du +(77+1)%((j:1_Lrl+ Lliu :—L2r+L3(277r”I' (r)+r”—d-|;j:r)j,

dr? r? (10)
where
L - E,(nv-1+v)+({1+v)1- 21/)ny 02(77 -1
' E,(1-v)+@+v)1-2v)u’H '
A+v)(L-2v) pl &
2T E vy + A+ v) (- 2v)PH
L, - (1+v)E, o, .
E,-v)+@+V)L-2v)u’H (11)
Substituting from Eq. (3) into Eq. (10) yields
2
(;Tg+(77+l)%3—$+ Llrizu =—L,r +L,(w r+2mw, r’?) W

Considering the basic displacement, complete solution of Eg. (12) may be expressed as
following

u=u,+uUu,.
9 p (13)
It is obvious that the homogeneous solution to Eq. (10) can be obtained by assuming
u, =Qr",
o =Q (14)

where Q is an arbitrary constant. Substituting Eq. (14) into Eq. (12), one obtains

2 —
77i +7777i + Ll =0. (15)
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Considering n|< 2, only real distinct roots will be obtained. However, these values of # do not
necessarily pertain to a certain material. Thus, various # values are used to demonstrate the effect
of inhomogeneity on the results. Consequently, the characteristic Eq. (15) has two real roots n; and
2 as follows

Now, the homogeneous solution to Eq. (12) can be expressed as

n
=—<4, [—-L,, =—<— |—-L,.
h 5 1 , 5 4 1 (16)

— Th 2
U, =D;r™ +D,r”, (17)

where D; and D, are unknown constants determined by the given boundary conditions. The
particular solution up(r) is

— n+l 3
u, =Dgr +D,r”=+Dgr”,

(18)
where
_ L
P op+l+L,
_ 2nLw,
o2t 43 +1+L,
— L2
5—_—.
9+3n+L, (19)
Utilizing Eqgs. (17) and (18) we have
U (r)=D,r™ +D,r” +D,r +D,r"* +D,r’ b<r<c. (20)
Since u(r) is known, Egs. (8) can be written as
EO +m -1 +17,-1
o =—"—[(1L-v)p,+v)Dr""=+(1-v)n, +v)D,r"
r (1+V)(1—2V)[(( ), +v)D, (( )1, +v)D,
+(Dy— A+ V)aWw )r" +((n —vn+)D, — L+ v)ag ,)r* + D (3-2v)r*"],
EO -1 -1
o,=————[(vp, +A-V))D,r """ + (v, + L—v))D,r "
= ey [0 D v, + @)D,
+(Dy =@+ v)aw )r" + (v +1)D, — L+ v)aw )r?’ + Dy (2v +1r**]. 21)

2.3 FGPM layers

The inner and outer layers are radially polarized functionally graded piezoelectric material. For
the cylindrically symmetric state, the nonzero components of displacement, temperature
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distribution and electric potential can be denoted as u = u (r), T=T(r) and ¢ = o@(r), respectively.
The constitutive equations for FGPM layers in the reference coordinate system are (Saadatfar and
Razavi 2009)

u ou op
=C,—+Cy,—+e,——AT(r),

O, L T TR AT (r)
u ou op

Oy =Cy F+Clz o +€y, or = 4,1 (r),
u ou op

D, =e, —+€, — 0, —+p.T (r),

r TS e Oy or Pl (r) 22)

where oi(r) (i =1, 0) and D, are components of stress and electric displacement, respectively. c;; ,&;;,
g and py are the elastic, piezoelectric, dielectric, pyroelectric, constants, respectively, and

A = (Cua, +Cpa,),
Ay = (€0, +Cp002), (23)

are thermal modulus where o; are thermal expansion coefficients. The equation of motion and the
Maxwell equation in the absence of electric charge in the rotating piezoelectric layers are
expressed as

00, ,9: =9 +f, +p,re’ =0,
or r (24a)
10 [rDr ]: 0,
ror (24b)
where p, is the mass density of FGPM layer and f, is Lorentz’s force, which may be written as
f,=HzZ H, (a—u+£j
or or r (25)

All material constants are assumed to obey power-law equation through the radius of the
FGPM layer, i.e.

c;(r)=cir’(i=12j=12), e;(r)=e;r’(i=12), gu(r)=gur’,

Py (r) = plolrﬂ’ G, (r)zaiorﬁ(i =T1,0), pn(r)ngrﬁv ﬂp(r)=#grﬁ (26)
where ci‘j),eﬁ ,glo1 plol, aio, pg, ,ug are material constants and # is the inhomogeneous constant.
Now, Egs. (23) become

& = Cue, +Cpa,) = A1,
T = (Cp +C00) = 517 27)

Solving Egs. (24(b)), yields
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1
Dr (r) == Al
r (28)
where A; is an unknown constant. Substituting Egs. (28) into the third equation of Egs. (22), gives

o9 _eh v ey Pry A L

or 9101 or glol 911 911 rﬁu (29)

Substituting Eq. (29) into the first and second equations of Egs. (22) yields

5 OU A,

o, =C,r 5 —+C, rﬁu +C,rT (r)-C, =2 - A2r* T (r),
r r

=C,r’ — N, c rﬂ—+C JT(r)-C, A poper (n),
or r (30)
where
(eO 2 eOEO p 0
C]_ _Cfl+ ll0 , C2 :sz 11 O12 , C3 ll ll C — 13. ,
11 11 gll gll
03\2 0,0 0
CS_C22+(6120 , Cs_elzgu, C7—e%.
91 94 9 (31)

Substituting Egs. (30) and (25) into Eq. (24(a)), the motion equation is expressed as
2
5 1ou [,T(r)+W3T(r)+W o oT (r)

+@A+B)——+W, —=W,r
+ ﬁ) or  'r? r r Yor
w, O oy a5,
(32)
where
w2 CA=CotuH(B-D m/_z@ﬂ+@ L
! Cl+,ugH02 ’ ? C +,upH2
C,-C,p-C 0 -C
W, =—s =P % WAZ__E%_?’ WS
C,+u,Hy C,+u,Hy C,+u,Hy
0 .2
S W o P
6 0 21! 7 0 2
Ci+upHyg C,+u,Hy (33)
Substituting the first equation of Egs. (3) into Eq. (32), yields
2
a +(1+ ﬁ)ia_u 2 :Wgr_l +W10rﬂ‘1 "'\/\/11"_ﬁ_1 "‘V\/aAlr_ﬂ_2 +Wor,
1

(34)
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where (for inner FGPM layer)
W =VV2W1i +W3W£_W4W1iﬁ’ W, =W2W£’ Wy, —W3W 5W1ﬂ

(35)
The homogenous solution of Eq. (34) can be expressed as
_ A B
U, (r)=Byr+B,r=, (36)
where B; and B, are unknown constants determined by the given boundary conditions, and
1 1
fi=y BB AN, By = (BB —AW,), o
The particular solution up(r) is in the following form
u,(r)=B,r +B,r 7+B,r 7"4Br’ s Wy s
Wi (38)
where
W9 WlO
B,=—-2>—, B,=—; ,
B+1+W, 20°+30+1+W,
— W11 B = W7 )
R S ® 9+38+W, (39)
Utilizing Egs. (36) and (38) we have
mi m2 p+L —pB+1 W Al -p
u(r)=B,r "+B,r "+B,r +B,r""+B.r 7M4Br®+ 21y a<r<b.
L (40)

Since u(r) is known, by integrating from the Eq. (29)

o(r) =C4[Blrﬂ1 +B,r” +B,r +B4rﬁ+1+55r-ﬂ+1+56r3+WV;A1 r—ﬁ}
1

+C {B—rﬂwB r’ +B,r +—%+ By ppa Bs ppa Beps, WeA rﬂ}

ﬁl ﬁz ﬁ"‘l _ﬂ"'l 3 Wl(_ﬂ)
p11 as i A, A
( ro=4+w,r)-——=—r"+A,,
911 _,3 +1 i On i (41)

where A, is an unknown constant. Substituting Eq. (40) into Egs. (30), the stresses of the inner
FGPM layer are obtained as
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A
o, :Clrﬂ{Blﬂlrﬂl‘l +B, B 2 4By + B (B+Dr7 + B (1- B)r F +3Bgr? —%r—ﬂ—l}
1
WA A
+c:2rﬁ[|31rﬂl1 +B,r2 7 + By +B,r” +Bgr 7 +Byr? +—V\6/ L r“}C‘t—l
r
1

+(C3rﬂ_ﬂ10r2ﬂ)(wlir_ﬁ +W;)’ (42a)

o, =Czr”[Blﬂlrﬂl‘l+ B,Ar"*+B,+B,(B+1)r’ +B,(1- p)r ¥ +3B,r’ ——ﬂC/VGAl r‘“}

1

+Cgr” {Blrﬂlu B,r* +B,+B,r’ +B,r ¥ +B,r’ +W—V\6/A1 r/“}—(:? A
,
1

+Cor " =2 r ) r ™ +w ), (42b)

The displacement, stresses and electric potential of the outer FGPM layer can be obtained by
the same way just by replacing w,' and w,' by w;° and w,® in the Eq. (35) up to Eq. (42),
respectively. The hybrid hollow cylinder may be simulated with or without a Winkler elastic
foundation on the inner and/or outer surfaces. So, the elastic boundary conditions can be
considered as follows (Akbarzadeh and Chen 2013)

* Internal and external pressure

Pl __n op -
GI’ r=a - pl 1 O-r r=d pO’ (43a)
* Internal pressure and elastic foundation on the outer surface
ip —_n. op - op
Or r-a Pis r r=d K Uy r=d (43b)
* Elastic foundation on the inner surface and external pressure
ip — ip op —_
r r-a K Uy r-a ' r r=d Po (43c)
* Elastic foundation on both the inner and outer surfaces
ip — ip op - _ op
Or r=a _KW Ur r=a ' Or r=d KW U r=d (43d)
Furthermore, the electrical boundary conditions can be expressed as
ip _ ip _
¢ r:a_¢a’ ¢ r:b_(ob’
op _ op _
2N P Py =P (44)

where superscripts ip, op and fgm denote parameters in the inner FGPM, outer FGPM and FGM
layers, respectively.

For piezoelectric composites under mechanical and electrical loading, the interface might be
mechanically and/or electrically imperfect. It is found that the mechanical imperfection has more
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significant effect on the behavior of the smart composite (Li and Lee 2009, Chen and Lee 2005).
In this work, only the mechanical imperfection is considered. The linear spring-layer model is
applied to describe the imperfect bonding (Wang 2011, Chen and Lee 2005). Thus

ip __fgm
=0,
M lr=b " lr=p
Gop — O_fgm
Mlr= r r=c
fgm ip ip
—-u =(,0
r r=b r b é/l " lr=p
op fgm _ fgm
u —-u =(,0
L P r r=c 4/2 r

rc (45)

where (; and (; are the compliance constants of the inner and outer interfaces for mechanical field.
Clearly, for perfectly bonded interface, we have {; =0 (i = 1,2). Unknown coefficients (A, A, B
and B, coefficients for inner FGPM layer and also four coefficients for outer FGPM layer and D,
and D, for FGM layer) can be found by applying mechanical and electrical boundary conditions
and interfacial conditions. For each case of boundary conditions, the system of ten linear algebraic
equations for the unknown constants can be written in the following form

i
X[Bl B, A A, D, D, B! B, A/ AZ’] —F, o

where A/, A}, B,'and B, are unknown coefficients for the outer FGPM layer and X and F are

known matrix that their components are given in the appendix section. By solving the Eqg. (46), the
solution procedure is completed and stresses, displacement and electric potential are obtained
analytically.

3. Numerical results and discussions

Considering numerical calculations, material constants for the hybrid hollow cylinder are listed
in Table 1 (Alibeigloo 2008, Xiang and Shi 2009, Akbarzadeh and Chen 2012). A hybrid hollow
cylinder with internal radius a =0.6 m and external radius d=1 m is considered. The thickness of
each FGPM layer is 0.02 m. To study the influences of effective parameters (unless imperfection)
on the behavior of hybrid cylinder, the layers are assumed perfectly bonded to each other
(x1=x2=L=(,=0). The cylinder rotates at constant angular velocity of w=6x. The hybrid cylinder is
placed in a constant magnetic field Hy=0.2x10°. The temperature on the inner surface and
foundation stiffness on the outer surface are considered as T,=50 K and K,, =600x 10°. Considering
pressure on the inner surface and elastic foundation on the outer surface (Eq. (43(b))), the other
corresponding boundary conditions are expressed as

P =1x10°Pa, ¢,=0, ¢=0, ¢=0, ¢ =0

The following non-dimensional quantities are introduced
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Fig. 2 Variations of radial stress, hoop stress and displacement distributions for different g, n=2

r-a . ou(r) . O .
=, u=—2, f=—L (j=r,0).
d-a a “ P U )

R

The effect of gradient index (B) of FGPM layers on the behavior of smart cylinder is presented
in Fig. 2. It can be observed that the interface continuity conditions and boundary conditions are
satisfied. As it is expected, by decreasing the displacement in the outer surface of the cylinder, the
radial stress in the outer surface reduces due to elastic foundation. The radial stress and
displacement are decreasing with the decreasing of B. The decrease in the inner surface of FGM is
more intensive than the outer surface.

This is worth noting that decreasing the f value in the inner FGPM layer reduces the radial
stress and displacement. However, this is less effective in the outer FGPM layer. The effect of
gradient index on the radial stress is greater than that of the displacement. So, the stresses and
displacement in FGM layer can be controlled more effectively by using functionally graded
piezoelectric material with suitable gradient index rather than homogenous piezoelectric.
Considering Fig. 2(b), the circumferential stress in the FGM layer and outer FGPM layer is almost
constant with different  but in the inner FGPM layer it increased with the decreasing of 3.
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Fig. 3 Variations of radial stress, hoop stress, displacement and temperature distributions for different 1,

B=2

The effect of gradient index (n) of FGM layer on the behavior of hybrid cylinder is presented in
Fig. 3. The foundation stiffness is considered as K, =400x10°. All other conditions remain
unchanged. Fig. 3(a) depicts the distribution of radial stress along the radius for different values of
n. It is clear that the radial stresses at the internal and the external surfaces of the hollow rotating
cylinder satisfy the given boundary conditions. Moreover, the magnitude of the radial stress is
increased as 1 is increased. Similar to the previous case, by decreasing the displacement in the
outer surface of the cylinder, the magnitude of the radial stress in the outer surface reduced due to
the elastic foundation. It can be observed (Fig. 3(b)) that we can significantly decrease the hoop
stress in the inner surface of FGM layer (n=2) by use of a proper gradient index. Furthermore, we
can obtain compressive hoop stress in the FGM layer and inner FGPM layer by considering a
suitable gradient index (n=-2).
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Fig. 4 Variations of radial stress, hoop stress and displacement distributions for different Ho", n=p =-1.5

Besides, it is observed that the hoop stress in the outer surface of the FGM layer is almost
constant with different 1. Figs. 3(c) and 3(d) show that the thermal boundary conditions and
continuity conditions and also the displacement continuity conditions is satisfied. It is clear that
the displacement increases and the outer temperature decreases with increasing 1. Furthermore,
increasing of n increases the displacement of the inner surface more than the outer surface. It
seems that for reducing the magnitude of the radial stress and displacement at any point it is
necessary to use a FGM shell with a hard inner surface.

Fig. 4 shows the effects of magnetic field on the distribution of stresses and displacement along
the radial direction of the hybrid cylinder under the boundary conditions that are expressed
according to the Eq. (43(a)) and without any external pressure (n=-1.5 and B=-1.5). All other
conditions remain unchanged. It can be observed that the influence of Hy on the radial stress is
negligible (Ho=H, x10° (A/m)). Figs. 4(b) and 4(c) show that imposing the magnetic field resulted
in significant decrease of the hoop stress and displacement. It is clear that by increasing Ho, the
displacement decreases and the hoop stress in FGM layer vanishes (H, =2). Consequently,
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imposing a proper magnetic field reduces the hoop stress and displacement in a rotating hybrid
FGM cylinder. This results in a smart structure that is more reliable. Moreover, increasing Hy
decreases the hoop stress of the inner surface of the FGM layer more than the outer surface. It
seems that the influence of imposing magnetic field becomes negligible when Hy>1.5x10° (A/m).

Fig. 5 show an interesting case in which n=1.5 and f=-1.5. It is interesting to note that unlike
the Fig. 4(a), the effect of magnetic field on the radial stress is considerable. It can be seen that the
interface continuity conditions and boundary conditions are satisfied completely. As it is shown in
Fig. 5(a), the radial stress in the FGM layer significantly reduces by imposing a suitable magnetic
field. It seems that there exists a fixed point at which the value of radial stress does not change
with varying the magnetic field. Increasing the magnetic field decreases the magnitude of the
radial stress on the inner surface and increases it on the outer surface of the FGM layer. Figs. 5(b)
and 5(c) show that, unlike Figs. 4(b) and 4(c), imposing the magnetic field increases the hoop
stress and displacement. Concerning Figs. 4 and 5, it is possible to obtain various static behaviors
of smart FGM cylinder by applying a suitable gradient index (1) and imposing proper magnetic
fields.
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Fig. 5 Variations of radial stress, hoop stress and displacement distributions for different Ho", n=1.5, B
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Fig. 6 Effect of inner temperature on radial stress, hoop stress and displacement distributions, n=2, p =2
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Fig. 7 Influence of elastic foundation on radial stress, hoop stress and displacement distributions, n=p
=2

The effect of internal temperature (T,) of hybrid cylinder on the stresses and displacement is
presented in Fig. 6. In this case, the elastic foundation on the outer surface is considered based on
Eq. (43(b)). In this case, the foundation stiffness is considered as K, =600x10’. All other
conditions remain unchanged. Fig. 6a shows that there exists a fixed point at R=0.698 at which the
value of radial stress does not change with altering the inner temperature. Before this point,
increasing the inner temperature leads to an increase in the radial stress while after this point the
behavior of the radial stress is reversed. By reducing the displacement in the outer surface of the
cylinder, the radial stress in the outer surface reduces because of the elastic foundation. Figs. 6(b)
and 6(c) show that raising the temperature on the inner surface increases the hoop stress and
displacement in the hybrid cylinder.

The effect of elastic foundation on the behavior of the FG smart cylinder under boundary
conditions that are described based on the Eq. (43(b)) is shown in Fig. 7. In this case, the internal
pressure is Pi=1x10" Pa and the magnetic field is not considered (Ho,=0). All other conditions
remain unchanged (K,=k,x10"). Fig. 7(a) shows that an increase in the stiffness of the foundation
results in an increase in the absolute value of the through thickness radial stresses. This is
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reasonable that the presence of an elastic foundation helps to suppress the radial displacement and

results in a compressive radial stress on the outer surface. It is valuable to note that, k,, = 0

simulates the situation in which the cylinder is traction free on the outer surface. Figs. 7(b) and 7(c)
show that the hoop stress and the displacement decrease with increasing of the foundation stiffness.
This was predictable that the presence of an elastic foundation helps to resist the radial

displacement due to the outward radial displacement of the outer surface.

The effect of applied voltage (in unit of volt) on the stresses and displacement of the cylinder
under complex load is shown in Fig. 8. In this case, ©0=2mn, Pj=1x 10° Pa, Ho=0.2x10° (A/m) , k,=0
and T,=0 K. It can be observed that the displacement and the hoop stress decrease by applying
voltage in the inner FGPM layer and increase by applying voltage in the outer FGPM layer. It is
also clear that the displacement and hoop stress are decreasing with increasing of the applied
voltage in the inner FGPM layer. Thus, it can be concluded that the inner FGPM layer is more
suitable for using as an actuator than the outer FGPM layer. The induced strain of the FGPM
actuator layer caused by applied voltage can vary the stress and displacement distributions of the
cylinder. Considering Fig. 8, the values of mechanical quantities can be controlled by applying
voltage in actuator layer.
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Fig. 8 Influence of applied voltage on radial stress, circumferential stress and displacement distributions,
n=1,p=2
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Fig. 9 Influence of imperfect bonding on actuation authority and sensory potential, n=p =1.5 n=1, p =2

The effects of imperfect bonding on the behavior of hybrid cylinder are depicted in Fig. 9.
Actuation authority and sensory potential are important parameters that affected by imperfection in
piezoelectric composites (Kapuria and Nair 2010). So, only the effect of imperfect bonding on the
actuation authority and sensory potential of FGPM layers is considered here. The compliance
coefficients at an imperfect interface are taken as {;=(,=C/(139x10°%) and y1=y,= {/290). The
inner and outer FGPM layer are considered as actuator and sensor, respectively. As a first case, no
any mechanical load is applied on the cylinder and other parameters are considered as w=0, P;=0,
Ho=0, k=0 and T¢=20 K. An electrical load of ¢,=200 V is considered as actuation load.

Fig. 9(a) depicts the displacement of the inner surface of the FGM layer through the
compliance coefficient of the imperfect bonding. It is observed that the actuation capability of the
actuator decreases by increasing the compliance coefficient of the imperfection. Concerning higher
values of imperfection, the difference among the results is not appreciable. As a second case, no
any electrical load is applied on the cylinder and other parameters are considered as ®=0, P;=5x10°
Pa, Hy=0 , k,=0 and T,=50 K. The effect of imperfection on the induced voltage is presented in
Fig. 9b. As it is expected, the measured voltage (¢;) in sensor decreases by increasing the
compliance coefficient of imperfection. For large values of { , the curve becomes nearly flat
representing no further significant change in the measured voltage.

In order to validate analytical results, the present analysis results are tried to be compared with
reported results in the literature. It is worth noting that there are no published results in the open
literature concerning multifiled analysis involving magneto-thermo-electroelastic behavior of a
long FGM cylinder with FGPM layers. Thus, the present analysis is compared with
electro-magneto-thermoelastic analysis in a FGM (Dai et al. 2011b) hollow cylinder and
electroelastic analysis of rotating FGPM (Babaei and Chen 2008a) hollow cylinder. It should be
mentioned that effects of piezoelectric layers on the response of FGM layer should be ignored if
the thickness of piezoelectric layers become less than 2% of the cylinder thickness (Alibeigloo
2011). Considering analysis of one layer FGM and/or FGPM hollow cylinder, the thickness of
other layers can be assumed less than 0.001of the thickness of main layer. The mechanical
boundary conditions are expressed as p; =30 x10° Pa and p,=0 Pa, and the temperature of internal
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boundary is assumed to be T,=10°C. Material constants can be found in Dai et al. (2011b). Other
parameters are taken as: b=0.1 m, ¢=0.2 m, H,=2.23x10° (A/m), h=0.72 W/mK and ®=0.
Distributions of temperature and displacement are depicted in Fig. 10. It can be observed that the
obtained results are fairly well correlated to Dai (2011b).

Concerning one layer rotating FGPM hollow cylinder, dimensionless gquantities are taken as:

2,2 .
R=", u*:@, O—T:i’(j —r,0) d="14, o-L? . The electromechanical boundary
a a ! Cfl fl Cll

conditions are considered as: o,| =1, o,

r=a r=
be found in Babaei and Chen (2008a). The distributions of radial and circumferencial stresses for
Q=1 are depicted in Fig. 11. It is observed that results obtained are in good agreement with Babaei
and Chen (2008a). It is worthwhile to mention that multiphysical closed-form solutions in previous
section and graphical results in this section could be used as a benchmark solution for
magneto-thermo-electroelastic analysis of hybrid composite cylinders.
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Fig. 10 Temperature distribution and displacement in FGM Hollow cylinder subjected to
magneto-thermoelastic loading
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Fig. 11 Radial and circumferential stresses in rotating FGPM Hollow cylinder (b=4a)
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4. Conclusions

An analytical solution for the electro-magneto-thermo-elastic behavior of a rotating long
hollow FGM cylinder imperfectly bonded with FGPM layers on the Winkler elastic foundation is
obtained. A linear spring model is adopted to describe the weakness of the imperfect interface. All
material properties except the Poisson ratio are assumed as a power function of radius. The results
are of great interest due to that the effects of different parameters on the response of the hybrid
cylinder can be analytically characterized using the obtained mathematical formulations. Based on
the numerical value of the solution to the problem the following conclusions can be obtained.

e  The radial Stress and displacement in FGM layer can be controlled more effectively by using
functionally graded piezoelectric material with suitable gradient index.

e  The hoop stress in the inner surface of the FGM layer significantly decreases by the use of a
proper gradient index, 1.

. Completely different static behavior of hybrid cylinder can be obtained by considering a
proper gradient index (n) and imposing a suitable magnetic field. The application of a proper
magnetic field can reduce the hoop stress (radial stress) in a rotating hybrid cylinder and results in
a more reliable hybrid structure.

e  Raising the temperature on the inner surface increases the hoop stress and displacement in
the hybrid cylinder. Also, there exists a fixed point at which the radial stress does not change with
changing the inner temperature.

e  The inner FGPM layer is more suitable than the outer FGPM layer when it is considered as
an actuator. The displacement and circumferential stress are decreasing with increasing of the
applied voltage in the inner FGPM layer.

e An increase of the foundation stiffness results in an increase in the absolute value of the
through thickness radial stresses and a decrease in the hoop stress and displacement of the outer
surface.

e  The actuation authority and sensory potential of the FGPM layers is severely affected by the
presence of bonding imperfections.

e It is concluded that by applying an appropriate  combination  of
thermo-electro-magneto-mechanical boundary conditions over a rotating hybrid FG hollow
cylinder, an even distribution of hoop stress can be achieved, which is valuable for designing smart
structures.
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Appendix

In this section, components of matrixes X and F are given for a FGMEE hollow sphere.
According to mechanical boundary conditions (43.a), we obtain

X =[X,X,...X ] (A1)

X, =[(C,m,+C,)a*™* 0 (C4+%7)am1 (C4+%)bm10 0 (C,m,+C, o™ 0 —b™ 0T
1 1

X, =[C,m, +C,)a"™ 1 0 (C,+Z1)a™ (C,+S1)b™ 0 0 (C;m, +C,)b" ™ 0 —b™ o
2 172 2 4 m 4 m 12 2

2 2

1y We Cpy 1
oo W, g

Xa=I €= Ao a0 (£ G- »

00 (G *(C,—AC)-Cp ™ 0 -2 o]
1

1

X,=[00110000007

X .= [0 00000 — EO((l_V)nl +V) br]ﬂhfl _ EO((l_V)nl +V)C77+771—1

@+v)Q-2v) Q+v)Q-2v)
bm _ é,lEO((l_V)nl +V) br]+r7171 _C171 + é/ZEO((l_V)Ul + V) Cr]H]fl]T
@+v)Q-2v) @+v)1-2v)
X.=[000000- E (=), +v) 7t _ E,(1-v)7n, +V)C:7+772—1
° A+v)(1-2v) A+v)(1-2v)
b — glEo((l_V)nz +V) b77+r72—1 —c™ + ngo((l_V)nz +V) C77+772—1]T
@+v)@-2v) 1L+v)(1-2v)

X, =[0(C/m/+C})d”™™ 00 (C, +#,)cmi C. +F7,)d ™ 0 (C/m;+C)c” Mo c™T

1 1

! !

Xg=[0 (C/m;+C)d”™* 00 (C,+—-L)™ (C, +m—7,)d ™ 0 (C/m,+C)c/ Mt o™
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W, N w, s W, ., C! 1 ..
=[0 gNG,(cz—ﬂcl)—cod 100<W6,<C4 ¢’ Cim) )
91118 1 ﬂ go ,8

11
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0 Gy

(C -pC))-C )0‘10\/70 T

,=[0000110000]
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S;(r=b)S;(r=c)S, ST

F,=[-P, —PR, 4 ¢ 4 4,0000]
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pll( r7"ewlr)
911 _ﬂ +1
S,=C,(B,r” +B,r*’ +B, +B,r*")+(C, - Ar")w, +wir”)
+C1(Barf’+B4(ﬂ+l)r2ﬂ+BS(—,B+1)+3BGr2*ﬂ)—()E(—12)[(D —@+v)aw )r”

+((m—-vn+)D, —A+v)aw )r* + D (3—2v)r*"]
S,=(-Bjo -B,o”*-Bb "*-Bb*+Db+Db""+D.b?)
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where parameters with prime symbol (") is used to represent the corresponding value for the outer
FGPM layer. For mechanical boundary conditions (43.b), the following components of matrixes in
Eq. (A.1) are modified as

X 1(1,1) = _Kwam1+(clm1 +C2)a/3+m171
X 2(1,1) — _Kwam2+(clm2 +C2)aﬁ+m271
W . B (A2)
X3(1’1):(\N_(C2_IBC1_Kwa )-C,)a
1
Fl(lil) :Sl(r :a)_ KW (B3a+ B4aﬂ+l+85a*ﬂ+l+86a3)

F,(1,1)=0

For mechanical boundary conditions (43.c), following components of matrixes in Eq. (A.1) are
modified

X.(2,1) =K, d ™+(C,m,+C})d /™t
X4(2,1) =K, d ™+(C,/m; +C,)d
WG ! ’ -p+1 ! -1 (A3)
X9(211):(\N_(C2_/3C1+Kwd )—-C)d
1
F(2D)=8/(r=d)+K, (Bd +B,d ”*+B/d “"+Bd°)

F,(2,1)=0

Besides, for mechanical boundary conditions (43.d), both of modified components that defined
in Egs. (A.3) and (A.4) should be used.





