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1. Introduction 
 

In 1991, Iijima published a paper in which they 

described The Helical microtubules of graphitic carbon two 

years later, Iijima and Ichihashi (1993) reported a Single-

shell carbon nanotube of 1 nm diameter. A short time ago, 

several studies investigating (CNTs) have been carried, 

indicated that the carbon nanotubes (CNTs) their high 

elastic modulus, mechanical properties and low density 

(Pradhan and Phadikar 2009, Kolahchi et al. 2016b), 

Although several studies on the nonlocal behavior of CNTs 

have been carried out based on beam model theory (Zidour 

et al. 2012, Chemi et al. 2015, Rakrak et al. 2016).  

The continuum mechanics methods are widely used to 

predict the responses of Visco and piezoelectric nano beam 

and nano plates (Kolahchi et al. 2017a, Kolahchi et al. 

2016a, Kolahchi et al. 2016c, Shokravi 2017, Bellifa et al. 

2017a, Besseghier et al. 2017, Behrouz Karami et al. 

2018a, Karami et al. 2018b, Bouazza et al. 2015b). In 

another hand, the continuum mechanics methods are used to 

analyze the micro-composite system such as, buckling 

(Bellifa et al. 2017b), static and free vibration (Hebali et al. 

2014, Ait Amar Meziane et al. 2014, Bouhadra et al. 2018), 

Bending analysis (Bousahla et al. 2014, Zidi et al. 2014), 

thermal stability and Hygrothermo-mechanical (Bousahla et 

al. 2016, Beldjelili et al. 2016, Attia et al. 2018), More 

recent attention has focused on mechanical response, 

buckling, free vibration, etc. of FGM structural elements  
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(Belabed et al. 2018, El-Haina et al. 2017, Menasria et al. 

2017, Bennoun et al. 2016, Bouderba et al. 2016, Bouazza 

et al. 2015a). During the last two decade there has been a 

considerable research reports on the carbon nanotube-

reinforced polymer composite investigated that they have 

good properties to produce high multifunctional composites 

and performance structural for various potential 

applications. Ajayan et al. (1994) have considered nano-

composites made from polymer reinforced by aligned CNT 

arrays. In recent years, has focused on the behaviour of 

concrete columns reinforced with nano-particles (Arani and 

Kolahchi 2016, Bilouei et al. 2016, Shokravi 2017c, 

Zamanian et al. 2017, Zarei et al. 2017)  

Recently, a variety theoretical, experimental and 

computer simulation study are used carbon nanotubes 

(CNTs) for reinforcing nano-composite structures such as 

bending, buckling and vibration responses of functionally 

graded carbon nanotube-reinforced composite (Shafiei et al. 

2017, Moradi-Dastjerdi 2016), embedded FG-SWCNT-

reinforced microplates (Kolahchi et al. 2015). 

Thermomechanical properties of nanocomposites (Fidelus 

et al. 2005) FG-CNT-reinforced sandwich plates (Kolahchi 

et al. 2017b) and Thermoelastic analysis of CNT reinforced 

functionally graded sandwich structure (Mehar et al. 2017).  

However, composite manufacturing processes are 

complex and can lead to the appearance or development of 

defects such as porosity, which affect the mechanical 

properties of the structure. Porosity defect is defined by the 

presence of small cavities which contains gaseous matter, 

which are called pores and which are categorized according 

to their size (micro, méso and macro-pores), this defect is 

due to improper air extraction due to various parameters 
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such as viscosity of the matrix, vacuum pressure or 

humidity when storing the material. 

Liu et al. (2006) also gave the discussion on effects of 

cure cyles on void content and mechanical properties of 

composites laminates. Costa et al. (2001) investigated the 

influence of porosity on the ILSS of carbon/epoxy and 

carbon/bismaleimide fabric laminates. A recent study by 

Madsen et al. (2003) involved the influence of porosity on 

physical properties of unidirectional plant fibre composites. 

In another study, found the effect of porosity on mechanical 

response of functionally graded beams with and without 

elastic foundations (Ait Atmane et al. 2015, Ait Yahia et al. 

2015).  

The presence of porosity in composite parts is an 

inevitable fact. Thus, limits were fixed according to the 

applications: in the aerospace structures working 

dynamically, a rate of porosities exceeding 1% is not 

tolerable (Liu et al. 2006); unlike others applications where 

a level of 5% or more can be tolerated (Ghiorse 1993) in the 

present analysis for fully isolated pores of nearly spherical 

or elliptical shape a rate of porosities used don’t exceeded 

4%. 

Due to difficulties encountered in experimental 

methods, different authors have used the continuum 

mechanics methods to investigate the behaviour of micro 

and nano structures (Tounsi et al. 2015, Shokravi 2017, 

Belabed et al. 2014, Tounsi et al. 2016). 

Porous polymers and polymer foams have unique 

characteristics which can be exploited in a variety of 

applications, such as drug delivery, (Nam and Park 1999), 

liquid/gaseous separation, (Ulbricht 2006) low-κ dielectrics 

for microelectronics. (Vora et al. 2001) fabrication of 

cushions or coatings for micro-electro-mechanical systems, 

(Xu et al. 1999) super hydrophobic coatings, (Levkin et al. 

2009) membrane oxygenators, (Iwasaki et al. 2002) 

acoustic dampers, (Verdejo et al. 2009). For these 

applications, analyzes of the behaviour of polymer with 

porosity is important, because the increase of porosity is 

usually accompanied by variations in the mechanical 

properties of the polymer. 
The superlative properties of carbon nanotubes, make it 

an excellent reinforcement for polymer matrix. This view is 
supported by Wan et al. (2005) who analyzed the effective 
moduli of the CNT reinforced polymer composite, with 
emphasis on the influence of CNT length and CNT matrix 
interphase on the stiffening of the composite. On the other 
hand, the functionally graded Distributions of carbon 
nanotube titled (FG-CNT) along the thickness direction has 
been widely investigated in the current years (Lei et al. 
2013, Mehar et al. 2017, Shen 2009, Kolahchi et al. 2016, 
Hamid Madani et al. 2016, Kolahchi and Cheraghbak 2017, 
Kolahchi et al. 2017, Mohammad Hadi Hajmohammad et 
al. 2017). Maryam Shokravi (2017a) analyzed the buckling 
of sandwich plates with FG-CNT-reinforced layers resting 
on orthotropic elastic medium using Reddy plate theory. 
Reza Kolahchi et al. (2017) optimized in the resent paper, 
the dynamic buckling for sandwich nanocomposite plates 
with sensor and actuator layer based on sinusoidal-visco-
piezoelasticity theories using Grey Wolf algorithm. 

This present paper attempts to show the effects of 
porosity on the buckling problems of CNTRC plates using  

 

Fig. 1 Geometries of reinforced plate with porosity 
 

 
UD-CNT      O-CNT      X-CNT 

Fig. 2 Cross sections with different type of carbon 

nanotube reinforcement with porosity 
 

 

the shear deformation plate theory. With simply supported 
CNTRC, this research seeks to analyze the influences of 
various parameters on the critical buckling load of plates 
such as plate thickness, aspect ratios, volume fraction of 
CNTs and sandwich plate types and the percentage of 
porosity. 
 

 

2. Geometrical and properties of reinforced plate 
with porosity 
 

As shown in Figs. 1 and 2, The proposed model is a 

reinforced plate referring to coordinates (x, y, z) with length 

a, width b and thickness h. In this investigation, the top and 

bottom faces of the plate are at z=±h/2. 

The proposed plate with porosity is reinforced by four 

different types of aligned carbon nanotube distribution of 

across the plate thickness. The UD-CNT plate represents 

the uniform distribution and O-CNT, X-CNT plate are the 

functionally graded symmetrical distribution of CNTs.  

Within the area the density of CNTs is constant, and the 

volume fraction varies through the thickness of the plate. 

In the present study, according to the rule of mixture of 

CNTs and an isotropic polymer Esawi scheme (2007) by 

introducing the CNT efficiency parameters (η1, η2, η3), the 

effective Young’s modulus and shear modulus of CNTRC 

layer can be expressed as (Shen 2009)  
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Where 11 22, ,cnt cnt PE E E and 12 ,cnt PG G are the Young’s 

moduli and shear modulus of SWCNTs and polymer matrix, 

respectively.  

The Young’s modulus of polymer matrix, under 

porosity, which may be a function of porosity change, are 

defined by (Kovacik 1999). 

( )0 1p p

cE E P P= −  (2) 

where Ep is the effective Young’s modulus of porous matrix 

with porosity P, 0

pE  is Young’s modulus of matrix 

without porosity, Pc represent the porosity at which the 

effective Young’s modulus becomes zero. In experimental 

works, either (Pc = 1) is preferably used. 

Others properties in terms of mass density (ρ) and 

Poisson’s ratio (ν), these can be defined as 

p

p

cnt

cnt VV  += 1212  (3a) 

cnt p

cnt pV V  = +  (3b) 

Where Vcnt
 
and Vp are the volume fractions of the CNT 

and porous matrix, respectively. The mass density is may 

also be a function of porosity change.  

( )0 1p p

cP P = −  (4) 

The CNT volume fraction is assumed to obey a function 

used for describing the uniform and symmetrical 

functionally graded distribution of aligned CNTs along the 

thickness direction of plates depicted in (Fig. 2) 
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where 
*

cntV  is the volume fraction of CNTs, which can be 

obtained from the equation 

( )( )cnt

mcnt
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W
V

−+
=

1

*


 (6) 

where Wcnt is the mass fraction of the CNT in the nano-

composite plate. In this study, the CNT efficiency 

parameters (η) related to the volume fraction ( )*

cntV  are 

given from Zhu et al. (2012):  

149.01 =  
and 934.032 ==

 
for the case of 11.0* =cntV  

150.01 =  
and 941.032 ==

 
for the case of 14.0* =cntV  

149.01 =  
and 381.132 ==

 
for the case of 

17.0* =cntV  

3. Equations of motion 
 

For describing the buckling behaviour of the reinforced 

porous plates, the displacement field of first order shear 

deformation theory (FSDT) is employed (Reddy 2004) 
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 (7) 

In which u0, v0 and w0 are the displacements along the x, 

y and z directions in the mid plane of the plate and ϕx , ϕy 

are the bending rotation of the cross-section at any point of 

the reference plane if (z=0) in Eq. (7), the displacements are 

reduced to the classical plate theory (CPT).  

First order shear deformation plate theory (FSDT) is 

studied in several works to investigate the behaviour of 

micro and nano structures (Fares 1999). Maryam Shokravi 

(2017b), analyzed the buckling of embedded laminated 

plates with agglomerated CNT-reinforced composite layers 

using FSDT and DQM. (Jafari Mehrabadi et al. 2012) used 

first order shear deformation plate theory (FSDT) to 

analyze the mechanical buckling of nanocomposite 

rectangular plate reinforced by aligned and straight single-

walled carbon nanotubes.  

The linear in-plane and transverse shear strains are 

given by 
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(8) 

The constitutive relations is written in the form  
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Where Qij are the transformed elastic constants 
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The equations of motion can be derived from 

Hamilton’s principle. 

( )
0

0
t

U V dt + =  (11) 

Where δU, δV are the virtual variation of the strain 

energy and the virtual work done by external forces.  

The expression of the virtual strain energy can be 

written as 
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Where stress resultants can be defined as follows 
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By substituting Eq. (9) into Eq. (13), one obtains the 

stress resultants in form of material stiffness and 

displacement components. 
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where Aij, Bij, Cij, Dij, are the plate stiffness, defined by 
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Where β=5/6 is the correction factor of the shear 

deformation depending on the shape of the cross-section.  

The principle of virtual work done by external loadings 

in the present case yields 
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By substituting Eqs. (12) and (16) into Eq. (11), Then, 

integrating the displacement gradients by parts and setting 

the coefficients of δu0, δv0, δw0, δφx and δφy to zero 

separately, leads to the following equations of motion. 
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To formulate the closed-form solutions for buckling 

problems of simply supported CNTRC porous plates, the 

Navier method is employed.  
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(19) 

Where 
a

M
 =  and 

b

N
 = . 1−=i  

Where UMN, and VMN, WMN, ΘxMN ΘyMN are arbitrary 

parameters.  
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Substituting the Eq. (19) into the Eq. (18), one obtains 

the closed-form solutions which are presented in the 

following operator equation. 
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4. Results and discussions 

 
In this section, numerical results of buckling behavior of 

porous plates are presented and discussed. The effective 

material characteristics of CNTRC plates employed in this 

work are given as follows. The PMPV is selected for the 

matrix of plate with 5 mm of thickness (Jafari Mehrabadi et 

al. 2012) and material properties: vP=0.4, ρP=1150 kg/m3, 

and EP=2.1 Gpa (Wattanasakulpong 2015).  

The (10, 10) SWCNTs is chosen as reinforcements with 

the following properties according to the study of Zhu et al. 

(2012): 
12 0.175cntv = , 

31400 /cnt kg m = , 11 5.6466cntE TPa=
, 

22 7.0800cntE TPa=
, 12 13 23 1.9445cnt cnt cntG G G TPa= = =

. 

A relationship exists between the dimensionless critical 

bukling loads obtained and the existing ones in the literature 

presented by Zhu et al. (2012) in Table 1. 

With various reinforcement type of porous plate under 

axial load are considered in this table with thickness ratio of 

plate (a/h=10) and volume fraction 11.0* =cntV  . It is 

apparent from this comparison the good agreement between 

the results without porosity. The small variation is due to 

the model proposed by Zhu et al. (2012) which the higher-

order shear deformation plate theory with an appropriate 

form function. In addition, there is a significant difference 

results for various porosity percentage for both Uniaxial 

and Biaxial compressive loading.  

To give an idea of the effect of porosity on the critical 

buckling loads of square reinforced plate, a different 

distribution of CNTs are considered. Comparing the results, 

it can be seen that the dimensional critical buckling loads 

decrease with the increasing of porosity in uniaxial and  

Table 1 Comparisons of dimensionless critical bukling 

loads ( 2 2

0cr crN N a D= ) of CNTRC square reinforced 

plates ( 11.0* =cntV , a/h=10, ( )3 2

0 12 1 ( )p PD E h = − )  

Uniaxial compressive load (γx = -1, γy =0) 

Reinforcement 

type 
  P =0% P =0.05% P =0.1% P =0.2% 

 Zhu et al. (2012)  Present 

UD-CNT 20.6814  20.5412 21.6275 22.8629 25.9226 

X-CNT 24.2864  23.9594 24.9799 26.1089 28.7695 

O-CNT 14.4990  14.9792 15.9943 17.2074 20.5145 

Biaxial compressive load (γx = -1, γy =-1) 

UD-CNT 10.3407  10.2706 10.8138 11.4314 12.9613 

X-CNT 12.1432  11.9797 12.4899 13.0544 14.3847 

O-CNT 7.2495  7.4896 7.9971 8.6037 10.2572 

 

Table 2 Effect of porosity on the critical buckling loads Ncr 

(KN) of CNTRC square reinforced plates ( 11.0* =cntV , 

a/h=10) 

Uniaxial compressive load (γx = -1, γy =0) 

Reinforcement type  P =0% P =0.05% P =0.1% P =0.2% 

UD-CNT  2.0058 1.8479 1.6744 1.2656 

X-CNT  2.3396 2.1343 1.9121 1.4046 

O-CNT  1.4627 1.3666 1.2602 1.0016 

Biaxial compressive load (γx = -1, γy =-1) 

UD-CNT  1.0029 0.9239 0.8372 0.6328 

X-CNT  1.1698 1.0672 0.9560 0.7023 

O-CNT  0.7313 0.6833 0.6301 0.5008 

 

 

biaxial compressive loading. The decreasing of critical 

loads is attributed to the effect of porosity on the rigidity of 

porous plate. On the other hand, the X-CNT reinforced 

plate has higher critical buckling loads than those of other 

reinforcement type for every case of porous plate. The 

critical buckling loads (Ncr) of square reinforced porous 

plate for UD-CNT and various FG-CNT reinforcement 

under uniaxial and biaxial compressive load are presented 

in Table 3 with different mode number. it is readily seen 

that the critical buckling loads increases if the mode number 

increases for al reinforcement type. This increasing for 

higher modes is attributed to the configuration form of 

small wavelength. However, the increasing becomes small 

for the increasing of porosity in the reinforced plate. 

Table 4 presents critical buckling loads (Ncr) of square 

reinforced porous plate under uniaxial and biaxial 

compressive load with different values of carbon nanotube 

volume fraction for various reinforcement types. According 

to the results, it is clear that the critical buckling loads 

increases with increasing of carbon nanotube volume 

fraction for al reinforcement type of porous plates. It is 

concluded that the increasing of the carbon nanotube 

volume fraction *

cntV , can make the plate being stiffer. 

In the current study, the (Fig. 3) below illustrates the 

critical buckling loads of reinforced porous plate under  
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Table 3 Critical buckling loads Ncr (KN) of CNTRC square 

reinforced porous plates for different mode number (

11.0* =cntV , a/h=10) 

  
Uniaxial compressive load  

(γx = -1, γy =0) 

Biaxial compressive load  

(γx = -1, γy =-1) 

(n, m) P (%) UD-CNT X-CNT O-CNT UD-CNT X-CNT O-CNT 

(1,1) 0 2.0058 2.3396 1.4627 1.0029 1.1698 0.7313 

 0.05 1.8479 2.1343 1.3666 0.9239 1.0672 0.6823 

 0.1 1.6744 1.9121 1.2602 0.8372 0.9560 0.6301 

 0.2 1.2656 1.4046 1.0016 0.6328 0.7023 0.5008 

(2,2) 0 4.0389 4.1714 3.8334 2.0195 2.0857 1.9167 

 0.05 3.5568 3.6663 3.3916 1.7784 1.8332 1.6958 

 0.1 3.0687 3.1568 2.9408 1.5344 1.5784 1.4704 

 0.2 2.0738 2.1242 2.0095 1.0369 1.0621 1.0047 

(3,3) 0 4.9913 5.0909 4.9069 2.4957 2.5454 2.4535 

 0.05 4.3742 4.4592 4.3057 2.1871 2.2296 2.1528 

 0.1 3.7552 3.8263 3.7012 1.8776 1.9131 1.8506 

 0.2 2.5115 2.5563 2.4823 1.2558 1.2782 1.2412 

 

Table 4 Critical buckling loads Ncr (KN) of CNTRC square 

reinforced porous plates for different nanotube volume 

fraction (a/h=10) 

  
Uniaxial compressive load 

(γx = -1, γy =0) 

Biaxial compressive load 

(γx = -1, γy =-1) 
*

cntV  P (%) UD-CNT X-CNT O-CNT UD-CNT X-CNT O-CNT 

0.11 0 2.0058 2.3396 1.4627 1.0029 1.1698 0.7313 

 0.05 1.8479 2.1343 1.3666 0.9239 1.0672 0.6833 

 0.1 1.6744 1.9121 1.2602 0.8372 0.9560 0.6301 

 0.2 1.2656 1.4046 1.0016 0.6328 0.7023 0.5008 

0.14 0 2.2600 2.6072 1.6833 1.1300 1.3036 0.8417 

 0.05 2.0721 2.3671 1.5682 1.0360 1.1835 0.7841 

 0.1 1.8669 2.1093 1.4404 0.9335 1.0546 0.7202 

 0.2 1.3907 1.5296 1.1303 0.6954 0.7648 0.5652 

0.17 0 3.1354 3.7032 2.2653 1.5677 1.8516 1.1327 

 0.05 2.8922 3.3819 2.1215 1.4461 1.6910 1.0608 

 0.1 2.6242 3.0333 1.9614 1.3121 1.5166 0.9807 

 0.2 1.9897 2.2341 1.5684 0.9948 1.1171 0.7842 

 

 
Fig. 3 Effect of aspect ratio a/b and porosity on the critical 

buckling loads of square reinforced porous plate under 

uniaxial compressive load ( * 0.11cntV = ) 
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Fig. 4 Effect of thickness plate and porosity on the critical 

buckling loads of square reinforced porous plate under 

biaxial compressive load ( * 0.11cntV = ) 
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Fig. 5 Effect of porosity on the critical buckling loads of 

square reinforced porous plate for various reinforcement 

type under biaxial compressive load ( * 0.11cntV = ) 

 

 

Uniaxial compressive load for various value of aspect ratio 

(a/b) to analyze the effect of porosity. it is observed that as 

the aspect ratio increase, the critical buckling loads 

increase. The augmentation of critical loads is allotted to 

the variation of length and width of plate. In additional, the 

reinforced plate without porosity has a high resistance 

against buckling compared to the porous plate because the 

latter is affected by increasing the porosity.  

The (Fig. 4) illustrate the effect of aspect ratio a/h on the 

critical buckling loads of square reinforced porous plate. 

The carbon nanotube volume fraction (
* 0.11cntV = ) is 

considered in this figure. It is observed seen from (Fig. 4) 

that the increasing or decreasing of critical buckling loads 

reinforced is affected by the variation of thickness plate. 

Moreover, the critical buckling loads are reducing by 

increasing of porosity which influences the rigidity of the. 

It can be seen in the current study that the rigidity of 

reinforced porous plate is affected by the existence of 

porosity which is demonstrated in (Fig. 5) with aspect ratio 

(a/h=10) and nanotube volume fraction ( * 0.11cntV = ). In these 

figures, it is observed that the critical buckling loads of 

square reinforced porous plate decrease for all case of 

reinforcement type. 

It can be concluded that the high values estimated in X- 
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Fig. 6 Effect of porosity on the critical buckling loads of 

square reinforced porous plate for various carbon nanotube 

volume fraction under biaxial compressive load ( * 0.11cntV = ) 

 

 

CNT reinforcement is attributed to the concentration of the 

carbon nanotube at the top and bottom face of plate. In 

other hand, the range of the critical buckling loads increase 

with increasing of carbon nanotube volume fraction, this 

variation is presented in (Fig. 6) for of square reinforced 

porous plate under biaxial compressive load. It is concluded 

that the increasing of the carbon nanotube volume fraction 
*

cntV , can make the plate being stiffer, which requires a 

greater critical buckling load. 
 

 

5. Conclusions 
 

The aim of the paper is to provide a conceptual 

theoretical framework based on the first order shear 

deformation plate theory (FSDT) to studies the influence of 

porosity and different parameters on the critical buckling 

loads of reinforced porous plate. The formulations and the 

governing equations are solved and the values of critical 

buckling loads are obtained.  

For this study, the results showed the dependence of 

critical buckling loads with the different parameters such as 

the porosity, volume fraction, plate thickness, aspect ratios 

and types of reinforcement. The results obtained from the 

analysis of critical buckling loads indicated that X-CNT 

reinforced plate has a high resistance against buckling 

phenomenon compared to other types of reinforcement 

because the concentration of the nanotubes at the top and 

bottom face of plate.  

In terms of porosity analyses, it is found that the critical 

buckling loads of reinforced porous plate decrease by 

increasing of porosity in the polymer plate. The following 

conclusions were noticed from the results obtained for 

different parameters. 

• The buckling loads decrease with the increasing of 

porosity in uniaxial and biaxial compressive loading. 

• As the aspect ratio increase, the critical buckling loads 

increase. 

• The increasing or decreasing of critical buckling loads 

reinforced is affected by the variation of thickness plate. 

• It is concluded that the increasing of the carbon 

nanotube volume fraction *

cntV , can make the plate being 

stiffer, which requires a greater critical buckling load. 
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