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Abstract. The purpose of this study is to illustrate the propagation of the shear waves (SH-waves) in a pre-
stressed hetrogeneous orthotropic media overlying a pre-stressed anisotropic porous half-space with self
weight. It is considered that the compressive initial stress, mass density and moduli of rigidity of the upper
layer are space dependent. The proposed model is solved to obtain the different dispersion relations for the
SH-wave in the elastic-porous medium of different properties. The effects of compressive and tensile
stresses along with the heterogeneity, porosity, Biot’s gravity parameter on the dispersion of SH-wave are
shown numerically. The wave analysis further indicates that the technical parameters of upper and lower
half-space affect the wave velocity significantly. The results may be useful to understand the nature of
seismic wave propagation in geophysical applications and in the field of earthquake and material science
engineering.
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1. Introduction

A disturbance, confined to a bounded part of a medium, which propagates with a finite speed to
other parts of the medium forms the basis for the study of wave propagation. Wave propagation
manifests in forms that are familiar in everyday life such as acoustic waves from musical
instruments, water waves breaking on a coastline or elastic displacements in the Earth. At least,
there are two types of waves that can propagate in an elastic material, shear waves and pressure
waves. Both these waves are governed by the same wave equation, Whitham (1974), The elastic
wave equation explains the vibrations in plates and beams. Also, disturbances due to by seismic
events in the Earth can be described by these wave equations. The description of the wave fields
resulting from an initial configuration or time dependent forces is a valuable tool when gaining
insight into the effects of the layering of the Earth, the propagation of earthquakes or the behavior
of underwater sound. The shear wave (SH-wave) is called a Love wave after its finder Love (1911)
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and accounts for the significantly damage causing effects of aftershocks of earthquakes. In general,
the disturbance that generates propagating waves can either manifest in an initial state or as a time
dependent forcing, the geometry of the underlying domain can have a complex structure with
curved boundaries, and the media may have discontinuous parameters with the discontinuity
taking place along a non-planar interface. The complexity of boundary conditions, transient time
behavior, geometries and material properties make the description of the resulting wave field hard,
if not impossible, to express using mathematical analysis. For this reason, the authors abandon the
ambition to seek exact solutions for the propagation of shear wave in an elastic-porous medium of
different properties. SH-type shear waves transmit in the layer and weekend along the thickness of
the half-space such that wave particles vibrate parallel to the direction of propagation. Further, the
Earth is under the high initial stresses, therefore initial stresses play a significant role in the
propagation of these seismic waves. The complex structure of the Earth has various types of
layers. The porous layer of the Earth has the amazing properties like anisotropy and heterogeneity
and these pores contain water or gas or oil, the one of these three is responsible for the rock to be
saturated with.

The earth is orthotropic i.e. its mechanical properties are, in general, different along each axis.
The development of initial stresses in the elastic solid half-space (the Earth) arise due to many
reasons, such as gravity variations, the distinction of temperature, process of extinguish shot
pinning and frosty working, moderate process of creep and different internal forces. These initial
stresses of earth induce great impact on SH-waves during propagation and have great impact on
the mechanical riposte of the materials. The concept of initial stresses has important significance in
engineering structures, geomechanics and in the research of soft living tissues. It is therefore of
great attraction to investigate the influence of initial stresses on the elastic wave propagation. Due
to large applications, pre-stressed SH-waves in different media tempt researcher’s interests even
nowadays. Watanabe and Payton (2002) discussed SH- waves in a cylindrically monoclinic
material with Green’s function. Chattopadhyay et al. (2010, 2012) used Green’s function
technique to study propagation of SH-waves and heterogeneity on the SH-waves in viscoelastic
half-spaces. Also, Chattopadhyay et al. (2014) discussed the influence of heterogeneity and
reinforcement on propagation of a crack due to SH-waves. Gupta and Gupta (2013) studied the
effect of initial stress on wave motion in an anisotropic fiber reinforced thermoelastic medium.
Sahu et al. (2014) showed the effect of gravity on shear waves in a heterogeneous fiber-reinforced
layer placed over a half-space. Kundu et al. (2014) analyzed SH-wave in initially stressed
orthotropic homogeneous and a heterogeneous half space.

The layered structure of the Earth is very complex containing different types of layers including
elastic, viscoelastic or porous layer. The porous layer of earth has amazing properties such as
heterogeneity, anisotropy, and initial stress. Generally the pores of the porous rock may contain
gas or oil or water and layer will be saturated either with gas or any one of these. The fluid
saturated porous medium affects the propagation of torsional surface waves and it is a considerable
root of attenuation. A large number of problems in seismology can be explained by representing
earth as a fluid saturated porous layered structure with mechanical properties and finite thickness.
In fact the study of torsional waves in heterogeneous fluid saturated porous layered media has been
of central interest to geophysicists until recently. In order to understand the underground response
of seismic wave propagation toward material properties and initial stresses of the Earth,
researchers and seismologists generally prefer porous rock models with various heterogeneities in
semi-infinite domains. These initial stresses influence elastic wave propagation more prominently.
The propagation of SH-wave in a fluid saturated anisotropic porous media has received prime



Dispersion of shear wave in a pre-stressed hetrogeneous orthotropic layer... 953

attention in the field of earthquake engineering and applied informatics. Many researchers have
discussed the elastic properties of porous media. The propagation of Love type waves with
irregular boundary in a porous layer has been discussed by Chattopadhyay and De (1983), Dey and
Gupta (1987) investigated wave propagation in void medium. Chattaraj et al. (2013) studied Love
wave propagation pre-stressed porous layer lying between two isotropic half-spaces and studied
the effect of anisotropy and porosity on Love wave phase velocity. Gupta et al. (2013) presented a
technical note on the propagation of Love wave in porous layer. The Earth’s gravitational force
affects the seismic wave propagation. The hydrostatic stresses in the gravitational half-space play
an important role to analyze the static and dynamic problems of the Earth. Ghorai et al. (2010)
discussed Love wave propagation in a porous layer overlying a gravitational half-space. Abd-Alla
et al. (2013) investigated the effect of various parameters such as fibre-reinforcement, anisotropy
and gravity of the elastic media on surface waves.

In this paper, the dispersion of shear waves in a pre-stressed hetrogeneous orthotropic layer
over pre-stressed anisotropic porous half-space under gravity has been investigated. The influence
of, porosity, initial stress and gravity parameter on the shear wave propagation has been discussed
graphically. The obtained dispersion equation is in perfect agreement with the standard results
investigated by other relevant researchers in the absence of heterogeneity, porosity, stress and
gravity parameters.

2. Formulation of the problem

In this model, a heterogeneous orthotropic media under initial stress P of thickness H overlying
an anisotropic gravitational porous half-space under stress P’ is considered as shown in Fig. 1.

The direction of propagation of SH-wave is considered to be along x-axis and z-axis is
positively in downwards. Let u,v,w be the displacements along x, y and z-axis, respectively. Let the
compressive initial stress, mass density and moduli of rigidity of the upper layer are
P=Py(1—cosaz), p1=po(1—cosaz) and Ei=Qq(1—cosaz) respectively, where Pq,po and Q, are the

> x
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Fig. 1 Geometry of the problem



954 Rajneesh Kakar and Shikha Kakar

values of initial stress, mass density and moduli of rigidity at z=0. Here 'a’ is heterogeneous
parameter of the upper layer and having dimension that is inverse of length.

3. Solution of the problem
3.1 Solution for the upper layer

It is considered that the upper layer is hetrogeneous orthotropic in nature and under the
compressive initial stress P. Let uy,v; and w; be the displacements along x, y and z-axis,
respectively. The SH-wave propagation is considered to be along x-axis, so the equation of motion
for the orthotropic elastic medium under the compressive initial stress P in the absence of body
forces are (Biot 1965)

az-><>< aTXy az-xz an aQy 82ul
+ + -P - =P
OX oy 0z oy 0z ot
0 0 0 2
ey Ty O —P(aQZ j= Py ‘ \/21 1)
OX oy 0z OX ot
0 oQ 2
82—)(2 + TyZ + az-zz —-P A o 0 V\le
OX oy 0z OX ot
where
Q-1 _2u) ¢ =1(%_%j Q- [ o o
2oy oz) Y 2lax ox )t 2lox oy

Too Ty T Txys Tyys Txs Toxs Tzys @Nd 75, are the incremental stress components, uy,v; and wsare the
components of the displacement vector in the upper layer, p;is the density of the layer. Here, Q,,
Q, and Q, are the rotational components in the upper half-space.

The incremental stress-strain relations are
Ty =Ny + N e, +N,.e

XX T XX Xz <17z
7, =2E.¢,

7, =N,e,+N e +N e (3)

YX XX yz-zz

r,=2E.e

xyz

7, =N,&,+N, e, +N,e

ZX XX L7171

T, = 2EyeZx

where Ny, Nyy, Niz, Nyx, Ny, Nyz, Nox, Ny, and N, are the incremental normal elastic coefficients, E,,
E, and E, shear modulus along X, y and z axis respectively. The strain components ey, €y, €y, €y,
€, and e, are defined by
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Using SH-wave conditions
U =w, =0and v, =v,(x,2,t) (5)

Using Egs. (2)-(5), the equation of motion for the upper orthotropic half-space given by Eq. (1)
becomes

E

2

o, +(E Pjazv1 (OB, v OB, v _ ’ o, ©)
ot U ox* x ox o oo ot
and the non-zero stress components are
r,=2Ee, and 7, =2Ee, (7)
To solve Eq. (6) take the following substitution
v, = V(2)e (®)

where w=kc, ¢ is phase velocity andk is wave number.
Using Eq. (8) in Eg. (6), the following equation is obtained

2
d°V(2)  GE, dV(2) . OE

E, >
dz 0z dz 0z

XV(z)+k2(,olc2Jrg—EzjV(z)=0 9)

The assumed inhomogeneities of the upper orthotropic layer are

P =P, (1—-cosaz)
p, = p,(1—cosaz) (10)
E, =Q,(1—cosaz)

Using Eq. (10) in Eq. (9), the following equation is obtained

2 ; 2 _
d V(Zz) asin(az) dV(Z)+k2 C_2+ P, —2Q, V(z)=0 (11)
dz 1-cos(az) dz C 2Q,
where ¢, = Q. is the shear velocity of the upper layer.
Po
To eliminate M put V(z) = L in Eq. (11), the following equation is obtained
dz J1—cos(az)
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d’q 2
+7°q=0 12
dZ2 }/ q ( )

2 2
where, 52 =2[ & ¢ Fo-2Q,
ak* ¢! 2Q,
Therefore, the solution for Eq. (12) is given by

g(z) =Acosyz+Bsinyz (13)

where Band C are arbitrary constants.
Therefore, the displacement component for the upper hetrogeneous orthotropic layer can be
written as

_Acosyz+Bsiny gk Ox-ct)

h= 1/1—cos(az)

3.2 Solution for the porous half-space

(14)

Consider an anisotropic initially stressed porous half space. Neglecting the viscosity of water,
the dynamic equations of motion in the porous half-space under the compressive initial stress P’, in
the absence of body forces are (Biot 1965)
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+ + -P’

OX oy oz 0z
oo, 0o
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v

82
J ot (pllul, +p12U;)

OX OX

oo 62
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where, g;(i,j=x,y,z) are the incremental stress components, (uj,V;,w,) are the components of the

displacement vector of the solid, (U},V,,W,) are the components of the displacement vector of
the liquid and o is the stress vector due to the liquid. This stress vector ¢ is related to the fluid
pressure p by the relation o=—fp, where f is porosity of the layer. The angular components

! ! ! H
o, 0,, o, are given by

, 1 ow o) 1[8u aw'j . 1fov aul 15
o=-|—-=|o=c|=——|o=7 =% (15b)
y a 2l ez ox 2l ox oy
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The mass coefficients py1, p12 and p,, are related to the densities p, ps and p,, of the layer, solid
and water, respectively, given by

PutpPo=A=F)p, po+p,="1p, (15¢)
So that the mass density of the aggregate
P=Pu+2py+py,=p+f(o,—p) (15d)

These mass coefficients also obey the following inequalities

Pu>0, p, <0, P, >0, pupy—py° >0 (15e)

For Love-wave propagation, the stress-strain relations for the water saturated initially stressed
anisotropic porous layer

o, =(+P)e,+(1-2N+ P')eyy +(J+Pe,+KA
o, =(1-2N)e, +le, +Je, + KA (15f)
0, =Je, +Je, +De, +KA,

o, =2Ne,, 0, =2Le,, 0, =2Le,

where g, =%(u”+u“), A=divu is the dilation, I, J, D, N and L are elastic constants

for the medium; N and L are, in particular, shear moduli of the anisotropic layer in the x and z
direction respectively. Further, K being the measure of coupling between the volume change of the
solid and the liquid is a positive quantity.

The hydrostatic stresses in the gravitational half-space are given by

Ow =0, = —ng (159)

where d is the density of the lower half-space.
The components of body force are due to gravity g and are

x=0,y=0,z =g (15h)

For the Love-waves propagating along the x-direction, having the displacement of particles
along the y-direction, we have
U/ =0, U =U/(x,z,t)and U! =0 .
X y y( ) z (15|)
u; =0, u, =uy(x,z,t)and u; =0

These displacements will produce only the e,, and ey, strain components and the other strain
components will be zero. Hence, the stress-strain relations useful in the problem are

ou,
o, =2Ne, =N 8)(2
! 15j
o,=2le,=L a;Z (15)
z
Also, 9 =0
oy
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Therefore Eq. (15a) with the help of Egs. (15g9)-(15j) can be written as

!/ ’

80‘x aO'Z , aa), aa) aa) 82 ' ’
Y 4 2 _Pp [ axzj—dga) —dgz—= p +ng ?(pnuszplZVy)

OX oz OX (16)
0o ©° , ,
E = ? (U5 + p22Vy) =0

where @] are the angular components, which are defined as

1 ou, 1 ou,
a)' =———, a)' =4 —-——= 17
Y20k 2 0z )

Eliminating U (displacement of liquid part) from Eq. (16), the following equation is obtained

oo oo o’ 0w, ow, o%u,
Yy L _p z |—dgw!, —dgz —= +dgz —= = d —2 18
OX oz [ OX j 9y, ~ 09 Fo74 J oX ot? (18)

2
where d :pll_& :
22

Using Eq. (15j), Eq. (17) in Eqg. (18), we have

(N—E—%ja 4 (L_%jazu;_[d_gjﬁ_u;:dazu; (19)
2 ox’ 2 )ort 2 ) oz ot
In order to solve Eq. (19), we take

uy(x,z,t) = £(z) e** (20)

From Eqg. (19) and Eqg. (20), the following equation is obtained

(N_g_G($kzj_5c2
°6(@)__ Gsk 25 .| \L 2 % -0 21)

0z° 2(1_ G5kzj oz [1_ G§kzj
2 2

1
where c, =[L/p]5 is the shear velocity in the lower half-space, G=dg/Lk known as Biot’s gravity

_p
parameter, & — oL is stress parameter, 5= 7y, ~ 7/ Voo Y1 =Pl P V2= Pl P2 V2o = P | P,

are the non-dimensional parameters for the material of the porous half-space, k is wave number.

1
ngzj “in Eqg. (21) to eliminating term 5( ) , We obtain

Now substituting &(z) = y(z) (1—

z”(z)+k{ng2(1—G‘Zkzj {(——5— WZ) 522}(1—675“j } =0 (@
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Introducing the dimensionless quantities 7 = AN -~ Goke
Go\ L 2

] and 7(2) = g(n) in Eq. (22)

the following equation is obtained

dzg(n)+{_1+5+_ijg(,7)=o (23)

2
where, R= L (1_ﬂ_§‘jl+c_
G L 5 ¢l

2
EQ. (23) is the well known Whittaker’s equation (Whittaker and Watson 1990).
The solution of Whittaker’s Eq. (23) is given by

g (77) =CWg, (77) +DW, (_77) (24)

where C and D are arbitrary constants and Wro(7), W-ro(—7) are the Whittaker function.
Now Eq. (24) satisfying the condition lim,  u; —0 ie, lim,__ g(7)—>0asn—>0 may be
taken as

9(7)=CW o () (25)

On solving Whittaker’s function up to second degree term, displacement for the SH-wave in
the lower layer is

1 2
-R RL 2/ Gok (R'Fj
L[y 2o .
uy(x,z,t)=C _ 4] [ Gk Zeeé( Zj 14890 2) e (26)
Go 2 4 1_G§kz
2

4. Boundary conditions

The displacement components and stress components are continuous at z=—H, and at z=0,
therefore the geometry of the problem leads to the following conditions

At z=—H, the stress component z,,=0.

At z=0, the stress component of the layer and half space is continuous, i.e., z,,=oy,.

At 7=0, the velocity component of both the layer is continuous, i.e., U;=U>.

5. Dispersion relation

The dispersion relation for SH-wave can be obtained by using boundary conditions given in
section 4. Therefore, the displacement for the SH-wave in the half-space using boundary
conditions (1), (2) and (3) in Eq. (7), Eq. (14), Eq. (15j) and Eq. (26)

asin(aH)sin(yH) asin(aH)COS(yH)} o

(27)
2(1+cos(aH)) 2(1+cos(aH))

A{ycos(yH)— }+ B{ﬂ/Sin(VH)"'
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A=c[ -4 _Rerﬁ 1489 p L 2 (28)
(&) & 12 (red] ]
A(—%)+B(}/)=C{Q—ijk(—%jRerf"Hl+G45(R+2j }{645[R+%j—1} Gf(miﬂ (29)

Now eliminating A, B and C from the Eq. (27), Eq. (28) and Eg. (29), we obtain

[7 cos(yH) - asin(al—|)sin(y|—|)} [7 sin(yH) + emin(al—l)cos(yH)}

2(1+cos(aH)) 2(1+cos(aH))
1 0
a

(—E) ()

_[_%r eé;{l Gf(m;ﬂ . (30)
g [ Oy LT |

2

On solving Eg. (30), the following equation is obtained

(a)sin(aH)_ LR a)|a 2+%—2Qz
anl ki a’ £+P0_2Qz {2k )(@@+cos(aH)) | Q, Rk 2k K2 2Q, (31)
a2 2Q, 312+CZ+P0—2QZ+(j sin(aH) L+i
4> ¢ 2Q, 2k J(L+cos(aH))( Q, Fk 2k

where

() < ()]
&) T ) 4 (]

2

Eq. (31) is the dispersion equation of SH-wave propagation in a hetrogeneous layer overlying a
gravitational porous half-space under initial stresses.

Particular Cases
If the layer is non-porous then f—0 and ps—p which leads to y;1+y:,—1 and p1+y,,—0, which

leads to y,, — 7/12 —1 or o—1. If the layer is porous then f—1, then p,—p, the liquid becomes
Va2
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fluid Vit — 712 —» 0 or 6—0, which means shear waves do not exit. Hence, for porous layer 0<f<1
22
corresponds to 0< ¢ <1.

Case-1
If upper layer is stress free then P,—0, Eq. (31) reduces to

(ajsin(aH)_ LR ajla ¢ Q
2 QZ}_ 2k J(L+cos(@aH)) | Q, Fk 2k J\4k? ¢ Q, (32)

C
wd o, & ¢ Q +(aJsin(aH> LF_a
4k* ¢ Q, \2k/(@+cos(aH))\ Q, Fk 2k
Eq. (32) is the dispersion equation of SH-wave propagation in a hetrogeneous layer overlying a
pre-stressed gravitational porous half-space.

tan {kH

Case-2
For SH-wave propagation in a hetrogeneous layer over a porous half-space free under gravity
free from initial stresses, then Po—0 and (—0 , therefore, Eq. (31) reduces to

(aj sin(aH) L F’+a a’ 02 _Q
& ¢ Q }: 2k J(L+cos(@H)) | Q, Fx 2k J\4k? & Q, (33)

K ¢ Q, aZ+CZ_QZ+(aj sin@H) (L R, a
4k* ¢ Q, \2k/(l+cos(aH))\ Q, Fk 2k

tan {kH

Case-3
If upper layer is isotropic and stress free then Q,=Q,=u1, Po—0, EQq. (31) reduces to

a ) sin(aH) LF a)la® ¢
a ¢ 11_ 2k J(@+cos(aH)) | z4 Fk 2k J\4K2 ¢ (34)
2

4k a2 ( a ] sin@H) (L F a
— =1+ = — | —+—
> ¢ 2k ) (L+cos(aH)) | g4 Fk 2k
Eq. (32) is the dispersion equation of SH-wave propagation in a hetrogeneous isotropic layer
overlying a pre-stressed gravitational porous half-space.

tan {kH
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Case-4
For SH-wave propagation in a hetrogeneous isotropic layer over a porous half-space free under
gravity free from initial stresses, then Qx=Q,=u1, Po—0 and {—0, therefore, Eq. (31) reduces to

(a)sin(aH)_(L 1 +a) iz+§_1
2 2 2 2
tan{kH 4a +c2 _1}: 2k J(L+cos(aH)) |z Ek 2k J\4k® c; (35)

k? cf a’> c? (aj sinaH) (L F a
T e e T D
4k* ¢ 2k J(L+cos(aH))\ 4 Ek 2k

-R i 2 2 o2 2
F{zk[—ij ec? 1+%(R’+Ej @(R#l]—l +G ° (R’+l)
Go 4 2 4 2 8 2

Case-5
For SH-wave propagation in homogeneous layer overlying a gravitational porous half-space
under initial stresses, a—0

L F1] ¢’ R-2Q,

anl ki [© 4 P2, :_[Qxﬁk CRE) (36)
C12 2Qx £+R)_2Qz
¢ 2Q,

Case-6
For SH-wave propagation in a hetrogeneous pre-stressed layer overlying a pre-stressed porous
half-space free from gravity then G—0, Eq. (31) reduces to

an kH\/eaZ+c;2+Po—2Qz 2 aveos@r) Lo, Tk Y4k T 2, (37)
a2 ¢ 2Q, a72+§+P0—2QZ+(1J sin(aH) (LF+aJ
4k* ¢? 2Q, 2k J@+cos(aH)) | Q, ° 2k

’ 2
where |:3:1 1_ﬁ_i+5% 1
207 L 2L ¢

Case-7
For SH-wave propagation in a hetrogeneous pre-stressed layer overlying a pre-stressed non-
porous half-space free from gravity then 6—0, G—0, Eq. (31) reduces to
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(1JM_ Lp,al)|a ¢ R-2,
tan| kA i+§+Po—2Qz ~\ 2k J(+cos(aH)) (Q, * 2k J\4k? ¢ 2Q, (38)

4k* ¢2 2Q, | & ¢ P-2Q, [a} sin(aH) [L , aj

L —t | — || — F+—

4k° ¢ 2Q, 2k ) (L+cos(aH))\ Q, 2k

1 N P c?
where F, =3 1-—- j—l

Case-8

For SH-wave propagation in a hetrogeneous pre-stressed layer overlying a pre-stressed
isotropic non-porous half-space free from gravity then N=L=ux,, 6—1, G—0, Eq. (31) reduces to

a

(jSi”(aH)_(uzF +a]\/az+c2+Po—2QZ
2 2 4
anlky [2 ¢, R—2Q, |_\2k/(@+cos(aH) (Q, ~ 2

TS

&2 ¢ 2Q, (39)
2Q, a1+cz+F%—2Qz+(a)SMa'*)[MFA+a}
4k° ¢ 2Q, 2k J (1+cos(aH)) | Q, 2k
1( P ¢
here F,==| ———+° |1
where T 2[ 24 CZZJ

Case-9
For SH-wave propagation in a hetrogeneous layer overlying a pre-stressed isotropic hon-porous
half-space free from gravity then N=L=x,, 6—1, P,—0, G—0, Eq. (31) reduces to

a

Us(aH)(yF aj 7 7 0
tan{kH a2+CZ_QZ}: 2k ) (1+cos(aH))

Q. "2 Nac ¢ a, (40)
2 2 2 2 H
ak* ¢ Q, %+%_&+(iJ sin(aH) &Fﬁi
4k ¢ Q, \ 2k /J(L+cos(aH))\ Q, 2k
1({ P c?
F==|-—+—1|-1
where F, 2[ 2 c§]
Case-10

For homogeneous layer over a homogeneous non-porous half space free from gravity and
stresses then G—0, {—0, N=L=u,, 0—1, Qx=Q,=u1, Po—0, a—0 therefore, Eq. (31) reduces to

L
tan| kH i—l e 26 (41)
¢/ Mo |c?
g 1
On approximation Eq. (40) gives

[ " (42)
tan| kH [~ -1 |= 22 :
G H
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Eq. (42) is the classical dispersion equation for SH-waves propagating in a homogenous
isotropic elastic medium over isotropic homogeneous elastic medium given by Love (1911) and
Ewing et al. (1957),

5. Numerical analysis

To examine the effect of thickness of the layer (kH), heterogeneity parameter (1/7 :;_kj of

!

upper layer, stress parameters [ﬁ:& and & :1] of the considered geometry, porosity
R -2Q, 2L

(9), Biot’s gravity parameter (G) and other dimensionless parameters (g— :%5 = QL B = ij
X CZ

on phase velocity (c/cy), the following numerical values are considered (given in Table 1), The
material parameters for this model are taken in Table 2 used by Chattaraj and Samal (2013), Fig. 2
describes the effect of dimensionless thickness (kH) of the inhomogeneous layer on phase velocity
(c/cy) under porosity (). It is clear that the phase velocity gradually decreases with the increment
in thickness of the layer. However when the porosity (d) is increased the following observations
are made:

1. As the porosity (o) increases, the dimensionless phase velocity (c/c,) decreases at a particular

value of dimensionless thickness (kH).

2. The curves are plotted for the values of porosity 6=0.0, 0.3, 0.5, 0.7 and 0.9, it is clear that

the curves are going away from each other as porosity increases, it implies that porosity

dominates at large values of dimensionless thickness (kH).

Fig. 3 depicts the effect of dimensionless thickness (kH) of the heterogeneous layer on phase

velocity (c/c,) under heterogeneity parameter (z// = Zakj Again, it is clear that the phase velocity

gradually decreases with the increment in thickness of the heterogeneous layer.

Table 1 Values of parameters for figures
Fig.2 Fig.3 Fig.4 Fig.5 Fig.6 Fig.7 Fig.8 Fig.9 Fig. 10

1 - 0.5 0.5 0.5 0.5 05 0.5 0.5 0.5
v —

G 0.5 0.5 0.5 0.5 - 0.5 0.5 0.5 0.5
kH 6 6 - 6 6 6 6 6 6
S 0.3 0.3 0.3 - 0.3 0.3 0.3 0.3 0.3
n 15 15 15 15 15 — 15 15 15
3 0.3 0.3 0.3 0.3 0.3 0.3 - 0.3 0.3
73 0.7 0.7 0.7 0.7 0.7 0.7 0.7 — 0.7
< 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 -




Dispersion of shear wave in a pre-stressed hetrogeneous orthotropic layer... 965

1.40

1.05

1.00

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
kH —

Fig. 2 Dimensionless phase velocity c/c; against dimensionless wave number kH for values of
6=0.0, 0.3,0.5,0.7and 0.9

Table 2 Data for anisotropic porous medium

Symbol Numerical Value Units
p 7800 kg/m®
L 0.1167x10" N/m?
i 1.7567x10° Kg/m®
P12 —0.001567x10° kg/m®
Do 0.19867x10° kg/m®

f 0.34

However when the heterogeneity parameter () is increased the following observations are
made:

1. As the heterogeneity increases, the dimensionless phase velocity (c/c;) increases at a

particular value of dimensionless thickness (kH).

2. The curves are plotted for the values of heterogeneity parameter i =0.0, 0.3, 0.5, 0.7 and

0.9, it is clear that the curves are going close from each other as heterogeneity parameter

decreases, it implies that even if the heterogeneity parameter () dominates, phase velocity of

SH-waves remain constant for the same frequency as the curves are collimating at a single

point.

Fig. 4 shows the effect of dimensionless phase velocity (c/c;) against Biot’s gravity parameter
(G) for different values kH. Various curves are plotted for the values of thickness kH=1, 3, 5, 7 and
9. However when the dimensionless thickness (kH) is increased the following effects are observed:

1. The dimensionless phase velocity decreases for the increasing value of kH at a particular

wave number.
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Fig. 3 Dimensionless phase velocity c/c; against dimensionless wave number kH for values of
i =0.0,0.3,0.5,0.7and 0.9

1.40 - - ‘ : :
1.35
1.30

T 1.25

e

¢ 1.20

1.15

1.10

1.05

1.00 L L L L L L

Fig. 4 Dimensionless phase velocity c/c, against G for values of kH=1,3,5,7 and 9

2. The curves are separated apart to each; from that we can conclude that the effect of
dimensionless thickness (kH) has great impact on SH-wave for higher frequency.

Fig. 5 describes the effect of dimensionless ratio (5 =%) on phase velocity (c/c;). Various
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1.00 : L I
0 0.1 0.2 0.3 0.4 0.5 0.

kH —

=)}

0.7

Fig. 5 Dimensionless phase velocity c/c; against dimensionless wave number kH for values of
£=0.1,0.3,0.5,0.7and 0.9

— 1.G=035
1.35 — 2.G=050|
— 3.G=065
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Fig. 6 Dimensionless phase velocity c/c; against dimensionless wave number kH for values of
G=0.35, 0.50, 0.65, 0.80 and 0.95

curves are plotted for the values of ¢ =0.0, 0.3, 0.5, 0.7 and 0.9. However when the dimensionless
ratio (&) is increased the following effects are observed:

1. The dimensionless phase velocity increases for the increasing value of ‘G’ at a particular
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Fig. 7 Dimensionless phase velocity c/c; against dimensionless wave number kH for values of
7=11,13,1517and 1.9

wave number; it means that ¢ parameter present in the medium gives the direct effect on the
shear wave velocity.

2. The curves are moving away to each other for higher wave number (kH); from that we can
conclude that the effect of dimensionless ratio () has great impact on shear wave for higher

frequency.

Fig. 6 depicts the effect of Biot’s gravity parameter (G) on phase velocity (c/c,). Various curves
are plotted for the values of Biot’s gravity parameter G=0.35, 0.55, 0.65, 0.75 and 0.85. However
when the Biot’s gravity parameter is increased the following effects are observed:

1. The dimensionless phase velocity decreases for the increasing value of Biot’s gravity

parameter ‘G’ at a particular wave number; it means that the SH- wave velocity is inversely

proportional to gravity parameter present in the medium M.

2. The curves are equally apart from each other; this shows that the Biot’s gravity parameter

‘G’ has great impact on shear wave.

2Q,
R —2Q,
phase velocity (c/c;). Various curves are plotted for the values of stress parameter 77 =1.1, 1.3, 1.5,
1.7 and 1.9. However when the stress parameter ‘77 * is increased the following effects are

observed:
1. The dimensionless phase velocity decreases for the increasing value of stress parameter ‘77

Fig. 7 explains the effect of initial compression (77: ] present in the medium M;. On

’at a particular wave number; it means that the shear wave velocity is inversely proportional to
stress parameter ‘77 > present in the medium M.

2. The curves are getting closer to each other at a particular frequency; this shows that the stress
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Fig. 8 Dimensionless phase velocity c/c; against dimensionless wave number kH for values of
£=0.1,0.3,0.50.7and 0.9
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Fig. 9 Dimensionless phase velocity c/c; against dimensionless wave number kH for values of
£=0.70, 0.75, 0.75, 0.80, 0.85 and 0.90

parameter ‘77 * has significant dominance for high values of wave number.

X

Fig. 8 explains the effect of directional rigidities [.»E:QLJ on phase velocity (c/c;). Various

curves are plotted for the values of £ =0.1, 0.3, 0.5, 0.7 and 0.9. However when the dimensionless
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
kH —

Fig. 10 Dimensionless phase velocity c/c, against dimensionless wave number kH for values of
¢£=0.1,0.3,05,0.7and 0.9

ratio (E ) is increased the following effects are observed:

1. The dimensionless phase velocity increases for the increasing value of directional rigidities *
&’ at a particular wave number; it means that directional rigidities £ present in the medium

gives the direct effect on the shear wave velocity.
2. The curves are moving away to each other for higher wave number(kH); from that we can

conclude that the effect of directional rigidities (g?) has great impact on shear wave for higher
frequency.

. . - G . .
Fig. 9 describes the effect of 8 =C—1’on phase velocity (c/c;). Various curves are plotted for
2

the values of inhomogeneity A =0.70, 0.75, 0.85, 0.80, 0.85 and 0.90. However when the velocity
ratio © S’ is increased the following effects are seen:
1. The dimensionless phase velocity decreases for the increasing value of 3 at a particular
wave number; it means that * 5 gives the reverse effect on the shear wave velocity.

2. From these curves we can conclude that the parameter® 3 ° has significant effect on shear
wave for lower frequency.

!

. . I = P . .
Fig. 10 explains the effect of initial stress parameter (C :Zj present in the medium M,.on

phase velocity (c/c,). Various curves are plotted for the values of stress parameter ¢ =0.1, 0.3, 0.5,
0.7 and 0.9. However when the stress parameter ‘£ * is increased the following effects are
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observed:
1. The dimensionless phase velocity decreases for the increasing value of stress parameter 47
’at a particular wave number; it means that the shear wave velocity is inversely proportional to
stress parameter < ¢ > present in the medium M,.
2. The curves are getting closer to each other at a particular frequency; this shows that the stress
parameter ‘£ * has significant dominance for high values of wave number.

6. Conclusions

In this work, the dispersion of shear waves in a pre-stressed hetrogeneous orthotropic layer
over pre-stressed anisotropic porous half-space under gravity has been investigated analytically. It
has been observed that the phase velocity is larger for a porous initially stressed gravitational
elastic half-space as compared to an initially stressed non-porous elastic half-space (6—1), It has
been observed that on the removal of heterogeneity of layer, initial stress and porosity of the half-
space, the derived dispersion equation reduces to Love wave dispersion equation thereby validates
the solution of considered problem. Finally, on the basis of result developed, the following
conclusions regarding the propagation of the SH-wave in a heterogeneous initially stressed elastic
layer placed over anisotropic porous half-spaces under self weight can be drawn:

1. The SH-wave velocity increases with the decrease of wave number in all the cases.

2. SH-phase velocity decreases as the porosity of lower half-space increases, the wave velocity

is inversely proportional to porosity.

3. Presence of compressive stress in the layer affects the SH-wave; the wave velocity is directly

proportional to compressive stresses.

4. The presence of upper half heterogeneity has great impact on SH-wave and it gives the direct

effect on the SH-wave velocity.

5. The SH- wave velocity is directly proportional to rigidity parameter present in the

heterogeneous layer; it gives the significant effect on the SH-wave velocity.

6. The inhomogeneities in initial stress have great affect on the SH-wave velocity.

7. Presence of Biot’s gravity parameter in lower half-space greater the impact on SH-phase

velocity. It decreases as Biot’s gravity parameter increases.

8. The compressive stress in the lower half-space affects the SH-wave; it is directly

proportional to it.

From above discussion it can be concluded that in the presence of heterogeneity, initial stress,
porosity, rigidity and gravity in the medium affect the seismic wave energy. The results may be
useful to understand the nature of seismic wave propagation generated by artificial explosion
(especially SH-waves) in the multilayered earth structure, material science engineering and in the
field of earthquake engineering. Since the shear phase velocity is affected by various technical
constants, the results of this paper may be helpful to design new structural materials for
construction work.
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