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A novel shear and normal deformation theory for hygrothermal bending
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Abstract. This paper deals with the static bending of various types of FGM sandwich plates resting on two-parameter elastic
foundations in hygrothermal environment. The elastic foundation is modeled as Pasternak’s type, which can be either isotropic
or orthotropic and as a special case, it converges to Winkler’s foundation if the shear layer is neglected. The present FGM
sandwich plate is assumed to be made of a fully ceramic core layer sandwiched by metal/ceramic FGM coats. The governing
equations are derived from principle of virtual displacements based on a shear and normal deformations plate theory. The
present theory takes into account both shear and normal strains effects, thus it predicts results more accurate than the shear
deformation plate theories. The results obtained by the shear and normal deformation theory are compared with those available
in the literature and also with those obtained by other shear deformation theories. It is concluded that the present results are
slightly deviated from other results because the normal deformation effect is taken into account. Numerical results are presented
to show the effects of the different parameters, such as side-to-thickness ratio, foundation parameters, aspect ratio, temperature,
moisture, power law index and core thickness on the stresses and displacements of the FG sandwich plates.
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1. Introduction

Sandwich structures are composed of three different
homogeneous layers bonded together in order to get more
enhanced mechanical and thermal properties, namely, a core
layer covered by two face sheets. However, a sudden
change in material properties occurs at the interfaces of the
sandwich plate. To overcome this problem, Zenkour (2005)
introduced an FGM sandwich plates. He assumed that the
core layer is composed of a fully homogeneous ceramic
while the face layers are made of FGMs in which the
material properties vary through the thickness only with
regard to a power law distribution as a function of the
volume fractions of the constituents. In this study, the top
and bottom surfaces of the sandwich plate are assumed to
be full metal material. The material properties of the face
sheets are smoothly graded in the thickness direction from
the top and bottom surfaces (fully metal) to the interfaces,
which are fully ceramic material. Another type of FGM
sandwich plates are developed by using an FGM core and
homogeneous face sheets (Anderson 2003, Kirugulige et al.
2005, Fard 2014).

Anderson (2003) introduced an analytical 3-D solution
for an FGM sandwich plate which is subjected to transverse
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loading by a rigid sphere and obtained the stresses and
displacements with varying the core stiffness. In this
investigation, the sandwich plate is composed of orthotropic
face layers with an isotropic FGM core, in which the
properties vary exponentially in the z-axis direction. The
main equations are deduced by employing Reissner
functional. Thermo-elastic analysis of a sandwich plate
made of orthotropic stiff face sheets bonded to a soft FGM
core has been presented by Das et al. (2006). Kashtalyan
and Menshykova (2009) introduced 3-D elasticity analysis
for static bending of sandwich plates with FGM core
subjected to transverse loading. Free vibration of sandwich
cylindrical plates with FG core based on power-law
distribution has been investigated by Aragh et al. (2011)
using the differential quadrature method to solve the
governing differential equations. Dozio (2013) presented an
advanced 2-D Ritz-based models to study the natural
frequencies of sandwich panels with FGM core. Alibeigloo
and Liew (2014) developed an exact 3-D solution for free
vibration of sandwich cylindrical panels with FGM core.
Zenkour and Alghamdi (2008) studied the thermoelastic
bending analysis FG sandwich plates. Zenkour (2007)
studied the bending response of the rotating FG annular
disk with rigid casing. Cheng and Batra (2000) investigated
the buckling and natural frequency of an FG plate by
employing the third-order plate theory.

In addition, several studies have been devoted to
investigate the behavior of the sandwich plates with FGM
face sheets (Tounsi et al. 2016, Bouderba et al. 2016,
Cunedioglu 2015). Zenkour (2005) illustrated the static
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bending, mechanical buckling and natural frequency of
several types of FGM sandwich plates. He derived the
equations of motions based on Hamilton’s principle and
obtained the analytical solution using Navier’s method.
Based on Ritz method and Chebhyshev polynomial series,
Li et al. (2008) solved the three-dimensional motion
equations to obtain the frequencies of simply supported and
clamped FGM sandwich plates. The stresses, deflection,
and vibration of FGM sandwich plates have been illustrated
by Natarajan and Manickam (2012) using higher-order
zigzag theory. Based on the exponential distribution law
developed by Sobhy (2013). For the material properties of
the sandwich plates, the buckling and free vibration of
FGM sandwich panels were investigated by Sobhy (2013),
Meziane et al. (2014) and Sofiyev (2014). The bending
analysis of FGM viscoelastic sandwich structures resting on
Winkler-Pasternak elastic foundations was presented by
Zenkour et al. (2010) and Zenkour and Sobhy (2012). Chen
et al. (2017) investigated the thermal influence on the
vibration and stability of FGM sandwich plates with FG
face sheets. Meksi et al. (2017) proposed a new shear
deformation plate theory to investigate the various behavior
of FGM sandwich plates. Radwan (2017) illustrated the
nonlinear hygrothermal effects on the buckling of the FGM
plates resting on elastic foundations. Li et al. (2018)
investigated the thermomechanical effects on the bending of
FGM sandwich plates with both FG face sheets and FG
core.

In the past few decades, a significant number of
different plate theories have been developed to analyze
FGMs and represent the kinematics of deformation. The
classical plate theory (CPT) is the most well-known and
widely used one in this context. It considers an extension of
the Kirchhoff-Love assumptions for the isotropic plate.
Moreover, it is convenient to analyze thin plates, where
straight lines or planes normal to the neutral plate axis will
remain straight and normal after deformation. However, it is
not convenient for the moderately thick and thick plates,
where the shear effects should be considered. In other
words, this CPT neglects the effect of transverse shear
deformation (1945). Consequently, the first order shear
deformation theory (FSDT) has been developed to consider
the transvers shear effects while shear correction factors
(SCFs) should be added to compute the shear energy
accurately. SCFs are based on the boundary conditions,
geometries, and the material properties of the problem
handled (2003).

In order to eliminate the use of the SCFs, higher-order
shear deformation theories (HSDTs) were devised using
various shape functions. The aforementioned three theories
which are the classical plate theory (CPT), the first order
shear deformation, and the higher order shear deformation
theory (HSDT) were all applied on isotropic, classical and
advanced composite beams, plates and shells. Zenkour
(2009a) has also introduced the sinusoidal shear
deformation plate theory (SPT) using trigonometric terms
for the displacements. In his study, the shear stresses are
distributed through the thickness of the plate as a cosine
function, and they vanish at the top and bottom surface of
the plate. Moreover, there is no need for a correction factor

in the sinusoidal theory. The sinusoidal theory and some
other higher order theories have been employed by Arefi
and Zenkour (2016, 2017a, b, c, d, e, f, g, h, i, ]), Zenkour
and Arefi (2017) and Arefi et al. (2018) to illustrate the
various behaviors of the FG nano/microscale plates and
beams and also FG piezoelectric nanoplates. Carrera (2002)
and Carrera and Ciuffreda (2005) presented a unified
formulation for various higher order shear deformation
plate theories. Sobhy and Radwan (2017) presented a new
quasi-3D nonlocal hyperbolic plate theory to study the
vibration and buckling of FGM nanoplates. Bouafia et al.
(2017) introduced a nonlocal quasi-3D theory to illustrate
the bending and free vibration of nanobeams.

Several higher-order plate theories namely Reddy
(1984), Touratier (1991), Soldatos (1992), Karama et al.
(2003) and Aydogdu (2009) have been arisen to overcome
the inadequacy of the CPT and FSDT. However, the higher-
order plate theories contain at least five unknown functions,
thus five governing equations are obtained. Despite the
effectiveness and accuracy of the higher-order plate
theories, many researchers devoted their efforts to improve
these theories by reducing the number of unknowns and
then reducing the mathematical processing. A two-unknown
shear deformation plate theory was developed by Shimpi
(2003) for homogeneous plates containing only two
unknown functions. For heterogeneous plates and based on
the assumptions of Shimpi’s theory, many authors say
Tounsi et al. (2013) and Thai and Vo (2013) extended this
theory to contain four functions. Recently, Sobhy (2016)
has successfully reformulated Shimpi’s theory by
introducing a four-unknown shear deformation plate theory
with a new shape function, which is initially applied to the
buckling and vibration of FGM sandwich plates. It reveals
that this theory is more reliable and highly accurate than
many other shear deformation plate theories.

This work aims to introduce a new shear and normal
deformations five-variable plate theory that is employed
here to analyze the bending behavior of FGM sandwich
plate. The present plate is assumed to be resting on two-
parameter elastic foundations and subjected to transverse
mechanical, thermal and moisture loads at the top surface of
the plate. The FGM sandwich plate is made of a fully
ceramic core layer integrated by metal/ceramic FGM layers.
Utilizing the principle of virtual displacements, the
governing equations of the static response of non-
homogeneous composite plates are derived containing the
elastic foundation interaction. In accordance with the
suggested theory, five differential equations are obtained.
These equations are then solved for simply supported FGM
sandwich plate based on Navier type solution. Numerical
results for the bending of several types of symmetric FGM
sandwich plates are presented. The validity of the present
solution is demonstrated by comparison with solutions
available in the literature. The influences of the
inhomogeneity parameter, aspect ratio, thickness ratio and
the foundation parameters on the deflection and stresses are
investigated.

2. Mathematical model

Assume a rectangular sandwich plate composed of three
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Metal

Fig. 1 Configuration and coordinate system for an FGM
sandwich plate resting on Pasternak foundation

elastic layers that are made of functionally graded material
of length a, width b and thickness h, reference to a
rectangular coordinates (x,y,z) as shown in Fig. 1. Material
properties at a point in the plate are commonly assumed to
be given by the rule of mixture (Zenkour 2005, 2009a, b
and Houari et al. 2013).

P™(2) =P, + (P —PIV™, n=123, 1)

where P represents the material properties such as Young’s
modulus E, thermal expansion coefficient a, moisture
expansion coefficient n and mass density p, while
Poisson’s ratio v is taken a constant value. The subscripts
m and ¢ stand for metal and ceramic materials. The
volume fraction of the layer nis V(™ that is given as a
simple power law through the thickness. It reads (Zenkour
2005, 2009b)

z—ho\*

V(l):(h _;), ho <z<hy,
1 0

V@ =1, hy <z < h,, 2
z—ha\F

® = 3) <z<

v (hz_h3 . hy<z<h,

where k is the power law index, 0 < k < co. Note that,
when k = 0, the plate is composed of a homogeneous
ceramic material. While, when k trendsinfinity, one obtain a
metal-ceramic-metal sandwich plate. The sandwich plate is
assumed to be resting on two layers of foundations. The
first layer consists of a set of springs that are connected in
parallel (see, Fig. 1). While, the second represents a shear
layer. The interaction between the sandwich plate and

Pasternak foundation can be given as (Abazid and Sobhy
2018 and Sobhy 2017)

R = [Kous — st2u3]2=_§: 3)
where R represents the foundation reaction force per unit
area; K, is springs coefficients, while K is shear layer
coefficients the function us is the transverse displacement.
The displacement components u,,u, and us; in the x,y
and z directions, respectively, at any point in the plate, can
be written as

ow, owg
u; = uo(x,y) _ZW_ D(z) ax
2 a
Uy = vy (1Y) — 2 =2 — b (z) o @

dy ay’
uz = wy(x,y) + ws(x, ) + we (x,y,2),

where @(z) =z — ¢(2), ws(x,y,2) = g(2)P,(x,).

The additional displacement 1, accounting for the
effect of normal stress is included and g(z) is defined as
follows

9(z) = ¢'(2),
in which the shape function ¢(z) is given for the present
theory as ¢(z) = z/(1+ 4z%/h?), while for the third-
order plate theory (TPT) (Reddy 1984), it is expressed as

¢(z) = z—4z%/3h%, and for the sinusoidal plate theory
(SPT) (Touratier 1991), it is defined as ¢ (z) = %sin (%)
The strain components which are related to the

displacements given in Eq. (4), can be expressed as

£y &9 k? ks
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The stress-strain relations for a linear elastic sandwich
plate are expressed as
m)
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g — aWAT —n™AH
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Eyz
ng
k Exy J
where
(1-v)E(2)
C11—sz—033—m;
S 1 O N ®)
127 TS T (14 v)(1 - 2v)°
E(2)

C44 = C55 = Cg6 = m

3. Governing equations

The principle of virtual displacements in this case can
be expressed as (Arefi and Zenkour 2018)

. 0-»E@
€11 = €22 = €33 = A+v)A-2v)"’
- vE(z)
€12 = C13 = C23 = 1+ -2v)’ ©)
£

Cq4a = Cs5 = Cp6 = 2(L+v)

where Q is the top surface, h,, and h,_; (n = 1,2,3) are
the top and bottom z-coordinates of the nth layer. By
substituting Eq. (5) into Eqg. (9), the principle of virtual
displacements can be rewritten as

f (N,8€? + NySe) + N, 5l + Ny, 6ely, + MESKE
Q

+ MJSky + M2, 6ky, + MiSks
+ M6k + M3, 6ky, + RS, 0¢),

(10)
+ R§,6¢5,)d0dz
+ [ R=@) ouslpan =0,
Q
where
N Nyy' ny
Mze, Myy, M3,
Mz, Myy, Mz,
3 hn 1
zz f(ax'UY'ny)(n)[ ; }dz’
n=1 hp—1 (D(Z) (11)

3. .h
(i) =) |
n=1"N

3

(sz' Uyz)(n)g(z) dz,

n—-1

hn
N, = Z o, g’ (z)dz.
n=1 hn-1
Integrating Eq. (10) by parts and setting the coefficients
dug, 6vy, wy, Sws and Sy, equal to zero, separately,

yields the governing equations as

0N, 4 ON,, o,
0x dy
ON,, N oN,, _ 0,
0x dy
azl\/l’l‘)"+262M’l"y 62M§y+q_R =0,
dx? d0xdy dy? (12)
0%*M3, 0*M;, 0°M;, OR;, OR;,
—R
d0x? + dxdy + dy? + dx + ady tq

=0,
OR%:  OR3,

—N,=0.

dx dy
By incorporating Eq. (7) into Eqg. (11), the stress
resultants of the FGM sandwich plate can be related to the
total strains as
N A B Bf|(¢ F NT
Mbi=|B D DS {kb}+ FSted —imPT
ms)  IBS D5 HSIVK® Q MsT
NH
— {MbH]’
MsH (13)
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where the plate stiffness A;;, B;;, etc. are given by

ijo
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AII' Bll' Dllval' Dlsl' Hlsl
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The stress and moment resultants No. = N9, M2O =

yy’
My, and M;? = M;9 and N?,© =T, H) due to thermal

yy1
and humidity Ioadlngs are expressed by
(NI
Mz Z fhn EV@
M:T oy 1~ 172
NT
\ ) (16)
+ 2v)a™ (2)AT (D?z) dz,
9'(2)

[ NEN
my Z fhn EV@)
M hpey L= V2
W) "0

) (17)

+ 2v)n™ (2)AH (:b?z) dz.
9'(2)

The applied temperature T(x,y,z,t) and the moisture
concentration H(x,y,zt) are assumed to be nonlinearly
distributed through the thickness as (Zenkour 2004)

zZ
0(x,y,z,t) = 0,(x,y,t) + EG)Z(x,y, t)

+ # 05(x,y, 1), (18)

0=T,H.

4. Exact solution for FGM sandwich plates

In this section, we obtain the exact solution for the
bending of rectangular FGM sandwich plates when the four
edges are all simply supported. To solve the governing
partial differential Egs. (12), the boundary conditions at the
side edges, for the present four-unknown plate theory, are
given as

odw, Jdw,
WZ ayszlpz:Nxsz}c’x

=M;, =0, at x=0,q,

Vg = Wp = Wy = (19)

ow, 0w

2= = =N.. =MPb
dx  0x Ve = Nyy = Myy (19b)
=M;, =0, at y=0,b.

Ug = Wy = Wg =

To satisfy the above boundary conditions, Navier
method assumed that the displacement components are
given in the form of double trigonometric series as

(U0 ( mr COS(0x) sin(Jy) 1

| v, | Vr sin(0x) cos(9y)

{ Wp } W sin(6x) sin(9y) ¥ (20)
Ws | ers sin(6x) sin(¥y) |

t z Z my Sin(0x) sin(Iy) J

where U, Vinr s Woney Wines, @nd — Z,,,. are arbitrary
parameters; 6 =~ and © =-~. Further, according to

Navier solution, the transverse mechanical and
hygrothermal loads are given in the following form
q do
T, (tl\
T, ty
T5 } = { t3 } sin(Ox) sin(Iy), (21)
I H1 I Cq1 |
C

where qq, ty,t,,t5,¢1, ¢, and c; are constants.

Incorporating Egs. (20) and (21) into Eq. (12) with the
help of Egs. (13) and (14) yields the following operator
equation,

[PI{A} = {L}, (22)

where  {A} = {Upr, Vorrs Wonrtr Wonrss Zmr )t and — the
elements P;; and L; are expressed as
Pll = 92A11 + 1921466,

P, = 09(A1, + Age),

P; = —0(0°By; +9°By, + 2192366)'
Py, = —0(02B5; + 9%B;, + 20°B,
Pis = —F,0,

Py = 0%Age + %A1y,

Py3 = —9(6%By; + 20%Bgg + 9°By4),
Pay = —9(0?Bi; + 207BSs + 97B1y),

(23)
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PZS = _Fll9,

P33 = K1 - (_92 - 192)1(2 + D1194 + 2D1292192
+ 4D¢0%9?% + D94,

P34_ = K1 - (_92 - 192)1(2 + Df194 + 2Df292192
+ 4D§,6%9% + Di 9%,
P35 = F;(6% +9?),
P4_4_ = K1 - (92 - 192)1{2 + Hf194 + Hf292192
+ 4HZ0%9% + H 9% + 6243,
+ 9245,
Pys = (6% +9%)(Q1 + ALs),
Pss = 0243, + 9245, + Qs

Ly = B1t,(8? + 92) + B,t,(68% + 9?)
+ B3t3(0% + 92) + 1,¢,(8% + 9?)
+ 1,6,(8% + 92) + I3¢5 (8% + 92)
+ qo, (24)

Ly = Dit;(0% +92) + D,t,(6? + 92)
+ D3t5 (8% +92) + J1c,(8% + 92)
+ J,,(8% +9%) + Jc3(87 + 9?)
+ 4o,
Ls = 01C1 + 02C2 + 03C3 +X1t1 +X2t2 +X3t3,
where

{Alﬁ AZ' BZ}

thn EPd+20) aml z* dz
T1-v2 S

hn-1

Bl = hAz,

{A3,B3}_z fh " M () {1 P (25)

Xl,Xz,X3

3 [ oy e

{Hl' HZ' 12}

ZJ"‘" EM™1 + 2v) - 1 z z*° q
o 1-v2 T URRSY”

L = th,

{Hs, 13} = Z f

hpn—1
0r5.)

0,
i o EM(142v) Lz <p(Z) {qb(z)}
1 _ 172 n h (Z)

hn M) (1 42
E ( + V) (n) (Z){— —}dZ (26)

1hn1

Table 1 Comparison of non-dimensional deflection

3( ) of titanium/zirconia FGM sandwich plate

llotzaz
under thermal load (¢, = 100°C, v = 0.3, %z 1, %: 10,
kesz=t3=C]_=CZ=C3=0)
Face-core-face
k Source
1-0-1 1-1-1 1-2-1 2-1-2

Zenkour and Alghamdi (2008)  0.480262 0.480262 0.480262 0.480262
TPT 0.477885 0.477885 0.477885 0.477885

SPT 0.482292 0.482292 0.482292 0.482292

Present 0.576119 0.576119 0.576119 0.576119

Zenkour and Alghamdi (2008)  0.636891 0.606256 0.582302 0.621067

1 TPT 0.634039 0.603656 0.579865 0.618348
SPT 0.645297 0.616924 0.593640 0.630778

Present 0.780718 0.749624 0.719987 0.765562

Zenkour and Alghamdi (2008)  0.671486 0.639325 0.609829 0.665115

2 TPT 0.668372 0.636549 0.607301 0.653171
SPT 0.678375 0.650411 0.622721 0.665261

Present 0.820709 0.793941 0.758666 0.809802

Zenkour and Alghamdi (2008)  0.683560 0.653638 0.622420 0.670253

3 TPT 0.680313 0.650751 0.619826 0.667176
SPT 0.689084 0.664265 0.635690 0.678352

Present 0.832159 0.812675 0.776493 0.826263

Zenkour and Alghamdi (2008)  0.688795 0.661260 0.629487 0.677303

M TPT 0.685476 0.658302 0.626846 0.674147
SPT 0.693445 0.671371 0.642819 0.684557

Present 0.835712 0.822310 0.786525 0.833574

By solving the system of algebraic Egs. (22), one can
easily obtain the functions U, Vipr » Wanrns Winrs@and Z,,
in terms of the hygrothermal and foundation parameters. In
addition, the stresses oy, 0y, 0,, Ty, Ty, and 7,, can be
expressed in terms of U, Vinr » Wonzp  Winrs @nd Z,,,- as

(n) _ E™
R o |~ Ui 6= 0Upr 0 + Yy

+ (erbz + ers(b)((v+1)92
+ 9%v)

z 4 27a
+ (1 +v)a®™ (t1 + Etz + gt3) (272)
+ (1 +v)n™ (01 tyet ECB')

+ qﬁ"Zmr] sin(0x) sin(Yy),

) _ EM

Y TU+v)(-1+2v)
+ (erbz + ers(p)((v+1)92
+ 9%v)
@

_ ) z .® (27b)
1 +1v)a® (t1 trtt ht3)

Z 4
-1 +v)n™ (Cl + 7 + EC3)
+ qﬁ"Zmr] sin(6x) sin(Yy),

|~ Vir 0= 0Upy 8 + 0V 9

@) _ EM

= -vU,,,.0 V.., 0
% (1+v)(—1+2v)[ VWt & Yl
+ (erbz + erscb)((u+1)92
+9%v)

V4
-1 +v)a®™ (t1 +o bt %t:,;)

n (27¢)
- (1 +v)n™ (c1 + 72 + EC3)

+(1- y)(D”ZmT] sin(0x) sin(Iy),
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Table 2 Non-dimensional deflection #; of (1-1-1) FGM

sandwich plate under thermal and hygrothermal loads
a

(z=0k=1,2=1)

Table 4 Non-dimensional transverse normal stress o5 of
(1-1-1) FGM sandwich plate under thermal and

hygrothermal loads (z = b= 1, %: 1, % = 10)

2;

Thermal (¢, = ¢, = ¢; = 0) Hygrothermal (¢, = 100°C)

ah k ke
;=100 ;=200 ;=300 ;=001 ;=002 «c,=003

0 6.36750 8.39558 10.42365  14.86371 23.35991  31.85611

0 100 4.51813 5.95424 7.39035 10.54644  16.57475  22.60306
200 3.48717 4.59327 5.69938 8.13969 1279222  17.44475

0 3.50823 4.62107 5.73392 8.18886 12.86949  17.55012

10 10 100 2.84388 3.74407 4.64427 6.63797 1043205  14.22614
200 2.38415 3.13719 3.89023 5.56476 8.74536 11.92597

0 2.39434 3.15064 3.90694 5.58853 8.78273 11.97692

20 100 2.05477 2.70238 3.34999 4.79583 7.53690 10.27796
200 1.79541 2.36000 2.92459 4.19037 6.58533 8.98029

0 6.38156 8.41901 10.4564 14.89827 2341497  31.93168

0 100 4.58589 6.04932 7.51275 10.70606 16.82624  22.94641
200 3.57540 4.71581 5.85621 8.34695 13.11850  17.89004

0 3.59611 4.74314 5.89016 8.39530 13.19449  17.99368

20 10 100 2.94142 3.87916 4.81690 6.86684 10.79227  14.71770

200 2.48669 3.27908 4.07146 5.80525 9.12380 12.44235
0 2.49678 3.29239 4.08800 5.82880 9.16081 12.49283
20 100 2.16005 2.84802 3.53598 5.04266 7.92527 10.80788

200 1.90235 2.50793 3.11352 4.44103 6.97970 9.51838

0 6.38415 8.42333 10.46251  14.90462 2342510  31.94557

0 100 4.59846 6.06695 7.53545 10.73568 16.87289  23.01011
200 3.59184 4.73863 5.88541 8.38557 13.17930  17.97303

0 3.61248 4.76587 5.91925 8.43376 1325505  18.07633

30 10 100 2.95964 3.90438 4.84913 6.90961 10.85958  14.80956

200 2.50589 3.30563 4.10536 5.85028 9.19466 12.53904
0 2.51596 3.31891 4.12186 5.87378 9.23160 12.58942
20 100 2.17979 2.87531 3.57082 5.08895 7.99810 10.90725

200 1.92243 2.53569 3.14895 4.48808 7.05374 9.61940

Table 3 Non-dimensional in-plane normal stress o;of (1-1-
1) FGM sandwich plate under thermal and hygrothermal

h a a
loads(z=-, k=1, -=1, -=10)
2 b h
Thermal (¢, = ¢, = ¢; = 0) Hygrothermal (¢t, = 100°C)
a/h ks ke

t; =100 t; =200 t;=300 c;=001 c;=002 c;=003

0 2.32667 2.68792 3.04916  4.23915 6.15162  8.06410

0 100 3.55404 4.30815 5.06226  7.10437 10.65471 14.20504

200 4.23826 5.21138 6.18450  8.70165 13.16505 17.62844

0 4.22428 5.19293 6.16158  8.66903  13.11377 17.55852

10 10 100 4.66519 5.77497 6.88475  9.69830 14.73141 19.76453
200 4.97029 6.17773 7.38517  10.41055 15.85081 21.29108

0 4.96353 6.16881 7.37409  10.39477 15.82602 21.25726

20 100 5.18889 6.46630 7.74372  10.92086 16.65283 22.38481

200 5.36102 6.69353 8.02604  11.32269 17.28436  23.24602

0 0.58355 ~ 0.67460  0.76565  1.06415 154476  2.02536

0 100 0.88891 1.07758  1.26624  1.77706  2.66520  3.55335

200 1.06075 1.30435 154794 217823  3.29572  4.41320

0 1.05723 129970  1.54217  2.17001  3.28280  4.39558

20 10 100 1.16856 1.44662 1.72468 242993  3.69130  4.95268
200 1.24589 1.54867 1.85145  2.61046  3.97504  5.33961

0 1.24417 154640  1.84864  2.60646  3.96874  5.33103

20 100 1.30143 1.62197 1.94251 274014 417885  5.61756

200 1.34526 167980  2.01435 2.84245 4.33965  5.83685

0 0.25951  0.30003  0.34056  0.68712  0.68712  0.90093

0 100 0.39510  0.47896  0.56283  1.18466  1.18466  1.57943

200 0.47154 057983  0.68812  1.46513 146513  1.96192

0 0.46997  0.57776  0.68555  1.45937  1.45937  1.95408

30 10 100 0.51954  0.64318  0.76681  1.64127  1.64127  2.20214
200 0.55400  0.68864  0.82329  1.76770  1.76770  2.37455

0 0.55323  0.68763  0.82203  1.76489  1.76489  2.37072

20 100 0.57876  0.72132 0.86388  1.85856  1.85856  2.49845

200 0.59830  0.74711 0.89591  1.93026  1.93026  2.59625

EM
Oxy = 57— |2 Zinr + Winrs
2(1+v) o @7d)
- Ters sin(0x) sin(Iy),
E®
Iz = 30t w) D' Zmr + Winrs
@' (278)
- ers] cos(0x) sin(Vy),
E®
Oxz = m [ZerbZBﬁ + Z(Derseﬂ - Umrﬁ (27f)

— V0] cos(0x) cos(9y).

Thermal (¢; = ¢, = ¢; = 0) Hygrothermal (¢, = 100°C)

ah K ke
t;=100 ;=200 t;=300 c;=001 c; =002 c, =003

0 3.48645 4.16816 4.84987  6.94225 10.39805 13.85385

0 100 4.19345 5.10146 6.00948 859270 12.99196 17.39122

200 4.58758 5.62175 6.65592  9.51278 14.43799 19.36320

0 4.57952 5.61112 6.64272  9.49399  14.40845 19.32292

10 10 100 4.83350 5.94639 7.06928  10.08688 15.34026 20.59364
200 5.00925 6.17840 7.34754  10.49716 15.98507 21.47298

0 5.00536 6.17326 7.34116  10.48807 15.97079 21.45350

20 100 5.13517 6.34462 7.55407  10.79111 16.44706 22.10300

200 5.23432 6.47551 7.71670  11.02257 16.81083 22.59909

0 0.87315 1.04413 121511 173911  2.60507  3.47104

0 100 1.04797 1.27484 150170  2.14725  3.24653  4.34581

200 1.14635 1.40467 1.66298  2.37693  3.60751  4.83809

0 1.14433 1.40200 1.65968  2.37222  3.60011  4.82800

20 10 100 1.20807 1.48612 176417 252103  3.83398  5.14694
200 1.25234 1.54454 1.83674  2.62438 3.99642  5.36846

0 1.25136 1.54325 1.83513  2.62209 3.99282 5.36354

20 100 1.28414 1.58651 1.88887  2.69862 4.11310 552759

200 1.30923 1.61962 1.93000  2.75720  4.20516  5.65313

0 0.38819 0.46423 0.54027  0.77323  1.15827  1.54330

0 100 0.46573 0.56655 0.66737  0.95426  1.44278 1.93131

200 0.50944 0.62423 0.73902  1.05630  1.60317  2.15003

0 0.50855 0.62305 0.73755  1.05421  1.59988  2.14555

30 10 100 0.53689 0.66045 0.78402 112040  1.70390  2.28740
200 0.55660 0.68645 0.81631  1.16640 1.77619  2.38599

0 0.55616 0.68588 0.81560  1.16537  1.77459  2.38380

20 100 0.57076 0.70514 0.83952 119945 1.82815 2.45685

200 0.58193  0.719892  0.85784  1.22555  1.86916  2.51277

Table 5 Non-dimensional transverse shear stress oz of (1-
1-1) FGM sandwich plate under thermal and hygrothermal

loads(z=0, k=1, =1, == 10)
b h

Thermal (c, = 0) Hygrothermal (¢, = 100°C)

alh ks ke

t, =100 =200 t, =300 c, =001 ¢, =002 c,=003

0 -0.28339  -0.30166  -0.31993  -0.61105 -0.93871 1.26637

0 100 1.30615 1.79668 2.28720 3.09966 4.89318 6.68670
200  2.19227 2.96644 3.74061 5.16828 8.14429 11.12030

0 2.17417 2.94255 3.71092 5.12603 8.07788 11.02974

10 10 100 2.74518 3.69633 4.64749 6.45903 10.17288 13.88672
200  3.14032 4.21795 5.29558 7.38146 11.62260 15.86374

0 3.13157 4.20640 5.28123 7.36103 11.59049 15.81994

20 100 3.42343 4.59168 5.75993 8.04236 12.66129 17.28022
200  3.64635 4.88595 6.12556 8.56276 13.47916 18.39557

0 -0.07124  -0.07597  -0.08070  -0.15368 -0.23612 -0.31856

0 100 0.32571 0.44787 0.57004 0.77305 1.22039 1.66773
200  0.54909 0.74266 0.93623 1.29456 2.04003 2.78550

0 0.54451 0.73662 0.92873 1.28387 2.02323 2.76259

20 10 100 0.68924 0.92761 1.16599 1.62175 2.55427 3.48678
200 0.78976 1.06027 1.33077 1.85643 2.92310 3.98978

0 0.78753 1.05732 1.32712 1.85122 2.91492 3.97862

20 100 0.86197 1.15556 1.44915 2.02501 3.18805 4.35110
200  0.91893 1.23074 1.54254 2.15801 3.39708 4.63616

0 -0.03169  -0.03381  -0.03592  -0.06837 -0.10506 -0.14174

0 100 0.14469 0.19894 0.25320 0.34342 0.54215 0.74088
200  0.24412 0.33015 0.41618 0.57555 0.90699 1.23843

0 0.24208 0.32746 0.41284 0.57079 0.89951 1.22823

30 10 100 0.30656 0.41256 0.51855 0.72135 1.13613 1.55091
200 0.35138 0.47170 0.59202 0.82599 1.30059 1.77519

0 0.35039 0.47039 0.59038 0.82366 1.29694 1.77021

20 100 0.38360 0.51421 0.64482 0.90119 1.41878 1.93637
200  0.40902 0.54775 0.68649 0.96054 1.51206 2.06358

5. Numerical results

In this section, the effects of the temperature, humidity
and elastic foundation parameters on the deflection and
stresses of simply supported FGM sandwich plates resting
on Pasternak foundations are discussed. The analysis is
carried out for the following data (unless otherwise stated)

2=1,2=10k =50,k =5 gy =1t =0,t; =t; =
100 OC, C1=0,C2:C3:0.01%, T0:H0:0,k:
1,h = 0.005 m. Note that, the deflection u5 is calculated
at x =a/2 and y = b/2, while the in-plane normal stress
o, at x=a/2, y=b/2 and z=h/2, also, the
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to-thickness ratio % for various values of the power law index k
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shear stress o5 of (1-1-1) FGM sandwich plates versus the aspect ratio S for various values of the temperature t4
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transverse shear stress o,, at x =0, y=5b/2 and z =
0.

The present FGM sandwich plates are composed of
Titanium (metal) and Zirconia (ceramic) materials. The
material properties of Titanium are: E,, = 66.2E, ,
@y =103 ag, N, = 0.44 (Wt.% H,0)™! and v = 0.3.
While, the properties of Zirconia are: E. = 117.0 Ey, a, =
711 a,, 71.=0.001(Wt.%H,0)™* and v=03; in
which E, = 10° Paand a, = 107° (1/°C).

The following non-dimensional parameters are used in
the present study

_ hug 3 h?a,
3T azaotz'a1 ~ 10a2Eyaqt,’
h?o, ho
O3 =~ , 05 = ——————, (28)
10a?Eyagt, 10aEya,t,
K,a* K.a? E.h3
k, = i , ks = S ) D, = e
D, D, 12(1 —v?)
Table 1 contains a comparison example for

titanium/zirconia FGM sandwich plates under linear
distributed thermal loading (t, = 100°C). For different
values of the power law index k and various types of the

- . - . h
sandwich plates, the non-dimensional deflection “”3{12
0t2

presented by the present refined plate theory (RPT) is
compared with that predicted by Zenkour and Alghamdi
(2008) using the SPT. The results of proposed theory agree
well with those of Zenkour and Alghamdi (2008). Next,
parametric studies are introduced in tabular form (see,
Tables 2-5) and graphical form (see, Figs. 2-9) to
investigate the effects of various parameters, such as the
power law index, elastic foundation stiffness, temperature,
humidity, core thickness, side-to-thickness ratio and plate
aspect ratio, on the deflection and stresses of
titanium/zirconia FGM sandwich plates. Tables 2-5 show
the variation of the deflection #3, longitudinal stress o,
transverse normal stress o3, and transverse shear stress os
of (1-1-1) sandwich plate under thermal and hygrothermal
loads for different values of the elastic springs stiffness k,
and shear layer stiffness k. It can be seen that the results
of the FGM sandwich plate under hygrothermal load are
greater than those of the plate under thermal load.
Moreover, the elevated temperature and moisture
concentration lead to weaken the structure of the plate,
subsequently, the deflection and stresses increase with
increasing the temperature or/and moisture. Further, with
increasing the Pasternak foundation coefficients (k. and k)
the central deflection w3 decreases while the stresses
01,05 and o5 increase. Figs. 2-5 display, respectively, the
effect of the power law index k on the central deflection
U4, longitudinal stress oy, transverse normal stress o5 and
transverse shear stress os of various types of FGM
sandwich plates. The deflection is plotted versus the side-
to-thickness ratio varying from 4 to 20. It is clear that, for
all types of sandwich plates, the deflection is increasing as

the ratio % is increasing. While, the stresses decrease as the

ratio % increases. Obviously, Figs. 2-5 reveal the sensitivity
of the deflection and stresses to the variation of the

parameter k. The central deflection and the transverse
shear stress og increase whereas the normal stresses oy
and o decrease as the power law index k increases.

The variations of central deflection 5, longitudinal
stress o, transverse normal stress o5 and transverse shear
stress o5 of (1-1-1) FGM sandwich plate against the plate

aspect ratio Z for different values of the temperature

parameter t; are investigated in Figs. 6ab,c and d,
respectively. It can be noted that the deflection and the
normal stresses monotonically increase with the increase of

the ratio Z and the temperature parameter t;. Whereas, the
shear stress os increases to reach its maximum and then
decreases as the ratio S increases.

In Fig. 7, the influences of the moisture concentration
c3 and side-to-thickness ratio % on the deflection 5 and

stresses gy, 05 and o5 are illustrated. Similar to the effect
of the temperature on the results, the deflection and the
stresses o0y,03 and os are increasing as the moisture
increases.

The effects of the Pasternak foundation parameters
(k. and k,) individually on the deflection and stresses of
the (1-1-1) FGM sandwich plate subjected to hygrothermal
loads and without hygrothermal conditions are presented in
Figs. 8 and 9, respectively. As it is shown in Fig. 8 and
according to Tables 2-5, with considering the hygrothermal
environment, the increase in the stiffness of the foundations
leads to a decrement in the deflection and increments in the
stresses. However, with ignoring the hygrothermal
environment, the behavior of the stresses is reversed, i.e.,
the stresses have the same sense of the deflection with the
variation of the elastic foundation parameters as shown in
Fig. 9. Further, it is noticed that the effects of the variation
of springs stiffness on the results are more significant for
small values of the shear layer parameter.

5. Conclusions

The static bending of various types of FGM sandwich
plates resting on two-parameter elastic foundations in
hygrothermal environment is investigated. The present
theory takes into account both shear and normal strains
effects. Thus, it predicts results more accurate than the shear
deformation plate theories. The results obtained by the
shear and normal deformation theory are compared with
those available in the literature and also with those obtained
by other shear deformation theories. According to the
comparison example, the present results are agreed well
with the published ones. Numerical results show that the
deflection and stresses are very sensitive to the variation of
the power law index and the core thickness. With the
increase of the power law index, the deflection and
transverse shear stress are monotonically increasing, while
the normal stresses decrease. The same behavior can be
observed with the variation of the core thickness. An
increment occurs in the deflection and normal stresses as
the aspect ration increases. The deflection and stresses
increase as the temperature and moisture increase. A



A novel shear and normal deformation theory for hygrothermal bending response... 231

decrement occurs in the deflection with the increase of the
foundation stiffness whereas the stresses have a contrast
response when the hygrothermal conditions are taken into
account and have the same response when the hygrothermal
environment is ignored. Moreover, for the small values of
the shear layer stiffness, the effect of the springs stiffness is
more pronounced.
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