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Abstract.  This study aimed to investigate the random vibration characteristic of train-slab track-bridge
interaction system subjected to both track irregularities and earthquakes by use of pseudo-excitation method
(PEM). Each vehicle subsystem was modeled by multibody dynamics. A three-dimensional rail-slab-
girder-pier finite element model was created to simulate slab track and bridge subsystem. The equations of
motion for the entire system were established based on the constraint condition of no jump between wheel
and rail. The random load vectors of equations of motion were formulated by transforming track
irregularities and seismic accelerations into a series of deterministic pseudo-excitations according to their
respective power spectral density (PSD) functions by means of PEM. The time-dependent PSDs of random
vibration responses of the system were obtained by step-by-step integration method, and the corresponding
extreme values were estimated based on the first-passage failure criterion. As a case study, an ICE3
high-speed train passing a fifteen-span simply supported girder bridge simultaneously excited by track
irregularities and earthquakes is presented. The evaluated extreme values and the PSD characteristic of the
random vibration responses of bridge and train are analyzed, and the influences of train speed and track
irregularities (without earthquakes) on the random vibration characteristic of bridge and train are discussed.

Keywords: train-slab track-bridge interaction; random vibration; pseudo-excitation method; earthquake;
track irregularity
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High-speed railway has become one of the most important forms of public transportation in
many countries (Ju and Li 2011). Meanwhile, bridges have been widely used as the supporting
structures for high-speed railway (Zhang et al. 2010a). Thus, the dynamic response characteristic
of high-speed train passing bridge has been an issue of great concern (Zhai and Cai 2002, Wu and
Yang 2003, Xia and Zhang 2005), especially in earthquake-prone regions (Yang and Wu 2002,
Sogabe et al. 2007, Yau 2009, Du et al. 2012, Antolin et al. 2013). However, the efforts to study
the random vibration characteristic of train-track/bridge shaken by earthquakes are still relatively
few (Michal and Michael 2009). Miyamoto et al. (1997) have analyzed analytically the operation
safety of railway vehicles under the action of earthquakes using a three-dimensional simplified
vehicle model, where sine waves are used as the input excitation. Yang et al. (2004) have
investigated the dynamic stability of trains, initially static or traveling over bridges shaken by
earthquakes. In their works, the maximum allowable speed for the train to run safely under four
specific seismic accelerations are evaluated. Xia et al. (2006) have established a dynamic model of
coupled train-bridge system subjected to earthquakes considering the non-uniform characteristics
of the seismic wave. Through input of typical seismic waves with different propagation velocities
to the train-bridge system, the histories of the train running through the bridge are simulated and
the dynamic responses of the bridge and the vehicles are calculated. Fryba and Yau (2009) have
studied the effect of various lags of the earthquake arrival on the vibration of long-span suspended
bridges. The results indicate that the interaction of both the moving load and the seismic forces
may substantially amplify the response of long-span suspended bridges in the vicinity of the
supports. Ju (2013) has investigated some improvements of bridge structure, such as the gap
between two simply supported girders, pier stiffness and so on, to increase the safety of moving
trains during earthquakes using finite element method (FEM). In the aforementioned work, most
researchers either ignore the track system or only take the conventional ballasted track into
account. With the wide use of slab ballastless track in modern high-speed and urban railway (Gao
et al. 2006, Li et al. 2010, Zhang et al. 2014), it becomes more and more necessary to investigate
the dynamic responses of train-slab track-bridge interaction system shaken by earthquakes. On the
other hand, the track irregularities and seismic motions are usually only treated as one or few
time-history samples to compute the random dynamic responses of train-track/bridge interaction
system in most of the previous researches. In fact, these results can only be regarded as the
particular cases of a sequence of possible outcomes because of the randomness of track
irregularities and seismic motion. Therefore it is of great importance to evaluate the dynamic
responses of train-track/bridge interaction system on a random vibration basis in order to ensure
the reliability of the simulation (Yang et al. 2004). Unfortunately, the conventional approach for
random vibration analysis (Nigam 1983) is computationally inefficient, especially for the
sophisticated train-slab track-bridge interaction system. Therefore more efficient and accurate
algorithm should be employed to analyze the random vibration of train-slab track-bridge
interaction system, such as PEM (Lin et al. 1994, Lu et al. 2006, Lu et al. 2009). Zhang et al.
(2010a) have investigated the random vibration for train-bridge system subjected to horizontal
earthquake by PEM. However, the track is omitted and the wheel displacements are assumed to be
fully constrained by girder displacements and track irregularities, that is to say, the inherent
creepage between wheel and rail is not taken into consideration.

In present paper, the three-dimensional characteristic of the train-slab track-bridge system,
together with assumptions made for modeling such a system, is first summarized. A
three-dimensional train-slab track-bridge interaction model is then constructed based on these
assumptions. Next, the equations of motion for the major components of model, i.e., the vehicle,
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rail, slab, bridge girder and pier, are formulated by means of FEM and energy principle (Lou and
Zeng 2005), and based on which the equations of motion for the entire train-slab track-bridge
interaction system are assembled. The track irregularities are regarded as a series of uniformly
modulated, multi-point, different-phase random excitations by taking time lags between the wheels
into account, while the earthquakes are assumed as a series of uniformly modulated,
non-stationary, evolutionary random excitations. Hence the random excitations caused by track
irregularities and earthquakes are then transformed into a series of deterministic pseudo-harmonic
excitation vectors according to PEM and wheel-rail interaction relationship, so that time-
dependent PSDs of the random vibration responses of the entire system excited by track
irregularities and earthquakes can be obtained by step-by-step integration method such as Wilson-6
method. A numerical example is presented. Firstly, the reliability and efficiency of PEM for
calculating the extreme values of the random dynamic responses of the train-slab track-bridge
interaction system is studied through comparison with Monte Carlo method (MCM). Secondly, the
PSD characteristic of the random dynamic responses of bridge and train are analyzed. Thirdly, the
influence of train speed on the random vibration characteristic of bridge and train are studied.
Fourthly, the random vibration characteristic of bridge and train with only track irregularities
considered are investigated. Finally, some useful conclusions are drawn.

2. Models of train, slab track and bridge

Fig. 1 depicts a train consisting of a series of four-axle vehicles moving with constant speed v
on a slab track resting on a simply supported girder bridge shaken by earthquakes. For the sake of
simplicity, it is assumed that no inelastic deformation occurs on each subsystem during
earthquakes.

2.1 Model of train

The train consists of the rear and front motor cars numbered 1 and 2 respectively, and N, trailer
cars numbered 1, 2, ..., N, from left to right.

Each trailer car in the train is modeled as a mass-spring-damper system consisting of one
carbody, two bogies, four wheelsets and two-stage suspensions. As shown in Fig. 1, the carbody
rests on the front and rear bogies, each of which in turn is supported by two wheelsets. The
carbody is modeled as a rigid body with a mass m. and three moments of inertia I, Iy, e, about
the longitudinal axis x, lateral axis y and vertical axis z through its center of gravity. Similarly,
each bogie is considered as a rigid body having a mass m; and three moments of inertia Iy, Iy, ly.
Each wheelset is considered as a rigid body having a mass m,, and two moments of inertia lyy, lv..
The secondary suspension between carbody and each bogie is characterized by longitudinal spring
stiffness ks and damping coefficient cs, lateral spring stiffness ks, and damping coefficient cg,
vertical spring stiffness ks, and damping coefficient cg,, respectively. Likewise the spring and shock
absorber in the primary suspension for each wheelset are characterized by Kox and Cpy, Kpy and cyy,
k., and c,, respectively. By neglecting of the longitudinal displacement, the motions of the jth
trailer carbody may be described by the lateral displacement yg, vertical displacement z, rolling
displacement 6, pitching displacement ¢ and yawing displacement y; with respect to its center
of gravity, where the subscript j denotes the trailer car number. Similarly, the motions of both the
rear and front bogies of the jth trailer car may be also described, respectively, by lateral
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displacement yy; and yy;, vertical displacement zy; and zy;, rolling displacement 6y; and 6y,
pitching displacement ¢u; and ¢y, yawing displacement yi,; and ;. The motions of the four
wheelsets from left to right of the jth trailer car may be described by lateral displacement yyaj, Yuzj,
Yusj and Yy, vertical displacement zyqj, Zuoj, Zwsj and zya, rolling displacement 6yj, Owgj, Gusj and
Owaj, Yawing displacement yuaj, wuzj, Wasj and wie, respectively. Therefore, the total number of
DOFs for each trailer car is 31. However, it is assumed that no jump occurs between each wheel of
all vehicles and rail in this article, that is, the vertical displacement of wheel is determined by the
vertical displacement of rail, while the rolling movement of wheel is determined by the relative
lateral movement between the wheel and rail. Consequently, the independent DOFs for each trailer

car become 23.
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Fig. 1 Three-dimensional model for train-slab track-bridge interaction system
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Each motor car in the train is also modeled as a mass-spring-damper system consisting of a
carbody, two bogies, four wheelsets and two-stage suspensions with different physical properties.
The carbody has a mass mycand three moments of inertia Iy, Iy, li;. Each bogie has a mass mjy
and three moments of inertia Iy, Iy, l. Each wheelset has a mass m;, and two moments of inertia
Lwx lawz. The secondary suspension is characterized by spring stiffness Kys, Kisy, Kisz and damping
coefficient Cys, Cisy, Cizz- The primary suspension is characterized by spring stiffness Ky, Kipy, Kip:
and damping coefficient C;py, Cypy, Capz. The independent DOFs for each motor car are also 23. The
DOFs of carbody are denoted as Y, Zici, O1cir @i and wii. The DOFs of the rear bogie are denoted
as Yiui, Zyui, Grai, @aui and wiui. The DOFs of the front bogie are denoted as Yiwi, Zswi, Gi, @ar2i @nd
wii- The DOFs of the four wheelsets are denoted as Yiwii~Yiwai, and wawi~wwai. Herein the
subscript i denotes the motor car number.

2.2 Models of slab track and bridge

As shown in Fig. 1, the rail, slab, bridge girder and pier are all modeled as elastic
Bernoulli-Euler beam. On the basis of FEM, the rail, slab, bridge girder and pier are all divided
into a series of beam elements of length I. The lateral elasticity and damping properties of the
fastener are represented by discrete massless springs with stiffness k., and dampers with damping
coefficient c.,. The vertical elasticity and damping properties of the fastener are represented by ki,
and c;. The lateral elasticity and damping properties of the CA layer beneath the slab are
represented by continuous massless springs with stiffness &,, and dampers with damping
coefficient ¢, . The vertical elasticity and damping properties of the CA layer are represented by
ks, and €,. The elasticity and damping properties of the bridge bearing are represented by
massless springs with stiffness Kupy, Kooz, Kobg @nd dampers with damping coefficient Cyoy, Copz, Cono-
In addition, the assumption of Rayleigh damping is adopted (Wu and Yang 2003). By neglecting
the displacement along x axis, each node of rail, slab and bridge girder has five DOFs, i.e., lateral
displacement, vertical displacement, and rotations about x, y and z axes. Each node of pier has
three DOFs, i.e., lateral displacement, vertical displacement, and rotation about x axis.

3. Equations of motion for train-slab track-bridge interaction system

By using the energy principle (Lou and Zeng 2005), one can derive the three-dimensional
equations of motion written in sub-matrix for the train-slab track-bridge interaction system as
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Mg 0 0 0 0 |[[X] [CaCr 0 0 07[x,] [KeKe 0 0 07[X Fi
0 My O 0 0 )“(r CrtCir Crs O 0 Xr Krt Kir Kys 0 0 Xy Fr
0 0 Mgs O O Xs |+ | 0 Cor Css Csp O Xs | +] 0 Ksr Kss Kgp 0 Xs |= | Fs (1)
0 0 0 My, O Xb 0 0 Cps Chp Chp Xb 0 0 Kps Kpp Kpp || Xb Fp
0 0 0 0 Mp|[X,| |0 0 0 CpCpp||X, 0 0 0 KpKpp|[Xp| |Fp

where the subscripts ‘t’, ‘r’, ‘s’, ‘b’ and ‘p’ denote the train, rail, slab, bridge girder and pier,
respectively. The displacement vector, mass matrix, stiffness matrix, damping matrix, and the load
vector of the train, rail, slab, bridge girder and pier are explained briefly as follows, and the
detailed derivation can refer to Lou and Zeng (2005).

3.1 Displacement vectors

The total train displacement vector X, with order Ty (Tgor = 23XNy+23%2) can be written as
X :[le X Xy XVNV XJZ]T (2)
where the superscript ‘T’ denotes the transpose of the matrix, X,;(j =1, 2, ..., Ny) and X;i (i = 1, 2)

are the displacement vectors of the jth trailer car and the ith motor car, respectively, which can be
expressed as

Xij :[ycj Zg 05 05 Vg Yaj Znj Gy aj Vaj Vi Lo
Ooj Boj Vioj Ywj Y Yw2j Ywoj Ywsj Vusj Ywaj Ww4j]
Xi =V Zi O O Vi Y Zmi Owi i Vow Yoo Znai

Onsi Pnai Vaai Yowti Voti Yowzi Vowzi Yo Vowsi Yowsi VWowai)

The displacement vector of rail X, with order 2N,x1, comprising displacement vector X, of left
rail with order N,x1 and displacement vector Xg, of right rail with order N,x1, can be written as

Xy = D(Lr XRr]T
Xy = Xy = [qu Uo qur] 3)

where N, denotes the total number of DOFs of each rail.
The displacement vector X, with order N1 for a series of continuously supported beams to

model slabs can be written as
Xs = [Xsl Xsp = Xst T 4

where X (i = 1, 2, ..., Ng) denotes the displacement vector of the ith slab, Ns denotes the total

number of slabs, and N, denotes the total number of DOFs of all slabs. X with order 1xn,; and
N, can be expressed as

Xsi = [qsl Os2 - qsﬁsi]

NS

Ns: Z N

i=1
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where ng; denotes the total number of DOFs of the ith slab.
The displacement vector X, with order ~N,x1 for a series of simply supported beams to model
the bridge girders can be written as

Xo=[Xpy Xy - Xp, 1" ®)

where Xy (i = 1, 2, ..., Np) denotes the displacement vector of the ith bridge girder, N, denotes the
total number of bridge girders, and N, denotes the total number of DOFs of all bridge girders. Xp;

with order 1xm,; and N, can be expressed as

Xpi =[O G2 - o, ]
szzﬁbi
i=1

where n,; denotes the total number of DOFs of the ith bridge girder.
The displacement vector of piers X, with order 1 can be written as

Xp =[Xp Xpp o xpr]T 6)

where X, (i = 1, 2, ..., Np) denotes the displacement vector of the ith pier, N, denotes the total
number of piers, and ~, denotes the total number of DOFs of all piers. X; with order 1x, and

can be expressed as

P
Ny
Xpi = [qpl Up2 - Qpﬁpi]
N,=) Ny

i=1

where 7, denotes the total number of DOFs of the ith pier.

3.2 Matrices for train

The matrices of train are marked with the subscript ‘tt’. The mass matrix My of train, with
order (23xN,+23x2)x(23xN,+23x2), can be written as

My=diadM;; My My, --- My, My5] @)

where M,; and M;; with order 23x23 denote the mass matrices of the jth trailer car and ith motor
car, respectively, and can be expressed as

Mvj :diag[mc me ch Icy Icz m, m Itx Ity Itz m, m
o by 1 my by my Ly, my by, my 1]
Mji =diaglmye My lox logy Do My My Tg Doy Ty My My
e Voy Toe Maw Do M Tz Maw Towe M o]

The stiffness matrix Ky of train, with order (23xN,+23x2)x(23xN,+23%2), can be written as
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Ke=diadK;; Ky Ko - Ky Kjo] (8)

where K,; and K;; with order 23x23 denote the stiffness matrices of the jth trailer car and ith motor
car.

The damping matrix Cy of train with order (23xN,+23x2)x(23xN,+23%2), can be obtained by
simply replacing k in the corresponding stiffness matrix Ky by c.

3.3 Matrices for rail, slab, bridge girder and pier

The matrices of rail are marked with the subscript ‘rr’. The mass matrix M, of rail with order
2Nx2N;, comprising mass matrix M, of left rail with order N;xN; and mass matrix Mg, of right
rail with order N;xN,, can be written as

M, =diag[M,, Mg] ©)

The stiffness matrix K, of rail, with order 2N,x2N,, composed of stiffness matrix K, of left
rail with order N,xN,, stiffness matrix Kg,, of right rail with order N;xN,, and left rail-right rail
interaction stiffness matrices K r- and Kg.r With order N;xN,, can be written as

Krr :|: Ker KLrRr:| (10)
KRI’LI’ KRFI’

where the stiffness matrices K- and Kg, are induced by the gravity force of train acting upon
rails by wheelsets.

The damping matrix C,; of rail, with order 2N,x2N;,, consisting of damping matrix C,, of left
rail with order N;xN,, and damping matrix Cg, Of right rail with order NxN,, can be written as

Crr = diag[Cer CRrr] (11)

The matrices of slab, bridge girder and pier, marked with the subscript ‘ss’, ‘bb’ and ‘pp’,
respectively, are not given here but can be derived by following the similar procedure for
derivation of rail matrices.

3.4 Matrices for train-rail interaction

The matrices for the train-rail interaction, marked with subscript ‘tr’ or ‘rt’, consist of train-left
rail interaction matrix marked with subscript ‘tLr’, and train-right rail interaction matrix marked
with subscript ‘tRr’. The stiffness matrix Ky and K;; with order Ty 2N,, and damping matrix Cy
and C,; with order T4x2N,, for train-rail interaction can be written according to the vertical and
lateral wheel-rail interaction relationship (Kalker 1967 and Zhang et al. 2010Db), respectively, as

Ky =K Kigelr, xon, (12)
Cy =[Cur Cth]Tdmszr
Kn = K;[i: Cn= CtT’ (13)

where the stiffness matrices Ky, and K, and the damping matrices Cy, and Ciw, With order
Tao*2N;, can be expressed, respectively, as
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N, 4 v 2 4 v
Kir =2 2Ky g 122K 1,

j=lh=1 i=1h=1

N, 4 v 2.4,
Kth = Z‘,Z‘,va—Rrh "'ZZ‘,KJi—Rrh

j=ih-1 i—1h-1
N4 Noao 2.4 2.4
CtLr = ZZCVJ—LQ\ '*'ZZCVJ—Uh +ZZCJ.—LQ +ZZCJ‘—|—%
=1h=1 i=1h=1 i=Lh=1 i=Lh=1

NV

. N, 4 2 4 23
Cth = zzc\\{.*Rrh + ZC\h,Rrﬁ +ZZC\‘§I7Rrh +ZZC\I§'7Rrh

j=1h=1 j=1h=1 i=Lh=1 i=Lh=1

in which KVj_._rh and Cy_,. represent, respectively, the stiffness and damping matrices
induced by the vertical interaction between the hth wheelset of the jth trailer car and the left rail;
KV _r, and Cy _z, represent, respectively, the stiffness and damping matrices induced by the
vertical interaction between the hth wheelset of the jth trailer car and the right rail; ¢ _., and
Cy_r, represent, respectively, the damping matrices induced by the lateral interaction between
the hth wheelset of the jth trailer car and the left and right rails. Similarly, K3 . , K% & |
CY ., CY e, C5.. and Cj s represent, respectively, the stiffness and damping matrices
induced by the interaction between the ith motor car and the left and right rails.

3.5 Matrices for rail-slab interaction

The matrices for rail-slab interaction, marked with subscript ‘rs’ or ‘sr’, consist of left rail-slab
interaction matrix marked with subscript ‘Lrs’, and right rail-slab interaction matrix marked with
subscript ‘Rrs’. The stiffness matrix K,s with order 2n, =N, induced by the stiffness ks, and ks, of

fastener between rail and slab can be written as

K _|:KLrs:|
UK
Rrs 12N, x N

Ksr = K;‘rs (14)

The damping matrix Cs with order 2n,xN, can be obtained by replacing ks, and k. in the
corresponding stiffness matrix K by c, and c,s,. Similarly, one also has c =cf,.

3.6 Matrices for slab-girder interaction

The matrices for slab-girder interaction are marked with subscript ‘sb’ or ‘bs’. The stiffness

matrix Kg, with order ~,;xN, induced by the stiffness &, and k,, of CA layer between slab and

bridge girder can be written as
Kep =diaglKgy Kgpp - KsbNb] (15)

where Kgi (i = 1, 2, ..., Np) denotes the stiffness matrix induced by the stiffness of CA layer lying
between the ith bridge girder and all the corresponding slab.
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Similarly, the damping matrix Cg, with order N,xN, can be obtained by replacing &, and &,
in the corresponding stiffness matrix Ky, by ¢, and ¢,.One can have k=, and c,=cl,.

3.7 Matrices for girder-pier interaction

The matrices induced by stiffness and damping of bearing between bridge girder and pier are
marked with subscript ‘bp” or ‘pb’. The stiffness matrix Ky, with order ~,xN, can be derived by

the stiffness of bearing. Similarly, the damping matrix Cp, with order ~,xN, can be obtained by
the damping of bearing. One also has «,,-«J, and c,,=cf,.

3.8 Load vector for train, rail, slab, girder and pier
The load vector F; of train with order Ty, 1 can be written as
Ft = [Ftl FtZ]T
R =[F Fa Fip - F\}NV Fr.I" Fe=[F5 R Ry oo F\/ZNv F1" (16)

where the load vector of the jth trailer car F; and F;, and the load vector of the ith motor car
Fi and Fj, with order 23x1 can be written, respectively, as

0 T 0 T
0 0
0 0
0 0
0 0
0 0
Kp2[2r (x}1) + 2r(x}2)] Kapl2r (XYig) + 2r (x5i2)]
Kpao[r(x51) + r(x52)] KapzDa2[r (5ia) + r(x5i2)]
kszt [zr(x\j/l) - 2I'(X\J-/2)] kazLJt[zr(Xgil) - 2r(x§,’i2)]
0 0
0 0
) Kp[2r (XY3) + 2r(x}s)] . Kapz[2r (XYiz) + 2r (xia)]
Fj= kpzbZ[r(chs) + "(ch4)] i = Kypb; H[r(x5a) + r(x5is)]
kszt[zr(X\jIS) - 2r(X\j/4)] kazLJt[zr(X\J/ia) —2r(x3i4)]
0 0
V\/axle;t V(iji) WJaxleﬂJ r(Xﬁl)
o b;0
0 0
Waxle/l r(sz) WJaxIeﬂ"J r(Xﬁz)
by bso
0 0
) Waatehs ()
by by
0 0
Wanek ) Hatey (8
by ! byo
0 0
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0 T 0 T
0 0
0 0
0 0
0 0
0 0
Cpal2F (X}y) + 2F(X})] Copal2F (x3a) + 2/ (X52)]
Cpaba[F(X) +F(x72)] CopDapalF (X5n) + F (2]
CprLe[2F (X]1) - 2 (X]5)] CapaLnl2F(X5iy) = 26 (x5i)]
0 0
0 0
R - cpz[Zf(.x\jlgc) + Z.f(x\cj/4)] F2_ chZ[Zr'(')<gi3C)+ 2f~(X\J/ci4)]
oo [F(Xj3) + 1 (Xjs)] Capy2lF(X3is) + F(Xjia)]
Cpala2F(X]a) ~ 2¢(x]4)] Copabanl2F (X3a) = 2 (Xja)]

0 0
FEFIFORR) + 2 FOGL+ FREEF) - O] FERLFO) + 2 FOS1+ 18517 0ch) - 27060
0 0
EBIE(x) + 2 PO+ FABIFOXR) —F (5, 3L ko) + 3 FOS + 8l (Xhe) - 27052)]
0 0
RERLFO) + 5 PO+ F31F O -3 F 0] FElF k) + S FOS + 807 0G) - > )]
0 0
FERTFOC) + 5 FOGT+ TAIFOR) - 0] FERIFOch) + 5 FOSL + Rl Oxh) - 27 060]
0 0

in which r), r6G), redy and rpG)  are, respectively, track elevation, cross level, alignment
and gauge irregularities at the hth wheel-rail contact point of the jth trailer car; r(%.) , reSn ,
r(xf) and r(<§,) are the corresponding track irregularities at the hth wheel-rail contact point of
the ith motor car; r() is the first derivative of track irregularity r(); Waye and Wjaye are the axle
weights of trailer and motor car, respectively; A and A; are the slope of the wheel tread of trailer
and motor car, respectively; f3 and f% (h = 1~4) are the lateral creepage coefficients between
the hth wheelset of the jth trailer car and the left and right rails, respectively (Kalker 1967 and
Zhang et al. 2010b); and 23, and fZ, are the lateral creepage coefficients between the hth

wheelset of the ith motor car and the left and right rails, respectively.
Then, the load vector F, of train can be expressed as

F =R +FY +FC+FC +FA+FA 4+ R (17)
with
RY=[Fn Fi Ry .. R, F5lT RC=[Ff R RS ... Ry, FSI
RA=[FT Fa R ... R, FRl FY=[FY FY RY ... RN, FiT
FC=[FiT Fi R ... Fn, Fil' RA=[FT R RZ .. R FRl'
R =[FY R Ry ... RN, Fl

where FY, F and F* represent, respectively, the load vectors caused by track elevation,
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cross level and alignment irregularities; F?, F°,F** and F° represent, respectively, the load
vectors caused by the velocity of track elevation, cross level, alignment and gauge irregularities.
The load vector of rail F, with order 2N,x1 can be written as

FL

;G
Fr

FL=FL 4 P4 FL2 4 FL3  FL4 4 FLS L FLO L FL7 | FL8 | Lo | pLIO

FR =R R B FR B R o RO R R R RO (18)

where F, . F? FF® oand Fr* represent, respectively, the load vectors of each wheelset of
train acting upon left rail caused by the gravity force of train, track elevation irregularity, cross
level irregularity, alignment irregularity and gauge irregularity; F-°, F-°, F7 and F°
represent, respectively, the load vectors of each wheelset of train acting upon left rail caused by the
velocity of track elevation, cross level, alignment and gauge irregularities; Fr° and F™°
represent, respectively, the load vectors of the each wheelset of train acting upon left rail caused by
the acceleration of track elevation and cross level irregularities. Accordingly, FF°~FR°
represent, respectively, the load vectors of the each wheelset of train acting upon right rail.

Each element for load vector of slab F with order Ngx1 s zero.
The load vector of bridge girder F, with order N, x1 can be written as

Fo=[Fn Fo - FbNb]T
Foi =[for o2 - fon,  Fon,ual foi =[Mpiag, mMyiag, 0 0 0] (19)

where my; denotes the mass of node of the ith bridge girder, and a4, and a4 denote, respectively,
the lateral horizontal and vertical seismic accelerations.
Similarly the load vector of pier F, with order N,x1 can be written as

T
Fp:[Fpl Fp2 Fpr]

I:pi =[ 1:pl fpz fpnpi fpnpiJrl] fpi = [mpiagy Mpidg, 0] (20)
where my,; denotes the mass of node of the ith pier.
Now let:

I Toot ><1_ Ftlv Ftl ¢ Ft1A

FrLO FrLl FrLZ Fr|_3

R2
I:rRO 1 FrRl 2 FF I:rR3
Ferr () = Frn@®) = Feno(t) = Fanp(t) =

CRT Oﬁsxl Oﬁsxl ONSX]' " ONSX]'

Ol\_lbxl Ol\_lbxl ONb><l Oﬁbxl

_Oﬁpxl_ _ON_ | _Oﬁpxl_ Or\Tpxl
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| T ><l_ thv | thc | I FtZA ]
FL4 FrLS FrL6 FrL7
r R5 R6 R7
FR4 5 Fr 6 Fr Fr
Fawo(®=| FRn®=o_ Favo®)=| o Fino(®=| o
ﬁsxl Nx1 N x1 N x1
Oﬁbxl Ol\_lhxl Oﬁbxl Oﬁhxl
_Oﬂpxl_ L l\_lpxl_ _Oﬁpxl_ _Oﬁpxlj
[ =26 ] r b r 1 r 7]
FtLg OTdo, x1 OTdo' <1 OTdct x1
L10
Iljqa FrLg FrRlO ON’XI
8 r S F 11 0
Frvo () =| 5 _ Fawo® =| " SNOEI Frnp(t) =| “Nod
N x1 Oﬁsxl Oﬁsxl Oﬂsxl
ONth Oﬁhxl Oﬁbxl Fb
_OI\TPXJ'_ _Oﬁpxl_ _Oﬁpxl_ L Fp ]

Then, the load vector of the total train-slab track-bridge interaction system simultaneously
excited by track irregularities and earthquakes F(t) can be expressed as

T
Fr
|:rR 11
F(t) = | Forr () + X Frup(t)
: E 21
- @)
Fp

4. Random vibration of train-slab track-bridge interaction system

Based on Egs. (1) and (21), the three-dimensional equations of motion for a train-slab
track-bridge interaction system can be expressed as

M(t)U + C(t)U + K(t)U = F(t) = Fagr (t) + Fryp (t) (22)

where M(t), C(t) and K(t) denote, respectively, the mass, damping and stiffness matrices of the
total train-slab track-bridge interaction system; U, U, and U denote, respectively, the
displacement, velocity and acceleration vectors of the system; F(t) is the load vector of the system,
which consists of two parts: the deterministic load Fgrr(t) induced by the gravity force of train and
the random load Fgyp(t) induced by track irregularities and earthquakes.

Thus the solution of Eq. (22) can be written as

t
u(t) = j H(t, 7)F(z)de (23)
0

where H(t, 7) is an impulse response matrix (Lu et al. 2009).
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Appling the expectation operator E[-] to U(t), one obtains

_ t
U(t)=E[UM)]= [H(t,7)E[F(r)]d~ (24)
0

where Uy, is the mean value (MV) vector of U(t)

By assuming both the track irregularities and seismic accelerations to be zero-mean-valued
random process, one obtains that E[F(z)]=Fgrr(z), and meanwhile the covariance matrix Ryy(t) of
the responses U(t) can be expressed as

tt
Ruu (9 =ELU-U)(U -U)"]= [ [ H(t, 70)ElFup (2)Fano (72 )H T (1 72)d7yd 7, (25)
00

where E[Frup (1)Fann (72)1 , denoting the covariance matrix of Fryp(t), can be written, according to the
Wiener-Khintchine theorem, as

E[Fano (71)Fano (72)] = JS e (0)e' ) d e (26)

—a0

where Sgr(w) is the PSD matrix of Fgyp(t).
Substituting Eqg. (26) into Eq. (25) and integrating with respect to z over the frequency w, one
obtains

Ruu(® = [Suy (@ t)do (272)

tt
Suu (@)= [ [Ht 2)Ser (@H (L r)dmdr, (27b)
00

where, obviously, Syu(w, t) denotes the response PSD matrix.

5. Random vibration analysis of train-slab track-bridge interaction system by PEM

If the PSD function of r(x) is S;(Q2), the transformation x = vt enables the PSD function of r(t)
to be expressed as

S, (@) =S, (/v o=

where w (rad/s) is the time frequency, Q (rad/m) is the spatial frequency, and v (m/s) is the train
speed.

While, the PSD function of ag, and ag, are given as S, o (@) and S, ., (@), respectively. As
the duration of earthquakes is usually comparable with the time taken by the passage of a train

over a bridge, it is reasonable to represent the earthquakes by the non-stationary random process as
follow

agy = g(t)ay agz = g(t)az
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where g(t) is a specified slowly varying modulation function, and a, and a, are the
zero-mean-valued, stationary, seismic accelerations with PSDs of S, , (®) and S, (@)
respectively.

According to PEM and Eqg. (21), the pseudo excitation Feuo(@ 1) Can be written as

- 11
Fano(@t) =D Fruyp(@it)

28
i—1 (28)
with
FY (@] FE€ () FA () (o, ]
FrLl(a),t) ErLZ (a),t) ErL3 (a),t) ErL4 (w,t)
- Fr () ~ FR2(,t) ~ FR(w,t) _ ERA (¢
Fanp(@,t) = ro Fé n @)= r07 FF%ND(C"'I) - r07 Fano(@t) =] " (@)
N N N O
01 0 O0f4 0%a
L Oﬁpxl ] L Oﬁpxl ] | Oﬁpxl | Oﬁpxl
(@) )] FeA @ (@0
FH5(m,t) F6(oo,t) FH (a.t) FH(o.1)
~ FRS (a,t ~ FRS (o, = R (,1) = R (,t)
FF?ND(w’t): @0 FSND(m,t)= (@ FI%ND(w’t): 0~ FIgND(th): ro,
0%, 0fa N Nod
O Ure) ORa 0
| 0N | | Ofa | | O | | 0N |
_ OTdol <1 OTW x1 OTduf <L
Fr@ Fw.) Ona
~ FR(,t - ERL0 ~
Fanp(@/t) = " @9 o= @Y il =| O
N Oﬁsu NONSA
0. 0. Fy (@,1)
O | | O | Fo(o.)
Thus, the pseudo response caused by Fgyp(@,t) is
-~ t -~
U(w,t) :IH(t,r)FRND(r)dT (29)
0

According to Eq. (27b)
Suu (@) =U (0,t)UT (1)

where the superscript “*’ denotes complex conjugate.
6. Solution procedure

The solution procedures for efficiently evaluating the random vibration analysis of train-slab
track-bridge system are as follows
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Fig. 2 Plots of earthquake used in the numerical example for DBGA=0.15¢g

(a) Calculate the MV of the dynamic responses according to Eq. (24).

(b) Select the jth discrete frequency w; (j=1, 2, 3,..., m), where m denotes the total number of
discrete frequencies considered.

(c) Constitute the pseudo excitation ERND(a),t) for each selected frequency of track
irregularities and seismic accelerations according to Eqg. (28).

(d) Solve pseudo response U(w;,t) according to Eq. (29) by step-by-step integration method.

(f) Compute the PSD Sy, (@;,t) of responses of interest and the corresponding standard
deviation (SD) ou,, () , according to

SUout(a’jvt) = Dout(wj :t)D;ut(wj 1) O-l_zj 0 lﬁ) = ZSU o l(Q)J 1t)Aa)
j=1

(9) Estimate the global maximum value max(Uyu(t)) and minimum value min(Uyu(t)) of
responses by first-passage failure criterion, if necessary

max(Uo(t)) = maxMV(Y) + (E(y ) +x05)oy, (30a)

minUoy(t)) =minMV(t) - (E(my ) + K05 )y, (30b)

7. llustrative examples
7.1 Properties of train-slab track-bridge interaction system

A fifteen-span simply supported girder high-speed railway bridge, with the span length of 32 m
and the pier height of 22 m, is considered as shown in Fig. 1. The central part of railway slab track
is supported on bridge, while the left and right parts of the track are supported on subgrades
adjacent to bridge. The lengths of element of rail, slab and bridge girder are all equal to fastener
spacing of 0.625 m, while the length of pier element equals 1.0 m. An ICE3 high-speed train (Du
et al. 2012) comprises front and rear motor cars and six identical trailer cars moving at constant
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Table 1 Fundamental properties of trailer car and motor car

Notation Unit Value Notation Unit Value
m. / my kg 4.40x10"/ 4.80x10" Koz / Koz N/m 0.70x10°/ 1.00x10°
m. / my, kg 2.40x10°/ 3.20x10° Coy / Cigy N-s/m  2.50x10"/3.00x10*
My / My kg 2.40x10°/ 2.40x10° Cs2/ Cisr N-s/m  5.00x10"/4.00x10*
Wae / Wiake kg 1.46x10*/ 1.60x10* Coy / Crpy N-s/m 0.00/0.00

lex / 1yex kg -m? 1.00x10°/ 1.15x10° Coz / Copz N-s/m  4.00x10*/3.00x10*
ley / ey kg-m? 2.70x10° / 2.70x10° Le/ Ly m 8.6875/8.6875
lep / e kg-m? 2.70x10° / 2.70x10° L/ Ly m 1.25/1.25

o/ Dy kg-m? 1.80x10°/ 3.20x10° bo / by m 0.748/0.748

ly / 1y kg-m? 2.20x10°%/7.20x10° by /by m 0.95/0.95

Iy / 3 kg-m? 2.20x10°/ 6.80x10° b, / by, m 1.00/1.00

o / Ly kg-m? 1.10x10°/ 1.20x10° bs /b m 0.95/0.95

le / Ly kg-m? 1.10x10%/ 1.20x10° byl b m 1.00/1.00

Ksy / Kisy N/m 2.80x10°/ 2.40x10° hy / hy m 1.14/1.00

Kz / Kysz N/m 3.00x10°/ 4.00x10° h, / hy, m -0.14/0.10

Koy / Kapy N/m 5.00x10° / 3.00x10° hs / hys m 0.24/0.14

Table 2 Fundamental properties of slab track and bridge

Notation Item Unit Value

Slab track
E, Young’s modulus of rail N/m? 2.06x10"
Iy Flexural moment of inertia about y axis of cross section of rail m* 3.217x10°
Iy, Flexural moment of inertia about z axis of cross section of rail m* 5.24x10°
m, Mass per unit length of rail kg/m 60.64
Es Young’s modulus of slab N/m? 3.6x10%
ley Flexural moment of inertia of cross section of slab m* 1.4x10°
ls, Flexural moment of inertia of cross section of slab m* 0.219
m, Mass per unit length of slab kg/m 1.2x10°
Krsy Lateral stiffness of fastener N/m 3.0x10’
Krsz Vertical stiffness of fastener N/m 5.0x107
Crsy Lateral damping coefficient of fastener N-s/m 5.0x10*
Crsz Vertical damping coefficient of fastener N-s/m 6.0x10*
Koy Lateral stiffness of CA layer per unit length N/m? 1.5x10°
Ko, Vertical stiffness of CA layer per unit length N/m? 1.5x10°

Bridge girder
Ep Young’s modulus of girder N/m? 3.45x10"
Loy Flexural moment of inertia about y axis of cross section of girder m* 12.744
lp; Flexural moment of inertia about z axis of cross section of girder m* 96.435
m, Mass per unit length of girder kg/m 2.972x10*
Wp1 The fundamental frequency of girder Hz 5.58
W2 The second natural frequency of girder Hz 13.26
Koby Lateral spring stiffness of bearing N/m 6.0x10°
Kobz Vertical spring stiffness of bearing N/m 6.0x10°
Bridge pier

E, Young’s modulus of pier N/m?  3.45x10%
Iox Flexural moment of inertia about x axis of cross section of pier m* 73.23

iy Mass per unit length of pier kg/m 5.2x10*

P
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velocity v. The fundamental properties of the vehicle, track and bridge are listed in Tables 1 and 2.
The German high-speed track irregularity PSD functions (Zhai and Cai 2002) are adopted. The
seismic acceleration PSDs of the Clough-Penzien model (Clough and Penzien 1993) and the
uniform modulation function g(t) are shown in Fig. 2. Herein DBGA means the design basic
acceleration of ground motion, t, and t. the instants at the start and end of the stationary main
shock respectively, and t4 the duration of earthquakes. It is assumed that the DBGA=0.15 g, t,=0.8
s, t.=7.0 s and t;=8.41 s. In addition, the spatial frequency of the PSDs of track irregularity range
from 0.004x27 to 1x27 rad/m, while the frequency of the PSDs of seismic acceleration lie in the
range of 0~40 Hz.

7.2 Comparison PEM with MCM

The maximum dynamic responses of train-track/bridge subjected to earthquake excitations are
usually of most interest for us. A conventional method of estimation is to pick the maximum
values from a set of response samples. The sample size must be large enough to ensure the
reliability of the estimation because of the random nature of track irregularities and earthquakes,
which may lead to intolerable computer time. However, based on PEM, the global upper and lower
boundary of non-stationary random responses can be evaluated efficiently and accurately
according to Eq. (30) in which x=3 is adopted to ensure the probability is higher than 98% (Zhang
et al. 2010a).

For the purpose of comparison, the random responses of the train-slab track-bridge interaction
system calculated by PEM are compared with those by MCM with 1500 samples of track
irregularities and seismic accelerations. Herein the method proposed by Chen and Zhai (1999) is
implemented to generate the track irregularities sample r(x) from the PSD function. The train is
assumed to pass through the bridge with a constant speed 83.33 m/s (300 km/h). Figs. 3-5 show
the estimated upper and lower boundary of the responses by PEM and the corresponding extreme
values of each time-domain responses by MCM. In Fig. 4(a), the minus sign ‘-’ means that
dynamic vertical wheel/rail force is bigger than the static wheel load. The variation ratio VR; of the
responses of train, bridge girder and pier, determined according to Eq. (31), is shown in Table 3.

mex | R ()]~ min|Rf e 0)
VR, =

x100% (j=1~
min[Réicw ) (1=1~1500 31
where Ricw denote the extreme values of each time-domain response obtained by MCM, and i
the sample size of track irregularities and seismic accelerations.

In the following examples, ‘motor car’ and ‘trailer car’ considered mean, respectively, the rear
motor car, and 1st trailer car connecting with the rear motor car (see Fig. 1); ‘midpoint’, ‘endpoint’
and ‘pier top’ are, respectively, the midpoint, the right endpoint and the top of the right pier of the
eighth span for the fifteen-span bridge; ‘wheel/rail force’ is the contact force between the 2nd
wheelset of rear motor car or of 1st trailer car and left rail.

From Table 3 and Figs. 3-5, the following observations can be made easily: (1) There exist
dramatic variations for the extreme values of almost each of time-domain responses by MCM. For
example, the variation ratio VR, of lateral acceleration of trailer carbody, lateral wheel/rail force of
trailer car, wheel load decrement ratio of trailer car and lateral acceleration of bridge girder
midpoint among the 1500 samples, approach 190.2%, 125.6%, 88.9%, and 73.4%, respectively.
Furthermore, larger sample size of track irregularities and seismic accelerations tends to enlarge
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the variation ratio VR;. (2) All of extreme values of responses obtained by MCM fall with the
corresponding limits of upper and lower boundary by PEM. (3) Compared with MCM, PEM helps
to save computer time drastically. For example, the total CPU times for PEM with 200 discrete
frequencies and for MCM with only 100 samples are 12.4 hours and 116.4 hours, respectively, on
a 3.4 GHz personal computer. The latter equals about 9.4 times the former. As shown Table 3, the
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Table 3 Variation ratio VR, of the responses (%) and CPU times (h)

The sample size of track irregularities
Item and seismic accelerations

50 100 300 500 1000 1500
Motor car 64.9 88.2 1175 1532 1532 1532
Trailercar  93.8 93.8 121.1 1308 1411 1411
Motor car 1164 1581 1619 1619 1938 1938
Trailercar 1316 1316 163.7 163.7 183.6 190.2
Motor car 455 50.5 63.5 75.0 79.4 82.9
Trailercar  38.0 44.9 63.5 72.3 85.9 86.7
Motor car 55.0 78.1 100.3 100.3 1299 136.8
Trailercar  68.1 719 93.8 93.8 128.0 128.0
Motor car 68.7 68.7 1169 1169 1228 1228
Trailercar 644 715 1014 1109 1256 125.6
Motor car 51.2 69.4 84.3 87.1 89.9 89.9
Trailercar  50.4 60.9 74.5 81.5 81.5 88.9
Vertical acceleration of bridge girder midpoint 55.7 61.5 71.3 71.3 83.8 83.8
Lateral acceleration of bridge girder midpoint 49.4 54.8 65.2 69.4 73.4 73.4
Lateral acceleration of bridge girder endpoint 51.0 54.4 59.3 65.4 775 77.5
CPU times 58.2 1164 3491 5818 1163.6 17454

Vertical acceleration of carbody
Lateral acceleration of carbody
Vertical acceleration of rear bogie
Lateral acceleration of rear bogie
Lateral wheel/rail force

Wheel load decrement ratio

computer time of MCM is barely tolerable in investigating the random vibration of train-slab
track-bridge interaction system.

7.3 Analysis of the PSD characteristic of the random vibration responses of bridge and
train

The random vibration responses of bridge and train calculated by PEM with train speed of 300
km/h are still used.

The PSDs of vertical and lateral acceleration of bridge girder midpoint to the passage of the
train shaken by track irregularities and earthquakes are plotted in Fig. 6. It can be seen from Fig.
6(a) that there exists only one dominant vibration frequency (DVF) of 5.34 Hz, which is very close
to the vertical fundamental frequency of bridge girder of 5.58 Hz. Similarly, only one DVF of 3.07
Hz can be found from Fig. 6(b), which means the lateral fundamental frequency of the total bridge
(including girder and pier) is about 3.0 Hz.

Fig. 7 exhibit the PSDs of vertical and lateral accelerations of trailer carbody. As can be seen,
the PSDs change violently with vibration frequency, implying the great influence of track
irregularities and earthquakes on the dynamic response of carbody. Of interest is that there exist
two DVFs with DVF1 = 0.83 Hz and DVF2 =5.19 Hz in Fig. 7(a), which are approximately equal
to the vertical fundamental frequency of trailer carbody and of bridge girder, respectively.
Similarly, two DVFs with DVF1 = 1.49 Hz and DVF2 = 2.98 Hz can be seen easily from Fig. 7(b),
which are also close to the lateral fundamental frequency of trailer carbody and of the total bridge,
respectively. Obviously, the vertical DVF1 and the lateral DVF1 are mainly excited by track
irregularities, and vertical DVF2 and the lateral DVF2 are mainly induced by bridge vibration
under the shake of earthquakes. On the other hand, the vertical and lateral PSDs excited by track
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irregularities vary only slightly with time, which indicates the influence of bridge vibration on
carbody vibration is insignificant if there is no earthquake because of the comparatively high mass
and flexural rigidity of bridge. However, the vertical PSD induced by earthquakes vary
periodically with the vehicle passing different bridge girder (see Fig. 7(a)), while the similar trend
can't be found for the lateral PSD induced by earthquakes (see Fig. 7(b)).

The similar phenomenon for vertical and lateral accelerations of motor carbody can be also
observed. Herein it is not discussed in detail to save the length of the paper.

7.4 Influence of train speed on the random vibration characteristic of bridge and train

In reality, the train may move over the bridge at various speed during earthquakes. There exists
a need to investigate the random vibration characteristic of train moving over bridge under various
train speed, as they may be different. The train is assumed to move over the bridge with speed
varying from 150 to 410 km/h at 20 km/h intervals. The other parameters are the same as listed in
subsection 7.1. The maximal values of PSD and the DVF of bridge and train with respect to train
speed are plotted in Figs. 8-12.

A conclusion can be drawn from Fig. 8 that both the maximal values of PSD and the DVF of
bridge vary little no matter how changes the train speed, which indicates that the vertical and
lateral vibration of bridge are induced basically by earthquakes rather than by the train and track
irregularities.
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From Figs. 9-12, the following observations can be made easily: (1) The DVF1 and DVF2 for both
vertical and lateral accelerations of carbody change slightly around the corresponding fundamental



Random vibration analysis of train-slab track-bridge coupling system under earthquakes 1039

frequencies of train and bridge with the rising of train speed (see Figs. 9(b), 10(b), 11(b) and
12(b)). (2) For carbody vertical acceleration, the maximal values of PSD of DVFL1 increase as the
train speed increases (see Figs. 9(a) and 11(a)). (3) The maximal values of PSD of DVF1 for
carbody lateral acceleration don't show a trend of monotonic increase for higher train speed (see
Figs. 10(a) and 12(a)). This trend can be also found from the maximal values of PSD of DVF2 for
both vertical and lateral accelerations of carbody (see Figs. 9(a), 10(a), 11(a) and 12(a)). (4) For
carbody vertical vibration, the maximal values of PSD of DVF1 are generally bigger than those of
DVF2 (see Figs. 9(a) and 11(a)), implying that the influence of track irregularities is more obvious
than that of earthquakes. However the opposite is the case for carbody lateral vibration (see Figs.
10(a) and 12(a)).

7.5 Random vibration characteristic of train and bridge under track irregularities

To investigate the random vibration characteristic of the train-slab track-bridge interaction
system under track irregularities, four running cases with train speeds of v=55.56 m/s (200 km/h),
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Fig. 11 Trailer carbody vertical acceleration with respect to train speed
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Fig. 12 Trailer carbody lateral acceleration with respect to train speed
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Table 4 DVFs of the random responses (Hz)

Train speed (m/s)

Item

55.56 69.44 83.33 97.22
Vertical acceleration Motor car 0.82 0.82 0.86 0.86
of carbody Trailer car 0.74 0.77 0.77 0.77
Lateral acceleration Motor car 1.06 1.10 1.06 1.07
of carbody Trailer car 1.06 1.10 1.14 1.07
Pitching Motor car 1.06 1.06 1.10 1.07
acci;i[)a;:joy” of  railer car 0.98 1.03 1.06 1.07
Yawing acceleration Motor car 1.22 1.14 1.19 111
of carbody Trailer car 1.27 1.27 1.32 1.34
Vertical acceleration Motor car 4.69, 21.4,44.7 6.08,27.0,55.8 6.09,32.4,67.0 6.37,39.2,78.2
of rear bogie Trailer car 4.87,21.4,44.7 6.54,28.0,55.8 7.85,33.6,67.0 8.22,39.2,78.2
Lateral acceleration Motor car 5.83 8.44 9.42 10.2
of rear bogie Trailer car 5.84,17.4 6.78,18.8 8.14,21.7 10.2
Pitching Motor car 5.83 6.31 6.55,50.1,83.3 6.60,58.4,97.2
acce'erﬁggil(’f 8" Trailercar 11.6,33.4,555 14.0,41.7,69.4 16.8,50.1,833 19.0,58.4, 97.2
Yawing acceleration Motor car 14.5 14.6 14.6 14.7
of rear bogie Trailer car 32.2 32.4 32.4 32.7
Lateral acceleration Motor car 10.4,15.6 11.3,15.7 12.1,16.2 12.3,16.4
of wheelset Trailer car 13.0, 24.1, 33.2 14.0, 26.0 15.7 16.4,32.7
Wheelset lateral ~ Motor car 1.02, 15.6 1.03,12.6, 15.7 1.00, 16.2 1.00, 15.8
force Trailercar 1.27,14.0,33.4 1.23,5.87,16.8 1.27,6.31,16.8 1.24,18.3,33.7
Vertical acceleration of bridge 5~7, 22~25, 4~6, 25~33, 5~8, 30~40, 4~7, 35~43,
girder midpoint 35~43 51~57 62~69 72~81

69.44 m/s (250 km/h), 83.33 m/s (300 km/h) and 97.22 m/s (350 km/h) are considered. The DVFs
of the train and bridge obtained by PEM are shown in Table 4 and Figs. 13-16. Some conclusions
can be drawn from Table 4 and Figs. 13-16: (1) The DVFs of vertical, lateral, pitching, and yawing
accelerations of carbody are approximately equal to the corresponding fundamental frequencies of
carbody no matter how train speed changes. (2) There exist three DVFs for the vertical
acceleration of bogie, e.g., 6.09 (motor car) or 7.85 (trailer car), 33 and 67 Hz for v=83.33 m/s. It
is found that the vertical vibration frequency f; of bogie, the half of bogie axle base L;, and the train
speed v satisfy the relation: f;=v/(nxL,), n=1, 2, 3, ..., o, where relatively large contributions are
made by harmonic components with n=1, 2 (see Fig. 14(a)). (3) In general, there also exist three
DVFs for the pitching acceleration of bogie. Of interesting is that the pitching vibration frequency
f; of bogie, the half of bogie axle base L;, and the train speed v satisfy the relation: f=n-v/(4xLy),
n=1, 3, and 5. Furthermore, the contributions of DVF2 and DVF3 show a trend of increase for
higher train speeds (see Fig. 15). (4) Compared the lateral vibration of wheelset with the yawing
vibration of bogie, one can find the latter may have significant influence on the former at certain
train speeds. (5) the DVFs of wheelset lateral force are very coincident with those of carbody
yawing acceleration, bogie yawing acceleration, and wheelset lateral acceleration. (6) Similar with
the cases of bogie vertical and pitching accelerations, the vertical acceleration of bridge girder
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midpoint have three DVFs of 5~7, 22~25, and 35~43 Hz for v=55.56 m/s, 4~6, 25~33, and 51~57
Hz for v=69.44 m/s, 5~8, 30~40, and 62~69 Hz for v=83.33 m/s and 4~7, 35~43, and 72~81 Hz
for v=97.22 m/s. Obviously, the DVF1 vary slightly around the fundamental frequency of the
girder wp;=5.58 Hz under various train speeds. However, both the DVF2 and DVF3 increase as the
train speed increases, whose trends quite coincide with those of bogie vertical acceleration (see
Figs. 14(a) and 16). (7) The peak values of the vertical and lateral acceleration PSD of trailer
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carbody in Fig. 7 are 3.76x10° and 8.63x10° m?s®, respectively, while those in Fig. 13 are
3.65x10° and 3.17x10° m?s®, respectively, which indicates that the effect of earthquakes on
carbody lateral vibration of carbody is greater than that on the vertical vibration of carbody. The
peak values of the vertical acceleration PSD of bridge girder midpoint in Figs. 6(a) and 16 are
0.172 and 3.34x10™* m%s>, respectively. The latter is quite smaller than the former, indicating that
the effect of track irregularities and moving train can be neglected when computing the response of
bridge to earthquakes. Similarly, one can also obtain that the effect of track irregularities and
moving train on the lateral vibration of bridge is significantly smaller than that of earthquakes.

8. Conclusions

In this study, the three-dimensional vibration model of train-slab track-bridge interaction
system is firstly established by FEM, the equations of motion for the entire system are then
derived by means of energy principle. The excitations caused by random track irregularities and
seismic accelerations are transformed into a series of deterministic pseudo-harmonic excitation
vectors via PEM. Taking a fifteen-span simply supported girder bridge as an example, the random
vibration characteristic of the coupled system are investigated. From the numerical results obtained
in this work, the following conclusions can be drawn:

» Compared with MCM, PEM can not only save computer time dramatically but also ensure
computational accuracy in evaluating the possible extreme values of the random vibration
responses of the train-track-bridge interaction system simultaneously excited by track irregularities
and earthquakes.

» The DVFs of both vehicle and bridge are always very close to their respective fundamental
frequencies no matter train speed is moderate or high under the action of earthquakes.

« It is the earthquakes rather than the train and track irregularities that induces basically the
vertical and lateral vibration of bridge.

» Unlike the case of carbody vertical vibration, the maximal values of PSD induced by track
irregularities for carbody lateral acceleration don't show a trend of monotonic increase as the rising
of train speed, and the influence of earthquakes on carbody lateral vibration is more visible than
that of track irregularities.

» The DVFs of train-slab track-bridge interaction system under the action of track irregularities
can be observed clearly from the time-dependent PSDs obtained by PEM, which may provide a
powerful guidance in the design of the dynamic parameters of train, track and bridge as well as in
the maintenance of railway lines.
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