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Vibration characteristics of advanced nanoplates in humid-thermal
environment incorporating surface elasticity effects via
differential quadrature method
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Abstract. In this study, Eringen nonlocal elasticity theory in conjunction with surface elasticity theory is employed to study
nonlinear free vibration behavior of FG nano-plate lying on elastic foundation, on the base of Reddy’s plate theory. The material
distribution is assumed as a power-law function and effective material properties are modeled using Mori-Tanaka
homogenization scheme. Hamilton’s principle is implemented to derive the governing equations which solved using DQ
method. Finally, the effects of different factors on natural frequencies of the nano-plate under hygrothermal situation and various

boundary conditions are studied.
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1. Introduction

Nano electro mechanical systems (NEMS), are one of
targets which today’s human being try to develop his science
in, because of its high performance; in fact, this efficiency
emanates from the superior mechanical, chemical and
electronic properties of elements used in NEMS; however,
experimental studies in this field have been faced with many
difficulties to conduct and then theoretical studies play a
prominent role in advancing this knowledge (Ansari et al.
2015); meanwhile, as powerful tools, numerical methods
have been often used to solve related complicated equations
(Chen and Li 2013, Ebrahimi and Hosseini 2016a).

To Enhanced material properties of any nanostructure, we
can compose different materials gradually in one another to
gain a nanostructure called nano-FGM structure. Nano-plates
are one of nanostructures which are used a lot in NEMS; also,
they are widely used as resonators and sensors that may
tolerate very high frequencies up to 1 gigahertz (Panyatong et
al. 2015); therefore, it is important to study the vibrational
behavior of nano-plates. There are a lot of research that study
the vibrational behavior of nano-plates and FG nano-plates;
Malekzadeh and Shojaee (2015), studied the influences of
nonlocal and surface effects on the vibration of nano-plates
by the use of first-order shear deformation theory. They
showed that surface energy increases the natural frequencies
and small-scale effect reduces them. Using first shear
deformation theory, Ansari and Gholami (2016), analyzed the
effect of surface stresses on the large amplitude periodic
forced vibration of rectangular nano-plates and concluded
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that in terms of nonlinear frequency, the effects of surface on
aluminum is more considerable than silicon nano-plates. On
the basis of the Kirchhoft’s plate model, Karimi ef al. (2017)
incorporate nonlocal continuum and surface effects to
investigate the buckling and vibration of nano-plates. It is
inferred that the effects of surface on the buckling and
vibration of nano-plates to be increased with enhancing nano-
plate aspect ratio and decreasing its thickness. With an exact
analytical solution, Salehipour ef al. (2015) studied the free
vibration of functionally graded micro/nano-plate using
nonlocal elasticity and three-dimensional plate theory. Nami
and Janghorban (2015) developed an analytical solution to
analyze the free vibration analysis of functionally graded
rectangular nano-plates based on second order shear
deformation and nonlocal elasticity theory; they showed that
increasing power law index and length to thickness ratio will
decrease the natural frequencies. Choosing Kirchhoff,
Mindlin and third order shear deformation theories as
displacement filed, Ghassabi et al. (2017), compared the
effects of factors such as nonlocal parameter and power —law
index on vibration behavior of functionally graded
rectangular nano-plate for simply-supported and cantilever
nano-plates. Belkorissat et al (2015) presented a new
nonlocal refined plate theory to study free vibration behavior
of FG nano-plates which is modeled by Mori-Tanaka
homogenization scheme. Sobhy and Radwan (2017)
investigated free vibration and buckling behavior of FG
nanoplates with quasi-3D plate theory in thermal
environment. Using linear methods and on the base of
Kirchhoff’s plate theory, Zare et al. (2015) studied the
vibration response of rectangular FG nanoplates for different
boundary conditions. Daneshmehr ef al. (2015) used higher
order shear deformation plate theory to investigate linear free
vibration of FG nano-plate resting on elastic foundation. A
study of biaxial buckling and free vibration behavior of FG
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nano-plates was presented by Hosseini and Jamalpoor (2017)
in which the FG nano-plate was embedded in visco-Pasternak
foundation; using Kirchhoff’s plate theory they concluded
that the effect of surface layer on damped natural frequency
and buckling load is significantly dependent on the mode’s
degree. Thermal and moisture analysis in structures and nano
-structures has been one of prominant subjects for many
researchers (Ebrahimi and Hosseini 2016b, Ebrahimi and
Barati 2018a, Ebrahimi and Salari 2015). Sobhy (2015)
developed a comprehensive study on bending, free vibration,
mechanical and thermal buckling of FG nano-plates resting
on elastic foundation; in his research, the use of linear strain-
displacement relations and refined shear deformation plate
theory conduced to this result that nonlocal parameter has
noticeable effect on the stiffness of the FG nano-plates.
Panyatong et al. (2016) presented free vibration analysis of
simply supported second order FG nano-plate embedded in
an elastic medium based on nonlocal elasticity of Eringen;
they assumed that the FG nano-plate is under an applied
uniform thermal load and material properties are temperature
dependent. By the use of linear assumption, Ebrahimi and
Barati (2017a) tried to show the influence of physical fields
such as moisture, temperature, electric voltage and magnetic
fields on vibration and buckling responses of FG Refined
nano-plates. In other research, Barati et al. (2016) employed
refined plate theory of inverse cotangential type to investigate
thermal buckling behavior of embedded nano FG plates and
they found that nonlocal parameters, material composition
and plate geometrical parameters influence the critical
buckling temperature. Based on refined plate theory and Mori
-Tanaka homogenization scheme, Nguyen ef al. (2015) used
IGA approach to analyze linear free vibration and buckling
characteristics of FG simply and clamped supported
boundary conditions. Thermal buckling and linear free
vibration of FG nano-plates in conjunction with surface
stresses studied by Ansari et al. (2015) using Kirchhoff’s
plate theory and linear temperature rise assumption. Finally,
Barati and Shahverdi (2016, 2017) in their research,
employed Refined plate theory to investigate thermal
buckling and post-buckling and vibration characteristic of FG
nano-plate for different boundary condition under hygro
thermal situation, however, they used linear stress-strain
relations for their research and neglected the surface stress
effects in their study. Ebrahimi and Barati (2016g, h, 1, j, k,
I, m,n, 0,p,qts,t u v, 2017a, b) and Ebrahimi et al.
(2017) explored thermal and hygro-thermal effects on
nonlocal behavior of FG nanobeams and nanoplates.

In the present study, the nonlinear free vibration behavior
of rectangular FG nano-plate is investigated. It is assumed
that the FG nano-plate is embedded in elastic medium and
FG material properties are modeled using Mori-Tanaka
homogenization scheme. The governing equations are
derived based on Eringen nonlocal elasticity in conjunction
with Gurtin-Murdoch surface continuum theories. Knowing
this consideration that distribution of FG material is
according to power-law function and using Reddy’s plate
theory and GDQ method we study, the effect of nonlocal
parameter, power-law distribution, geometrical parameters,
Winkler and Pasternak parameters and surface parameters on
natural frequencies of the nano-plate under hygrothermal

Shear layer

Winkler's springs

Fig. 1 Geometry of a rectangular FG nano-plate resting on
Pasternak elastic foundation (Sobhy 2015)

situation and various boundary conditions. We also develop a
comparison study to establish the validity of the provided
solution. Considering surface effect, hygrothermal stress,
elastic environment interaction and nonlinearity assumptions
simultaneously is the main purpose of this paper.

2. Theoretical preliminaries

Consider a one directional FGM nao-plate of length a,
width b and thickness h made from a mixture of ceramic
(Silicon) and metal (Aluminum) resting on elastic foundation
(Fig. 1); the upper surface (z=h/2) is ceramic-rich, the lower
surface (z=-h/2) is metal rich and in between, the material
composition has a gradual variation as a power law function

1 z\?P
Ve = <2 + h) M
Where 0 < I, <1 is ceramic volume fraction which is a
function of elevation of each point in the nano FG plate; p is
a volume fraction exponent.
If 1}, is metal volume fraction, the relation between I,
and 1}, at each elevation of nano-plate is

V.+V,=1 )

2.1 Effective material properties

According to Mori-Tanaka homogenization scheme (Qian
et al. 2004, Shen 2016), the effective material properties can
be found from these relations

Ke(zT) = K ()~ Von
KulD) —KeD) 1+ (= ) B (1) — K ()/BED + 36,0 (3.1)

Gr(z,T) — G (T)
Gm(T) - Gc (T)

- (3.2)
1+ (1= V) (G (T) = G(T)/(G(T) + £2))
1 1
ar(z,T) —ac(T) Ke(z,T) K.(T)
= (3.3)
am(T) - ac(T) 1 1

Kn(T) ~ Kc(T)
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Kf (Z' T) - KC(T)
Km(T) - KC(T)

_ - (3.4)
T 1+ (1= V) (e (T) — ke (T)) /3k(T))
_ G(T)(9K(T) + 8G.(T)) 35)

¢~ T 6(K(T) + 2G.(T))

Where K, G, a and « are respectively, the effective bulk
modulus, the effective shear modulus, the effective thermal
expansion coefficient and thermal conductivity; the
subscripts “m”, “c” and “f’ denote metal, ceramic and
effective property; in this relation all properties are
temperature dependent (T denotes temperature).

About density it is inevitable to use the rule of mixture

relation (Qian et al. 2004)
PVe + pmVin = py “)

The temperature dependent material properties can be
expressed as (Reddy 2011)

P=P0(P_1T_1+1+P1T+P2T2+P3T3) (5)

Where P is typical material property, Py, P_q, Py, P, and
P; are the coefficients of temperature; these coefficients can
be obtained from reported data of exhibitions and tables
(Aluminum Association 1984, Poirier and Geiger 2016) and
using curve fitting methods (Ahn 2004); however, there is
some explicit relations for some temperature dependent
material properties like those reported in reference (Hull
1999); the present study utilizes Eq. (5) only for properties
which there is no explicit relation for; Table 1 provide all of
these relations for Al/Si nano-plates.

2.2 Kinematic relations

From Reddy’s plate theory (Reddy 1984), a five-degrees-
of-freedom relation for displacement field can be written as

u(x'y,z' t) = uo(x,y' t) + Z‘Px(x:% t)

473 wo (4,7, 0\ (6.1
~g (a0 + =)

v(x,y,2,t) = vo(x,y,t) + z9,(x,y,t)

4Z3 6W0(x, v, t) (6 2)
A R R

w(x,y,z,t) = wy(x,y,t) (6.3)

Where (u,v,w) are displacements of the points of the
nono-plate in (x,y,z) directions; (ugy, vy, W) are
displacements of each point at (x,y,0) in (x,y,z)
Cartesian coordinate system (the xy —plane of the Cartesian
coordinate system is coincided with the geometric middle
plane of the plate); @y and @y are bending rotations in y
and x directions.

There is no doubt that Reddy’s plate theory and other
theories based on it, are the most complete which consider
rotation, elongation (stretching effect) and curvature of

Table 1 Temperature dependent material properties

Property Material Py Py Py P, Py
EGpa) A 82.1091  -4.4838E-04 5.8961E-08 -2.4700E-10
pa 0 < T(K) <900 : : : :
si3 0 1275 -4.9412E-05 -3.4510E-08 0
Ti — 64l — 4V
(im 2005 0 12270 -4.605E-4 0 0
Zr0, (Kim2005) 0 13220 -3.805E-4  -6.127E-8
v Al 0 035
Si (Ansari et al. 2015) 0 0.24
Ti — 64l — 4V
(im 2005) 0 0.2888 1.108E-4 0 0
Zr0, (Kim2005) 0 0.3330 0 0 0
ALl
3 - | | - _
p(Kg/m) o _rlky<ozz O 27212075 B264IE-0S 16233E-08 -6.1935E-1I
) 0.2845103E4 — 0.1690 T — 0.1750E
St (Hull 1999) —3(T — 0.1687E4)?
Ti — 64l — 4V
(Kim 2003) 0 4420 0 0 0
Zr0, (Kim2005) 0 3657 0 0 0
6 Al ] -7.0705E-02 1.2740E-04 -
@(0°/K) 5o 1 _ooo 0 2.1855 7.9704E-08
) 0.3725E — 5 — 0.3725E — 5 exp(—0.588E — 2T
St (Hull 1999) + 0.72912) + 0.5548E — 9T
Ti— 6Al — 4V
(&im 2005) 0  74300E-6  7483E-4  -3.621E-7 0
Zr0, (Kim2005) 0  13.300E-6  -1.421E-3  9.549E-7 0
AL
KW/mK) ' Cp 9335, O 2031537 1OG96E-03 -1.899SE-06 8.3775E-10
Si 1 (Hull 1999)
200 ST <1681 O 4120898  -25104E-03 2.1914E-06 -6.1993E-10
Ti— 6Al — 4V
(Kim 2005) 0 6.1 0 0 0
7r0, (Kim2005) 0 1.78 0 0 0
To(N/m) Al* 0 10098  -1.5052E-04
Si (Hull 1999) 0 12461 -1.7655E-04
Ao(N/m) Als 0 6.842 0 0 0
si 0 -4.488 0 0 0
to(N/m) Al 0 -0.376 0 0 0
si 0 2.774 0 0 0
po(kg/m?) Als 0 5A46E-7 0 0 0
si® 0 3.17E7 0 0 0

perpendicular lines to the mid-surface (Reddy 2006);
however there are many recent works which try using change
of variable methods, lower the number of unknowns
(Ebrahimi and Barati 2016a, Ebrahimi and Barati 2017b);
Although these are promising methods, they don’t consider
elongation of transverse normal (Lee ef al. 2015); by this
way, these methods are more effective for linear assumptions.
To remove this shortcoming, they necessarily introduce
another variable to consider stretching effect (Lee et al.
2015); then the number of unknowns will again be five.

! The material property is obtained by the use of curve
fitting method

2 (Mondolfo 2013)

3 (Swarnakar et al. 2014)

4 (Aluminum Association 1984)

5> (Shaat et al. 2013)

6 (Ansari et al. 2015)
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2.3 Strain-displacement relations

Based on the von Karman’s theory and using Eqgs. (6.1)-
(6.3), the nonlinear strain-displacement relations are

&j = sioj +z el.(jl) - 2381-(,'3) Lj=xy %)
Sij=€g+228i(j2) i=xy;j=z
Where
) ol
1 /0wp\* = i 0¢x
= E(W) a _ 0, 3h2\ 0x
o W= ow o
dx + dx?
£y ey
1 (GWO)Z — i <6&
~2\ay w _ 99 3h* \ dy
o, ST
dy dy?
3
£
1
Saey Sa(fy) = i<a(px
1 (auo dv, 1[99, 3h* \ dy
B ; 83/ ox 2\ ay aaﬂ)
+ 2o 0%) 99y o
ox dy ox 4 07w,
3h2 dxdy
o
gl _
"1 ow, _ﬁ<¢x
2 5) oy
dx
2
£
0 2
£z __“
B 1( 6W0> T h? (‘Py
) Py dy + %)
dy

2.4 Nonlocal elasticity theory

The classical elasticity theory of its all ability, cannot
explain some phenomena such as infinite stress at the tip of a
sharp crack; nonlocal elasticity theory is one of those
solutions which developed to describe phenomena like this
(Ebrahimi, et al. 2016, Ebrahimi and Barati 2017c). In this
theory, Eringen (1983, 1972) states: “the stress at a reference
point x in the body depends not only on the strains at x but

also on strains at all other points of the body”; this
dependency between stresses can be stated as

o (x) = fv a(lx' — x|, D)o (x')dv(x') ©)

Where ai’}l(x) is nonlocal stress at a reference point x in

the body, 05-’ (x") is macroscopic or classical stress at any
point (x') in the body (v(x')) and a(|x’ — x|, t) is Green’s
function which is called nonlocal modulus. The
corresponding differential operator for two-dimensional
nonlocal modulus is

L=1-puv? (10)

Where p is nonlocal parameter and V? is the Laplacian
operator.

From Green’s function theory (Duffy 2015) it is
concluded

(1 — uv2)af! = of! (11)

2.5 Stress-strain relations including surface effect

The surface stress is defined as a reversible work per area
to stretch a surface elastically; it can also be defined
mathematically as (Ibach 1997)

4o
Sij =f_ (01j(2) — 0f})dz (12)

Where S;; is surface stress tensor, g;;(z) is bulk stress
tensor as a function of z and ail} is the bulk stress in the
vicinity of the surface which may be different from 0;;(z).

Eq. (12) denotes that surface stress not only is dependent
to material behavior in the vicinity of surface but it is
dependent to material behavior throughout the body of the
material. It can be concluded that surface stresses become
more important when surface to volume ratio rises.

Gurtin and Murdoch (1975, 1978) showed that surface
stress is related to strain as

L= aijn; + poi;

& Usess o (13)
Sij = 10065 + 2(to — To)Eij + (Ao + To) Exic 6y
ou;
+ 10—+ 0(e) (13.2)
ax]'
du, s
Sizzfuafxi Lj=xy (]33)

In above equations S;; and Ej; are surface stress and
strain tensor on surface region; pg, Ty, Ao and p, denote
mass density, residual stress and Lame moduli of the surface,
n; is normal to surface, u; and x; are displacement and
coordinate in the i and j directions and g;; is stress tensor in
the body; meanwhile, nonlinear terms are accumulated in
o(g).

The surface, effects on the body in two ways:

. Storing Strain energy in the surface: it is
accounted in Hamilton’s principle relation.
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. Providing a distribution of stresses that is normal
to the surface (herein, o;%)

The later distribution is usually assumed linear through
the thickness of the plate (Lu et al. 2006) however any
distribution function, such asf (z) shall verify the relation as

f_i%f(z)dz

0 where h

= thickness of the plate

In the result of this distribution we have
ot = @[5 +75) (Wax + Wyy
— (pg + pH)W)}
+ %{(TJ — 1) (Wax + Wy,
+ (g — p)W)}

Where, w is displacement in z direction.

Anyway, after applying the nonlocal differential operator
(Eq. (10)) to governing equations (in section 0) we will
require the classical constitutive relation as

cl _

E v v
1
o = T3 (0 o)+ oSy (9)

Where, E, v and § are respectively Young’s modulus,
Poisson’s ratio and Kronecker delta.

2.6 Hygrothermal effects

The temperature variation produces a thermal expansion
or contraction of the material and in the result thermal
stresses are created. The classic thermal constitutive equation
for an isotropic material in two-dimensional system is (Shen
2016, Bloom and Coffin 2000, Reddy 2006)

of =0y a AT o5, =0 (17)

T 1-v

Where « is coefficient of thermal expansion (CTE).

In addition, like other composite materials, FG materials
can absorb moisture. This moisture change leads to swelling
strains and stresses analogous to thermal effects (Berthelot
2012). Similar to thermal effects, the classic moisture
constitutive equation for an isotropic material in two-
dimensional system is

E
oy =0y, =—— P AC Oxy =0 (18)

1-v
Where C is the relative mass moisture concentration as
(Vasiliev and Morozov 2013)
Am
C=— (19)
m
Where Am is mass increase after moisture absorption
and m is the mass of the nano-plate; f is coefficient of
moisture expansion (CME).
In the present paper, we study the situation where
moisture absorption is related to ceramic and we neglect the
moisture absorption by metal; it is also assumed S (CME of

ceramic) is constant through the thickness and the amount of
B and C are around the ceramic tiles values (Linht)

B =60 mm/m C =3~6% (20)

2.7 Temperature and moisture distribution

It is assumed that the temperature and moisture
distribution occurs in the thickness direction only and one-
dimensional temperature and moisture field is assumed to be
constant in the XY plane of the plate.

For steady-state situation the temperature distribution
along the thickness can be obtained by

d aT
a[Kf(z, ) E] —0 1)

Expanding of Eq. (21) gives
dxs(z,T)dT 4 dke(z,T) dT
dz dz dT (dz
Linearizing of Eq. (22) delivered

d’T  dis(z,T)dT _

d?T
)2 + ks (2, TZ7=0 (22)

K@)+ — o — =0 (23)
The analytical solution to Eq. (23) is
z dz
T(z) =Ty + AT, m (24.1)
n/2  dz
2 %@ T)
Where
AT, =T, - T, (24.2)

From Eq. (24.1) the temperature rise can be calculated
as (Ebrahimi and Barati 2016b, Ebrahimi and Barati 2016¢)

z dZ

2%z, T)
™ nj2  dz

-2 k(2 T)

AT =T(2) =Ty = (Tn — T) + AT- (25)

Where T, is initial temperature. If k(z,T) is constant
or variant, the temperature rise will be linear or nonlinear
(Javaheri and Eslami 2002). From Eq. (25), it is visible that
for calculating AT, we should find T(z) by using Eq. (24.1),
first. For linear assumption the temperature distribution is
(Ebrahimi and Barati 2018b)

(z+h/2)

T(z) =Ty + ATo, N (26)
For nonlinear situation, Eq. (24.1) is solved using
iterative method for at every z; first we set T = @;

second we calculate k¢(z,T) using Eq. (3.4); then the new
T is calculated from Eq. (24.1); the procedure is repeated
until convergence is reached.

Analogous to temperature distribution, Fick’s law as
(Vasiliev and Morozov 2013)
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can be used to calculate one-dimensional moisture field,
through the thickness of the plate under steady state
situation, where D(z,T) is diffusion coefficient.

Herein, we assume D(z,T) = constant, this means the
moisture rise is linear and Similar to Eq. (26) the moisture
distribution is

Cc(2)
=C,
(z+h/2) where AC., =C.—C,, (28)
cm ™~
h
It is concluded that
z+h/2
AC =C(2) = Cy = (Cp, — Cp) + ACcm(h—/) (29)

3. Governing equations

By using Hamilton’s principle as below (Abdelaziz et al.
2017, Meziane et al. 2014, Kaci et al. 2018, Ebrahimi and
Barati 2017d, Ebrahimi and Heidari 2017)

to
0= (6U + 8V - 6K) dt (30)
0
the governing equation can be driven; in this equation U is
the strain energy, V is the work done by environment, K is
the kinetic energy and & is the first variational operator.
The variation of strain energy is divided into two parts

8U = 86U, + 86U, (1.1)

Where §U, and U are respectively the variation of
strain energy and surface strain energy and are expressed as
(Reddy 2006, Ansari et al. 2014)

h
— z nl nl nl
6U, = h(axchexx + gy, 66, + 207,6¢,,
n —
2

+ 20M5¢e,,
+ 20048¢,,)dz dx dy

(31.2)

§U; = U + 6U5
= [ (s + sp0e
A
+ (SHF 4 St + Sp-
+ SP) 8 ey,
+ (5;131]+ + S;Jlf_)&yy
+2((SE+ +S%7))bey,
+2(SH+ + S}}Zl‘)&yz) dx dy

(31.3)

Where in above equations superscripts “+” and “-” denote
upper and lower surface of the nano-plate; Q and A denote,
respectively, the undeformed middle plane of the plate and
the undeformed surface layer of the plate.

The second term in Eq. (30) is related to interaction
between the nano-plate and its surrounding environment; the
interaction between a system (herein, the nano-plate) takes
place in different ways, one of them is thermal interaction;
the work done by thermal interactions is (Praveen and Reddy

1998)
SVT = — f G-T-'nl5€ide dx dy

tj

I
Nl s —— >

0
h
z (32)
= —f f(a;'nldex
n h

2
+ af‘"l&y) dz dx dy

Tnl .
Where ;™" is nonlocal thermal stress tensor.
The moisture diffusion is another interaction between a

system and environment which the work of, is

h
2
Ve =— f f of™8e;dz dx dy
2 _h
2

j
h
z (33)
= —f f(o,f’"ltisx
2 _h

2
+ o™ 8e,) dz dx dy

Where Uij-'nl is nonlocal moisture stress tensor.
The interaction between a system and environment can be
done through external forces; the work done by external

forces is (Reddy 2006)
Ve = —J (q — Kywo + K, V?w,)Sw, dx dy
0
_f (NnnauOn + Mnn6(pn
T

a

4 -
Pnndwn + an5u05

 3n2 (34)
_ 4

+ Mnsa(ps - ans6l/)s

+ Qndwo) ar

Where q(x,y) is resultant of distributed transverse loads
applied at the top and bottom surface of the nano-
plate, &,, and &, are, respectively, inplane normal and
tangential stress acting on the boundary of the plate, 6, is
the transverse shear stress acting on the portion I, of the
boundary of the plate, K,, and K, are respectively, Winkler
and Pasternak modulus of elastic foundation (Jung et al.
2014, Yazid et al. 2018, Bounouara ef al. 2016, Khetir et al.
2017, Besseghier et al. 2017, Mouffoki et al. 2017, Ebrahimi



and Shafiei 2017), T is the boundary of the plate and

1
61']' VA dz
ZS

Finally, the variation of the work done by environment is

The variation of the kinetic energy is (Reddy 2006)

5K = L{([Ouo + Il(px 3h2 wx) 5u0

SV = 8VT 4+ 8V° 4+ 6V¢

+<10v0+11<py 7 zpy) S5v,
+ (1vta + gy — 5t ) 59
4, 4l |
(_W 0 —W%
1615 .
+9_h41px) 51!’):
4l,
+<111>0+12<py 3h2¢>5<py
4, 4l
<_W Yo 3p2 by
, 161
9h4- ¢Y> 5¢y

+ IOWOSWO} dx dy

51;

) IS,
a] = 6(/)1 T

(36)

37

(38)

By substituting Egs. (31), (36) and (37) into Hamilton’s

principle (Eq. (30)) and applying the nonlocal differential
operator (Eq. (10)), the governing equations of motion can be
obtained as

Nxx,x + ny,y = IyLily — 3Ly

Suy: Al (1.1)
3h2 LWOX
Nyyy + Nyyx = L)Ly — I;3L¢,
5y: 45 1.2
’ 302 MWy -
_ _ 4 _ _
_Mxx,x - Mxy,y + W (Pxx,x + ny,y) + Qx
Sy = I3Lilg + I L@y (1.3)

+ LigLwg

-M

6W0:

yy.y

4 _
- W (P xxxx T P yy.yy

- _IOLWO -

_Mxyx
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= I3L0, + L@y
+ 146]_4\){/0’},

+ 2Py 5y)

—-L (an(uo' Vo, Wo))

- Qx,x - Gy,y

- KpLVZWO + KWLWO
4l ,

W (Luolx + Lvo’y)

- 146(L¢x,x + L¢y,y)

With boundary condition as

0

Where

Sug, =0 — =
Ogr Nnn = nn
671.05 — —~

or Nps = Ny
A _ N
or Ww=h
4Mnn
~ P
2 fnn
7 _ %1
or 4””
W nn
4Mns
~ P
2 Ins
65 - ?Wh
or 4'ns
- W ns
déwy
on or pnn = Ann

hz( yy.y +ny,x) + GY

=nl _ (nl nl
N (uo; Vo, WO) = (Na?xwo,x + N)?yWO,y)’x

nnl Al
+ (NyyWO.y + Nwao,x) y
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(1.4)

(1.5)

@.1)

(2.2)

2.3)

(2.4)

2.5)

(2.6)

3.1)
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=N,MP i=xy (3-2)
[Nl]’Ml]’P ]
h
2
=f O'U[lZZ]dZ i=xy (3-3)
¢ 1l pl
[NL]'ML]'P ]
h
_[? ¢ 3 _ (3.4)
_fh J[lzz]dz ¢{=cT
2
4
P (3.5)
5
(@R = [ oult. 2 dz i=xy (3.6)
z
N
u;

.((5+ + S+ S5 +S7) )
I 2 I
={(SH+Sit—-5; —5.--)E

ij ji 4
(S +Sit—Si;—S7) (E)S
\ 2

o Siz + Siz
{Rf} - {(si‘;+5;z) (g)g} (3.7)

2 )
5 N h
4 ab, S [z,
h=0n+ 3275 0= [ otz G
AR WAL (3.9)
7 = 7" (ug, vo, wo) + T Z(P\"’ + PR, + 377 (P + PR )Iny + Qilny + Q'ny,
7(14,,%. —Tlawn“.)rl‘ 7(14 Py (;,4“0 )n. 3}/711011 ?II?:(,J‘ 3:7"5’;‘ (310)
s
4 4
41, T htge T 0
ha=gz—h 16l _tel,  GID
9h* 9h*
Eq. (3.1) can be linearized as (Reddy 2010)
N" (uO' Vg, Wp) = _ngWO xx T 2nyWO Xy #2)

Al
+ NyyWoyy

in the result we can conclude

L (an(uo,vo, Wo))

~ :xxWO,xx + Zlvxywo,xy (43)
+ NyyWo,yy

To solve the governing equations (Egs. (1.1)-(1.5)), after
using the relations in section (0) we set

uo(x,y,t) Uo(x,¥)

vo(x,y,t) Vo(x,y)

wo (X, y,t) p = Wo(x,y) p e/t (44)
ox(x,y,t) D (x,y)

o,Cyt) oGy

the resulting non-dimensionlized governing equations are

D21 Wyyyy + D12 Wy xyy + D14 @y gy

+ D15 By yy +

+D16 ®y yy + D17Uq xx + D18 Uy yy
+ D19 Vg gy + D111 Wy x Wy xx
+

+D112 Wyy Wy xy + D113 Wy x W,y
+ (4.1)

+22(F11 Wy x + F12Ug xx
+ F13Ugyy + F14 Uy + F15 &y
+

+F16 Wy yxx + F17 Wy xyy
+ F18 @y yx + F19 @y yy) = 0

D21 Wy yyy + D22 Wy yxy + D24 @y 4y

+ D25 By gy + D26 Dy yy
+ D27 Ug gy +

+D28 Vo yx + D210 Vy yy
+ D211 Wy Wy xx
+ D212 Wy xWo xy +

+D213 Wy Wo yy + A2(F21 Vy xx (4.2)
+ F22 Vo yy + F23 Wyy
+F24V, +

+F25 Woyyy + F26 Wo xxy
+ F27 ®y yx + F28 By yy
+F29®,) =0

D31 Wy xxx + D32 Wy xyy + D35 Wy
+ D36 By yx + D37 Dy py
+ D38 dy +
+D39 @y xy + D311 Ugyx
+ D312 Ugyy + D313 Vo 4y +
+D314 W,y 5 Wy xx
+ D315 Wyy Wy xy 43)
+ D316 Wy x Woyy +
FA2(F31 @y gy + F32 Oy yy
+ F33 Wy xxx + F34 Wy xyy
+ F35 Wy +
+F36 Oy + F37 Uy xx + F38 Uy yy
+F39U,) =0



+F517 Vo xxy + F518 Vo ypyy + F519 Ugx

D41 WO,YYY + D42 WO,XXY + D45 WO,Y

+ D46 By yy + DAT Dy 4y
+D49 @, +
+D410 @y yy + D411 Uy xy
+ D412 Vo yx + D413 Vo yy +
+D414 Wy Wy xx
+ D415 Wy x Wy xy 4.4)
+ D416 Wy Wyyy +
+A2(FA1 @y yx + FA2 By yy
+ F43 Wy yxy + F44 Wy yyy
+ F45 W,y +
+F46 Dy + FAT Vo yx + F48 Vy yy
+F49V,) =0

D51 WO,XXXX + D52 WO,YYYY + D54 WO,XXYY

+ D57 Wy xx + D58 Wy yy +
+D547 Wy + D59 ¢y xxx
+ D510 @y xyy + D511 @y  +
+D512 @y yyy + D513 @y xxy
+ D515 ¢y y + D516 Ug yxx +
+D517 Uy xyy + D518 Vg yyy
+ D519 Vo yxy + D520 Wy xx° +
+D521 Wy v + D522 Wy yy
+ D523 Wy xWo xxx +
+D525 Wy xxWo vy
+ D526 Wy y Wo yyy
+ D528 Wy Wo xxy +
+D529 Wy x Wy xyy
+ D530 Uy x Wy xx
+ D531 Uy yWoyy +
+D532 Ugy Wy xy + D533 Vo xWo xy
+ D534 Vo y Wy xx
+D535 Voy Wy yy + D536 Ox xWoyy  (4.5)
+ D537 &y y Wy xx +
+D538 @y, Wy yy
+ D539 Wy yx @y y
+ D540 @y Wy yy +
+D541 &y y W, yy
+ D542 Wy yWo y Wo xy +
+D543 Wy x* Wy xx
+ D544 Wy * Wy xx
+ D545 Wy y* Wy yy +
+D546 Wy x* Wy yy
+ 22(F51 Wy xxxx
+ F52 Wy xxyy +
+F53 Wy yyyy + F54 Wy yx
+ F55 Wyyy +
+F56 Wy + F57 @y yxx
+ F58 @y yyy + F59 @y yxy +
+F510 @y yyy + F511 Wy W, xx
+ F512 Wy Wy +

+ + F513 &y y + F514 By, + F515 Ug yyx

F51
+ 5 6 onxyy + (456)

+ F520 Vyy) = 0
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In a same manner the non -dimensional resultant stresses

are

Nyx = V71 Wyxx + V72 Woyy + V74 Dy 4
+V75Pyy + V76 Ugy
+ V77 Voy +
+V78 Wy x* + V77 Vyy + V78 Wy 4°
+ V79 Wy + V711 22 W,
+ V710

Nyy = V91 Wyxy + V92 Wy yy + V94 &y 4
+ V95 &y y + V96U, x
+V97V,y +
+V98 Wy x* + V99 Wy * + V911 22 W,
+ V910

Myx = V61 Wyxx + V62 Wyyy + V63 by 4
+ V64 ®yy + V65 Uy
+ V66 Vyy +
+V67 Wiy + V68 W@y + F61 22 Wy + V69

Myy = V81 Wy yxx + V82 Wyyy + V83 Oy
+ V84 Dy y + V85 Uy
+V86Vyy +
+V87 Wiy + V88 W&y, + F81 A2 W, + V89

Byx = V101 Wy xx + V102 Wy yy + V104 ®y 4
+ V105 @y, + V106 Uy y +
+V107 Vo y + V108 Wy + V109 W,
+ V1010 2W, + V1011

Pry = V12, Wyxx + V12, Wy + V12,Py
+V125Pyy + V12:Uq x +
+V12.7 Vo + V128 Wiy + V12 9 Wy

+ V1210 22 W, + V12_11

(46.1)

(46.2)

(46.3)

(46.4)

(46.5)

(46.6)

Dij,Vij and Fij coefficients are available in Appendix A.
Egs. (46.1)-(46.6) are used in boundary condition

equations; because

V710,V910,V69,V89,V1011 and

V12_11 are negligible all boundary conditions can be

considered as homogeneous.

Three boundary conditions are studied in the present

study:

(@)  All edges movable simply-supported (SSSS)

V0=Wo=q)y=ﬁxx=Mxx=pXX
=0 at edges X = 0,1

Uy =Wy = &x = Nyy = Myy = Pyy
=0 atedgesY =0,1

(b)  All edges clamped (CCCC)

Uy=Vy=W,=d, =0 _ W,
o — VYo — 0o — X — Y_aX
=0 at edges X = 0,1
Uy=Vy=W,=d, =0 _ W,
0o — Yo — 0o — X — Y_ay
=0 at edgesY = 0,1

)

(6)
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a)Re=K,=0,p=5,p=0.2, 2= 0.05, ATc = 600,C.=0
0.18 T T T
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Non-dimensional frequency
o
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006 1 1 1 1 1
0 10 20 30 40 50 60
Number of iteration
b)K., = K,= 100,p = 5,p= 0.2, 4 = 0.05, ATc = 450,C-= 0
0.68 T T T T
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—©— best convergence situation

Non-dimensional frequency
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p— : . . . . . )|
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Number of iteration

Fig. 2 Convergence comparing of dimensionless fundamental frequencies of Al/Si square FG Reddy nano-plate considering

surface stresses effect (a = 200 nm, 1 = wa %)
c

SS8SS ccce

non-dimensional frequency: (\)
non-dimensional frequency: (\)

0.1 : . : : : :
0

volume fraction exponent:(p) CSCS volume fraction exponent:(p)

0.45

——20
—8—0.38
—0—2

non-dimensional frequency: ()

0.25
0

volume fraction exponent:(p)

Fig. 3 Influence of nonlocal parameter on non-dimensional fundamental natural frequencies of square (Al/Si) FG Reddy
nano -plate with respect to various volume fraction exponent for different boundary conditions, considering surface stresses
effect (K,, = K, = 0,h/a = 0.05,a = 200 nm, AT, = 450 K,AC = C, = 0)
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Table 2 Influence of nonlocal parameter on non —
dimensional fundamental natural frequencies of square
(Al/Si) FG Reddy nano-plate with respect to various
volume fraction exponent for different boundary conditions,
considering surface stresses effect (K, = K, = 0,h/a =
0.05,a = 200 nm, AT, = 450 K,AC = C. = 0)

SSSS CCCC CSCS
B2 p Adu Afh A A/ A A/ Xy
0 0 03122 1.0022 0.5290 1.0037 0.4337 1.0027
1 02328 1.0055 0.4317 1.0061 0.3461 1.0051
2 0.2019 1.0067 0.4014 1.0066 0.3170 1.0055
3 0.1813 1.0076 0.3837 1.0067 0.2993 1.0057
4 0.1652 1.0084 0.3708 1.0068 0.2863 1.0059
5 0.1516 1.0094 0.3605 1.0069 0.2758 1.0060
0.4 0 03091 1.0022 0.5229 1.0037 0.4290 1.0027
1 0.2306 1.0055 0.4266 1.0062 0.3424 1.0051
2 0.1999 1.0067 0.3967 1.0066 0.3136 1.0055
3 0.1796 1.0076 0.3792 1.0067 0.2961 1.0057
4 0.1636 1.0084 0.3664 1.0068 0.2832 1.0059
5 0.1502 1.0094 0.3563 1.0069 0.2728 1.0060
0.8 0 03062 1.0022 0.5169 1.0038 0.4245 1.0027
1 0.2284 1.0055 0.4218 1.0062 0.3388 1.0051
2 0.1980 1.0067 0.3922 1.0066 0.3103 1.0055
3 0.1779 1.0076 0.3748 1.0068 0.2930 1.0058
4 0.1620 1.0084 0.3622 1.0068 0.2802 1.0059
5 0.1487 1.0094 0.3522 1.0069 0.2699 1.0060
1.2 0 03033 1.0022 0.5111 1.0038 0.4202 1.0027
1 0.2262 1.0055 0.4170 1.0062 0.3353 1.0051
2 0.1962 1.0067 0.3878 1.0066 0.3071 1.0056
3 0.1762 1.0076 0.3706 1.0068 0.2900 1.0058
4 0.1605 1.0084 0.3581 1.0069 0.2773 1.0059
5 0.1473 1.0094 0.3482 1.0070 0.2671 1.0060
1.6 0 0.3005 1.0022 0.5055 1.0038 0.4159 1.0027
1 02241 1.0055 0.4125 1.0063 0.3319 1.0051
2 0.1944 1.0067 0.3835 1.0067 0.3040 1.0056
3 0.1746 1.0076 0.3665 1.0068 0.2870 1.0058
4 0.1591 1.0084 0.3542 1.0069 0.2745 1.0059
5 0.1460 1.0094 0.3444 1.0070 0.2644 1.0060
2 0 02978 1.0022 0.5001 1.0038 0.4118 1.0028
1 02221 1.0055 0.4080 1.0063 0.3286 1.0051
2 0.2978 1.0022 0.5001 1.0038 0.3009 1.0056
3 0.2221 1.0055 0.4080 1.0063 0.2842 1.0058
4 0.1926 1.0067 0.3794 1.0067 0.2718 1.0059
5 0.1730 1.0076 0.3626 1.0068 0.2618 1.0061

() Two opposite edges clamped and the other edges
movable simply-supported (CSCS)

= atedges X = 0,1 7
Up =Wy = &y = Nyy = Myy = Pyy
=0 atedgesY =0,1

4. Solution and numerical result

As an efficient approach, the DQ method (Shu 2012)
along with iterative method (Ebrahimi and Hosseini 2016b,
Malekzadeh 2007) are used to study the effect of nonlocal
parameter 1 , surface parameters, elastic foundation
parameters and volume fraction exponent p, on nonlinear
free vibrational behavior of FG nano-plates in hygrothermal
environment for each of three cases of boundary conditions
expressed in Egs. (5)-(7).

It is supposed that the nano-FG plate has the ceramic
(Silicon) at the heated surface (z = h/2) and the metal (Al)
at the cooled surface(z = —h/2), and their compositions
change as the power-law (Eq. (1)) function continuously in
the thickness direction of the nano-plate. The temperature
dependent material properties are taken into consideration as
given in Table 1 from Refs. (Aluminum Association 1984,
Mondolfo 2013, Poirier and Geiger 2016, Hull 1999). Under
all boundary conditions, the nano-plate is subjected to a
thermal loading, where the lower surface is held at T, =
Ty = 300 K (4T,, = 0), and the upper surface experiences a
temperature rise of AT, from T, = 300 K; meanwhile, the
temperature rise in other points are nonlinear as depicted in
Eq. (24.1).

For all boundary conditions we neglect the moisture
absorption for metal

4.1 Convergence studying

In Fig. 2, the dimensionless frequency (A =

pc(To,h/2) . . .
wa ’75(; Ton /2)) versus the number of grid points is plotted

for two cases. Assuming surface parameters as Table 1 the
curve (a) features the worst convergence situation while the
curve (b) depicts the best convergence situation. Comparing
these figures verifies that 30x30 grid points can approximate
the final results with a good accuracy; therefore, all the
results presented herein have been obtained using 30%30
mesh size.

4.2 Numerical results

Fig. 3, illustrates the variation of non-dimensional
fundamental natural frequencies of Al/Si square FG nano-
plates versus the volume fraction exponent for different
dimensionless nonlocal parameter and three combinations of
boundary conditions where AT, = 450K, AC = C, — C,, =
C. = C,, = 0 and surface parameters are the same as Table
1. As it is obvious when nonlocal parameter and volume
fraction exponent increase the nonlinear frequency of the
nano-plate decreases; the CCCC boundary condition
appropriates higher value of frequency against other
boundary conditions. The published numerical values are
available in Table 2.

Fig. 4 demonstrates the effect of surface elastic modulus
differential (AE,) on nonlinear dimensionless fundamental
frequencies of square FG nano -plate with different kinds of
boundary conditions in thermal environment. The surface
elastic modulus and surface elastic modulus differential
(AE,) are defined as
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S§8SS

non-dimensional frequency: (\)

volume fraction exponent:(p)

0.5

ccee

0.65

non-dimensional frequency: (\)

non-dimensional frequency: (\)

3 4 5

volume fraction exponent:(p)

Fig. 4 Influence of surface elastic modulus differential on non-dimensional fundamental natural frequencies of square
(Al/Si) FG Reddy nano-plate with respect to various volume fraction exponent for different boundary conditions,
considering surface stresses effect (K,, = K, = 0,h/a = 0.05,fi = 0.2,a = 200 nm, AT, = 450 K,AC = C, = 0)

Table 3 Influence of surface elastic modulus differential on
non -dimensional fundamental natural frequencies of square
(Al/Si) FG Reddy nano -plate with respect to various
volume fraction exponent for different boundary conditions,
considering surface stresses effect (K,, = K, = 0,h/a =
0.05,2=0.2,a =200 nm, AT, = 450 K,AC = C, = 0)

SSSS cccc

CSCS

AE,
_E-E p Ay
EJ1 — E0_1

-3 0

Anl/ll Anl Anl/ll Anl Anl/ll

0.4582 1.0019 0.5593 1.0028 0.4582 1.0019

1 03712
0.3439
0.3282
0.3170
0.3082

1.0039
1.0042
1.0042
1.0043
1.0043

0.4620
0.4334
0.4175
0.4064
0.3978

1.0049
1.0052
1.0052
1.0052
1.0052

0.3712
0.3439
0.3282
0.3170
0.3082

1.0039
1.0042
1.0042
1.0043
1.0043

S |lwv B~ W N

0.4518 1.0021 0.5515 1.0030 0.4518 1.0021

1 03650
0.3374
0.3213
0.3097
0.3006

1.0041
1.0045
1.0045
1.0046
1.0046

0.4544
0.4255
0.4093
0.3979
0.3889

1.0052
1.0055
1.0055
1.0055
1.0055

0.3650
0.3374
0.3213
0.3097
0.3006

1.0041
1.0045
1.0045
1.0046
1.0046

S |lwvm B~ W DN

0.4453 1.0023 0.5433 1.0032 0.4453 1.0023

1 03584
0.3304
0.3139
0.3019
0.2924

1.0044
1.0048
1.0049
1.0049
1.0050

0.4464
0.4172
0.4006
0.3887
0.3795

1.0055
1.0058
1.0059
1.0059
1.0059

0.3584
0.3304
0.3139
0.3019
0.2924

1.0044
1.0048
1.0049
1.0049
1.0050

w R W N

Table 3 Continued
2 0

1 0.3365

0.3069
0.2887
0.2751
0.2641

0.4239 1.0030
1.0055
1.0060
1.0063
1.0065
1.0067
1.0033
1.0059
1.0066
1.0069
1.0072
1.0075

0.5166 1.0040 0.4239 1.0030

0.4198
0.3891
0.3708
0.3574
0.3466

1.0066
1.0071
1.0073
1.0074
1.0075

0.3365
0.3069
0.2887
0.2751
0.2641

1.0055
1.0060
1.0063
1.0065
1.0067

S |lwv B~ W N

0.4161 0.5069 1.0044 0.4161 1.0033

1 0.3283
0.2980
0.2791
0.2647
0.2530

0.4098
0.3784
0.3595
0.3453
0.3339

1.0071
1.0076
1.0079
1.0081
1.0083

0.3283
0.2980
0.2791
0.2647
0.2530

1.0059
1.0066
1.0069
1.0072
1.0075

[ N N S I N ]

Ey =2pp + 4o (50)

Ef —Ey
E(;r1 —Eo
where superscripts “+” and “-” denote upper and lower
surface of the nano-plate and subscript “1” is related to
primary values (Table 1) of surface parameters. The surface
tension (7,) is considered temperature dependent. It is
observed that an increase in AE, reduces the dimensionless
fundamental frequency; it can also be seen with the increase
in volume fraction exponent the constant elastic modulus
differential curves (4E, = const) diverge from each other
which means by increasing the volume fraction exponent the
effect of surface stresses enhances; in addition, the frequency

AE, = 1)
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Fig. 5 Influence of non-dimensional thickness on non-dimensional fundamental natural frequencies of square (Al/Si) FG
Reddy nano-plate with respect to various volume fraction exponent for different boundary conditions, considering surface
stresses effect (K,, = K, = 0,fi = 0.2,a = 200 nm, AT, = 450 K,AC = C, = 0)

Table 4 Influence of non-dimensional thickness on non- Table 4 Continued

dlmenglonal fundamental natural frequenmes of square 008 0 06363 1.0026 07798 10037 06363 1.0026
(Al/Si) FG Reddy nano -plate with respect to various
volume fraction exponent for different boundary conditions,

1 0.5273 1.0047 0.6530 1.0058 0.5273 1.0047

considering surface stresses effect (K, =K, =0,a= 2 04957 1.0048 06173 1.0059 04957 1.0048
0.2,a =200 nm, AT, = 450K, AC = C. = 0) 3 04782 1.0048 0.5979 1.0058 0.4782 1.0048
SSSS ccee CSCs 4 0.4657 1.0047 0.5844 1.0057 0.4657 1.0047
h/a p . A/, A Aot/ Ay A A/ 5 0.4560 1.0046 0.5739 1.0057 0.4560 1.0046
n n n n n ni
002 0 03116 10010 03430 10015 03116 10010 0.1 0 07659 1.0025 09348 1.0036 0.7659 1.0025
1 0252 10017 02800 10024 0252 1.0017 1 0.6410 1.0045 0.7876 1.0056 0.6410 1.0045
2 02273 10019 02546 1.0027 02273 1.0019 2 0.6059 1.0046 0.7466 1.0057 0.6059 1.0046
3 02106  1.0021 02380 1.0029 02106 1.0021 3 0.5868 1.0044 0.7248 1.0056 0.5868 1.0044
4 01980 10023 02254 1.0032 0.1980 1.0023 4 0.5736  1.0043 0.7099 1.0054 0.5736 1.0043
5 01877 1.0024 02153 1.0034 01877  1.0024 5 0.5635 1.0042 0.6986 1.0053 0.5635 1.0042
0.04 0 03689 1.0025 0.4438 1.0035 0.3689  1.0025
1 02883 10049 03563 1.0060 02883 1.0049 curves in CCCC and SSSS FG nano-plates are higher and
202590 1.0056 03269 1.0066 0.2590  1.0056 lower, respectively, than that for CSCS nano-plate. The
3 02404 1.0060 03089 1.0070 02404  1.0060 numerical result for this case can be found in Table 3.
402263 10064 02955 10072 02263  1.0064 Fig. 5 features the influence of the dimensionless
thickness on the frequency response of the FG nano-plate
5 02149 10067 02848 10075 02149 1.0067 with different volume fraction exponent and boundary
0.06 0 04992 1.0027 0.6117 1.0038 04992  1.0027 condition in thermal environment. As the mentioned figure
1 04052 1.0050 05052 1.0061 04052  1.0050 shows, by enlarging the thickness, dimensionless frequency

2 03760 10053 04738 10063 03760  1.0053 will increase; t.h? rate of this increasing is faster in CCCC

] . L0064 1 boundary condition than those for other types of boundary

3033589 10053 04560 1.0064  0.3589  1.0053 condition. The coincident numerical results for this case have
4 03465 10054 04432 10064 03465 10054 been listed in Table 4.

5 03366 1.0054 04331 1.0064 03366 1.0054 Dimensionless fundamental frequency variation of the FG
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Fig. 6 Influence of aspect ratio on non-dimensional fundamental natural frequencies of (Al/Si) FG Reddy nano -plate

with respect to various volume fraction exponent for different boundary conditions, considering surface stresses effect
(K, =K, =0,h/a=0.051=0.2,a=200nmAT, = 450 K,AC = C. = 0)

Table 5 Influence of aspect ratio on non -dimensional
fundamental natural frequencies of (Al/Si) FG Reddy
nano-plate with respect to various volume fraction exponent
for different boundary conditions, considering surface
stresses  effect ( K, =K, =0,h/a=0.051=02,a=
200 nm, AT, = 450 K,AC = C. = 0)

SSSS CCCC CSCS
a/b p Ant A/ M Ant A/ M Ant A/ M
0.4 0 0.3480 1.0030 0.3533 1.0035 0.3480 1.0030
1 0.2781 1.0040 0.2827 1.0049 0.2781 1.0040
2 0.2551 1.0044 0.2596 1.0053 0.2551 1.0044
3 0.2412 1.0046 0.2457 1.0056 0.2412 1.0046
4 0.2310 1.0048 0.2354 1.0059 0.2310 1.0048
5 0.2227 1.0050 0.2271 1.0061 0.2227 1.0050
0.8 0 0.3937 1.0029 0.4419 1.0037 0.3937 1.0029
1 0.3138 1.0049 0.3570 1.0061 0.3138 1.0049
2 0.2872 1.0053 0.3298 1.0066 0.2872 1.0053
3 0.2711 1.0055 0.3136 1.0068 0.2711 1.0055
4 0.2591 1.0057 0.3017 1.0070 0.2591 1.0057
5 0.2495 1.0059 0.2922 1.0072 0.2495 1.0059
1.2 0 0.4799 1.0025 0.6383 1.0038 0.4799 1.0025
1 0.3843 1.0050 0.5261 1.0060 0.3843 1.0050
2 0.3528 1.0055 0.4923 1.0063 0.3528 1.0055
3 0.3338 1.0056 0.4729 1.0063 0.3338 1.0056
4 0.3197 1.0057 0.4589 1.0064 0.3197 1.0057
5 0.3085 1.0058 0.4479 1.0064 0.3085 1.0058
1.6 0 0.6116 1.0020 0.9411 1.0037 0.6116 1.0020
1 0.4951 1.0044 0.7870 1.0054 0.4951 1.0044

Table 5 Continued

2 0.4579 1.0047 0.7430 1.0055 0.4579 1.0047
3 0.4359 1.0047 0.7185 1.0055 0.4359 1.0047
4 0.4197 1.0047 0.7013 1.0054 0.4197 1.0047
5 0.4068 1.0047 0.6878 1.0054 0.4068 1.0047

2 0 0.7888 1.0014 1.3325 1.0037 0.7888 1.0014

1 0.6461 1.0034 1.1230 1.0049 0.6461 1.0034

2 0.6023 1.0036 1.0644 1.0050 0.6023 1.0036
3 0.5770 1.0036 1.0327 1.0049 0.5770 1.0036
4 0.5585 1.0035 1.0107 1.0049 0.5585 1.0035
5 0.5439 1.0035 0.9938 1.0048 0.5439 1.0035

nano-plate is presented in Fig. 6 for various values of aspect
ratio and volume fraction exponent in thermal environment
and under different boundary conditions. It can be found that
the dimensionless fundamental frequency increases by the
increase in aspect ratio. Among different boundary conditions
the highest values of dimensionless frequency belong to
CCCC boundary condition. The numerical results for this
case have been listed in Table 5.

Fig. 7, display the variation of non -dimensional
fundamental frequency of square FG nano-plate with respect
to the volume fraction exponent resting on Winkler-Pasternak
foundation, respectively. It can be observed that the influence
of shear modulus on dimensionless frequencies of FG nano-
plate is more significant than Winkler parameters. Fig. 7,
illustrate that for a FG nano-plate lying on elastic foundations
with the same shear modulus, variation of Winkler modulus
has low effect on dimensionless frequency variation. The
dimensionless fundamental frequency tends to higher values
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Fig. 7 Influence of Pasternak and Winkler parameters on non -dimensional fundamental natural frequencies of square
(Al/Si) FG Reddy nano-plate with respect to various volume fraction exponent for different boundary conditions,
considering surface stresses effect (h/a = 0.05,u4 = 0.2,a = 200 nm, AT, = 450 K,AC = C, = 0)

Table 6 Influence of Pasternak and Winkler parameters on
non-dimensional fundamental natural frequencies of square
(Al/Si) FG Reddy nano -plate with respect to various
volume fraction exponent for different boundary conditions,
considering surface stresses effect ( h/a=0.05pu =
0.2,a =200 nm, AT, = 450 K,AC = C, = 0)

Table 7 Influence of thermal loading on non-dimensional
fundamental natural frequencies of square (Al/Si) FG
Reddy nano -plate with respect to various volume fraction
exponent for different boundary conditions, considering
surface stresses effect ( K, =K, =0,h/a = 0.05,/1 =
0.2,a =200nm, AC =C, =0)

SSSS cccce CSCS
K, Ep p Ant At/ X Ant At/ 2y Ant At/ X
100 0 0 0.7365 1.0004  0.8929 1.0011 0.8183 1.0006
1 0.6961 1.0006  0.8279 1.0013  0.7648 1.0009
2 0.6833 1.0006  0.8092 1.0012  0.7488 1.0009
3 0.6761 1.0006  0.7992 1.0012  0.7401 1.0008
4 06712 1.0005  0.7923 1.0011 0.7342 1.0008
5 0.6675 1.0005  0.7872 1.0011 0.7297 1.0007
100 30 0 0.3435 1.0018  0.5460 1.0035  0.4556 1.0024
102729 1.0039 0.4527 1.0055 0.3732  1.0043
2 0.2468 1.0044  0.4240 1.0058  0.3463 1.0046
3 0.2303 1.0046  0.4074 1.0059  0.3303 1.0047
4 02178 1.0048  0.3953 1.0059  0.3186 1.0047
5 02077 1.0049  0.3858 1.0060  0.3092 1.0047
100 60 0 0.4953 1.0008  0.6713 1.0021 0.5896 1.0014
1 0.4444 1.0015  0.5937 1.0029  0.5241 1.0021
2 04274 1.0015  0.5708 1.0029  0.5040 1.0020
304174 1.0014  0.5581 1.0028  0.4926 1.0019
4 04103 1.0014  0.5491 1.0027  0.4845 1.0019
5 0.4048 1.0013  0.5422 1.0026  0.4782 1.0018
100 100 0 0.6104 1.0005  0.7749 1.0015  0.6973 1.0009
1 0.5662 1.0009  0.7046 1.0019  0.6390 1.0013
2 0.5518 1.0009  0.6843 1.0019  0.6214 1.0013
3 0.5436 1.0009  0.6731 1.0018  0.6117 1.0012
4 0.5378 1.0008  0.6654 1.0017  0.6049 1.0011
5  0.5335 1.0008  0.6596 1.0016  0.5997 1.0011

SSSS CCccC CSCS

AT, (K) p Ant At/ Am At/ Am At/ 2y
300 0 0.4410 1.0026 0.5355 1.0036 0.4410 1.0026
1 0.3649 1.0045 0.4483 1.0057 0.3649  1.0045

2 03419 1.0047 0.4233 1.0058 0.3419  1.0047

3 0.3288 1.0047 0.4095 1.0058 0.3288  1.0047

4 0319 1.0047 0.3998 1.0058 0.3196  1.0047

5 03124 1.0047 0.3923 1.0057 0.3124  1.0047

450 0 04313 1.0027 0.5259 1.0037 0.4313  1.0027
1 0.3442 1.0051 0.4292 1.0062 0.3442  1.0051

2 03153 1.0055 0.3990 1.0066 0.3153  1.0055

3 0.2977 1.0057 0.3814 1.0067 0.2977  1.0057

4 0.2847 1.0059 0.3686 1.0068 0.2847  1.0059

5  0.2743 1.0060 0.3584 1.0069 0.2743  1.0060

600 0 04217 1.0028 0.5164 1.0038 0.4217  1.0028
1 03235 1.0057 0.4102 1.0067 0.3235  1.0057

2 0.2883 1.0066 0.3749 1.0075 0.2883  1.0066

3 0.2655 1.0072 0.3531 1.0079 0.2655 1.0072

4 0.2479 1.0077 0.3367 1.0082 0.2479  1.0077

5 0.2331 1.0083 0.3232 1.0085 0.2331  1.0083

when shear modulus of foundation increases. The numerical
results for this figure are tabulated in Table 6.

Fig. 8 features the role of thermal loading in variation of
dimensionless frequency of the FG nano-plate. As it is clear
from this figure, thermal loading has a contrary effect on
dimensionless frequency of Al/Si FG nao-plate, which in the
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Fig. 9 Influence of moisture concentration variation on non-dimensional fundamental natural frequencies of square
(Al/Si) FG Reddy nano-plate with respect to various volume fraction exponent for different boundary conditions,
considering surface stresses effect (K,, = K, = 0,h/a = 0.05,fi = 0.2,a = 200 nm, AT, = 70 K)

result the increasing of temperature yields the decreasing of
dimensionless frequency. Like other cases, the higher values
of dimensionless frequency belong in CCCC boundary
condition. The listed numerical results are available in Table
7.

In Fig. 9, dimensionless fundamental frequencies are
plotted versus the volume fraction exponent for different
moisture concentration variation and different boundary
conditions. From this figure, it is clearly seen that similar to
thermal loading, moisture concentration variation has a
reverse effect on the dimensionless frequencies and higher

moisture  concentration causes lower dimensionless
frequencies. CCCC boundary condition still possesses higher
value of dimensionless frequencies. The numerical results are
listed in Table 8.

Knowing that the maximum melting point of Al is
933.4’K (Mondolfo 2013), Table 9 gives the
nondimensionalized values of fundamental natural
frequencies for various boundary conditions and Pasternak
modulus (since Winkler modulus has miserly effect on
frequencies we just consider the change of Pasternak
modulus); it can be observed that as long as Pasternak
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Table 8 Influence of moisture concentration variation on
non -dimensional fundamental natural frequencies of square
(Al/Si) FG Reddy nano -plate with respect to various
volume fraction exponent for different boundary conditions,
considering surface stresses effect (K, = K, = 0,h/a =
0.05,7i = 0.2,a = 200 nm, AT, = 70 K)

SSSS Ccccce CSCS
=AC€C p A At/ 2y Ant At/ 2y Ant At/ 2y
003 0 03010 1.0024 0.5250 1.0039 0.4273  1.0029

1 02608 1.0045 0.4542 1.0057 03698 1.0045
2 02517 1.0044 04381 1.0056 03567 1.0045
3 02472 1.0042 04303 1.0054 0.3504 1.0043
4 02442 1.0040 04251 1.0052 03462 1.0041
5 02419 1.0038 04212 1.0051 0.3430 1.0040
0.04 0 0.2880 1.0026 05162 1.0041 0.4173  1.0031
1 0.2481 1.0049 0.4456 1.0059 0.3600 1.0048
202395 1.0049 04298 1.0058 0.3474 1.0047
3 02354 1.0046 04223 1.0056 03413  1.0045
4 0.2327 1.0044 04173 1.0054 03373  1.0043
5 02305 1.0042 04135 1.0053 03342 1.0042
0.05 0 02744 1.0029 05072 1.0042 0.4071 1.0032
1 02347 1.0055 04369 1.0062 03500 1.0051
2 0.2267 1.0054 04215 1.0061 03378 1.0050
302230 1.0052 04142 1.0059 03320 1.0048
4 0.2205 1.0049 04094 1.0057 03282 1.0046
5 02185 1.0047 0.4057 1.0055 0.3253 1.0044
006 0 02601 1.0032 04981 1.0044 03966 1.0034
1 02205 1.0063 04279 1.0065 0.3397 1.0054
2 02131 1.0062 04129 1.0064 03279 1.0053
3 0.2098 1.0058 0.4059 1.0062 03225 1.0051
4 02076 1.0055 04012 1.0060 03189  1.0049
5 02058 1.0053 0.3977 1.0058 03160 1.0047

modulus is zero, the effect of nonlocal parameter, for each
thermal loading is decreasing, meaning, by increasing the
value of nonlocal parameter, the amount of natural
frequencies are reduced. For non-zero values of Pasternak
modulus, the effect of nonlocal parameters on natural
frequencies is related to support configuration. When support
configuration comprises clamp types the effect of nonlocal
parameters, for each thermal loading will be increasing, while
for SSSS configuration the effect of nonlocal parameter is
decreasing. Comparing the values shows that the amount of
nonlocal parameter has no effect on the natural effect of
thermal loading or Pasternak parameter on non-dimensional
natural frequencies; so, we can conclude that for every value
of nonlocal parameter, thermal loading and Pasternak
parameter has decreasing and increasing effect, respectively,
on non-dimensional natural frequencies.

4.3 Verification of the results

To verify the present approach, the numerical results of

Table 9 Influence of nonlocal parameter on non -
dimensional fundamental natural frequencies of square
(Al/Si) FG Reddy nano -plate with respect to various
thermal loading, foundation parameters and boundary
conditions, considering surface stresses effect (h/a =
0.05,a = 200 nm,AC = C, = 0)

SSSS cccce CSCS

(I?W‘ EP) ATC (K) i /1nl lnl /ll Anl Anl/ll Anl Anl/ll

(100,0) 300 04 02632 1.0036 0.4315 1.0052 0.3570 1.0040

1.2 0.2598 1.0035 0.4229 1.0052 0.3508 1.0040
2 0.2565 1.0035 0.4148 1.0052 0.3450 1.0039
450 04 02296 1.0046 0.4053 1.0059 0.3289 1.0047
1.2 02270 1.0045 0.3973 1.0059 0.3233 1.0046
2 0.2245 1.0045 0.3898 1.0059 0.3182 1.0046
600 04  0.1935 1.0064 0.3791 1.0067 0.3004 1.0056
1.2 0.1919 1.0063 0.3717 1.0067 0.2955 1.0055
2 0.1903 1.0061 0.3648 1.0068 0.2910 1.0055

(100,30) 300 0.4 04365 1.0013 0.5776 1.0026 0.5117 1.0018

1.2 04344 1.0013 0.5792 1.0025 0.5119 1.0018
2 0.4324 1.0013 0.5804 1.0025 0.5120 1.0017
450 04 04170 1.0014 0.5588 1.0027 0.4928 1.0019
1.2 04156 1.0014 0.5611 1.0027 0.4938 1.0019
2 0.4143 1.0013 0.5631 1.0026 0.4945 1.0018
600 0.4 03984 1.0015 0.5407 1.0029 0.4747 1.0021
1.2 03976 1.0015 0.5439 1.0028 0.4764 1.0020
2 0.3969 1.0014 0.5466 1.0027 0.4778 1.0019

(100,60) 300 0.4 0.5583 1.0008 0.6913 1.0017 0.6282 1.0012

1.2 0.5567 1.0008 0.7000 1.0017 0.6325 1.0011
2 0.5552 1.0008 0.7072 1.0016 0.6360 1.0011
450 0.4 0.5433 1.0009 0.6759 1.0018 0.6131 1.0012
1.2 0.5422 1.0008 0.6853 1.0017 0.6179 1.0012
2 0.5411 1.0008 0.6932 1.0016 0.6221 1.0011
600 04 05292 1.0009 0.6613 1.0018 0.5988 1.0012
1.2 05286 1.0009 0.6715 1.0017 0.6043 1.0012
2 0.5280 1.0008 0.6800 1.0017 0.6090 1.0012

clamped Zr0,/Ti— 6Al—4V FG square plates are
compared with those published in Ref. (Kim 2005) which
consider a third order FGM plate in thermal environment; the
effective temperature dependent material properties are
modeled by the rule of mixture and power-law volume
fraction distribution; the required temperature dependent
material properties are available in Table 1. In addition to
these assumptions, the nonlocal and surface parameters are
set to zero. As it can be seen from Table 10, for nonlinear
temperature rise, there is a good agreement between the
present first 8 natural frequencies and those of aforesaid
reference.

5. Conclusions

The surface effect on free vibration of FG rectangular
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Table 10 Comparison of eight first non —dimensional
natural frequencies (A = wb?/m?./I;/Ds )" of square
(Ti — 6Al -4V /Zr0,) FG plate( K, =K, =0,h/a =
0.1,7=0,a=0.2m, AT, = 500 K,4T,, = 0K, AC =

0, pom = Poc = 0, Aom = Hom = Tom = Aoc = Moc = Toc =

0)

Mode sequence

p 1 2 3 4 5 6 7 8

0 Present 3.1436 6.1159 6.1159 8.6356 10.2090 10.3104 12.3845 12.3845
Ref.
(Kim  3.3704 6.5920 6.5920 9.3125 10.8924 10.9807 13.2730 13.2730
2005)

Error (%) 6.7305 7.2222 7.2222 7.2684 6.2740 6.1045 6.6938 6.6938

0.2 Present 3.1773 6.1593 6.1593 8.6856 10.2619 10.3627 12.4423 12.4423

Ref.
(Kim  3.3040 6.4613 6.4613 9.1303 10.6833 10.7692 13.0201 13.0201
2005)

Error (%) 3.8361 4.6743 4.6743 4.8711 3.9441 3.7748 4.4380 4.4380

1 Present 3.1864 6.1678 6.1678 8.6957 10.2752 10.3742 12.4588 12.4588

Ref.
(Kim  3.1584 6.1792 6.1792 8.7349 10.2239 10.3058 12.4627 12.4627
2005)

Error (%) 0.8874 0.1842 0.1842 0.4482 0.5019 0.6642 0.0311 0.0311

5 Present 3.1646 6.1367 6.1367 8.6619 10.2438 10.3412 12.4289 12.4289

Ref.
(Kim  2.9970 5.8742 5.8742 8.3078 9.7238 9.8023 11.8553 11.8553
2005)

Error (%) 5.5918 4.4679 4.4679 4.2618 5.3478 5.4973 4.8381 4.8381

nano-plate subjected to nonlinear temperature field is
investigated in present study. The governing equations are
obtained based on Reddy’s plate theory and include
geometric nonlinearity using von Karman’s assumptions. The
temperature dependent material properties are assumed to be
varied through the thickness of the nano-plate based on Mori-
Tanaka homogenization scheme. Using iterative and DQ
methods the equations of motion are solved and the accuracy
of the present approach is validated by comparing the present
result and the result of other paper. Knowing that obtained
governing equations are dimensionless, to set logical values
for dimensionless parameters the properties of Al/Si FGM
were used. From the results presented herein, the following
observations can be made:

1. With the increase in nonlocal parameter and volume
fraction exponent, the fundamental frequency of the FG
nano-plate decreases.

2. Considering the residual surface stress ()
dependency on temperature, the surface parameters have
decreasing effect on the fundamental frequency of FG nano-
plate.

3. The increase in volume fraction exponent, enhances
the effect of surface stresses on the fundamental frequency
of FG nano-plate.

4. With the increase in geometrical parameters
(dimensionless thickness and aspect ratio), dimensionless
frequency will increase.

"Iy = pph
Dy = E,h3/12(1 —v3)

5. The effect of Pasternak parameter on the natural
frequency is significantly more than Winkler parameter’s
effect

6. Pasternak parameter increase for every value of
nonlocal parameter has increasing effect on non-
dimensional natural frequency.

7. Supporting of FG nano-plate with clamp boundary
condition can enhance fundamental frequency.

8. Hygrothermal environment has decreasing effect on
the fundamental frequency, meaning with the increase in
temperature or moisture concentration, the fundamental
frequency decreases.

9. Increasing the thermal load for every value of
nonlocal parameter has decreasing effect on non-
dimensional natural frequency.
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