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Abstract. The hygrothermal stresses in sandwich plate with composite faces due to through the thickness gradient temperature
and (or) moisture content are investigated. The layer-wise theory is employed for formulation of the problem. The formulation is
derived for sandwich plate with general layer stacking, subjected to uniform and non-uniform temperature and moisture content
through the thickness of the plate. The governing equations are solved for free edge conditions and 3D stresses are investigated.
The out of plane stresses are obtained by equilibrium equations of elasticity and by the constitutive law and the results for
especial case are compared with the predictions of a 3D finite element solution in order to study the accuracy of results. The
three-dimensional stresses especially the free edge effect on the distribution of the stresses is studied in various sandwich plates
and the effect of uniform and non-uniform thermal and hygroscopic loading is investigated.
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1. Introduction

The mechanical properties of advanced laminated
composite materials have some advantageous with respect
to conventional engineering materials such as metals. The
main advantages of composite material are high strength to
weight and high modulus to weight ratio of these materials
which make them favorite materials for use in weight
sensitive structures with high strength and high stiffness and
low weight. So the application of laminated composite and
sandwich structures with laminated faces increased in
aerospace, automotive, civil and sport industries which
weigh 1is very important parameter. Composite and
sandwich structures usually work in non-isothermal or
humid environment and so hygrothermal loading must be
studied for these structures. The coefficient of thermal
expansion and moisture expansion of core and faces in the
sandwich structures are different and face and core tend to
expand (contract) differently due to change in temperature
and moisture content. So, thermal and hygroscopic stresses
grow in composite and sandwich structures. Furthermore,
the out of plane stresses arise at a thin layer at the vicinity
of edges, and usually complex 3D stress state occurs near
the edges of these structures which is called boundary layer
and may results in delamination and transverse cracking at
the interface of plies such as core-face interface especially
near the free edges.

The 2D theories of composite plate and shells are not
able to predict accurately the 3D stresses in boundary layer
and many technical methods are employed by the
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researchers to investigate the transverse stresses and 3D
stress state analytically and numerically at vicinity of edges
in composite and sandwich structures. Kant and
Swaminathan (2000) and Mittelstedt and Becker (2004)
reviewed various techniques which are employed by the
researchers to evaluate the interlaminar and transverse
stresses in composite plates and shells.

Hayashi (1967) and Puppo and Evensen (1970)
presented analytical study to predict the interlaminar shear
stresses in the laminated composite plates. Pagano (1974)
studied the edge-effect and interlaminar problem of
composite laminates due to thermal loading. Wang and Choi
(1982) present an approximate elasticity solution to
determine the boundary-layer stresses due to hygroscopic
loading. Wang and Crossman (1977) used a finite element
method to predict the free-edge stresses in symmetric
balanced laminates under a uniform thermal load.
Herakovich (1976) studied the free edge effects in
composite laminates subjected to thermal loading using the
finite element method. Farley and Herakovich (1978)
employed FEM to study the interlaminar stresses for
mechanical, uniform hygrothermal, and gradient moisture
loading conditions. In their work, the non-uniform, two-
dimensional hygroscopic gradients are obtained from a
finite-difference solution of the diffusion equation and the
numerical results show that hygroscopic-induced stresses
can be larger than those of resulting from mechanical and
thermal loading. Wang and Chou (1989) studied the
transient three-dimensional thermal stresses in elastic,
angle-ply laminated composites which are subjected to
changes in the thermal boundary conditions.

In order to calculate the interlaminar shear stresses, Lu
and Liu (1992) present a laminate theory which satisfies the
interlaminar shear stress and the transverse shear
deformation continuity. They verified the work by Pagano’s
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elasticity analysis. Morton and Webber (1993a) present an
analytical method using the principle of minimum
complementary energy to predict the free-edge stresses due
to thermal loading. Then they employed a quadratic
interlaminar stress criterion to predict the interlaminar
failure at the free edges of laminated composite plate which
is subjected to mechanical and thermal loads (Morton and
Webber, 1993b). Yin (1994) used Lekhnitskii’s stress
functions and principle of complementary virtual work and
presented an approximate method for analysis of free-edge
stresses in composite laminates under thermal and
mechanical loads. Kim and Atluri (1995) studied the edge
stress in the composite laminates which is subjected to
combine thermal and mechanical loading conditions using
the stress based variational method. Davi and Milazzo
(1997) employed the boundary element method to study the
free edge stresses and its singularity in composite laminates
under uniform axial extension. Lee and Kim (1997) studied
the residual thermal stresses at the interface corner between
the fiber and the matrix of a two-dimensional unidirectional
laminate due to cooling from cure temperature down to
room temperature by boundary element method.

Cho and Kim (2000) used an iterative approach to study
the free edge stresses in composite laminates which are
subjected to combination of mechanical and thermal load.
Their results satisfied the traction free conditions at the top
and bottom surfaces. Pantano and Averill (2000) used a
plate theory and a 3D finite element based on the first-order
zig-zag approximation for thermal stress analysis of
composite and sandwich laminates. Patel ef al. (2002) used
a higher order theory to study the response of the laminated
composite plates under hygrothermal loading. Vaddadi et al.
(2003) studied the transient hygrothermal stresses in the
fiber-reinforced composites by a novel heterogeneous
characterization approach. Tahani and Nosier (2003) studied
the free edge effect in cross-ply composite plate subjected
to uniform extension and uniform thermal loading using
layerwise method. Matsunaga (2004) presented a two-
dimensional global higher-order deformation to study the
interlaminar stresses and displacements in cross-ply
composite and sandwich plates subjected to thermal
loadings. The numerical results are compared with those of
the published three-dimensional layerwise theory. Naidu
and Sinha (2005) investigated the large deflection bending
behavior of composite cylindrical panels in hygrothermal
environments using a finite element formulation.

Duong Nguyen and Hung Nguyen (2007) applied the
metis element method to study the interlaminar stresses and
delamination of composite laminates under extension and
bending. Zhu et al. (2007) studied the dynamic interlaminar
stress in laminated plates in free vibration and thermal load
based on the thermo-elasto-dynamic differential equations.
An analytical approach was proposed by Benkhedda et al.
(2008) to calculate the hygrothermal stresses in laminated
composite plates in which the change of mechanical
characteristics because of moisture content and temperature
change is considered. They considered the distribution of
the transient in-plane stresses through the laminate
thickness, whereas the transverse stresses were not taken
into account in their work.

Lo et al. (2010) proposed a four-node quadrilateral plate

element based on the global-local higher order theory
(GLHOT) to study the response of laminated composite
plates due to a variation in temperature and moisture
concentrations. Ahmadi and Aghdam (2010 a, b) present a
micromechanical model to study the mechanical and
thermal stresses in composite materials using a meshless
method. Kim et al. (2010) presented an analysis based on
the stress function to provide an approximation method of
3D stresses near the free edge of bonded composite patches.
Brischetto (2012) analyzed the effects of hygrothermal
loading in the bending of multilayered composite plates.
Zenkour (2012) studied a FGM plate under a transverse
uniform static loading which is exposed to hygrothermal
conditions. The elastic coefficients, thermal coefficient and
moisture expansion coefficient of the plate are assumed to
be exponentially graded in the thickness direction.

Nath and Kapuria (2013) presented a coupled global-
local theory (GLT) with 11 displacement unknowns and a
zigzag-local theory (ZLT) with nine unknowns for hybrid
plate to predict the transverse shear stresses under
electromechanical loading. Brischetto (2013) proposed a
refined two-dimensional model in the framework of the
Carrera's unified formulation by considering both
equivalent single layer and layerwise multilayer description
for hygrothermoleastic analysis of composite and sandwich
shells. Goodsell et al. (2013) developed the earlier works
for modeling of finite width laminate to consider the
anticlastic bending. They combined bending and torsion
moments to yield a deformation state without twisting
curvature and with transverse curvature due only to the
laminate Poisson effect which is termed anticlastic bending.

Zenkour et al. (2014) investigated the effect of
hygrothermal conditions on the antisymmetric cross-ply
laminates using a unified shear deformation plate theory.
The presented plate theory enables the trial and testing of
different through-the-thickness transverse shear-
deformation distributions. Hang and Kim (2015) applied an
iterative method to analyze the free edge interlaminar
stresses of piezo-bonded composite laminates in which
electric field resulting in pure extension of the whole
structure. Murugesan and Rajamohan (2015, 2016)
investigated the combined effects of thermal and
mechanical loadings on the distribution of interlaminar
shear stresses in composite laminated composite beams and
plates using the commercially available software package
MSC NASTRAN/PATRAN. The validity of the finite
element analysis is demonstrated by comparing the
interlaminar shear stresses evaluated using the experimental
measurement. Ahmadi (2016) studied edge stresses in thick
composite panel subjected to pure extension using layer-
wise formulation. Goodshell and Pipes (2016) present a
family of analytic solution for free edge interlaminar stress
analysis in angle-ply composite laminates subjected to
uniaxial extension, uniform temperature change and
anticlastic bending. Padhi and Pandit (2016) used the
higher-order zig-zag theory and studied the behavior of
sandwich laminates subjected to thermal loading. Ahmadi
(2016) and Ahmadi and Najafi (2016) studied the
interlaminar stresses in closed sandwich and composite
cylinder subjected to axi-symmetric hygrothermal and
mechanical loading conditions. Recently, Boukert et al.
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(2017) employed the higher order theory to predict the
hygro-thermo-mechanical properties of thick composite
plates. Ahmadi (2017) studied the interlaminar stresses in
long sandwich plate using a Galerkin layerwise formulation.
Singh and Chakrabarti (2017) developed a C° FE model
based on higher order zigzag theory for hygrothermal
analysis of laminated composite plates which satisfies the
inter-laminar shear stress continuity at the interfaces.

The aim of this study is to predict accurately the
distribution of three-dimensional and edge hygrothermal
stresses in the core, faces and at the core/face interfaces of
sandwich plate. A three-dimensional formulation is
presented in order to obtain an accurate solution to study the
global and local response of general thick sandwich plate
which is subjected to uniform and through the thickness
distributed hygrothermal loading conditions. The governing
equations of plate are obtained employing the principle of
minimum total potential energy and solved for free edge
conditions. The accuracy of the results is examined by
comparison of the results of present study by prediction of
finite element formulation. The thermal and hygroscopic
stresses distribution at the interfaces of layers and in the
boundary layer region of the sandwich plate is studied for
various layer stacking and uniform and non-uniform
thermal and hygroscopic loading. The distribution of the
stresses for uniform and through the thickness distributed
hygrothermal loading is compared. To the knowledge of the
author, this is the first time that such formulation with
analytical solution is presented for sandwich plate which is
subjected to hygrothermal loading condition.

2. Mathematical modeling

A laminated composite or sandwich plate with free
edges is considered. The plate is subjected to temperature
change and (or) moisture content change in which the
temperature and moisture content change is uniform in the
length and width of the plate and may have gradient in the
plate thickness. The length, width and thickness of the plate
are taken as 2L, 2b and h, respectively. The x, y and z
coordinates are the length, width and thickness coordinates
of the plate, respectively, and the coordinate system is
located in the plate center, and the edges of the plate at
y=tb and x=xL are free. The yz cross-section of the
sandwich plate is shown in Fig. 1. The plate is long in the x-

direction and the temperature change and moisture content
change are uniform in the length and width of the plate, so
it can be supposed that the strains in the plate do not depend
on the length coordinate, unless near the edges at x=zxL.

Considering that strains in the plate are independent of
the x-coordinate, and us, U, and us are the displacements in
the x, y and z direction, it can be shown that the
displacement field of the plate can be expressed as
(Lekhnitskii 1981)

u,(x,y,z2)=Ccxz +Cgx +u(y,z)
u,(X,y,z)=-Cyxz +v(y.,z) 1)

u3(x,y,z):—%C5x2+C3xy +w (y,z)

The rigid body motion and rigid body rotation of the
plate are ignored in (1), and Cs, Cs and Cs represent the
global twisting, bending (curvature) and extension of the
plate due to thermal and hygroscopic loading conditions.

The layerwise theory (LWT) is employed for
discretization of the problem to ordinary differential
equations. Layerwise theory assumes that the plate is made
of N (arbitrary number) imagined layers which are so-called
numerical layers and the interface of numerical layers are
called numerical surface. The displacement functions u(y,z),
v(y,z) and w(y,z) (see Eq.(1)) on the i numerical surface are
shown by Ui(y), Vi(y), and Wi(y), i=12,...,N+1,
respectively. In the layer-wise theory (LWT), the
displacement functions u(y,z), v(y,2) and w(y,z) are
interpolated through the thickness of the plate based on
Ui(y), Vi(y), and Wi(y) and by employing the interpolations
function ®y(z) as

u(y,z)=Uy (y)P(z)
v(y,z) =V (y)P (2)
w(y,z) =W, (y)®,(z)

The interpolation function ®x(z) which is used in (2) is
defined in the Appendix, and dummy index means
summation from 1 to N+1, where N+1 is the number of
numerical surfaces. By substituting (2) into displacement
field in (1), and using the strain-displacement relation, the
infinitesimal strains components can be obtained as

k=1..N+1 @)

& =C¢+Csz,
g, =V/®y,
& =W, D,

&y =V, o, +W /D,
&e =U P +Cyy, 3)
&y =U @, -Cyz,

@, is derivation of ®y(z) with respect to z and Uy ,
vV, and W, are derivation of Uk(y), Vi(y), and Wi(y) with
respect to y-coordinate. For a plate that is in the static
equilibrium condition and there are no external forces on it,

the principle of minimum total potential energy can be
written as

[I—_
—

L
| = j 0;0g;; =0 (4)
AL

o
=3

in and the boundary conditions of the plate are obtained.
The governing equations of the plate are obtained by
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substituting the strain components from (3) into (4) as

k k
M Xy .y _QX :Ov
k k
My, Q) =0, k=12,..,N+1 )
k k
Ryy =Nz =0,
b ch/2
.[_b j_h/zaXdZdy =0
b eh/2
.[_b I_hlzaxzdzdy =0 (6)

b chi2
J‘—b .[—hlz(o-XZ y —oy,z)dzdy =0
in which M¥,, M¥,, R, Q%, Q¥ and N¥ in (5) are defined
as

h/2

Mf.Q) = | (0P, 0, D} )dz
—h/2
h/2

My .Qy)= [ (0,®y,0, @)z, k =1..,N+1  (7)
-h/2
h/2

Ry NS = [ (0,® 0,0} )iz
—h/2

and are called stress resultants in LWT. Furthermore, the
boundary conditions of the plate for free edge at y=+b are
obtained from the principle of minimum total potential
energy (4) as

k
RS (y =tb)=0, k =12,..,N +1 8)
My (y =b)=0,

The temperature and moisture content changes are
uniform in the length and width of the plate and have
gradient in the plate thickness. The temperature change is
shown by T(z) and moisture content change is shown by
M(z). The constitutive law of the k'™ numerical layer in the
plate which is subjected to temperature change and moisture
content change can be written as

® ~00)

Ox C_11 C_lz C_13 0 0 C_16
Py C_12 C_zz C_23 0 0 C_ze
Oz _ s Cx Cy o0 P y
Oy, 0 0 0 Cy Cp O
G| |0 0 0 CsCy o
Oyy Cis Cp Cz6 O 0 Cg]
" 9)

& —a T (@2)-pM(z)
e —a,T(2)-p,M(2)
g —a,T(2)-p,M(2)
Vyz
Vxz
Yy Oy T (2) =Py M (2)

in which C - ® are the stiffness matrix of k" numerical

layer, and for example, o« and A® indicate the coefficient
of thermal expansion and moisture expansion of ki
numerical layer in the x-direction, respectively. The
distribution of temperature and moisture content change in
the plate thickness can be discretized by the LW
discretization approach as

T(2)=T, @ (2)

10
M (2) =M, @, (2) o
in which Tx and My are the temperature and moisture
content change of the k™ numerical surface, respectively,
and ®y(z) is the linear Lagnangian interpolation function
which is defined in the Appendix. It must be noted that Ty
and Mg are the known constants through the problem
solution.

By substituting the strains from (3) and temperature and
moisture change from (10) into (9), and substituting the
subsequent results into (7), the stress resultants are obtained
in terms of displacement and hygrothermal loading as

My =BiCes+BfiCs —BgCs+DpV | +BiW,
+DgU | —DgiT, -Dgy M |

M =BfiCs+BiiCs —ByCy+DV,/ +BJW,
+DyU —DAT; D M|

Nzk :A1k3C6+A~1k3C5_A31(6C3+szls(vj'+Angj
+B4U | —BET, -BJ M,

Q¥ =ALV, +BAW/ +ALU, +ALC,y

(11)

X
Q) =AM, +BLW/ +AU, +ALC,y
RY =BV, +DAW/+BIU, +B4C.y
where the mechanical rigidity matrixes which are appeared
in (11) are defined as

N
ki _ L S (D)
Apa‘Z;Izi CHd, D) dz
| =
ki o Zin S (i) '
=1
G N [reE)
quzgjzi Clo, @,dz
| =
k k o Ziv S(i)
(qu,qu):Z;Li C L (@), @, )dz
1=

(13)

n 5 N Zia < (i I}
(qu,B'gq):ZJ‘ZA C(dyz,®, z)dz
i=1 '

and the matrixes of thermal and hygroscopic effect are
defined as
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R T ’
(Bar D) =2 [ "2V (@, ¥}, &, @) )dz
(14)

j j Zia (i ,

B D) =2 [ " 1) (@, @} @, )dz
i=1 '

where {A} and {u} are defined in (A6) in the Appendix.
The components of the matrixes in (12), (13) and (14) can
be found in the Appendix. By substituting the stress
resultants from (11) into (5) and (6), the governing
equations of the plate are obtained as

SRR Kjy; n kj jk ' kj kj k
DegU | +DodV '+ (Bag —Bas W —AggUj —AgVj =AgCay

[STRRA Kjyy n kj jk ' kj kj k
DU +DV [ +(BY -BL W/ -AJU, —AN, =ALC.y

D, (B -BE W + @4 -BEV, Ay, -
—(A~3ke + lefs)Cs "’Alke.cs +A1k3C6 - B#TJ - Befri\(/l M;
J.: (BiU ¢ +BiV + AW, )dy +
M (ACq+ALCs —ACy—AKT, —AK, M, ) =0
J-i (BigUy +BiV +ASN, Xy +
(16)

2(A;,C+A;Cs —ACy _A~1l'<I'Tk _AlkM M,)=0
b S ' S ’ ' N
J:h (—Bekeuk —Bgsvk +leu<§Nk +A5k5Uk +Azll<5Vk —AskeWk )dy

+20 (—ACy — ACo + (Ags +%b2555)c3 +AKT, +AE, M, ) =0

PQ’APQ and qu

The set of 3N+6 ordinary differential equations in (15) and
(16) must be solved simultaneously to obtain the 3(N+1)
unknown functions Uy, Vi and Wy and 3 unknown constants
C3, C5 and Ce.

where A are defined in the Appendix.

3. Solution procedure

For solution of (15), the matrix of variables {¢} and {n}
is defined as (17), and (15) is written in terms of {¢} and

{n}.
{é}:{{U,}T vy {N}T}T
=y vy wy)
where for example {W} is a column matrix defined as
{WY={Wi, Wy, ..., Wna}. Employing {€} and {n}, the

governing equations in (15) can be written in the matrix
form as

{f}/ =[Al{n}+{Fsu}Csy

() =[B]{&}+{F [T 3+{Fy [{M} (18)
+{FgC3 +{Fs}Cs +{F5|Cq

A7)

where the coefficient matrixes in (18) are defined in the
Appendix and for instance the matrix of temperature change
and moisture content change are defined as {T}'={T1, T,

..., Tnead and {M}Y'={My, Mo, ..., Mn+1}. By differentiating
the first equation in (18), and substituting from the second
equation in (18) into it, {n} is eliminated and the following
second order equation is obtained

(&) =[C &} +IAL{R T 3+IAL{Fy J{M 1+
({FSl} +[A]{F32})Ca +[A]{F5}C5 +[A]{F6}C6

where (C)=(A)(B). To solve (19), the eigen-values and
eigen-vectors of (C) are obtained as

[CIU1=[U A%
[A%]=diag(A’, A .o Ay 1))

(U) and (A?) are (N+1)x(N+1) matrixes. Using (U) and
(A?), equations (19) are decoupled and an analytical
solution is obtained for {£} as

{&} =[U ][Cosh (Ax)]{K,} +[U ][Sinh (ax)]{K ,}
-IC ]_1({F31}+[A]{F32})C3 (21)
BT ({F HT }+{Fu HM }+{Fs}Cs+{F}C)

in which (Cosh(/x)) and (Sinh(Ax)) are diagonal matrices
and are defined as

[Cosh(ax)]=
diag(Cosh(4,x),Cosh(4,x),...,Cosh (A3 41yX))
[Sinh(Ax)] =

diag(Sinh (4,x),Sinh (4,x),...,Sinh (A5 13X ))

and {Ki} and {K} are column matrices which each of them
has 3N+3 unknown integration constants. By substituting
{&} from (21) into the second equation in (18) and
integrating with respect to y, {n} is obtained as

{n} =[B U I[A] " [Sinh(2x)]{K, } +
[B][UJ[A] " [Cosh(ax)]{K,} ~[AT* {Fia}Coy

and the equations in (16) are written in terms of {£} and

{n}as
b — = =
[, M HE¥dy +20A,Cq +2bA,C5—20A,C,
—2bALT, —20Af, M, =0

(19)

(20)

(22)

(23)

b = = =
Jlb {M HS3dy +2bA, Cq +20A;,C —2bA,Cy

_2bAKT, —2bAK, M, =0 (24)
.f: ({M 5, HEH+{M 5, Moy )dy —20A,C — 2bAEmC 5
+ (2bA566 +§b3555)c3 +2bAET, +20A M, =0
where the coefficient matrixes in (24) are defined as
{M l} = {{Ble}T {812}T {AlS}T }
M3={BY {BnY {Au)} (25)

{M 31} :{{ées}T —{B~26}T —{A%}T }
{M 32} :{{Ass}T {A45}T {B 45}T }
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and the free edges conditions of the plate at y=tb in (8) can
be written in the matrix form in terms of {&} and {n} as

[PLHS(#D)}-[Dy KT }-[Doy KM}
+{B1,JC +{B1,)C5 —{B)C5 =0
[P {m(£0)}+{B;5}C5(2b) =0 (26)
[P;1{&(#0)}—[Dgr KT }—[Dey KM }
+{B16JC +{B1s)JC5 —{B4s)C5 =0
where (P1), (P2) and (Ps) are defined as

[P1=1{[Dx] [Dx] [Byl}
[P,]1={[Bs] [Bul [D44]} (27)
[P3]={[D66] [Dze] [B36]}
Substituting (21) and (23) into (26) and (24) give a set
of 6(N+1)+3 linear algebraic equation which are solved

simultaneously to obtained 6(N+1)+3 unknown constants
include {K1}, {Kz}, Cs, Cs and Cs.

4. Out of plane stresses

The out of plane stresses can be obtained by integrating
the equilibrium equation. For example, the out of plane
shear stress oy, at the n" numerical surface i.e., z=z, can be
obtained by integrating the equilibrium equation in vy
direction as

oles
o, (2 =2,)=—[ (—1)dz =
Z1
. (28)
- j Co® V| +Cp®W ) +C @, Uy )dz

Z
by employing the definitions in (13), the above equation can
be written as
n
Oy, (z :Zn):_Z(BZkZVk”"_AZkéNk’+BZkGUk") (29)
k=1

ox; and o can be obtained with the same procedure as

zZ, a
0o (@ =2,) = (S2)dz =
Zl

» (30)
—2 (BaV\ + AW +BUy)
k=1
9
o, 2 :zn>=—j(%)dz -
. (31)

n
- (ALY BN+ AU ) +AC
k=1

where A, in (31) is defined as

n
A = ZC}g)ti (32)
i=1
On the other hand, the constitutive law can be used to
obtain the stresses in the plies of the sandwich plate through
the strain components. Because the out of plane strains are
discontinuous at the numerical surfaces, the continuity of
the out of plane stresses are not warranted at the interface of
layers. Integrating the equilibrium equations to obtain the
out of plane stresses increases the accuracy of the results.

Table 1 Mechanical properties of lamina and core
(Brischetto 2013)

E1 Ex=E3s G12=Gi1z Gaz3

Material GPa GPa GPa Gpa V2=W3 w3
Lamina 138 8.5 45 3.2 0.29 0.36
Core 3 3 1.071 1.071 0.4 0.4

Table 2 Hygrothermal properties of lamina and core
(Brischetto 2013)

. o1 a=as3 _
Material 1K 1K yail =
Lamina -0.5x10%  43x10° 0 0.4x102

Core 50x 106 50x108 0.28x102 0.28x102

Table 3 Thermal conductivity and moisture diffusion
coefficients of lamina and face (Brischetto 2013)

kii  ke2=kss Di1 D2=Ds3 Du  D2=Ds3
W/mK W/mK  m?%s  m?s  kg/ms  kg/ms

0.7 4.4x10%3.1x10° 7.04 4.96

6.66x 6.66x 9.324x  9.324x
10t 10 108 108

Material

Lamina 4.2

Core 0.18 0.18

5. Numerical results and discussions

The core of the sandwich plate is made of flexible foam
and the faces are laminated composite. The mechanical,
thermal and hygroscopic properties of the lamina and core
are presented in Tables 1 to 3. The thickness of the core is
he and the thickness of the face is hr and the total thickness
of sandwich plate is h=hc+2h;. The width of the plate is 2b
and the edges of the plate at y=tb and x=tL are free. The
plate is imposed to thermal and hygroscopic loading
conditions.

5.1 Investigation the accuracy of results

The accuracy of present solution is validated with
predictions of the finite element method (FEM). A
sandwich plate with cross-ply faces as (0°/90°/core/90°/0°)
is subjected to a uniform temperature change as AT=1°C.
The thickness of the core is hc=0.4h, the thickness of face is
h#=0.3h, and the plate width is considered as 2b=3h. A
three-dimensional finite element model is made in the
commercial finite element code Ansys using solid46
element for analysis of the plate. The thickness of the faces
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Fig. 3 Predictions of LWT and FEM for interlaminar shear
stress oy, at z=(hc+h)/2 of (0°/90°/core/90°/0°) sandwich

plate, (AT=1°C)

and the thickness of core are divided into 20 elements, the
width of the plate is divided into 100 elements and the
length are divided into 8 elements, and the uniform
temperature change as AT=1°C is imposed to the nodes.
Because of the mismatch between the coefficient of
thermal expansion (CTE) of core, 0° layers and 90° layers
in the faces, the thermal stresses arise in the laminate when
the temperature of the plate changes. For example, CTE of
lamina in the transverse direction is bigger than its CTE in
the axial (fiber) direction. When the temperature of
(0°/90°/core/90°/0°) plate increases as AT, 0° layer in the
face wants to expand in the y direction more than 90° layer,
S0 shear stress oy, arises at the interfaces of 90°/0° interface
in which, the direction of shear stress oy, at the interface on
the 90° layers is from the center of plate toward the edge,
and the direction of oy, on the 0° layers is from the edge
toward the plate center. The out of plane stresses arise in
vicinity of free edges especially near the interface of the
layers with different thermo-mechanical properties. The
predictions of LWT and FEM for out of plane normal stress
oz along the width of the plate at z=(hc+h)/2 is presented in
Fig. 2. Except exactly at the free edge y=b, very good
agreement is seen between the predictions of LWT and
FEM for distribution of o; along the interface of layers.
Exactly at the free edge, the prediction of LWT by Hooke’s
law is 0;=-0.4599 MPa, the prediction of LW theory by the
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Fig. 4 Prediction of LWT and FEM for distribution of o
through the thickness of (0°/90°/core/90°/0°) plate near the
free edge, (AT=1°C)

Table 4 Global response of symmetric and un-symmetric
cross-ply sandwich plate to uniform temperature change
AT=1°C (h=0.3, h=0.4, 26=3h)

Lamination Cex10° Csx10(1/mm)
(90°/90°/core/90°/90°) 4.4473 1.11x107
(90°/90°/core/0°/0°) 21.4510 -59.0644
(0°/90°/core/0°/90°) 4.6250 3.7737
(0°/0°/core/0°/0°) 0.2545 -6.27x10°°
(90°/90°/core/90°/90°) 48.0628 -1.878x10°°

Table 5 Effect of layer stacking on the global response of plates
to thermal loading (AT=1°C, h=0.3, h=0.4, 2b=3h)

Lamination Cex10° Csx10°(1/mm) C3x10°(1/mm)
(45°/-45°/core/-45°/45°)  6.4587  8.9202x10°¢ 1 '(1)8i0><
(45°/-45°/core/45°/-45°)  6.9311  2.4043x107 -1.3028
(45°/45°/core/-45°/-45°) 22.7870 '6"1‘8_259X -55.7552

integration method is 0;=-0.4141 MPa and the prediction of
FE method is -0.3501 MPa. Due to thermal load as AT=1°C,
the plate expands at the axial direction, and the prediction
of LWT and FEM for uniform axial strain of the plate is
Co=4.4473x10 and 4.4400x10°5, respectively.

The predictions of LWT and FEM for out of plane shear
stress oy, along the 90°/0° interface on the top face,
z=(hc+hg)/2, are presented in Fig. 3. As it is seen in Fig. 3, at
90°/0° interface in the top face, the direction of oy, on 90°
layer is positive for y>0 and is negative for y<0, which
means that as expected the direction of shear stress oy, on
90° layer is from the plate center to the free edges. It is
observed in Fig. 3 that near the free edges, prediction of
LWT for oy, is bigger than the prediction of FEM. Fig. 4
shows the prediction of LWT and FEM for the in-plane
normal stress oy through the thickness of the plate in the
vicinity of the edge. In Fig. 4, good agreement is seen
between the predictions of LWT and FEM for distribution
of oy at the vicinity of free edge.

Comparison of the predictions of the LWT and FEM for
out of plane and in-plane stresses shows that predictions of
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Fig. 6 Out of plane shear stress ox, along the width of
symmetric (45°/-45°/core/-45°/45°) plate (AT=1°C)

LWT are in good agreement with predictions of FEM,
except for interlaminar stresses o; and oy, exactly in the
vicinity of free edges at the interface. Some researchers
reported singularity of out of plane normal stresses in the
interface of layers with different mechanical properties at
the free edges.

5.2 Global deformation response

Due to the mismatch in the thermo-mechanical
properties of the plies, even uniform temperature change in
the plate may cause expansion, Cs, bending Cs, and twisting
Cs of the plate. Cs is the uniform axial strain of the plate at
the mid plane, Cs is the curvature of the plate due to
bending and C; is the rotation angle per unit length of the
plate about x-axis due to twisting of the plate.

The deformation constants Cs and Cs for the plate with
symmetric and un-symmetric cross-ply lamination which is
subjected to AT=1°C are shown in Table 4. It is observed in
Table 4 that Cs is vanished for symmetric laminations and is
not vanished for un-symmetric laminations. It means that
uniform temperature change causes bending of the
sandwich plate with un-symmetric lamination. Csz vanishes
for the cross-ply laminations which are shown in Table 4.

For further study on the effect of layer staking on the
deformation of the plate due to uniform temperature
change, Cs, Cs and C3 for symmetric (45°/-45°/core/-
45°/45°) and un-symmetric (45°/-45°/core/45°/-45°) and
(45°/45°/core/-45°/-45°) sandwich plate which is subjected
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Fig. 7 Out of plane normal stress o, along the width of
symmetric (45°/-45°/core/-45°/45°) plate (AT=1°C)
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Fig. 9 Distribution of o; in un-symmetric (45°/45°core/-
45°/-45°) plate (AT=1°C)

to AT=1°C are presented in Table 5. As seen in Table 5, Cs
and Cs vanish in the symmetric (45°/-45°/core/-45°/45°)
plate. It is seen that Cs vanishes but C; does not vanish in
the un-symmetric (45°/-45°/core/45°/-45°) and
(45°/45°/core/-45°/-45°) plates.

5.3 Uniform thermal loading

Distribution of out of plane and in-plane stresses in the
sandwich plate which is subjected to uniform temperature
change is studied in this section. A symmetric (45°/-
45°/core/-45°/45°) sandwich plate in which h=0.3 mm and
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hm=0.4 mm is subjected to AT=1°C. The distribution of out
of plane shear stresses oy;, ox, and normal stress o; at the
interfaces along the width of the plate is shown in Figs. 5 to
7, respectively. The shear stresses oy, and oy, vanish at the
mid plane of this plate at z=0. Also, the out of plane shear
stresses vanishes at y=0, and asymmetric distribution is seen
for the out of plane shear stresses with respect to z and y-
coordinate. o; has symmetric distribution. In these figures,
it is obvious that the out of plane stresses vanish far from
the edges of the plate and arise near the edges. The shear
stresses at -45°/45° interfaces are bigger than the core/face
interfaces. For AT=1°C, the maximum of oy, is about 0.105
MPa and the maximum of oy, is about 0.6MPa. The
maximum of o; in compression is about -0.24MPa and its
maximum in tension is 0.235MPa which are seen at 45°/-
45° interface.

In order to study the distribution of stresses through the
thickness and near the edge, the distribution of the stresses
in the thickness of symmetric (45°/-45°/core/-45°/45°) and
un-symmetric (45°/45°/core/-45°/-45°) plates is studied in
the next figures.

The distribution of the normal stresses o; in these
symmetric and un-symmetric plates is presented in Figs. 8
and 9, respectively. In the symmetric plate, the maximum of
oz occurs at -45°/45° interfaces and in the un-symmetric
plate occurs near the core/face interface in the face. In both
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Fig. 13 Distribution of oy, in un-symmetric (45°/45°/core/-
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Fig. 14 Distribution of oy, in un-symmetric (45°/-45°/core/-
45°/45°) plate, (AT=1°C)

plates, o is positive in the core and is negative in the face
and a sharp change is seen at the core/face interface. The
positive normal stress o at the core of symmetric plate is
bigger than its maximum at the core of un-symmetric plate,
and the compressive stress at the faces of un-symmetric
plate is bigger than in the symmetric plate.

The distribution of the out of plane shear stress oy, in
these symmetric an un-symmetric sandwich plate is shown
in Figs. 10 and 11. In the symmetric plate, ox is very small
in the core and increases in the faces, and its maximum is at
-45°/45° interfaces. As seen in Figs. 10 and 11, the
distribution of o, in the un-symmetric plate is completely
different from symmetric plate.
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The distribution of the in-plane shear stress oy, through
the  thickness  of  (45°-45°core/-45°/45°)  and
(45°/45°/core/-45°/-45°) plate which is subjected to
AT=1°C is shown in Figs. 12 and 13, respectively. The in-
plane shear stress oy is discontinuous at -45°/45°
interfacesand at core/face interface and decreases by
decreasing the distance to the free edge. oxy vanishes at free
edges y=tb.

The distribution of the out of plane shear stress oy, in
these symmetric and un-symmetric plates is presented in
Figs. 14 and 15, respectively. The variation of oy, at the
interfaces of physical layers is seen clearly in these figures.
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Fig. 18 Distribution of o; in un-symmetric (45°/45°/core/-
45°/-45°) plate subjected to hygroscopic load (AM=1%)
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Fig. 20 Distribution of oy, in un-symmetric (45°/45°/core/-
45°/-45°) plate subjected to hygroscopic load (AM=1%)

The distribution of in-plane normal stress oy in these plates
is presented in Figs. 16 and 17, respectively. As seen, oy
decreases by decreasing the distance to the free edge.

5.4 Uniform hygroscopic loading

The sandwich plate which is subjected to uniform
moisture content change is considered and the distribution
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of in-plane and out of plane stresses is studied. The un-
symmetric (45°/45°/core/-45°/-45°) sandwich plate layer is
subjected to moisture content change as AM=1%.
Distribution of the o; due to hygroscopic load AM=1% is
presented in Fig. 18. It is seen that o; is maximum (about -
21Mpa) at the free edge at the faces near the core/face
interface. The distribution of o; is symmetric in the plate
thickness. The distribution of the shear stresses oy, and oy,
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Fig. 24 Fiber directions effect on the distribution of oy,
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through the thickness of the plate is depicted in Figs. 19 and
20. oy increases sharply near the core/face interface near
the edge and its maximum is about 4.5 MPa. The
hygroscopic shear stress oy, has asymmetric distribution
through the thickness of the plate. It is observed in Fig. 20
that the maximum of o, is about 10.4 MPa at the core/face
interface. The maximum value of oy at the core/face
interface is about 2.3 times greater than the oy, stress at the
core/face interface.

The distribution of ox and oy and oy in un-symmetric
(45°/45°/core/-45°/-45°) plate are shown in Figs. 20 to 22,
respectively. Because the edges of the plate are free at y=tb
and x=tL, as it is observed in Figs. 21 and 22, at y=0 and at
y=0.5b (far from the edges of plate), the distribution of oy is
almost the same as distribution of o at y=0 and at y=0.5b.
The maximum of ox and oy is about -40MPa, and is
observed at y=0, at the top and bottom surface of the plate,
and is about 44 MPa at the core/face interface. As seen in
Fig. 23, oy in the face changes almost linearly from -40
MPa at the bottom surface of the plate to about 51 MPa at
the core/face interface.

In order to study the effect of plies stacking angles &on
the distribution of the stresses, oy, and o at the free edge
y=b of (6°/&Icore/-6°I-&°) plate for various 4 is presented
in Figs. 24 and 25, respectively. It is seen that overlay the
magnitude of oy, at the edge is maximum for 6=45°.
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5.5 Non-uniform hygrothermal loading

5.5.1 Temperature gradient in the thickness

The sandwich plate is subjected to steady state
temperature gradient in the plate thickness, so that bottom
surface of the plate is subjected to temperature change as
ATy, and the top surface as ATy, and temperature is uniform
in the length and width of the plate. For temperature
gradient in the 1D steady state heat transfer in the thickness
of the sandwich plate which AT,=0°C and AT:=1°C is
shown in Fig. 26. The thermal conductivities of the core and
lamina are shown in Table 3. The distribution of o; at y=b
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Fig. 37 Comparison of the distribution of ok, at y=b in
(45°/45°/core/-45°/-45°) plate, uniform and non-uniform
moisture content change

in (0°/0°/core/0°/0°) plate for uniform temperature change
and non-uniform temperature change are shown in Fig. 26.
This figure compares the stresses in the plate for AT=1°C,
AT=2°C and for non-uniform temperature change as
ATp=1°C and AT=2°C. The distribution of o; in the
thickness of (45°/45°/core/-45°/-45°) plate which is
subjected to non-uniform temperature distribution AT,=0°C
and AT=1°C is shown in Fig. 28, and the distribution of o,
oy, and oy are depicted in Figs. 29 to 31, respectively.

5.5.2 Moisture content gradient in the thickness

The stresses in the sandwich plate due to moisture
content gradient are studied in next figures. The distribution
of the steady state moisture content in the (45°/45°/core/-
45°/-45°) sandwich plate which the bottom surface is kept
at AM,=0 and the top surface is kept at AM=1% is shown in
Fig. 32. The hygroscopic properties of the lamina and core
are given in Table 3. As shown in Table 3, because D33 of
the lamina is very bigger than of core, the distribution of the
moisture contents is almost uniform in the top and bottom
faces and linearly changed in the core. The distribution of
hygroscopic stresses in (45°/45°/core/-45°/-45°) plate for
moisture content change as shown in Fig. 32 is shown in
Figs. 33 to 35. To compare the hygrothermal stresses for
uniform and non-uniform moisture change, the distribution
of o; and oy, at y=b in (45°/45°/core/-45°/-45°) plate which
is subjected to uniform moisture content change as
AMy=AM=1%, and non-uniform distribution AMy=0%,
AM=1% and non-uniform distribution AMp=1%, AM=0%
are shown in Figs. 36 and 37, respectively. These figures
compare the stress distribution for 3 kind of moisture
distribution through the thickness of the plate.

6. Conclusions

The 3D hygrothermal stresses and free edge effect in the
sandwich plate for uniform and through the thickness
gradient hygrothermal loading are studied. The principle of
minimum total potential energy is employed to obtain the
governing equations and the layerwise discretization
approach is used to obtain the free edge stresses in the
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sandwich plate subjected to hygrothermal loading. The
governing equations of the plate are solved for free
boundary conditions to obtain the three-dimensional
stresses. The FE modeling is used to verify the results of the
present solution. The stresses and deformation of the
symmetric and un-symmetric sandwich plate due to uniform
and steady state through the thickness temperature and
moisture gradient is studied and the results are compared.
Various numerical results are presented and the effects of
stacking sequence, fiber directions on loading gradient on
the stress distribution are investigated.

References

Ahmadi 1. (2016), “Edge stresses analysis in thick composite
panels subjected to axial loading using layerwise formulation”,
Struct. Eng. Mech., 57(4), 733-762.

Ahmadi I. and Aghdam, M.M. (2010), “A generalized plane strain
meshless local Petrov-Galerkin method for the micromechanics
of thermomechanical loading of composites”, J. Mech. Mater-.
Struct., 5(4), 549-566.

Ahmadi I. and Aghdam, M.M. (2010), “Analysis of micro-stresses
in the SiC/Ti metal matrix composite using a truly local
meshless method”, J. Mech. Eng. Sci., 224(8), 1567-1577.

Ahmadi, 1. (2016), “Edge stresses analysis in laminated thick
sandwich cylinder subjected to distributed hygrothermal
loading”, J. Sandw. Struct. Mater., 1099636216657681.

Ahmadi, 1. (2017), “A Galerkin layerwise Formulation for three-
dimensional stress analysis in long sandwich plates”, Steel
Compos. Struct., 24(5), 523-536.

Ahmadi, 1. and Najafi, M. (2016), Three-dimensional stresses
analysis in rotating thin laminated composite cylindrical shells.
Steel Compos. Struct., 22(5), 1193-1214.

Benkhedda, A., Tounsi, A. and Adda Bedia, E.A. (2008), “Effect
of temperature and humidity on transient hygrothermal stresses
during moisture desorption in laminated composite plates”,
Compos. Struct., 82, 623-635.

Boukert, B., Benkhedda, A., Bedia, E.A. and Khodjet-Kesba, M.
(2017), “Hygrothermomechanical behavior of thick composite
plates using high order theory”, Proc. Struct. Integr., S, 115-
122.

Brischetto, S. (2012), “Hygrothermal loading effects in bending
analysis of multilayered composite plates”, CMES-Comput.
Model. Eng. Sci., 88(5), 367-418.

Brischetto, S. (2013), “Hygrothermoelastic analysis of
multilayered composite and sandwich shells”, J. Sandw. Struct.
Mater., 15(2), 168-202.

Cho, M. and Kim, H.S. (2000), “Iterative free-edge stress analysis
of composite laminates under extension, bending, twisting and
thermal loadings”, J. Sol. Struct., 37, 435-459.

Davi, G. and Milazzo, A. (1997), “Boundary element solution for
free edge stresses in composite laminates”, J. Appl. Mech.,
64(4), 877-884.

Farley, G.L. and Herakovich, C.T. (1978), “Influence of two-
dimensional hygrothermal gradients on interlaminar stresses
near free edges”, Adv. Compos. Mater.-Environ. Effects, 143-
159.

Goodsell, J., Pagano, N.J., Kravchenko, O. and Pipes, R.B. (2013),
“Interlaminar stresses in composite laminates subjected to
anticlastic bending deformation”, J. Appl. Mech., 80(4),
041020.

Goodsell, J. and Pipes, R.B. (2016), “Free-edge interlaminar
stresses in angle-ply laminates: A family of analytic solutions”,
J. Appl. Mech., 83(5), 051010.

Hayashi, T. (1967), “Analytical study of interlaminar shear
stresses in a laminated composite plate”, Trans. Jap. Soc.
Aeronaut. Eng. Space Sci., 10(17), 43-48.

Herakovich, C.T. (1976), “On thermal edge effects in composite
laminates”, J. Mech. Sci., 18(3), 129-134.

Huang, B. and Kim, H.S. (2015), “Interlaminar stress analysis of
piezo-bonded composite laminates using the extended
Kantorovich method”, J. Mech. Sci., 90, 16-24.

Kant, T. and Swaminathan, K. (2000), “Estimation of
transverse/interlaminar stresses in laminated composites-a
selective review and survey of current developments”, Compos.
Struct., 49, 65-75.

Kim, H.S., Cho, M., Lee, J., Deheeger, A., Grediac, M. and
Mathias, J.D. (2010), “Three-dimensional stress analysis of a
composite patch using stress functions”, J. Mech. Sci., 52,
1646-1659.

Kim, T. and Atluri, S.N. (1995), “Analysis of edge stresses in
composite laminates under combined thermo-mechanical
loading, using a complementary energy approach”, Comput.
Mech., 16, 83-97.

Lee, S.S. and Kim, B.S. (1997), “Boundary element analysis of
singular thermal stresses in a unidirectional laminate”, Struct.
Eng. Mech., 5(6), 705-713.

Lekhnitskii, S.G. (1981), Theory of Elasticity of an Anisotropic
Body, Mir Publisher, Moscow, 104.

Lo, S.H., Zhen, W.U., Cheung, Y.K. and Wanji, C. (2010),
“Hygrothermal effects on multilayered composite plates using
a refined higher order theory”, Compos. Struct., 92, 633-646.

Lu, X. and Liu, D. (1992), “An interlaminar shear stress continuity
theory for both thin and thick composite laminates”, J. Appl.
Mech., 59(3), 502-509.

Matsunaga, H. (2004), “A comparison between 2-D single-layer
and 3-D layerwise theories for computing interlaminar stresses
of laminated composite and sandwich plates subjected to
thermal loadings”, Compos. Struct., 64(2), 161-177.

Mittelstedt, C. and Becker, W. (2004), “Interlaminar stress
concentrations in layered structures-part I: A selective literature
survey on the free-edge effect since 19677, J. Compos. Mater.,
38, 1037-1062.

Morton, S.K. and Webber, J.P.H. (1993), “Interlaminar failure due
to mechanical and thermal stresses at the free edges of
laminated plates”, Compos. Sci. Technol., 47(1), 1-13.

Morton, S.K. and Webber, J.P.H. (1993), “An analytical solution
for the thermal stresses at the free-edges of laminated plates”,
Compos. Sci. Technol., 46, 175-185.

Murugesan, N. and Rajamohan, V. (2015), “Investigation on
interlaminar shear stresses in laminated composite beam under
thermal and mechanical loading”, Steel Compos. Struct., 18(3),
583-601.

Murugesan, N. and Rajamohan, V. (2016), “Interlaminar shear
stresses in laminated composite plates under thermal and
mechanical loading”, Mech. Adv. Mater. Struct., 23(5), 554-
564.

Naidu, N.V.S. and Sinha, P.K. (2005), “Nonlinear finite element
analysis of laminated composite shells in hygrothermal
environments”, Compos. Struct., 69, 387-395.

Nath, J.K. and Kapuria, S. (2013), “Global-local and zigzag-local
theories for direct transverse shear stress computation in
piezolaminated plates under thermal loading”, J. Mech. Sci.,
75, 158-169.

Nguyen, T.D. and Nguyen, D.H. (2007), “Interlaminar stresses and
delamination of composite laminates under extension and
bending”, Struct. Eng. Mech., 25(6).

Padhi, A. and Pandit, M.K. (2016), “Behaviour of sandwich
laminates subjected to thermal loading using higher-order zig-
zag theory”, J. Sandw. Struct. Mater., 18(2), 174-199.

Pagano, N.J. (1974), “On the calculation of interlaminar normal


http://appliedmechanics.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=G.+Davi%cc%80&q=G.+Davi%cc%80
http://appliedmechanics.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=A.+Milazzo&q=A.+Milazzo
http://appliedmechanics.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=Johnathan+Goodsell&q=Johnathan+Goodsell
http://appliedmechanics.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=Nicholas+J.+Pagano&q=Nicholas+J.+Pagano
http://appliedmechanics.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=Oleksandr+Kravchenko&q=Oleksandr+Kravchenko
http://appliedmechanics.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=R.+Byron+Pipes&q=R.+Byron+Pipes
http://appliedmechanics.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=Johnathan+Goodsell&q=Johnathan+Goodsell
http://appliedmechanics.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=R.+Byron+Pipes&q=R.+Byron+Pipes
http://www.sciencedirect.com/science/article/pii/002074037690062X
http://www.sciencedirect.com/science/journal/00207403
http://www.sciencedirect.com/science/journal/00207403/18/3
http://www.sciencedirect.com/science/article/pii/S0020740314003658
http://www.sciencedirect.com/science/article/pii/S0020740314003658
http://www.sciencedirect.com/science/article/pii/S0020740314003658
http://www.sciencedirect.com/science/article/pii/S0263822309003730
http://appliedmechanics.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=Xianqiang+Lu&q=Xianqiang+Lu
http://appliedmechanics.asmedigitalcollection.asme.org/solr/searchresults.aspx?author=Dahsin+Liu&q=Dahsin+Liu
http://www.sciencedirect.com/science/journal/02638223
http://www.sciencedirect.com/science/article/pii/0266353893900904
http://www.sciencedirect.com/science/article/pii/0266353893900904
http://www.sciencedirect.com/science/journal/02663538
http://www.sciencedirect.com/science/journal/02663538
http://www.tandfonline.com/author/Murugesan%2C+Nagaraj
http://www.tandfonline.com/author/Rajamohan%2C+Vasudevan
http://www.techno-press.org/index3.php?page=search2&mode=result#1
http://www.techno-press.org/index3.php?page=search2&mode=result#1
http://www.tandfonline.com/author/Murugesan%2C+Nagaraj
http://www.tandfonline.com/author/Rajamohan%2C+Vasudevan
http://www.sciencedirect.com/science/article/pii/S0020740313001884
http://www.sciencedirect.com/science/article/pii/S0020740313001884
http://www.sciencedirect.com/science/journal/00207403
http://www.sciencedirect.com/science/journal/00207403/75/supp/C
http://jsm.sagepub.com/search?author1=Ansuman+Padhi&sortspec=date&submit=Submit
http://jsm.sagepub.com/search?author1=Mihir+K+Pandit&sortspec=date&submit=Submit

Three-dimensional and free-edge hygrothermal stresses in general long sandwich plates 289

stress in composite laminate”, J. Compos. Mater., 8(1), 65-81.

Pantano, A. and Averill, R.C. (2000), “A 3D zig-zag sublaminate
model for analysis of thermal stresses in laminated composite
and sandwich plate”, J. Sandw. Struct. Mater., 2(3), 288-312.

Patel, B.P, Ganapathi, M. and Makhecha, D.P. (2002),
“Hygrothermal effects on the structural behaviour of thick
composite laminates using higher-order theory”, Compos.
Struct., 56, 25-34.

Puppo, A.H. and Evensen, H.A. (1970), “Interlaminar Shear in
laminated composites under generalized plane stress”, J.
Compos. Mater., 4, 204-220.

Singh, S.K. and Chakrabarti, A. (2017), “Hygrothermal analysis of
laminated composites using C° FE model based on higher order
zigzag theory”, Steel Compos. Struct., 23(1), 41-51.

Tahani, M. and Nosier, A. (2003), “Free edge stress analysis of
general cross-ply composite laminates under extension and
thermal loading”, Compos. Struct., 60, 91-103.

Vaddadi, P., Nakamura, T. and Singh R.P. (2003), “Transient
hygrothermal stresses in fiber reinforced composites: A
heterogeneous characterization approach”, Compos. Part A:
Appl. Sci. Manufact., 34(8), 719-730.

Wang, Y.R. and Chou, T.W. (1989), “Three-dimensional
transient  interlaminar thermal stresses in  angle-ply
composites”, J. Appl. Mech., 56(3), 601-608.

Wang, A.S.D. and Crossman, F.W. (1977), “Edge effects on
thermally induced stresses in composite laminates”, J. Compos.
Mater., 11, 300-312.

Wang, S.S. and Choi, 1. (1982), “Boundary-layer hygroscopic
stresses in angle-ply composite laminates”, AIAA4 J., 20(11),
1592-1598.

Yin, W.L. (1994), “Simple solution of the free-edge stresses in
composite laminates under thermal and mechanical loads”, J.
Compos. Mater., 28(6), 573-386.

Zenkour, A.M. (2012), “Hygrothermal analysis of exponentially
graded rectangular plates”, J. Mech. Mater. Struct., 7(7), 687-
700.

Zenkour, A.M., Mashat, D.S. and Alghanmi, R.A. (2014),
“Hygrothermal analysis of antisymmetric cross-ply laminates
using a refined plate theory”, J. Mech. Mater. Des., 10(2), 213-
226.

Zhu, S.Q., Chen, X. and Wang, X. (2007), “Response of dynamic
interlaminar stresses in laminated plates under free vibration
and thermal load”, Struct. Eng. Mech., 25(6), 753-765.

cC

Appendix

The interpolation function which is used in (2) is the
linear Lagrangian interpolation function and are defined as

—(Z-zy) 7=z, 4
k-1
1
O, (z)= t—(zk+l—z), z2,,<2<1z, (A1)
k
0, Z<Z2, 300222,

where z is the thickness coordinate of £™ numerical surface
and ti=zx+1-zx is the thickness of ™ numerical layer. Also the
matrixes AY

ki Kj . .
pg » Bpgand Do which are defined in (12)

are (V+1)x(N+1) matrices and can be obtained as
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The matrix {4} and {g} are used in (14) are defined as
0 =€)
03 =C1VE"
{o}={c, Ay, ,0,0, ayy }T
By=1{5,.5,.5,,00, B, ¥

And the thermal and hygroscopic effect matrix are
defined in (14) are obtained as

(A6)

(k-1) (k-1)
Hp Hp .
t if j=k-1
2 k178 J
ki K ﬂék ? ——ﬂ'()k) t #'()k ? +t ﬂ(k) Jf j =
(Bgr.Dyr)=1 2 2 't 3 T3 (A7)
(k) (k)
By My o
1 if j=k+1
5 k1 TeT J
(0,0) if j<k-lor j>k+1
i(k'l) A(k-l) o
”2 b ”6 if j=k-1
ﬂék-l) }L‘(Jk) t /lr(Jk 1) . ﬁ(k) Wik
. oy if i =
(B Di)=1"2 2 kg Ty ITK (ag)
ﬂ';()k) lék)
—_t,— if j=k+1
o T k1Tg J
(0, 0) if j<k-lor j >k +1

and ApT , A'p<T , A;M and AEM can be obtained as

@) : _
—Hp’ if k=1
k  _ (k-1) (k)
Apr = ,up —pp 0y i 1<k <N +1
,up ), if K=N +1
(A9)
s (22”1) if k =1
I +22k*1)-u§,“(z“12”k), if 1<k <N +1
QI ERELE if k=N +1
b ( 5 )
-2, if k =1
Agg =4 A =289if 1<k <N +1
z +Z .
A, z;“%%), if k=N +1
Al10
29 2+zl) if k =1 (A10)
L +22k*1)-z,§k)(zk+12”k),if 1<k <N +1
(N) Iy tZ . _
AN (%), if k=N +1
and A_\pq ,A_pq and A pq Which are used in (16) are defined

(ApgAng

A= [ CO Mz 2%

0 P (A11)

The matrixes which is used in (18) are defined as
following
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