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Free vibration analysis of cracked Timoshenko beams
carrying spring-mass systems

Guojin Tan?, Jinghui Shan®, Chunli Wu"* and Wensheng Wang®
College of Transportation, Jilin University, Renmin Street 5988, Changchun 130022, China
(Received January 16, 2017, Revised May 21, 2017, Accepted June 14, 2017)

Abstract. In this paper, an analytical approach is proposed for determining vibration characteristics of cracked non-uniform
continuous Timoshenko beam carrying an arbitrary number of spring-mass systems. This method is based on the Timoshenko
beam theory, transfer matrix method and numerical assembly method to obtain natural frequencies and mode shapes. Firstly, the
beam is considered to be divided into several segments by spring-mass systems and support points, and four undetermined
coefficients of vibration modal function are contained in each sub-segment. The undetermined coefficient matrices at spring-
mass systems and pinned supports are obtained by using equilibrium and continuity conditions. Then, the overall matrix of
undetermined coefficients for the whole vibration system is obtained by the numerical assembly technique. The natural
frequencies and mode shapes of a cracked non-uniform continuous Timoshenko beam carrying an arbitrary number of spring-
mass systems are obtained from the overall matrix combined with half-interval method and Runge-Kutta method. Finally, two
numerical examples are used to verify the validity and reliability of this method, and the effects of cracks on the transverse
vibration mode shapes and the rotational mode shapes are compared. The influences of the crack location, depth, position of
spring-mass system and other parameters on natural frequencies of non-uniform continuous Timoshenko beam are discussed.
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1. Introduction

Cracks present a serious threat to proper performance of
structures. It is an important means to ensure the safety of
structure through taking some remedial measures or
evaluating the bearing capacity of the structural residual
load as soon as possible whenever cracks appear. The
structural dynamic characteristics such as natural
frequencies and mode shapes will be changed due to the
presence of cracks, which means that the dynamic
characteristics have great potential for the diagnosis of
cracks. The non-uniform continuous Timoshenko beam
carrying various concentrated elements (such as linear
springs, point masses and spring-mass systems, etc.) are
widely used in the field of mechanical, civil engineering
and so on. Thus, it is of great significance to study the free
vibration analysis of a non-uniform continuous Timoshenko
beam carrying an arbitrary number of spring-mass systems.

Some studies have been performed to analyze the
vibration characteristic of Timoshenko beams carrying
various concentrated elements by several researchers and
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some corresponding research papers have been published.
Rossi et al. (1993) studied the free vibration of a single span
uniform Timoshenko beam carrying a spring-mass system
which acts as a dynamic absorber cancelling out the motion
at the point of attach. Wu and Chen (2001) obtained the
exact natural frequencies and mode shapes of a uniform
Timoshenko beam with various boundary conditions and
carrying multiple spring-mass systems with the presented
numerical assembly technique. Wang et al. (2007) studied
the natural frequencies and mode shapes of a uniform
Timoshenko beam carrying multiple intermediate spring-
mass systems with the effects of shear deformation and
rotatory inertia. Yesilce et al. (2008) studied the free
vibration of a uniform multi-span Timoshenko beam
carrying multiple spring mass systems by using scant
method. Lin (2009) utilized the numerical assembly method
to determine the exact natural frequencies and mode shapes
of the uniform multi-span Timoshenko beam carrying a
number of various concentrated elements including spring-
mass systems etc. Yesilce and Demirdag (2008) obtained
the frequency values and mode shapes of the multi-span
uniform Timoshenko beam carrying multiple spring-mass
systems with the axial force effect. Wu and Chang (2013)
studied the exact natural frequencies and associated mode
shapes for an axial-loaded multi-step Timoshenko beam
carrying various concentrated elements by using continuous
mass transfer matrix method. El-Sayed et al. (2016) dealt
with the analysis of the vibration of an axially loaded beam
system carrying ends consisting of non-concentrated tip
masses and three spring-two mass sub-systems. From above
literature review, one sees that most investigations were
concentrated on intact uniform Timoshenko beams,
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however, the problems regarding free vibration of cracked
non-uniform continuous Timoshenko beam carrying various
concentrated elements are very rare.

During the last decades, the vibration behavior of
cracked simple beam has been investigated by many
researchers. And various kinds of analytical, semi-analytical
and numerical methods have been employed to solve the
problem of a cracked simple beam (Zheng and Fan 2001,
Khiem and Lien 2001, Torabi et al. 2014, Mazanoglu et al.
2009, Zheng and Ji 2012). Kisa et al. (1998) studied the
vibrational characteristics of a cracked uniform Timoshenko
beam by integrating the finite element method and
component mode synthesis. Finite element method was also
used by Viola et al. (2001) to model the damaged structure.
A new finite spectral element of a cracked uniform
Timoshenko beam was introduced by Krawczuk et al.
(2003) for modal and elastic wave propagation analysis. Lin
(2004) obtained the characteristic equation of a simply
supported uniform Timoshenko beam with an open crack by
using the analytical transfer matrix method. By the use of
the energy approach, Swamidas et al. (2004) predicted the
effect of crack size and location on the natural frequencies
of cracked uniform simply supported Timoshenko beam.
Loya et al. (2006) obtained the natural frequencies of
uniform Timoshenko beams with a crack by the
perturbation method. All the above studies considered only
one crack on the Timoshenko beam.

The case that Timoshenko beam has more than one
crack was considered in the study of Zheng and Fan (2001).
They obtained the natural frequencies of a Timoshenko
beam which can have non-uniform cross-sectional areas
with an arbitrary number of transverse open cracks and
point-spring supports by using modified Fourier series. Li
(2003) also established the frequency equation for a
uniform Timoshenko beam with any kind of two end
supports and an arbitrary number of cracks from a second-
order determinant. Aydin (2007) presented an efficient
analytical approach to determine the vibrational frequencies
and mode shape functions of axially-loaded uniform
Timoshenko beams with an arbitrary number of cracks.
From the above literature analysis, it can be seen that the
study of the free vibration of cracked Timoshenko beam
carrying spring-mass systems has not yet been involved.

In this paper, a method is presented for free vibration
analysis of cracked continuous Timoshenko beam carrying
arbitrary number spring-mass systems, which is available to
any form of the variable cross section. In this method, the
transfer matrix method and numerical assembly technique
are used to construct the characteristic equation of the
whole vibration system. According to the characteristic
equation, the natural frequencies and mode shapes of
cracked non-uniform continuous Timoshenko beam are
obtained by using the half-interval method and Runge-Kutta
method. By this method the influence of crack on the
transverse vibration mode shapes and the rotational mode
shapes is discussed, and the effects of the parameters of
crack and spring-mass system on the non-uniform
continuous Timoshenko beam are discussed. The results of
the discussion have certain reference value for the design
and crack diagnosis of this type structure.

2. Differential equation of a non-uniform Timoshenko
beam

The motion equations of a non-uniform Timoshenko
beam can be expressed as

%:Q(x)—pl (x)% @)

aQ(x,t) oY 2(x,1)
o PA(X) Yz

where M(x,t), Q(x,t) are the bending moment and shear
force at axial coordinate x and time t, respectively; p is
density of material; 1(x), A(x) are the moment of inertia and
area of the cross-sectional area at axial coordinate X,
respectively; o(x,t), Y(xt) are the rotation due to pure
bending and transverse deflection at axial coordinate x and
time t, respectively.
Based on Timoshenko beam theory, it has

@

M(x,t):—EI(x)% )

Q(x,t) = —kGA(x){(p(x,t) oY ;:vt)} @

where E is Young’s modulus, G is shear modulus, k is a
constant related to the shape of the cross section, for a
rectangular cross section, k can be taken as 5/6.

Assuming the whole vibration system performs a
harmonic free vibration, it has

Y (%) =Y (el (52)
p(x.t) = p(x)e (5b)
M(xt) = M (x)e"* (5¢)
Q(x,t) =Q(x)e’ (5d)

where w is the natural circular frequency of the Timoshenko
beamand j=+v-1.
The substitution of Egs. (5a)-(5d) into Egs. (1)-(4) gives

dM(x)

x =Q (X) + @2 pl (X)@ (X) (6)
X
Q) _ 2 a7 (%) )
dx
dp(x) __ M(x) ®)
dx El(x)
Y () _ 54 Q00 ©)

ax 7T RGAX)
Let Z(}=[V(0 70 M) Q)] . Eas 6)9)

can be written as
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Fig. 1 Sketch of a continuous Timoshenko beam carried by S spring-mass systems and T pinned supports with any

number of cracks

d{Z(x)} _
dx

U olz o} (10)

The specific form of the coefficient matrix [U(x)] is

0 1 0 1/ kGA(x)
0 0 —1/El(x 0
P LY
— ? pA(X) 0 0 0

By using {Z(0)}, the vector of undetermined coefficients
at the left boundary of beam can be expressed as

z(©}=[r(0) 200 ™M(©) Q@)

By using the transfer matrix method, it has
{zeot=reolzo}

where [T(x)] is the transfer matrix, it shows the transfer
relationship of undetermined coefficients between any
position of the beam and the left boundary.

The substitution of Eq. (12) into Eq. (10) gives

d[T (x)]
dx

For Eq. (13), the transfer matrix [T(x)] in any position
also can be obtained by using Runge-Kutta method
(Kahaner et al. 1989, Dormand and Prince 1980), which is
derived and given in Appendix A. As can be seen from Eq.
(12), the initial value of Runge-Kutta method is an identity
matrix.

(12)

=V I

(13)

3. Solutions of natural frequency and mode shape

The sketch of a continuous Timoshenko beam with an
arbitrary number of cracks, S spring-mass systems and T
pinned supports which has variable cross-sections is shown
in Fig. 1. The continuous beam is divided into N=T+S-1
segments by T pinned supports and S spring-mass systems.

For convenience, two kinds of coordinates are unified as
one shown in Fig. 1. The positions of the pinned support
and spring-mass system are defined by X ((r)=1~T), X[y
([p]=1~S) , respectively. The symbols of 1, 2, 3,---, j-1, |,
j*+1---, N-1, N above the x-axis refer to the numbering of
segments, while the symbols of (1), (2),---, (r),---, (T-1), (T)
and those of [1], [2],---, [p-1], [p], [p+1],---, [S] below the
x-axis refer to the numbering of pinned supports and spring-
mass systems, respectively. It should be noted that the
numbering of pinned supports and spring-mass systems are
enclosed in parentheses () and [], respectively. The
numbering of segments is without any parentheses. There is
an association among the numbering of segments, pinned
supports and spring-mass systems. As seen in Fig. 1, the
number of the jth segment is j=[p]+(r-1).

Taking the jth segment as an example to illustrate the
transfer relationship of undetermined coefficients in the
same segment, assuming that the jth segment has r cracks

and it is divided into (r+1) sub-segment by the cracks in
Fig. 2, the symbols of bslj, bszj b;‘l, be bji“,---,

.1
Sj

b:l refer to the numbering of (r+1) sub-segments of the

jth segment, and their lengths are Iij N L, Isej'l, I:J_ ,
e+l r+1
1, 1
1 2 el e etl-r
——f— e — e — e — e — -~ - R
X
ki as
m[p] (I‘)
X}
X l
yy

Fig. 2 Equivalent model of the jth segment
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e-1
&, =X—(X[p] +Z|sk,), for sub-segment b , &el0l]
k=1 i i

. Assuming the natural circular frequency of the cracked
continuous Timoshenko beam carrying spring-mass systems
is @ , according to Eq. (12), the undetermined coefficient

of the transfer relationship in sub-segment b:‘j can be
obtained

Z@)l=me)HzeE =03 (14)

where [T(&jsej )] is identical to the meaning of [T(x)] in Eq.
(12), it is determined by replacing w of [U(X)] with @ in
Eq. (13). 5:} :Isel, Eq. (14) shows the transfer relationship

of undetermined coefficient between the left side and right
side. It can be written as

Wz =k iz (15)

J

where {Z}t", {Zf" represent the undetermined coefficients

of the left side (f; =0) and right side (ffI :Ifj) in sub-

segment b , respectively.

r = @

{Z}:;R — [Y_Sje,R asej,R

v e,L —e,L
Ysj ’ S

npel Ael
Msj Qsj
1
ngeR  AeR
Msj Qsj

N el A el
, M, QS refer to the transverse
] ]

]

deflection, rotation due to bending moment and shear force
of the left side in sub-segment bg, respectively. Y,
J

PR, MR, QSR refer to the transverse deflection,
] ] ]

rotation due to bending moment and shear force of the right
side in sub-segment bse_ , respectively.
]

And ZPt =l o) o ZEt =l =)
T =T =1

A model of massless extensional spring and rotational
spring is adopted to describe the local flexibility induced by
cracks in this paper. In the eth crack location of the jth
segment, there is the discontinuities of the transverse
deflection and rotational angle due to bending.

Vot Vet =ser gt (16)

(BHLL _@se,R — MC:] M;,R (17)

S i

where SCsej is the local flexibility constant of the
extensional spring in the eth crack location of the jth
segment, MCSJ_ is the local flexibility constant of the

rotational spring in the eth crack location of the jth segment.

. N =)
SC,, —msﬁj (@) (18)

. hes =15) .
MC —mMFSJ (@) (19)

i

where h is the height of the beam, SF; and MF. are
functions depending on the relative crack deep
a;, =a§,/h(§fj =15) (2, is the absolute depth of the eth
crack in jth segment) and the cross-section geometry. For a
rectangular-sectional beam, SF; () can be expressed as
(Valiente et al. 1990)

e
S

e 2
aS
SFSe(a):[l ) J(—O.22+3.82a§
] 1 (20)

]

+1.54(a; )Z —14.64(0:; )3 +9-60(a§ )A)

And the MF () can be written as (Tada et al. 1985)

e
S

e 2
aS
MFS () =2 —2— | (5.93-19.69c°
i) 1 J (21)

+37.14(a2 J - 35842 f +13.22(02 )

Using the equilibrium conditions of moment and shear
in the eth crack location of the jth segment, it has

MJHE =M (22)
GSGJHLL — (jsejz,R (23)

Egs. (16), (17), (22), (23) are written as a matrix, it has
Zf =lek" 2k (24)

where [G];R is the transfer matrix of the undetermined

coefficient between the left side and right side at the eth
crack location of the jth segment.

10 0 -sc
o 0 1 —-MC¢ 0
[6]" = { (25)
! 00 1 0
00 0 1

According to Egs. (15) and (24), it can obtain the
transfer relationship of undetermined coefficients between

the right side of the last sub-segment (sub-segment b*)

and the left side of the first sub-segment (sub-segment b’ )

in the jth segment by using the recursive method.
= re), izt (26)
where
[r6], =[rLel TR 6} [TE, @)

For convenience, the undetermined coefficient vector of
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the last sub-segment right side in the jth segment is written
as {Z}Iast

5
sub-segment left side in the jth segment is written as
{Z}™ it has

S

the undetermined coefficient vector of the first

{Z }Iast [Y last (/—)Iast I\W sIast Iast ]T

S

_ r+1,R —r+1LR

- [\(Si qosi
first _ Ny first — first np first flrs

{Z}s _[YsJ (/75 Msj ]T

| v 1L —1, IJ_ na LL A LL (28b)
= [Ysz (05 M s; Qsly
Eq. (26) also can be expressed as

{zje =[re] z)™ (29)

The equation of motion of the pth spring-mass system is

Mo Vip] + Kip) (Vip) = ¥1p)) =0 (30)

na r+LR
M

where v is the transverse deflection of the point-mass in
the pth spring-mass system, ypg is the transverse deflection
of the segment with the pth spring-mass system.

The spring-mass system performs a simple harmonic
free vibration in the equilibrium position, it has

=V

jot

Vi =
where Vip; is the vibration amplitude of the vip.
The substitution of Egs. (5a) and (31) into Eq. (30), it

has
(k[p] @*m p])/

As seen in Fig. 1, the location of the spring-mass system
is the right side of the (j-1)th segment, it is also the left side
of the jth segment. Assuming that there is a crack at the
location of the pth spring-mass system, the local flexibility
constant of the extensional spring at the location of the
crack is written as SCpy, the local flexibility constant of
rotational spring is written as MCy,. There are the
discontinuities of the transverse deflection located at the
spring-mass system due to the crack. In this case, the
average of transverse deflection of the left and right sides is
used instead of the transverse deflection of this position. It
has

¥ip1 =0 (32)

Y[p] 1 (Y last Y_ijirst ) (33)

The substitution of Eq. (33) into Eq. (32), it has

(kjp—@ m[p])‘/[p]_ all (7o 7 )=0 (34)

According to the discontinuous condition of the

transverse deflection and rotation due to the crack at the
position of the pth spring-mass system, it has

Yo -V = SC Q4 (35)

aflrst _ Iast — MC[p M N/ last (36)

If no cracks exist at the position of the pth spring-mass
system, we can think that the crack depth is equal to zero, it
has

SCip1=0, MCpp =0

Using the equilibrium conditions of moment and shear
at the location of the pth spring-mass system, it has

M =M 37
c_?slisl’( _@Zv[p]m[p] — (Ssjﬁrst (38)
Egs. (34)-(38) are written as matrix form, it has
[Hip Kup}=0 (39)
where
-1 0 0 - SCpy)
0 -1 -MC, ©
0 0 -1
H =
[ [p]] 0 0 0 1
LR 0
L 2 (40)
0 1 00 0]
0 0 10 0
0 0 01 O
—@°’mp, 0 00 -1
k
— [p]
kipy =@My ——5= 0 0 0
1
{U }: V, a _ [Y_Iast —last Mlast Glast
[p] [p] Sj1 (pSH Sj1 Sj1

{Z } Sfirst

]

N first A first
S e g |

J J J

V[p] Y_s jfirs’r ¢—) first
Substituting Eqg. (29) into Eq. (39), it has
[Hpp KO =0 (41)

[TG ]sj—l [O] 0
[Al=[Hp] ] diagh] o (42)
0 0 1

where [0] is zero element matrix of 4x4, diag[l] is Diagonal
matrix of 4x4 with all the diagonal elements are 1.

[Hpl is the matrix of 5x9, it has
n+l n+2 n+3 n+4 n+5
h1[1p] hl[Zp] h1[3p] hl[4P1 h].[Sp]
P AL R AL AL
[H[p]]: AP R R R ALY
P AL ALY AL AL
h5[1p] hs[zp] hs[sp] h5[4p] hs[sp]

(43)
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n+6 n+7 n+8 n+9
AR R REm oL
R R R m 2
ﬁs[ep] @[;] @[Bp] @[99] m+3
|14[6p] |14[7p] I14[8p] |fl4[gp] m+4
hs[ep] h5[7p] h5[gp] hs[gp] m+5
where,
m=5{p]-1}+4{r-1)-1+2 (r-1>2
m=5{(p]-1}+2 (r-1=1 (44)

n=5{p]-1}+4{(r-1)-1

where the symbol of [p] refers to the numbering of spring-
mass system, the symbol of (r-1) refers to the numbering of
pinned point which is closest to the pth spring-mass system
in the range from the left side of continuous beam to the pth
spring-mass system. As seen in Fig .1, the rth pinned
support is located at the right side of the jth segment and it
is also located at the left side of the (j+1)th segment.
Assuming that there is a crack at that location, the local
flexibility constant of rotational spring is written as MC,. If
no cracks exist at the location, we can think that the crack
depth is equal to zero, it has MC,=0.

At the location of the rth pinned support, the transverse
deflection is equal to zero, it has

Y =0 (45)

Y_S‘first — 0 (46)

j+1

The rotational angle is discontinuous caused by a crack,
it has

By =P =MG M (47)

Sjs

Using the equilibrium conditions of moment in the rth
pinned support location, it has

ng fi WL
M =M “8)
Egs. (45)-(48) are written as matrix form, it has
[Hn Hup}=0 (49)
where
1 0 0 00 0 0O
0 O 0 01000
[He]= (50)
0 -1 -MC,, 0 0100
0 O -1 00010

S

last
{z)
_ _ v last —last N last
{u(r)}_ {Z}filrst = [Ysj s, Msj
j+1
A last v first — first na first A first
QSJ YSM gosjﬂ M5j+1 QSM

Substituting Eq. (29) into Eq. (49), it has
[Ho T} =0 (51)

where

[ﬁ<r>]= [H (r{[T[(;]]Sj o] } (52)

diag[l ]
{U(r) } — [Y_ijirst asfirst

na first A first
M S; Qs i
Y_first — first ,\Wfirst Gfirst

Sji Sja1 Sji Sju

[ﬁ(r)] is the matrix of 4x8, it has

n+l1 n+2 n+3 n'+4
hi hh hg o by

.—.

T
=

=

=

| =
NS
=y
g
=0
N~
=
NS

h3rl h3r2 ﬁSrf)’ I’71;4
h 4rl h 4r2 h 4r3 h 4r4
n'+5 n+6 n+7 n'+8 (3)
hi hg  hj  hg|m+l
h2r5 thG h2r7 h2r8 ml+2
has Esre 539 Esrs m+3
his  hjs  hi  hg m+4
where
m'=5[p]+4{r)-2}+2, (r)>2
i 55[[5]: f{(r)_z}, 822 (54)
n'=5[p} (r)=1

where the symbol of (r) refers to the numbering of pinned
support, the symbol of [p] refers to the numbering of
spring-mass system which is closest to the rth pinned
support in the range from the left side of continuous beam
to the rth pinned support as seen in Fig. 1.

According to the left boundary condition of the
continuous beam, it has

Y_s:irst :0 (55)
M =0 (56)
or
[Hl@u}=0 (57)
where
[ (58)
@70 0 1 0

{U(l)}: [Y—Slﬁrst 7 Slﬁrsr M SIirst 0. Slfirst]r

According to the right boundary condition of the
continuous beam, it has

Y =0 (59)
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M =0 (60)
or
Hmum}=0 (61)
where
[H = F 00 O} (62)
0010
T A el
Substituting Eqg. (29) into Eq. (61), it has
[Hr){Ur)}=0 (63)
where
[Hm)]=[H)ITGI, (64)
S A A oA |
[Hir)] is the matrix of 2x4, it has
n+l1 n+2 n+3 nNn+4
Fol-[ o e ©
21 o s ) |M+2
where

;—1=5[S]+ 4{(T)-2}+ 2} (66)

- sfs}e4fT)-2)

For a cracked continuous Timoshenko beam with S
spring-mass systems and T pinned supports, it has N
(N=T+S-1) segments. There are four undetermined
coefficients for each segment, and there are 4N
undetermined coefficients for all N segments, which are

v first — —first ng first A first v first
expressed as Yoo, g, M QT e YT,
—first g first ~ first v first  —first g7 first A first
¢5j ’ Msj ) QSJ- Tt YSN ) sy ! MSN ) QSN

, respectively. There is one undetermined coefficient for
each spring-mass system, and there are S undetermined
coefficients for all S spring-mass systems, which are
expressed as Vpy, -+, Vi --- Vig. Therefore, the total
vibration system has 4N+S=5S+4T-4 undetermined
coefficients. Each spring-mass system gives five equations
and S spring-mass systems give 5S equations. Each
intermediate support has four equations and the total
number of equations about all the intermediate support is
4[(r)-2]. Besides, the right boundary conditions and the left
boundary conditions contain two equations, respectively.
Then, total number of equations is 5S+4T-4.

The associated coefficient matrices are given by [Hp],
[Hpnl, Hyl, Hml from Egs. (41), (51), (57) and (63).
And each element’s identification number of coefficient
matrix has been in top side and right side of each matrix.
Therefore, using the numerical assembly technique as done
by the conventional finite element method one may obtain a
matrix equation for all undetermined coefficients of the

entire beam.
[Huj=0 (67)
Non-trivial solution of Eq. (67) requires that
H[=0 (68)

The natural frequencies and mode shapes of a cracked
non-uniform continuous Timoshenko beam carrying
arbitrary number spring-mass systems are obtained from
overall matrix by the combination with half-interval method
and Runge-Kutta method. The calculation steps are as
follows:

(1) Given an initial value Q, of the circular frequency, it
is required that the initial circular frequency is less than the
1st natural circular frequency of the cracked non-uniform
continuous Timoshenko beam.

(2) Substituting Q, into Eq. (27), the transfer matrix at
the right end of each segment is obtained by the Runge-
Kutta method. Form a matrix [H(€)], and calculate the
determinant value, let Do=|H()|, Q:=Q¢+AQ, in which
AQ is the increment of Q,. D;=|H(Q;)| can be obtained by
repeating the same calculation. If D, and D; are the
opposite sign. The 1st natural circular frequency of non-
uniform Timoshenko beam is in the interval (Qq, Q1). If Dy
and D; are the same sign, then let Qy=Q;, Q1=Qy+AQ. An
interval of the 1st natural circular frequency of non-uniform
Timoshenko beam can be determined by repeating the
calculation process of step 2. The increment should be small
enough in order to ensure that there only have the 1st
natural circular frequency in an interval (e.g., AQ=0.5).

(3) Q; in the interval of the 1st natural circular
frequency is considered as the initial value of natural
circular frequency. According to Step2, an interval of the
2nd natural circular frequency of non-uniform Timoshenko
beam also can be obtained. The interval of the lower natural
circular frequencies of non-uniform Timoshenko beam can
be obtained by using similar calculation procedure,
respectively.

(4) According to an interval of a certain natural circular
frequency, the accurate value of the natural circular
frequency of the non-uniform Timoshenko beam can be
obtained by using half-interval method. Substituting the
accurate value of the natural circular frequency into Eq.
(27), the transfer matrix at the right end of each segment
can be obtained by using Runge-Kutta method. The matrix
[H] is reformed. The vector of the undetermined coefficient
{u}is obtained by using Eq. (67), and the modal shapes can
be obtained according to the vector of the undetermined
coefficient.

4. Numerical results and discussions

Unless particularly mentioned, all the numerical results
of this paper are obtained based on the non-uniform
continuous Timoshenko beam with the following given
data: rectangular cross section with uniform width of 0.3m
and linearly or parabolically varying height, Young’s
modulus E=3.25x10'°Pa, mass density p=2500kg/m®,
Poisson’s ratio v=0.3.
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Table 1 The first three order natural frequencies of the
wedge beam

Crack Proposed Torabi’s -
(i%?gg% pth a Fr?rléi?cy meghod method wlwl i
(mm) (rad/s) w, (radfs) w,  x100%
1st 71200.7051 71131.9396 0.0966
5 2nd  142914.2303 142841.9323 0.0506
Clamped- 3rd  228537.4451 228406.3484 0.0574
clamped Ist  68381.3086 67820.7010 0.8198
10 2nd  131261.7188 130797.0663 0.3540
3rd 202773.4375 202086.0856 0.3390
1st 23347.2600 23342.0330 0.0224
5 2nd 80380.6534 80324.2396 0.0702
. 3rd  159633.4953 159523.7890 0.0687
cantilever
1st 20210.3252 202192900 -0.0444
10 2nd 71105.7510 70748.6654 0.5022
3rd 138399.5781 137639.4550 0.5492
4 B (6 D E

Fig. 3 A two-span pinned-pinned Timoshenko beam with
two cracks and one spring-mass system

4.1 Reliability of the proposed method

4.1.1 Cracked wedge Timoshenko beam without
spring-mass system

Torabi et al. (2014) obtained the natural frequencies of
cracked wedge Timoshenko beam without spring mass
systems using the differential quadrature element method
(DQEM). Material properties of the wedge beam are:
Young’s modulus E=210 GPa, material mass density
p=7860 kg/m® and Poisson ratio v=0.3. Geometric
parameters of the wedge beam are left side height,
ho=50mm, right side height, h;=25 mm, thickness b=10 mm
and length, L=100 mm.

Torabi considered two cases of the crack depth (a=5
mm, 10 mm), three equal depth cracks at different positions
(X;=25 mm, Xx,=50 mm, x3=75 mm), and two kind of
boundary conditions (clamped-clamped and cantilever) in
the process of calculating the natural frequencies.

For the convenience of comparative analysis, the first
three order natural frequencies of the wedge beam are
calculated by the proposed method under the condition of
the same crack location, crack depth and boundary
conditions (Table 1). As can been seen from Table 1, the
results obtained by proposed method in this paper are in
good agreement with the results obtained by the Torabi’s
method, which reveals the validity and reliability of the
method presented in this paper

W

Fig. 4 FEM model of a two-span
Timoshenko beam with two cracks and one
spring-mass system
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Fig. 5 Change ratio for natural frequency with respect to
relative crack depth

4.1.2 Two span Timoshenko beam with two cracks
and one spring-mass system

The second example (shown in Fig. 3) is a two-span
continuous Timoshenko beam with a variable cross section.
The height of the beam varies linearly and the height
ha=hc=hg=0.7m, hg=hp=0.5m. The beam with one spring-
mass system and two cracks which have the same depth.
For the parameters of spring-mass system, point mass is
1500kg and spring coefficient is 2x10°N/m. The lowest two
natural frequencies of the two-span continuous beam with
respect to the different relative crack depths are calculated
by the proposed method and FEM, respectively.

Finite element analysis is carried out by ANSYS
software. A 2D-FEM model of the non-uniform
Timoshenko beam is built with 8-node PLANE183
elements. Each element of PLANE183 has the length of
0.1m and the width of 0.1m. Therefore, there are 860
PLANE183 elements. Spring and mass are built by
COMBINE14 and MASS21, respectively. The change ratio
for natural frequency is defined by Eq. (69) and the results
are presented in Fig. 5.

RFsC = 2%

x100% (69)
Wy



Free vibration analysis of cracked Timoshenko beams carrying spring-mass systems

where @ is the natural frequency of cracked beam with
spring-mass systems, wy is the natural frequency of intact
Timoshenko beam without spring-mass systems.

As can be seen from Fig. 5, when relative crack depth is
0% (i.e., this is an intact beam), the lowest two natural
frequencies of continuous Timoshenko beam increase by
the influence of spring-mass system, in which the change of
the first natural frequency is more significant than that of
the second one. This is because the spring-mass system is
located at different points with respect to the lowest two
mode shapes. Then the lowest two natural frequencies of
continuous Timoshenko beam decrease with relative crack
depth increasing. It’s also seen that the good agreement
between the results of presented method and FEM is
achieved and the validity and reliability of the proposed
method is verified.

4.2 A three-span cracked continuous Timoshenko
beam with variable cross section carrying one spring-
mass system

A three-span cracked continuous Timoshenko beam
carrying one spring-mass system is shown in Fig. 6. The
height of the beam in each span varies parabolically and the
height ha=hc=hg=hg=0.7 m, hg=hp=hg=0.5 m. For the
parameters of spring-mass system, point mass is 1500 kg
and spring coefficient is 2x10° N/m. The relative depths of
three cracks are 30%. Natural frequencies and associated
mode shapes for four cases are calculated by the proposed
method, i.e.,

Case I: Intact beam without spring-mass system;

Case IlI: Intact beam with one spring-mass system;

Case Il1: Cracked beam without spring-mass system;

Case 1V: Cracked beam with one spring-mass system.

The first three natural frequencies for these cases are
shown in Table 2 and the associated mode shapes are
plotted in Fig. 7.

It can be seen from Table 2 that: (1) For Cases | and I,
the first two natural frequencies have more variations, and
the changes of 3rd natural frequencies are not obvious. This
is because the spring-mass system is located at different

*B c D E K

A
[ Y r ! f V
8 == gl 1\\"‘/”’( -

m, 2m__ 25m,_ 25m 3m 3m

=

Fig. 6 A three-span cracked continuous Timoshenko beam
with variable cross section carrying one spring-mass system

Table 2 The lowest three natural frequencies for four cases,
respectively

Cases 1st (rad/s) 2nd (rad/s) 3rd (rad/s)
Case | 161.5705 206.7160 382.7652
Case Il 163.7750 209.0126 382.9788
Case 11 150.4670 200.5637 367.3904
Case IV 152.4713 203.0942 367.6712
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Fig. 7 The lowest three mode shapes for four cases
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points with respect to the lowest three mode shapes; (2) For
comparison of Cases | and Ill, there are bigger differences
for the lowest three natural frequencies. It lies that one
crack occurs in each span and then cracks are located at
peaks or troughs of the lowest three mode shapes all the
time. (3) The variation between Cases | and 1V is less than
that between Cases | and 11, because there are the effects of
spring-mass systems and cracks on natural frequencies of
continuous Timoshenko beam, in which spring-mass
systems lead to the increase of natural frequencies of
continuous Timoshenko beam, on the contrary, cracks make
natural frequencies decrease.

In Fig. 7, it is seen that the lowest three mode shapes of
continuous beam have changed due to spring-mass systems
and cracks, in which the lowest three mode shapes of ¢
have more obvious changes than the lowest three mode
shapes of Y. The slopes of mode shapes are not consistent at
left and right sides of crack due to the jump of slope caused
by crack.

4.3 Influences of parameters of spring-mass system
and crack on natural frequencies of continuous
Timoshenko beam with variable cross section

In order to demonstrate the effects of parameters of
spring-mass systems and cracks on natural frequencies of
continuous Timoshenko beam with variable cross section, a
two-span continuous Timoshenko beam with variable cross-
section studied is shown in Fig. 8. The height of the beam in
each span varies parabolically and the height ha=hc=hg=0.7
m, hg=hp=0.5 m. The parameters mainly refer to positions
and natural frequencies (i.e., various combinations of point
masses and spring constants) for spring-mass system, and
positions and relative depth for crack, respectively.

For intact continuous Timoshenko beam without spring-
mass system, the first natural frequency is 146.9718rad/s
and the second one is 253.1410rad/s, the associated mode
shapes are shown in Fig. 9.

4.3.1 Position of spring-mass system

Change ratio for natural frequency caused by spring-
mass system is defined by Eq. (70).

RFS =%~ . 100% (70)
)

where ws is natural frequency of intact Timoshenko beam
with spring-mass system.

The position of spring-mass system changes from 0.5 m
to 11.5 m distance from the left end of continuous
Timoshenko beam with variable cross beam by a step of 0.5
m as shown in Fig. 10. RFS with respect to different

A B c D E
i i i i

Fig. 8 A two-span continuous Timoshenko beam with
variable cross section

1.5
08
06
04
02 r

0

02

04 |

o
~
=3
e |l
>
IS

1st normalized mode shape

06
-08
BN

Length (m)

(a) 1st normalized mode shape

08
06

04

2nd normalized mode shape

| . |
0 2 4 6 8 10 12
Length (m)

(b) 2nd normalized mode shape

Fig. 9 The lowest two mode shapes for intact continuous
Timoshenko beam without spring-mass system
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Fig. 10 Schematic diagram of changing position for spring-
mass system
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Fig. 11 Change ratios for natural frequency with respect to
different positions of spring-mass system

positions of spring-mass system is calculated by the
proposed method and the results are presented in Fig. 11.

As can be seen from Fig. 11, RFS reaches the largest
value when spring-mass system is located at peak or trough
of the associated mode shape, while the value of RFS is
zero for spring-mass system located at zero point for this
mode and it is evident that spring-mass system has little
influence on the associated natural frequency.
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Table 3 The effect of different parameters of spring-mass
system on natural frequency of continuous Timoshenko
beam

Spring-mass system Continuous beam

Parameter 1st modal 2nd modal
Systems pqi ;
fvgg; coSe?frilcnignt ncyfr’:c?ltjl::?clzy RFS fr':c?lt.luernacly RFS
(rad/s) (%) (%)
(kg) (N/m) (rad/s) (rad/s)

System

2000 4x10° 447214 152.9683 4.0800 256.9069 14877
Sysltlem 1500 4x10° 51.6398 153.1449 4.2002 256.9496 1.5045
Sylsltfm 1500 4x10° 63.2456 153.5397 4.4688 257.0320 15371
Syf\tfm 150  4x10° 163.2093 133.4314-9.2129 250.2995 2.4328
Syiiem 150  6x10° 200.0000 138.1446-6.0061 266.4559 5.2599
Syf}fm 150 1x107 258.1989 140.3532-4.5033 229.6154 -9.2935
Sy\jtﬁm 150 1.2x107 282.8427 140.7624 -4.2249 234.6748 -7.2948

4.3.2 Natural frequency of spring-mass system

In order to demonstrate the effect of natural frequency
of spring-mass system on the continuous Timoshenko beam
with variable cross section, a two-span continuous
Timoshenko beam with one spring-mass system located at
3m distance from the left end is studied and calculated by
the proposed method, in which seven kinds of spring-mass
system with different natural frequencies (various
combinations of point masses and spring constants) are
adopted, respectively. The parameters of these spring-mass
systems and the calculated RFS of the first two natural
frequencies are listed in Table 3.

From Table 3, it can be seen that RFS for systems I, 1l
and Il are positive which indicates that natural frequency
of continuous Timoshenko beam induced by these systems
increase. For systems IV and V, RFS of 1st natural
frequencies are negative and RFS of 2nd natural frequencies
are positive. It means that the first natural frequency
decrease and the second one increase due to spring-mass
system. Besides, RFS of the lowest two natural frequencies
are negative due to spring-mass systems, which mean that
spring-mass system leads to the decrease of natural
frequencies. Based on the above analysis, it can be
concluded the qualitative judgment rule of how spring-mass
system influences natural frequency of continuous
Timoshenko beam, and the procedure is as follows:

For comparison of ws and @ (i.e., natural frequency
of spring-mass system and continuous Timoshenko beam),
w, > o), RFS of the ith natural frequency is negative;
w, < o), RFS is positive.

For systems I, Il and 111, RFS of 2nd natural frequencies
are smaller than of 1st ones. This is because compared with
natural frequency of spring-mass system, the difference of
the 2nd natural frequency of continuous Timoshenko beam
is larger than that of the 1st one, i.e., the natural frequency
of spring-mass system is more close to the first one of
continuous Timoshenko beam. In addition, RFS of the

lowest two natural frequencies increases with the increasing
of natural frequency of spring-mass system. This is because
the natural frequency of spring-mass system is close to that
of continuous Timoshenko beam. Thus, we can see that
when the difference between natural frequencies of spring-
mass system and continuous Timoshenko beam is smaller,
the influence of spring-mass on beam is more obvious. It
can be also obtained from comparison between systems IV
and V or VI and VII. Thus, when natural frequency of
spring-mass system is close to one of natural frequencies of
continuous Timoshenko beam, the influence of spring-mass
system on corresponding natural frequency is more obvious.

4.3.3 Position and relative depth of crack
Change ratio for natural frequency caused by crack is
defined by Eq. (71).

RFC = 2~ . 100% (71)
20

where w is natural frequency of cracked beam.

The position of crack changes from 0.5 m to 11.5 m
distance from the left end of beam by a step of 0.5 m as
shown in Fig. 12. RFC with respect to different positions of
crack is calculated by the proposed method and the results
are presented in Fig. 13.

As can be seen in Fig. 13, RFC of the first natural
frequency has the same change rule as RFS, i.e., RFC
reaches the largest value when crack is located at peak or
trough of the associated mode shape, while the value of
RFC is the smallest for crack located at zero point for this
mode. For RFC of the second natural frequency, the value is
close to zero when crack is located at 4m or 8m distance
from the left; while crack is located at intermediate support,
value of RFC reaches the lowest point, and at this time,
crack has the most influence on the second natural
frequency of continuous Timoshenko beam with variable
cross section. This is because for the second mode shape,

—m change direction for position of crack
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Fig. 12 Schematic diagram of changing position for crack
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Fig. 13 Change ratios for natural frequency with respect to
different positions of crack
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Fig. 14 Change ratios for natural frequency with respect to
relative crack depth

the bending moment of intermediate support is the largest
and those located at 4m and 8m are close to zero.

The lowest two natural frequencies for two cases which
crack is located at 3m and 6m distance from the left end
respectively are calculated by the proposed method, and the
associated change ratios with respect to relative crack depth
are presented in Fig. 14.

As can be seen from Fig. 14, RFC of the first two
natural frequencies decreases nonlinearly with the
increasing of relative crack depth for crack located at 3m
distance from the left end. RFC of 1st natural frequency is
zero while the crack is located at 6m distance from the left
end (i.e., crack is at the intermediate support), and that of
2nd decreases nonlinearly with the increasing of relative
crack depth. This is because the beam at the intermediate
support can rotate freely in the first mode i.e., the bending
moment is equal to zero; however, as for the second mode,
the beam at the intermediate support couldn’t rotate freely,
which indicates that there is a bending moment at this point.
Therefore, based on the above analysis, the present of crack
will lead to the change of modal properties if the bending
moment of crack position is not equal to zero; while the
bending moment of crack position is zero, crack has little
effect on the associated modal properties.

5. Conclusions

This paper presents an approach for the free vibration
analysis of cracked non-uniform continuous Timoshenko
beam with an arbitrary number of spring-mass systems.
Firstly, the beam is considered to be divided into several

segments, and the transfer relationship of the undetermined
coefficients in a segment is built. Then, the equations of
motion of spring-mass systems and the compatibility
conditions at intermediate supports are used to establish the
characteristic equation of the continuous Timoshenko beam
with any number of cracks and spring-mass systems.
Finally, a previous method (DQEM) and FEM is used to
validate the proposed method. The dynamic characteristics
of a three-span cracked non-uniform continuous
Timoshenko beam carrying one spring-mass system are
calculated and the effects of parameters for cracks and
spring-mass systems on natural frequencies of non-uniform
continuous Timoshenko beams are studied.
Based on the numerical results,
conclusions are drawn:
(1) In this paper, an analytical approach for the free
vibration analysis of a cracked non-uniform continuous
Timoshenko beam with any number spring-mass
systems is presented which is applicable for any variant
cross-section beam. And it is found that the agreement
between the calculated results and other methods
(DQEM and FEM) results is good, which verifies the
validity and reliability of the proposed method.
(2) The first three mode shapes of ¢ have more obvious
changes than the first three mode shapes of Y. The
spring-mass systems located at intermediate supports
have no influence on natural frequencies of non-uniform
continuous Timoshenko beams. However, the influences
of cracks located at intermediate supports on natural
frequencies of beams depend on whether there are
bending moments at the points of corresponding mode
shape.
(3) When natural frequency of spring-mass system is
less than that of non-uniform continuous Timoshenko
beam, the corresponding order natural frequency of the
non-uniform continuous Timoshenko beam will increase
and vice versa. Moreover, the smaller the difference
between natural frequencies of spring-mass system and
non-uniform continuous Timoshenko beam is, the more
obvious the influence of spring-mass system is.
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Appendix A: The solution of transfer matrix using
Runge-Kutta method

As shown in Fig. Al, non-uniform Timoshenko beam is
divided into n equally spaced segments, and the length of
each segment is h, that is, the step length of Runge-Kutta
method. The symbols of xi, X5, -+, Xi.1, Xi, ==+, X,. refer to the
right position of each segment.

X |
Xn I
Yy
Fig. A1 non-uniform Timoshenko beam
Let
1
uy(x) =
() KGA(X)
(0 = =
2 EI(X) (AL)
U3(X) = @l ()
Uy (X) = -0° pA(X)

Using T, ;(X)to represent any elements in the transfer
matrix [T(X)]. a, A represent rows and columns of the
elements in the matrix, respectively, and a=1,2,34;
1=1,2,3,4.

Calculate the right side of the Eq. (13) in this paper, it
has

[f LT =0 e0IT (0] =

fa({TT, D) f (T, fa (T, fa(x{TT,.D

f1 0T D) T2 AT foa T D fa{TT, 0 | (A2)
foa(X T2 o (W {TT ) faa(X{TT, 2 f3a(x{TT, 2D

faa (T, faa( T, faa({TT, 00 faa({TT, 2D

where, {TT, ;} is a row vector consisting of elements T, ;(x)

in [T(x)].
{Tra,/l}:[Tl,l T o Tau o Taz Taal (A3)

fa (T, 23 =To1(X) + Ty 2 (X)uy ()
fo (T, 2 =T 2 (X) + Ty 2 (X)ug (X)

fLa(X{TT, 13 =To3(X) + Ty 3(X)uy(X) (A43)
fLa(X Ty 23 =To4(X) + Ty 4 (Xuy (X)

f (T, 23 =T32(X)uy (%)

f (XT3 =Ts,(X)u,(X) (Adb)

f23(X{TT, 2} =T33(X)up(X)
fo (T, 03 =Ts 4 (XU, (X)

f31 (X {TT, 23 =To1(X)uz(X) + Ty 1(X)
3 (X{TT, 21 =To (U3 (X) + T, ,(X)
f33(X{TT, 23 =To3(X)uz(X) + Ty 5(X)
f34(X{TT, 23) =T 4 (U3 (X) + T4 4(X)

f1 (T, 2 =T (X)ug(X)
f0(XATT, 2} =T (X)uy(X)
f43(X{TT, 23 =Ti3(X)us(X)
fua(XATT, 2 1) =Ty (X)uy(X)

The Eq. (13) can also be expressed as

Hlead g, ot (A5)

According to the basic principle of the fourth-order
Runge-Kutta method, the recursive relation of the elements
T, ;(x) of the transfer matrix can be obtained from Eqg. (A5).

(Adc)

(A4d)

Toa(Xis) =Tg 2 (Xi)"'%(Ki,i +2K2,/1 (A6)
+2K3 , +K3 )
where K}, K2, K2, are the estimated value of slope
obtaining by Euler method at x;, xi+h/2, Xi+1; K2 is the
estimated value of slope obtaining by improved Euler
method at x;+h/2.
Through the analysis of Eqg. (A4), we can obtain that
fa (T ) = T, (X T2, T4 )
fo (X {TTy 23 = f5,(XT5,)
o (X {TTy 1} = f3, (%22, T4 1)
fa, (X{TTy 23 = £, (X Ty 1)

According to Eq. (A7), the Eq. (A5) can also be
expressed as

(A7)

dT, ; (%)

—A f2 (X T2, T4 2)

dT, ; (x)

z—l =15, (%T3,)

X (A8)

Mol _ ¢ (xT,,.T)

| dx() 34X 1205142

T, ;5 (X

ti—lx =T, (XT,)

According to Eq. (A8), K{, KZ, K&, K, . K3,
K2, K3, Kh, KZ, K3, Ki, o Kb, K2, K, K,
corresponding to the elements T, ,(x), T,,(X), Ts,(X),
T4, (X) respectively in the 1st, 2nd, 3rd and 4th row of the

transfer matrix can be given. The relative computational
formulas are as follows

Kll,,i = f10 (%, T (%), T4, (6))

h h h
Klz,/l =t (% +E:T2,/1 (%) +EK%,/17T4,/1(Xi) +§Ki,,1) (A9)
A9
h h h
Kfa = f (X +ErT2,i(Xi) +EK22,}UT4,A(Xi) +5Kiﬂ,)

Kf/l = f, 06 +hT,,06) + th,z Ta (%) + hKf,z)
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K%,/l =15, (%, T3, (X))

h h
K22,/1 =f, (6 + E’TS,), (%) + 5 K%,z)

A10)
h h (
Kg,/l =fo (6 + E’Ts,z (%) + 5 KS?,l)
Kg,a = fo, (X +h T3, (6) + thz)
K%,l = f3, (X T2 (%), Tg 2 (X))
h h h
K;A = fa (X + E:Tz,z () + 5 K%,/l Ta,2 (%) + 5 Kzlm)
, h h h o, (Al1)
K3s = f3, (6 + E'T“ () + 5 K2 Ta (%) + 5 Kiz)
K;/l = f3, (% + Ty (%) + th,A Ta (%) + hK43,/1)
Kiz = f4, (X, Ty (%))
h h
Kiz =fu 06 + Ele,ﬂ. (%) + 5 K1l,/1)
(A12)

h h
Kiﬂ =fu 06+ E’TM (x) + 5 Klz,/l)
Kiz = f,, (X +0Ty (%) + hKfa)

The Egs. (A6), (A9), (A10), (All) and (Al2) express
the transfer relationship between any elements T, , ;(Xi+1) at

Xi+1 and T, () at x; of the transfer matrix. From Eq. (12),
the transfer matrix value at x=0 is determined as the identity
matrix. The value of the transfer matrix [T(x)] at x=0 is
taken as the initial condition, and the value of transfer
matrix at X;, Xp,---, X, can be obtained using the transfer
relationship between T, ;(Xj+1) and T, ;(x;).





