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Abstract.  Channel girder bridges that consist of a deck slab and two side beams are good choices for
railway bridges and urban rail transit bridges when the vertical clearance beneath the bridge is restricted. In
this study, the behavior of simply supported channel girder bridges was theoretical studied based on the
theory of elasticity. The accuracy of the theoretical solutions was verified by the finite element analysis. The
global bending of the channel girder and the local bending of the deck slab are two contributors to the
deformations and stresses of the channel girder. Because of the shear lag effect, the maximum deflection due
to the global bending could be amplified by 1.0 to 1.2 times, and the effective width of the deck slab for
determining the global bending stresses can be as small as 0.7 of the actual width depending on the width-to-
span ratio of the channel girder. The maximum deflection and transversal stress due to the local bending are
obtained at the girder ends. For the channel girders with open section side beams, the side beam twist has a
negligible effect on the deflections and stresses of the channel girder. Simplified equations were also
developed for calculating the maximum deformations and stresses.
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1. Introduction

The channel girder bridge is a relatively new type of girder bridge. It is a good choice for
railway bridges and urban rail transit bridges when the vertical clearance beneath the bridge is
restricted. The concept of channel girder bridge was developed mainly in the early 1990s when
several examples of channel girder bridges were built in Europe (Shepherd and Gibbens 2004,
Staquet et al. 2004). In the mid-1990s, the Highway Innovative Technology Evaluation Center of
U.S. carried out a research program and built several channel girder bridges in the New York State
(HITEC 1996). During the period of 2001 to 2003, the Sorell Causeway Bridge (Gibbens and
Smith 2004) was built in Australia, which shall be the most famous channel girder bridge around
the world. In recent years, a number of channel girder bridges have also been built in China, such
as the Geshui Creek Railway Bridge (Zhu 1996), Jianghan Line Qinglong Bridge (Hu 2004), etc.

The channel girder bridge consists of a deck slab and two side beams, as shown in Fig. 1. The
deck slab and side beams are posttensioned using longitudinal tendons which are anchored at the
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Fig. 1 Configuration of the channel girder bridge

girder ends. Vertical and transversal posttensioning tendons may also be needed for the side beams
and deck slab, respectively, to prevent the concrete cracking. Traffic moves on the deck slab, so
besides taking part in the global longitudinal bending of the channel girder, the deck slab itself will
bend in two directions (Li et al. 2011, Xiong et al. 2014). Because of the transversal bending of the
deck slab, the side beams will twist in the section plane, which will in turn affect the local bending
of the deck slab. When the width-to-span ratio of the channel girder is large, the shear lag effect
(Gara et al. 2011, Zhou et al. 2011, Chen et al. 2014) may also have a great effect on the
deflections and stresses of the channel girder.

Because of the complicated spatial behavior of the channel girder bridge, three-dimensional
finite element analysis was usually conducted to calculate the deformations and stresses of the
channel girder (Raju and Menon 2011, Raju and Menon 2013, Wu et al. 2013). Although the finite
element analysis can provide accurate results, it is not favorable for understanding the general
behavior of the channel girder, and for developing general design equations. In this study, the
behavior of simply supported channel girders was theoretical studied using the theory of elasticity.
Based on the theoretical solutions, simplified equations were also developed for calculating the
maximum deformations and stresses.

2. Theoretical solutions

The theoretical derivations are based on the theory of elasticity (Timoshenko and Goodier
1970). The channel girder is assumed to be composed of a homogeneous and isotropic material.
The side beams and deck slab can be regarded as “slender beam” and “thin plate”, respectively,
according to the general configurations of channel girders, i.e., the shear deformations of the side
beams and deck slab can be neglected. The channel girder is simply supported at the four corners,
and the external loads are assumed to be uniformly distributed on the surface of the deck slab. The
coordinate system and sectional dimensions of the channel girder are shown in Fig. 2. The origin
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Fig. 2 Cross section and coordinate system of the channel girder

of coordinates locates in the deck slab center of one end cross section. The x, y, and z axis are in
the longitudinal, transversal and vertical directions, respectively. Each side beam consists of a top
flange and a web. As shown in Fig. 2, b; and t; are the width and thickness of the top flange,
respectively; b, and t, are the half width and thickness of the deck slab, respectively; h is the
distance between the center of the top flange and that of the deck slab, and t,, is the thickness of the
web.

2.1 Deformation analysis

The deflections of the channel girder under vertical loads stem from the global bending of the
channel girder and also the local bending of the deck slab, as shown in Fig. 3. Since the external
loads are symmetrical about the longitudinal axis, the deflection due to the global bending can be
denoted as wy(X), which doesn’t vary in the transversal direction. The deflection due to the local
bending of the deck slab wi(x,y), is assumed as (Timoshenko and Woinowsky-Krieger 1959)

w, (X, y)= cos =Y. w; (x) Q)
2b,
where wy(X) needs to be determined. Therefore, the total deflection of the deck slab, wg(x,y), is
,0) = 1) (9) =0, 1) s 2 o ) @
2

The longitudinal displacement of the deck slab is assumed parabolically distributed along the
slab width due to the shear lag effect (Gjelsvik 1991), so the longitudinal displacement at the mid-
surface of the deck slab, us(x,y), can be written as

2

0, (09) = 0+ 1- 2 | (9 @

where uy(X) is the longitudinal displacement at the intersection of the side beam and the mid-
surface of the deck slab, and u;(x) is the maximum variation of the parabolic distribution.

The side beams will twist due to the transversal bending of the deck slab, as shown in Fig. 3(b).
The twist angle of the side beams, &(x), can be determined as
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Fig. 3 Deformations of the channel girder

ow, -
Q(X)=E|y:bz =2—b2W1(X) (4)
2.2 Strains and stresses
The longitudinal strain of the side beams, &, IS
£ =—WyZ +U, (®)
and the corresponding longitudinal stress, oy, is
o, =Eg, =E(-W,z+U,) (6)

where E is the elastic modulus. The longitudinal strain, e, and transversal strain, ¢y, of the deck
slab due to the global bending are

ou, ow, . yio
E1 = PV 6x20 z:u0+(1—b—22)ul—woz @)
. Yy .
Ey1 = ~HEG = _ﬂ[uo +(1- b_z)ul - Wozj (8)
2

where u is the Poisson’s ratio. The longitudinal strain, &, and transversal strain, s, of the deck
slab due to the local bending are

2

82W| Ty "
=— Z=-| cos—= |w,z
gxsz ( 2b j 1 (9)

o’w, r’ Ty
gysz 5 2 4b22 ( 2b2 1 (1)
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Therefore, the total longitudinal strain, e, and transversal strain, ey, of the deck slab are

y* Y |\
£ =y H 5 = Uy + (L—Z)U, — Wz — (cos—]wz (11)
' b? 2b, |
' YN i | o e Y
Ey =&y T Ey ——y(uOJr(l—F)ul—wozj 107 [congwlz (12)
2

The in-plane shear strain of the deck slab due to the local bending, 7, is

o°w, Tl . 7wy .
=2—lz7=""sin=— |wz
yxysl axay b2 [ ZbZJ 1 (13)

and the in-plane shear strain of the deck slab due to the shear lag effect, y,,, is

ou 2y
7/xy52 = ay = bz 1 (14)

so the total in-plane shear strain of the deck slab, 7, , is

y 2y
7xys = 7/xysl + 7xy52 bz [SmE]W Z— bz U (15)

From the Hooke’s Law, we can obtain each stress component of the deck slab:

2
_Eﬂ (-(cos%}w Z+u ;;22 (COS 2h, )leJ (16)

E : YA,
st:7(€xs+y€ys):E UO+(l—b—22)U1—WOZ +1

1
E E 7’ Ty y
=— S COS—— |W,Z — COS—— WZ
S N T
=G =G sm”—y Wz — 2—yu 18
yxys b2 2b 1 bz 1 ( )

where oy, 0ys and s are the longitudinal, transversal and in-plane shear stresses of the deck slab,
respectively, and G is the shear modulus of elasticity.
From the equilibrium of axial forces, we have

N = 2JA+ANaxbdA+jAb o-XSdA:ZE(u(')(A +A, +%AJ)—wg(st +sw)+%AJul'j=0 (19)

where A=bit;, A,=(h—t1/2-t,/2)t,, and A,=2b.t, are the sectional areas of each top flange, web and
deck slab, respectively, and Si=—Ah and Sw=—A,(h/2—t,/4+t,/4) are the moments of area of each
top flange and web with respect to the y axis, respectively. Eq. (19) can be rewritten as

27, 28 +S,)

ug:—aul T b =l + Z,W, (20)
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where A=2(A+A,)+Ay is the sectional area of the channel girder, a=—2A,/3A, and z.=2(S;+S,,)/A
represents the location of the neutral axis of the channel girder section without shear lag effect.

2.3 Determination of displacement functions

The variation principle (Washizu 1975) is used here to determine the three displacement
functions, wo(x), wi(X), and ug(x). The strain energy of each side beam, Uy, is

! 1_, 11 o
U= dijNEngbdijEGlte dx

1p . . .o 1 I7z2 .
:EJ'O(E(Iyl + 1, — (A +A,+A)Z2)W +E(A +A)a’u? - EA)azcwoul)dx+§ J.04_b§GI‘W12dX

(21)

where 1, =bt'/12+Ah* and 1, =t (h-t/2-t,/2)' 12+ A, (h/2—t,/4+1,/4)" are the
moments of inertia of each top flange and web with respect to the y axis, respectively,
I, =bt}/3+(h—t/2-t,/2)t} /3 is the torsional moment of inertia of each side beam, and | is the
span length of the channel girder. The strain energy of the deck slab, U, is

' 1
u, = 2.[0 dXJ% A E(stgxs O s T ToeT s )dA

4Gt, , 1 , 2 4 o 2
u +(=a°+—a+—)EAU° +(=+a)EA Z WU
3, TG T gar P EA (G a)EAZ Y,

+CWoW, + CoW +C, w2 + Cyw,” + Cow, W, )dx

(22)

~ [ GE( - AZW +

where 1, =b,t]/6 is the moment of inertia of the deck slab with respect to the y axis,

|
Yy
C,=2El,/x , Cy=x'D,/(320]) , C,=r°Gt/(24b,)+~°Gl,/(46}) , C,=Dh,j2 ,
C,=—z°uD,/(4b,) , and D, =Et}/(12(1- ")) is the flexural stiffness of the deck slab.
Therefore, the total strain energy of the channel girder, U, is

U=2U,+U, = J'(: (Cwy* +Cuf +Cyly? + C Wl + CoWowg +Cof +Cowg” +Cywi” +Cowiwy )x (23)

where C, =E(l,-Az?)/2 , C,=4Gt/(3b,), C,=(4/15+a/3)EA , C,=2EAz/3 , and

I, =21,+21,+1, isthe moment of inertia of the channel girder with respect to the y axis.

The potential energy of the external loads, W, is
oot ry o 2
W= —fo dxj‘sz q(w, + cosz—bzwl)dy = —JO 2qb, (w, + ;Wl)dx (24)

where q is the uniform surface load acting on the deck slab. So the total potential energy, IT, is
Im=U+W (25)

From the first variation of the total potential energy with respect to w,(x) equal to O, we have
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2w +C,u® +Cow —2gb, =0
(ZClw(; +C,u, + Cswi) oy =0 (26)
x=0,l = 0

Wo

Since Cs is minute compared to C;, and wy(x) and wy(x) are in the same order of magnitude, the
terms of wy(x) in Eq. (26) can be omitted, and Eq. (26) can be simplified to

{2(:1\/\/; +C,u, —gb,x(x—1)=0 27)

Wo |x:0,| =0

From the first variation of the total potential energy with respectto u,(x) equal to 0, we have

2C,u, - ZCSU%. -Cw¥ =0 28)
(2C,u; +C,w; )| o) =0
The solutions for the system of differential equations composed of Eq. (27) and (28) are
. k
u,(x) = B,gb, sinh (k,x) + B,gb, cosh (k,x) + k—gqb2 (2x-1) (29)

1

3
W, (X) = _C.ab, (B,sinh(k,x)+ B, cosh (k,x))+ D, oAbl o C4k2ql2)2 N L C4k2qk;2I X— C4k2c14b2
2Ck, 24C, 12C,  2CK 24C,  2CK Ck’

(30)

where k=acc,/(acc,-ci) k,=C,/(4CCs-C}) B =-2k/ki
B, =2k, (cosh(k,1)—1)/(k; sinh(k,])) -
From the first variation of the total potential energy with respect to wy(x) equal to 0, we have
4ab, _
T
x=0, = 0 (31)

2C, WY +(2C, — 2C,)w, +2C,w, + Cw” — 0

(—2C,w® +(2C, - Cy)w, —Cowi?)

(2C,w, +Cyw, +Cyw; )

x=0,1 = O

Substituting the expressions of Cs to Cq into Eq. (31) gives

2
w? —2(1+ B)a’w, +a‘w, + M- p) w — 48 =0
V4 7Dy

AL
(—Wl(a) +(2+42p - wa’w, - %Wés)j x-01 =0 (32)

2
[W; - ,uaZW1 + MW&) x=01 — 0
V4
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Fig. 5 Stress distributions along the longitudinal direction

where f=GI,/Db,, a=z/(2b,). Solving the differential equation in Eq. (32) gives

4(1-4)ab, 4q
72'(:134 7Z'Dsa4 (33)

4(1- 1*)C kiab,
27C, ((a2 —K2)’ —2ﬂa2kf)

Wl(x) =

(B, cosh (k,x) + B, sinh (k,x)) -

+ D, sinh( Bax) + D, cosh( Bax) + D,sinh( ,ax) + D, cosh( 3,ax)

where ﬂlz\/ﬂ+1+,/ﬂ(ﬁ+2) v B :\/ﬂ+1—‘/ﬂ(ﬂ+2) , and Dy, D5, D3 and D, can be determined
using the four boundary conditions in Eq. (32).

2.4 Verification

A prototype channel girder bridge (Xu 1984) built in Beijing is considered here for analysis.
The sectional dimensions of the prototype bridge are as follows: b;=1000 mm, ;=500 mm,
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Fig. 6 Stress distributions in the mid-span of the channel girder along the transversal direction

b,=3220 mm, t,=450 mm, h=1925 mm, and t,=300 mm. The span length of the bridge, I, is 24 m,
and the uniform surface load applied on the deck slab, g, is 100 kN/m2 The elastic modulus and
Poisson’s ratio are taken as 30x10° N/mm? and 0.2, respectively.

Finite element analysis was conducted in the MSC.Mentat/Marc (2010) program
(MSC.Software 2010) to verify the accuracy of the theoretical solutions. All the components of the
channel girder were modeled using an eight-node thick shell element. The vertical displacements
at the four corners were constrained to model the simply supported boundary conditions.
Appropriate horizontal displacement constraints were also applied to eliminate the rigid body
motions. As shown in Fig. 4 to Fig. 6, the deflections and stress components calculated from the
theoretical solutions agree well with those from finite element analysis, so the derived equations
can be used to analyze the behavior of the channel girder.

3. Behavior and design
3.1 Global bending

From Eq. (30), we know the maximum deflection due to the global bending is

5qb,I* C,k,qb, (4817 1 1 5qb.14
Wy (1/2) = 2Dy =2t -t =g (34)
384C, Cik; 384 k& Kk COSh(kl|/2) 384C,
where
96C? (48 1 1
=1+ 4 A +
g 5C,C,I? (384 k212 k2I2 cosh (kll/2)j (35)

is referred to as the deflection amplification coefficient, and 5qb,l*/384C; is the maximum
deflection of a general beam subjected to uniformly distributed loads.
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From Eq. (6) and (20), we have
o =E((z. - 2)wy + o) (36)

By taking oy, as zero, we can obtain the location of the neutral axis of the section including the
shear lag effect:
au,

2. =7 +—

ce C WD (37)
The contribution of the deck slab to the global bending can be expressed by the effective width
coefficient, 4, i.e., the effective width of the deck slab is 1(2b,). Therefore, the location of the
neutral axis of the equivalent section can be written as

_2(S+S,) A
b = A+(A-1)A  A+(A-1)A

(38)

By combining Eqg. (37) and (38), the formula for determining the effective width coefficient can be
obtained:
au, A
A=1-——1
au, +W,z, A (39)
From Eq. (16) and (20), we know the longitudinal stress of the deck slab due to the global
bending, oys1, is

2
crxsl:E((a +1—g—2)ui+(zc —z)ng (40)
2
The effective width coefficient can also be determined from
JI,, A 2u. /3
A=—Trp g 2403 (41)
20,[7 o,z ALt W

Eq. (39) and Eq. (41) are equivalent since a=—2A,/3A.

According to the general configurations of channel girder bridges, a series of channel girders
were designed for the parametric study and numerical fitting. The half width of the deck slab, b,,
was fixed as 3000mm, and the values of h/b,, t)/b,, t./t,, ti/t,, bi/t, and I/b,, were varied
parametrically according to Table 1. In total, 3024 channel girders were obtained and analyzed.

Table 1 Values for each parameter

Parameter Value
h/b, 0.4,0.6,0.8,1.0,1.2,1.4,1.6
t,/b, 0.1, 0.15,0.2,0.25
tults 0.5,0.75,1
i/t 1
bi/ty 1,2,3,4

I/b, 4,6, 8,10, 12, 14, 16, 18, 20
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Fig. 7 Comparison between the exact solutions and simplified equations for and Ay,

From the parametrical study, it was found that the deflection amplification coefficient, ¢,
could be precisely determined from

. E[ AZ b)Y b
5—1+G[ AZJ{Z.G( I ) +0.05 | J (42)

I, -

where Az /(1,—Az?) represents the ratio of the moment of inertia provided by the deck slab to
the total moment of inertia of the channel girder section. The values of { are between 1.0 and 1.2,
and increase as the values of Az?/(1, - Az) and b/l increase. The effective width coefficient at

the mid-span, A;,, mainly depends on the width-to-span ratio of the channel girder, 2b,/l, and can
be calculated by

A2 =

{1 (b,/1 <1/25) )

-3(b,/1)" —0.48(b, /1) +1.02  (b,/I >1/25)

As shown in Fig. 7, the exact solutions and simplified equations for ¢ and Ay, are in good
agreements.

3.2 Local bending

The deflection at the center line of the deck slab due to the local bending can be written as

w (x)=7(x) 2 (@4)

S

where 7(x) was found mainly related to the width-to-span ratio of the channel girder, 2b,/I, and
Dsh,/C; which represents the ratio of the flexural stiffness of the deck slab to that of the channel
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Fig. 9 Comparison between the exact solutions and simplified equations for 7(0) and 7(1/2)

girder. As shown in Fig. 8, the maximum value of #(x) is obtained at the girder end, and the
variation between the mid-span and girder end increases as the values of Dsb,/C; and I/b, increase.
From curve fitting analyses, accurate simplified equations were obtained for determining the
values of #(x) at the girder end and mid-span:

7(0)=(0.11/b, —0.14)DCS—bz +0.22 (45)
(0.62b,/I _0_24)%@+0_21 (b,/1 >1/15)

n(2)=1 o, 1 (46)
02-2%+021 (b, /I <1/15)

1

As shown in Fig. 9, 5(1/2) ranges from 0.16 to 0.21, and is not sensitive to the configuration of the
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channel girder, whereas #(0) varies in a wider range, and can be up to 0.5 for large values of
Dsb,/C; and I/b,.
From Eg. (16), we know the longitudinal stress of the deck slab due to the local bending, o, is

E Ty . r°
= CoS—=| —W, + t—W, |z
Oys2 1_#2 2b, [ 1 #4b22 1) (47)
oxs2 and the transversal stress of the deck slab, ays, given by Eq. (17) can be written as
12(x (x)gb?
Oy = COSﬂ—yw z (48)
2b, t;
12(x, (x)gb?
. COS”_VM ; (49)
2b, t;

where i« (x)qb; and «,(x)qb; are the bending moments at the center line of the deck slab due

to the local bending. The coefficients, x;1(x) and x»(x), are also mainly related to Dsh,/C; and by/l.
As shown in Fig. 10, the maximum value of «;(x) is obtained at the mid-span, and that of «,(x) is
obtained at the girder end. Similar to the distribution of #(x), x,(x) is more uniformly distributed
along the girder span for smaller values of Dsb,/C, and I/b,. From curve fitting analyses, simplified
equations were obtained for determining the values of x;(x) at the mid-span and «,(x) at the girder
end:

D.b
(-0.4b,/1 —0.067)CS—2+0.103 (b, /1>1/12)
1
K (1/2) = Db (50)
-0.1-240.103 (b, /1 <1/12)
Cl
Dsbz
x,(0)=(0.241/b, —0.34)T +0.51 (51)
1
02— 77T T T T T 068———T— T T T
0.1 o e - tz/b220.15, t1:t2:1.5tw, b1:2t1
o TR SR 0.64f 4
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Fig. 12 Influence of g on wy(x) for the prototype bridge

Eg. (50) and (51) can give good predictions, as shown in Fig. 11.

S=Gl/Db, in Eq. (32) reflects the ratio of the torsional stiffness of the side beam to the flexural
stiffness of the deck slab. For the designed 3024 channel girders, the values of S are between 0.14
and 3.76. Larger values of g can be achieved through using box side beams. For the prototype
bridge described in section 2.4, the influence of £ on wy(x) is shown in Fig. 12. As the value of g
increases, the distribution of wy(x) along the girder span becomes more uniform, since the large
torsional stiffness of the side beam restrains the variation of twist angles, which is in direct
proportion to w,(x) as given in Eq. (4). For the channel girders with open section side beams, the
influence of the side beam twist is negligible.

x2(0) (Exact)
(b) x(0)

1.6



Theoretical analysis of simply supported channel girder bridges 255

4. Conclusions

A theoretical solution for simply supported channel girder bridges subjected to uniform surface
loading was obtained based on the theory of elasticity and the variation principle. The global
bending of the channel girder and the local bending of the deck slab are two contributors to the
deformations and stresses of the channel girder. Because of the shear lag effect, the maximum
deflection due to the global bending can be amplified by 1.0 to 1.2 times, and the amplification
increases as the width-to-span ratio of the channel girder and the ratio of the moment of inertia
provided by the deck slab to the total moment of inertia of the channel girder section increase. The
effective width of the deck slab for calculating the global bending stresses is only dependent on the
width-to-span ratio. The behavior of the local bending of the deck slab was mainly related to the
width-to-span ratio and the ratio of the flexural stiffness of the deck slab to that of the channel
girder. The maximum deflection and transversal stress due to the local bending are obtained at the
girder ends. For the channel girders with open section side beams, the side beam twist has a
negligible effect on the deflections and stresses of the channel girder.
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