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1. Introduction 
 

Fluid-structure interaction (FSI) is a multiphysics 

phenomenon that occurs in a system where flow of a fluid 

causes a solid structure to deform which, in turn, changes 

the boundary condition of a fluid system. This can also 

happen the other way around where the structure makes the 

fluid flow properties to change. This kind of interaction 

occurs in many natural phenomena and man-made 

engineering systems. It becomes a crucial consideration in 

the design and analysis of various engineering systems. For 

instance, FSI simulations are conducted to avoid flutter on 

aircraft and turbomachines (Yun and Hui 2011), to evaluate 

the environmental loads and dynamic response of offshore 

structures and in many biomedical applications. 

Using a validated 3D FSI model which consists on a 

steady aerodynamic analysis and static aeroelastic 

simulations of transonic wing. The fluid and the structure 

were modeled independently and exchanged boundary 

information to obtain aeroelastic solutions. The fluid was 

modeled using a computational fluid dynamics solver based 

on finite volume method (Fluent) and the structure was 

modeled using finite element approximation 

(ANSYS/Mechanical) and the two disciplines were loosely 

coupled in one-way direction.  

In the Reliability Based Design Optimization (RBDO) 

model, the mean values of uncertain system variables are 
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usually applied as design variables, and the cost is 

optimized subject to prescribed probabilistic constraints as 

defined by a nonlinear mathematical programming problem 

(Abbasnia et al. 2014). Therefore, an RBDO solution that 

reduces the structural weight in uncritical regions does not 

only provide an improved design but also a higher level of 

confidence in the design. The classical RBDO approach 

allows us to satisfy a required reliability level, but the 

vector of variables here contains both deterministic and 

random variables, which leads to a more complex problem 

than that of deterministic design. The major difficulty lies in 

the evaluation of the structural reliability, which is carried 

out by a special optimization procedure. So there is a strong 

motivation to develop a new technique that can overcome 

both drawbacks. 

In this paper, we propose a new method, called Safest 

Point (SP) method that can efficiently give the reliability-

based optimum solution relative to the Hybrid Method 

(HM) in order to solve the freely vibrating structures for the 

design undergoing fluid-structure interaction phenomena, 

and the applicability of the proposed framework to realistic 

design problems. 

 

 

2. Fluid-structure interaction problem 
 

A general fluid-structure interaction problem consists of 

the description of the fluid (Ω𝑓) and solid (Ω𝑠) domains, 

appropriate fluid-structure interface conditions at the 

conjoined interface and conditions for the remaining 

boundaries, respectively.   

In the following, the fields and interface conditions are 

introduced; furthermore, a brief sketch of the solution 

procedure for each of the fields is presented. 

 

2.1 About the fluid 
 

All kinds of fluid flow and transport phenomena are 
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governed by basic conservation principles such as 
conservation of mass, momentum and energy. All these 
conservation principles are solved according to the fluid 
model, which gives a set of partial differential equations, 
called the governing equations of the fluid. The following 
part elaborates on the theoretical background of 
Computational Fluid Dynamics (CFD) and the way it is 
employed for this particular case (Versteeg and 
Malalasekera 2007).   

The continuity equation for a compressible fluid can be 
written as follows: 

 (1) 

Where ρ represents the density and v represents velocity of 
the fluid. The first term of the equation is the rate of change 
of density with respect to time and the next term is net flow 
of mass out of the element boundaries.   

Newton’s second law states that the rate of change of 
momentum of a fluid particle equals to the sum of the 
forces acting on a particle. The forces acting on a body are a 
combination of both surface and body forces. When this law 
is applied for Newtonian fluid (viscous stress is 
proportional to the rates of deformation), resulting 
equations are called as Navier-Stokes equations. The 
equations written below explain the momentum 
conservation principle (Versteeg and Malalasekera 2007): 

 (2) 

Where v is the velocity vector with components vx, vy, vz in 
the Cartesian system (O,x,y,z) and the vector F(Fx,Fy,Fz) 
represents the momentum source term. ρ is the density, μ is 
the dynamic viscosity and p represents the pressure. Since 
the problem at hand does not involve the heat transfer, 
energy equation is not considered.  
 

2.2 About the structure  
  

In structural mechanics problems, in general, the task is 
to determine deformations of solid bodies, which arise 
because of the action of various kinds of forces. From this, 
for instance, stresses in the body can be determined, which 
are of great importance for many applications. For the 
different material properties there exist a large number of 
material laws, which together with the balance equations 
lead to diversified complex equation systems for the 
determination of deformations (or displacements).   

The basic governing equation of motion is given as 
(Chopra 2001): 

 (3) 

Where m is a structural mass matrix, ü is an acceleration 
vector, c is a structural damping matrix,  is a velocity 
vector, k is a structural stiffness matrix, u is a displacement 
vector, f is a force vector which is a function of time, the 
structural damping is not involved in the finite element 
model so the above governing equation is modified into 
following form 

 
Fig. 1 Fluid-structure interface 

 
 

 (4) 

It is normal practice to use a numerical technique called 
finite element method (FEM) to find the solution for the 
equation Eq. (4). The basic principle behind this method of 
finding an approximate solution to the differential equations 
is to divide the volume of a structure or system into smaller 
(finite) elements such that infinite number of degrees of 
freedom (DOF) is converted to a finite value (El Maani et 
al. 2015, El Hami and Radi 1996).  
 

2.3 Interface conditions   
 

The main conditions at the interface (ΓI) are the 
dynamic and kinematic coupling conditions. The force 
equilibrium requires the stress vectors to be equal as 

 (5) 

also the normal velocities at interface the interface have to 
match as 

 (6) 

 
 
3. Numerical discretization 
 

The numerical computation is developed in two steps. In 
the first one, the conservation equations are formulated and 
an approach is adopted to evaluate all the terms. In the 
second one, a segregated, sequential solution algorithm is 
used to form the element matrices, to assemble them and to 
solve the resulting system for each variable separately 𝜙𝜙  
(ANSYS 2013). In order to solve the governing equations 
of the fluid motion Eq. (2), their discretized form must first 
be generated. Thus, the first step is the generation of a grid, 
which consists of dividing the solution domain into a finite 
number of control volumes or computational elements.   

In the second step, each term of the partial differential 
equation describing the flow is written in such a manner 
that the computer can be programmed to calculate it 
(Ashgriz and Mostaghimi 2002).   
 

3.1 Finite volume discretization 
 

The finite volume method is one of the numerical 
techniques applied in well established commercial CFD  
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codes to solve the governing equations of the fluid. The 
basic and foremost step of CFD is dividing the 
computational domain (geometry of the region of interest) 
into a large number of smaller regions called control 
volumes or cells and the collection of these cells is called a 
grid or a mesh, also, the calculated scalar values are stored 
at the center of the control volumes. Fluent uses the finite 
volume technique to convert the general transport equation 
into a system of algebraic equations and it uses different 
iterative methods to solve the algebraic equations. The 
following are the key steps in order to find the solution for 
the transport equation of a physical quantity.   

The general form of transport equation in conservative 
form can be written as (Versteeg and Malalasekera 2007): 

 (7) 

where the variable 𝜙𝜙  can be replaced by any scalar 
quantity, Γ is the diffusion tensor. The left hand side of the 
equation contains the rate of change term and convective 
term, whereas the diffusive term and source term lie on the 
right hand side of the equation. Integrating over the control 
volume and applying the Gauss’s divergence theorem on 
the general transport equation gives (Versteeg and 
Malalasekera 2007): 

 (8) 

The above transport equation is subjected to the stated 
key steps of the finite volume technique and the discretized 
equation for each control volume is obtained through 
suitable discretization schemes. There are many spatial 
discretization schemes for formulating diffusive and 
convective terms of the transport equation (ANSYS 2013). 
 
    
4. Fluid-structure treatment 
 

4.1 Partitioned analysis   

 
 

In general, one can choose to describe the whole 
coupled system in a monolithic way and solve all fields 
together or separate the fields and couple them in the sense 
of a partitioned analysis (Souli and Benson 2010). In the 
latter case either sequential (staggered) or iterative 
algorithms can be used. The monolithic approach is 
straightforward and allows solving the resulting system of 
equations with a complete tangent stiffness matrix (if -in an 
arbitrary lagrangian-eulerian (ALE) setting- fluid, structure 
and mesh degrees of freedom are included (Souli and 
Benson 2010, Huang et al. 2013)).   

However, such monolithic approaches have a number of 
obvious severe drawbacks like loss of software modularity 
and limitations with respect to the application of different 
sophisticated solvers in the different fields. Hence they are 
generally considered not very well suited for application to 
real world problems, where often not only specific solution 
approaches but also specific codes should be used in the 
single fields. For this and a number of additional reasons we 
prefer to use a partitioned approach. The trade-off is an 
incomplete tangent stiffness for the overall problem. The 
consequences are discussed in the following section.   

For the fluid-structure coupling an implicit partitioned 
approach is employed (Souli and Benson 2010). In Fig. 2, a 
schematic view of the iteration process, which is performed 
for each time step, is given. After the initialization, the flow 
field is determined in the actual flow geometry. From this, 
the friction and pressure forces on the interacting walls are 
computed, which are passed to the structural solver as 
boundary conditions. The structural solver computes the 
deformations, with which then the fluid mesh is modified, 
before the flow solver is started again. 

The FSI iteration loop is repeated until a convergence 
criterion ε is reached, which is defined by the change of the 
mean displacements: 

 (9) 

where m is the FSI iteration counter, N is the number of  

 
Fig. 2 Coupled solution procedure 
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Fig. 3 M6 Wing in the ONERA S2MA wind tunnel 

 

 

 
Fig. 4 Geometric layout of the ONERA M6 wing 
(Schmitt and Charpin 1979) 

 
 
interface nodes, and ||·||∞ 

denotes the infinite norm (Souli 
and Benson 2010).  
 
 
5. Validation test 
 

5.1 Onera M6 Wing 
 

The M6 arrow shaped Wing was designed by Bernard 
Monnerie and her colleagues at Onera in 1972, within the 
framework of cooperation within the AGARD, to serve as 
experimental support in studies of three-dimensional flows 
at transonic speeds and high Reynolds numbers and for the 
validation of CFD Flow Solvers (conditions representative  

 
Fig. 5 Fluid mesh 

 
 

of the actual flight of military and civilian aircraft). It has a 
semi-span of 1.196 m, leading edge sweep of 30° Aspect 
Ratio of 3.8 and Taper Ratio of 0.562, it uses a symmetric 
airfoil section (Schmitt and Charpin 1979). Due to the 
complexities of transonic flow such as shocks, local 
supersonic flow, and turbulent boundary layers separation, 
it becomes the most suitable test case for the validation of 
CFD solvers. The Wing Onera M6 planform is shown in the 
Fig. 4. 

Volker Schmitt and François Charpin, scientists at 
ONERA, recorded the results of these tests in 1979 in an 
AGARD report. The ONERA-M6 wing result database has 
been used hundreds of times to validate CFD software and 
is still used around the world. This is one of the most 
“popular” test cases, particularly suited for understanding 
and evaluating laminar-turbulent transition models, shock 
wave-boundary layer interaction models, takeoff models, 
etc., which are characteristic phenomena of what occurs on 
the wings when approaching the speed of sound.   

Hybrid-unstructured mesh was generated with 375263 
cells and 102432 volume nodes points for CFD 
computations as shown in Fig. 5. It also contains mixtures 
of tetrahedral, pyramids and prism cells in the boundary 
layer region. 

The structure dynamics finite element mesh of Onera 
M6 wing has a total number of 20162 volume node points 
and 9602 surface node points. The element type for 
Computational Solid Dynamics (CSD) mesh is SOLID186 
(twenty-node brick element with reduced integration), only 
used for hexahedral elements. CSD mesh is comparatively 
coarser than the CFD volume mesh. 
 

5.2 Aerodynamic analysis of Onera M6 Wing 
 

Steady aerodynamic analysis was carried out at Mach 
Number (M) 0.8395 at an angle of attack (𝛼𝛼) 3.06° and 
Reynolds Number (Re) 11.72E6. Both one equation 
Spalart-Allmaras (SA) and two equations Menter Shear 
Stress Transport (MSST) 𝑘𝑘 − 𝜔𝜔 turbulence models were  
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Fig. 6 Pressure distribution over the wing 

 

 

 

 
Fig. 7 Cp at y/b 

 

 
Fig. 7 Continued 

 
 

used for the analysis. These steady aerodynamic 
calculations are performed to ensure the reliability and 
accuracy of the in-house code for further carrying out 
coupled CFD/CSD simulations. 

The Pressure distribution on the wing upper surface is 
shown in figure Fig. 6. Strong shock has been observed on 
the leading edge near the root and this shock gets weaken 
near the wing tip whereas a strong mid chord shock has also 
been observed near the wing tip, resulting in to form a 
lambda shock. We validate our simulation results by 
comparing FLUENT computed data with experimental data 
for the Onera M6 wing. 

We plot the pressure coefficient Cp at different spanwise 
locations of the wing and compare the results between the 
present simulated ones and experimental data. Here we 
have plotted the pressure coefficient for the spanwise 
locations y/b=0.2, 0.44, 0.65, 0.9 and 0.95. 

The resultant Cp values are plotted with experimental 
data for comparison in Fig. 7. Experiments were conducted 
on M6 wing at transonic flow conditions by (Schmitt and 
Charpin 1979). It can be seen that generally the shock 
capturing is good and the location of the shock wave is 
correctly predicted. In spanwise location y/b=0.2, the shock 
wave is relatively less sharp and its location and resolution 
is not as well predicted as at other location; but as the shock 
wave becomes steeper along subsequent cross sections, its 
location and resolution improves. Overall comparison with  
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Fig. 8 Total displacement of the wing 

 
 

the experimental data is good. We see that if we continue 
plotting the pressure coefficient spanwise, the results 
become less accurate due to the 3 dimensional effects far 
from the symmetry plane. In our plots, we have the first 
coarse mesh and results from our more refined mesh 
compared with experimental results and good agreement 
has been observed (Schmitt and Charpin 1979). 
 

5.3 Aeroelastic analysis of Onera M6 Wing   
   

In this section we consider the deformation due to 
aerodynamic loading of the wing by performing a steady-
state one-way FSI analysis (Benra et al. 2011). After 
developing the aerodynamics loading on the wing using 
ANSYS/Fluent, the pressures on the wetted areas of the 
blade are passed as pressure loads to ANSYS/Mechanical to 
determine stresses and deformation on the wing. The 
structural configuration considered consists of an aluminum 
alloy which material properties are; Young’s Modulus (E) is 
71 GPa, Poisson’s Ratio (𝜐𝜐) is 0.32 and material density is 
2770 kg/m3. 

The computed displacement of the wing with the 
deformed and undeformed wing is shown in Fig. 8. It can 
be clearly seen that the computed fluid pressure have been 
successfully transferred to deform the CSD volume mesh. 
 

5.4 Prestressed modal analysis 
 

The eigenvalue and eigenvector problem needs to be 
solved for mode-frequency analyses (Jeong et al. 2015). It 
has the form of: 

 (10) 

where [𝐾𝐾] is structure stiffness matrix, 𝜙𝜙𝑖𝑖  is eigenvector,  
𝜆𝜆𝑖𝑖  is eigenvalue and [𝑀𝑀] is the structure mass matrix. For 
prestressed modal analyses, the [𝐾𝐾] matrix includes the 
stress stiffness matrix. The results of modal analysis are 
shown in Fig. 9. The result includes the first four mode 
shapes with its respective natural frequency values. 
 
 
6. Reliability based design optimization   
 

The objective of the RBDO model is to design 
structures that should be both economic and reliable where 
the solution reduces the structural weight in uncritical 
regions. It does not only provide an improved design but 

 

 

 

 
Fig. 9 The four mode shapes of the wing 

 
 

also a higher level of confidence in the design. The classical 
approach (El Hami and Radi 2013) can be carried out in 
two separate spaces: the physical space and the normalized 
space. Since very many repeated searches are needed in the 
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above two spaces, the computational time for such an 
optimization is a big problem. To overcome these 
difficulties, two points of view have been considered. From 
reliability viewpoint, RBDO involves the evaluation of 
probabilistic constraints, which can be executed in two 
different ways: either using the Reliability Index Approach 
(RIA), or the Performance Measure Approach (PMA) (Tu 
et al. 1999, Youn et al. 2003). However, from optimization 
viewpoint, Kharmanda et al. (2004) have elaborated an 
efficient method called the Hybrid Method (HM) where the 
optimization process is carried out in a Hybrid Design 
Space (HDS). This method has been shown to verify the 
optimality conditions relative to the classical RBDO 
method. The advantage of the hybrid method allows us to 
satisfy a required reliability level for different cases (static, 
dynamic…), but the vector of variables here contains both 
deterministic and random variables. The hybrid RBDO 
problem is thus more complex than that of deterministic 
design (Beyaoui et al. 2016, Dalton et al. 2013). The major 
difficulty lies in the evaluation of the structural reliability, 
which is carried out by a special optimization procedure. 
For a special case, when a failure interval [𝑓𝑓𝑎𝑎 , 𝑓𝑓𝑏𝑏] is given, 
HM can be used with a big implementation complexity and 
high computing time. So there is a strong motivation to 
develop a new technique that can overcome both 
drawbacks.   

Using the Deterministic Design Optimization (DDO) 
procedure by a reliability analysis (see Kharmanda et al. 
(2004)), we can distinguish between two cases:   

Case 1: High reliability level: when choosing high 
values of safety factors for certain parameters, the structural 
cost (or weight) will be significantly increased because the 
reliability level becomes much higher than the required 
level for the structure. So, the design is safe but very 
expensive.      

Case 2: Low reliability level: when choosing small 
values of safety factors or bad distribution of these factors, 
the structural reliability level may be too low to be 
appropriate. For example, (Grandhi and Wang 1998) found 
that the resulting reliability index of the optimum 
deterministic design of a gas turbine blade is under some 
uncertainties. This result indicated that the reliability at the 
deterministic optimum is quite low and needs to be 
improved by probabilistic design.  

For both cases, we can find that there is a strong need to 
integrate the reliability analysis in the optimization process 
in order to control the reliability level and to minimize the 
structural cost or weight in the non-critical regions of the 
structure (El Hami and Radi 2013, Al Kheer et al. 2011).  
 
 

 
Fig. 10 Transformation between the physical space and 
normalized one 

6.1 Classical Method (CM) 
  

Traditionally, for the reliability-based optimization 
procedure we use two spaces: the physical space and the 
normalized space (Fig. 10). Therefore, nesting the two 
following problems performs the reliability-based 
optimization: 
 

6.1.1 Optimization problem 

 (11) 

where f(x) is the objective function, gk(x)≤0 and β(x,u)≥βt  
are the associated constraints, β(x,u) is the reliability index 
of the structure and βt is the target reliability. 
 

6.1.2 Reliability analysis 
The reliability index β(x,u) is determined by solving the 

minimization problem (El Hami and Radi 2013) 

 (12) 

where dis(u) is the distance in the normalized random space 
and H(x,u) is the performance function (or limit state 
function) in the normalized space, defined such that 
H(x,u)≤0 implies failure.  

In the physical space, the image of H(x,u) is the limit 
state function G(x,y), see Fig. 10. The solution of these 
nested problems leads to very large computational time, 
especially for large-scale structures (Radi and El Hami 
2007, Moro et al. 2002). 
 

6.2 Hybrid Method (HM) 
 

In order to improve the numerical performance, the 
hybrid approach consists in minimizing a new form of the 
objective function F(x,y) subject to a limit state and to 
deterministic as well as to reliability constraints, as  

 (13) 

Here, dβ(x,y) is the distance in the hybrid space between 
the optimum and the design point, dβ(x,y)=dis(u).  

The minimization of the function F(x,y) is carried out in 
the Hybrid Design Space (HDS) of deterministic variables x 
and random variables y. We can see two important points: 
the optimal solution and the reliability solution. In fact, 
when using the HM, we have a complex optimization 
problem with many variables. Solving this problem, we get 
a local optimum. When changing the starting point, we may 
get another local optimum. This way the designer has to 
repeat the optimization process to get several local optima 
(Kharmanda et al. 2004).  
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7. Proposed Safest Point method (SP) 
 

In the modal studies (Fig. 9), in order to avoid the 
failure domain, we consider a frequency interval [fa, fb]. 
Here, the frequency of the vibrating structure should not 
work in this interval. When an explicit description 
displacement/frequency is supplied to the designer, it is 
easy to define an analytically suitable interval [fa, fb] that 
corresponds to the safest structure. However, when we have 
an implicit model, we need an optimization procedure to 
determine the safest area. We have two ways to provide the 
required frequency constraints:   

• The first way is to supply the designer with an eigen-
frequency value as a constraint to be respected. Here, we 
consider a safest interval as a probabilistic constraint. 
Then, the hybrid method can be used with some 
implementations but leads to many complexities and 
computing time problems (Mohsine and El Hami 2010). 
• The second way is to supply the designer with a failure 
interval [fa, fb] as a constraint and the eigen-frequency fn 
corresponding to the safest position in this interval 
needs a probabilistic equality constraint (βa=βb); here the 
HM can be used but it has a big implementation 
complexity and high computing time consumption (El 
Hami and Radi 2011).  
So there is a strong motivation to develop a new 

technique that can overcome these drawbacks. In this 
section, we develop a new method, called Safest Point (SP) 
method. We consider a given interval [fa, fb] (generally 
given by the technical specifications) for the first shape 
mode, where the safest point has the same reliability index 
relative to both sides of the interval (see Fig. 11). 

We consider the equality of the reliability indices 

 (14) 

with 
 

and  

 
 

 
Fig. 11 The safest point at frequency fn 

The equality (14) gives the equality of each term. So we 
have 

 (15) 

We write the SP method for two distribution laws:   
 
• Normal distribution for SP method 
One of the most commonly used distributions of a 

random variable yi in engineering problems is the normal or 
Gaussian distribution. The mean value mi and the standard 
deviation σi are two parameters of the distribution, usually 
estimated from available data. The normalized variable ui is 
defined by 

 (16) 

According to the Eq. (16), we get  

 (17) 

or:    

To obtain equality between the reliability indices (see 
Eq. (14)), the mean value of variable corresponds to the 
structure at fn. So the mean values of safest solution are 
located in the middle of the variable interval  as 
follows  

 (18) 

 
• Log-normal distribution for SP method 
The normalized variable ui is this case is defined as  

 (19) 

where μi and ξi 
are the distribution parameters of the log-

normal law, given by  

 (20) 

and .   

The normalized variable ui is then expressed by  

 (21) 

According to Eq. (16), we get 

 (22) 
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So the safest point corresponding to the frequency fn and 

located in the interval [fa, fb] is given by  

 (23) 

Generally, one can find the SP method using normal 
distribution. In this paper we propose the SP method using 
also log-normal distribution which is very adequate for the 
non-linear problems. Other distributions can be used such 
as uniform law. 
 

7.1 Implementation of the SP approach 
 

The SP algorithm for symmetric case can be expressed 
by the three following steps (two sequential optimization 
steps and an analytical evaluation one) (see Fig. 12): 

1. Compute the design point a: The first optimization 
problem is to minimize the objective function subject to 
the first bound of the frequency interval fa. The resulting 
solution is considered as a most probable point A. 
2. Compute the design point b: The second optimization 

 
 
problem is to minimize the objective function subject to 
the second bound of the frequency interval fb. The 
resulting solution is considered as a most probable point 
B.    
3. Compute the optimum solution: Here, we analytically 
determine the optimum solution of the studied structure 
using Eqs. (18)-(23) for linear and non-linear 
distributions cases.  
The reliability-based optimum structure under free 

vibrations for a given interval of eign-frequency is found at 
the safest position of this interval where the safest point has 
the same reliability index relative to both sides of the 
interval. A simple method has been proposed here to meet 
the safest point requirements relative to a given frequency 
interval.   
 
 
8. Numerical simulation of RBDO on Aircraft Wing   
 

The chord of the Airfoil has dimensions and orientation 
as shown in Fig. 13 and Table 1: 

 
Fig. 12 SP method 
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Table 1 Parameterization of the Airfoil 
Variables AN BN CN DN 

Dimensions (m) 0.054 0.092 0.096 0.044 
 

 
Fig. 13 Dimensions of the Airfoil 

 
Table 2 Results for the SP method 

Variables Parameters Initial Normal 
distribution 

Log-normal 
distribution 

FN 

AN (m) 0.054 0.040826 0.038582 
BN (m) 0.092 0.069145 0.070540 
CN (m) 0.096 0.095406 0.095833 
DN (m) 0.044 0.037493 0.035276 

FA 

A1 (m) 0.027 0.027285 0.027285 
B1 (m) 0.046 0.046169 0.046169 
C1 (m) 0.048 0.082863 0.082863 
D1 (m) 0.022 0.028582 0.028582 

FB 

A2 (m) 0.081 0.054367 0.054367 
B2 (m) 0.138 0.092121 0.092121 
C2 (m) 0.144 0.10795 0.10795 
D2 (m) 0.066 0.046404 0.046404 

State 
variables 

FA (Hz) 23.746 24.998 24.998 
FB (Hz) 46.788 34.003 34.003 
FN (Hz) 31.414 29.102 29.102 

Mass (Kg) 411.310 359.855 356.410 
 Time (s) - 1100 1100 

 
 

The main objective is to minimize the volume of the 
wing subject to the constraint of the first eigen-frequency 
for a given interval [25, 35], that is located on the safest 
position of this interval; the system must also meet 
predetermined target reliability. So 𝐹𝐹𝑎𝑎 = 25 Hz , 𝐹𝐹𝑏𝑏 =
35 Hz, and 𝐹𝐹𝑛𝑛 = ?  Hz, where 𝐹𝐹𝑛𝑛  must verify the equality 
of reliability indices: 𝛽𝛽𝑎𝑎 = 𝛽𝛽𝑏𝑏 .  

The choice of the target index is usually done by 
statistical studies but here we consider the index of 
reliability target as 𝛽𝛽𝑡𝑡 = 3 which indicates a very small 
probability of failure.   
  We have two simple optimization problems:   

- The first is to minimize the objective function of the 
first model subject to the frequency fa constraint as follows 
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- The second is to minimize the objective function of the 
second model subject to the frequency fb constraint as 
follows 
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Fig. 14 Optimized form of the aircraft wing 

 
 
and next we compute the coordinates of the third model 
which corresponds to fn according to Eq. (18). Table 2 
shows the results of the SP method and presents the 
reliability-based optimum point for a given interval [25,35]. 

The resulting design obtained by the SP method gives 
the minimum volume where the objective is to provide the 
best compromise between cost and safety. The SP 
methodology satisfies the required reliability level β=3 
(which indicates a very small probability of failure) and 
gives a smaller structural volume than the first volume for 
the reliability level. The SP method reduces the high 
computing time due to its analytical evaluation of the 
computing results comparing to the large number of 
iterations of the classical and hybrid method. It can be 
considered as semi-numerical method and it is simple to be 
implemented on the machine.  

This method defines the eigen-frequency of a given 
interval and provides the designer with reliability-based 
optimum solution with a small tolerance in fluid-structure 
interaction problems.  
 
 
9. Conclusions 
 
  The objective of this work was to quantify the influence 
of material and operational uncertainties on the 
performance of the interaction that occurs between a 
structure and a fluid flow based on generated aerodynamic 
loads, considered as a non-linear and complex system, and 
to give a description of the most common advantages of the 
proposed RBDO method in a way to reduce the structural 
weight in uncritical regions of the design process. It 
provides an improved design and a higher level of 
confidence in the design. The classical RBDO approach can 
be carried out in two separate spaces: the physical space and 
the normalized space. Since very many repeated searches 
are needed in the above two spaces, the computational time 
for each optimization step is a big problem. For this reasons 
the structural engineers do not consider the RBDO as a 
practical tool for design optimization. Based on the 
reduction of the computing time, we proposed here a new 
methodology called Safest Point method (SP) used for 
linear distributions and extended here for non-linear 
distributions in order to solve the freely vibrating structures 
in the context of the fluid-structure interaction problems.   
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