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Abstract. In this article, nonlinear finite element solutions of bending responses of functionally graded
spherical panels are presented. The material properties of functionally graded material are graded in
thickness direction according to a power-law distribution of volume fractions. A general nonlinear
mathematical shallow shell model has been developed based on higher order shear deformation theory by
taking the geometric nonlinearity in Green-Lagrange sense. The model is discretised using finite element
steps and the governing equations are obtained through variational principle. The nonlinear responses are
evaluated through a direct iterative method. The model is validated by comparing the responses with the
available published literatures. The efficacy of present model has also been established by demonstrating a
simulation based nonlinear model developed in ANSYS environment. The effects of power-law indices,
support conditions and different geometrical parameters on bending behaviour of functionally graded shells
are obtained and discussed in detail.
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1. Introduction

In the present scenario, many advanced materials are being developed rapidly and being used in
different engineering structures/structural components to make a compromise between the strength
and the cost. This in turn creates the necessity of analysis of these materials and structures to meet
the design and/or analysis requirement. In this regard, laminated composites have been widely
appreciated and dominated by many weight sensitive industries for last few decades. However,
these multi-layer composites are incapable of carrying extra amount of load and excessive thermal
distortion due to de-lamination phenomenon. De-lamination has been a major problem of concern
reported by many researchers in the reliable design of laminated composites. In addition to that,
the separation of layers caused by high local inter-laminar stresses result in destruction of load
transfer mechanism, reduction of stiffness and loss of structural integrity leading to final structural
and functional failure. In order to bridge the gap, recently a new type of material known as
functionally graded material (FGM) has been developed by grading the volume fraction of two
counterparts, namely, metals and ceramics. It is worthy to mention that, the metals have already
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established their existence and capabilities in engineering field for many years for their excellent
strength and toughness, whereas ceramic materials have shown their capabilities in heat resistance
and anti-oxidant properties (Reddy 2003). The gradual variation results in a very efficient material
tailored to meet the requirement of current structures operating in very extreme conditions such as
aircraft engines, rocket heat shields, heat exchanger tubes, thermal barrier coatings, etc.

Most of the studies of this class of material are limited to a computational analysis because of
the complexity and expensiveness in synthesis. The modelling and analysis of functionally graded
(FG) structures has been continued from last two decades to come up with the new/modified
mathematical model and solution techniques to overcome the drawbacks of the former studies
(Birman and Byrd 2007, Liew et al. 2011, Jha et al. 2013, Alijani and Amabili 2014). Many
researchers investigated the linear and nonlinear bending behaviour of FG flat/shell panels
incorporating the mid-plane kinematics based on different shear deformation and classical
theories.

Woo and Meguid (2001) studied large deflection of FG plates and shallow shells based on
classical plate theory (CPT) with von Karman’s nonlinear strain terms under mechanical and
thermal loading. Shen (2002) presented an analytical solution to nonlinear bending of FG plate
based on the HSDT kinematics. Bian et al. (2006) investigated bending and free vibration of a
simply supported hybrid FG plate with an intermediate piezoelectric layer using elasticity method
based on state space formulations. Navazi and Haddadpour (2008) developed an exact solution for
nonlinear analysis of shear deformable FG plate using first order shear deformation theory (FSDT)
model with the incorporation of the von Karman nonlinear strain terms. Zhao et al. (2009)
analysed the static response and free vibration FG shell panels for different parameters (volume
fraction, material property, support condition and thickness ratio) using the element-free kp-Ritz
method. In their model, the displacement field is expressed in terms of asset of mesh-free kernel
particle functions according to Sander’s first order shear deformation shell theory. Zhao and Liew
(20093, b) investigated the nonlinear response of FG flat and cylindrical panels using the element-
free kp-Ritz method based on a modified version of Sander’s nonlinear shell theory under
mechanical and thermal loads. Santos et al. (2009) developed a semi-analytical axisymmetric
finite element model using the 3D linear elastic theory to obtain bending and vibration response of
FG cylindrical panel. Talha and Singh (2010) investigated free vibration and static behaviour of
shear deformable FG plates based on the HSDT with a modification in the transverse displacement
function. Mao et al. (2011) have investigated contact force and dynamic response of FGM shallow
spherical shell under low wvelocity impact in thermal environment and developed
Giannakopoulos’s 2-D contact model to predict contact force in analysis of FGM shallow
spherical shell under low velocity impact. Bich and Tung (2011) presented an analytical approach
to investigate the nonlinear axisymmetric response of FGM shallow spherical shells subjected to
uniform external pressure with and without including the effects of temperature conditions. Neves
et al. (2011, 2012) developed sinusoidal shear deformation model of FG plates and evaluated the
bending and vibration responses using collocation method based on the radial basis functions.
Oktem et al. (2012) presented the static behaviour of simply-supported FG plates and doubly
curved shells based on the HSDT model. The authors also developed a new HSDT model and
investigated the bending response of FG plate (Mantari et al. 2012). Bich et al. (2012) investigated
nonlinear static and dynamic unsymmetrical responses of FG shallow spherical shells analytically
under external pressure incorporating the effects of temperature. Xiang and Kang (2013)
implemented an nth -order shear deformation theory and mesh-less global collocation method for
bending analysis of a simply supported functionally graded plate under sinusoidal load. Zenkour



Large deformation bending analysis of functionally graded spherical shell using FEM 663

and Sobhy (2013) incorporated sinusoidal shear deformation plate theory to obtain thermoelastic
bending response of a simply supported FG plate resting on Pasternak’s elastic foundation. Thai
and Kim (2013) developed a new higher order shear deformation theory (HSDT) model to analyse
bending and free vibration behaviour of FG plates. Zhang et al. (2014) investigated the thermal
and mechanical buckling behavior of FG plates by using local Kriging meshless method. Zhu et al.
(2014) performed a nonlinear thermo-mechanical analysis of FG flat panels using FSDT mid-plane
kinematics and von Karman nonlinearity by adopting a local meshless method and Kriging
interpolation technique. Lei et al. (2014) investigated the dynamic stability analysis of carbon
nanotube-reinforced FG (CNTR-FG) cylindrical shell panels using the mesh-free kp-Ritz method.
Liew et al. (2014) employed the element-free kp-Ritz method to analyze post-buckling of CNTR-
FG cylindrical panels based on the FSDT and the von Karman strain terms. Zhang et al. (2014a, b)
analysed the linear and the nonlinear flexural responses of CNTRC-FG cylindrical panels using
the FSDT kinematics and the mesh-free kp-Ritz method.

It is clear from the above literature that very few works have been reported in the published
literature of nonlinear static behaviour of FG spherical panels. Based on the authors’ knowledge,
no work has been reported in literature for nonlinear bending behaviour of FG spherical shells by
developing the nonlinear model in the framework of HSDT mid-plane kinematics and taking the
geometric nonlinearity in Green-Lagrange sense. In addition to that, all the nonlinear higher order
terms have been taken in the mathematical model for a more general approach. Hence, in this work
authors have made an effort to develop general nonlinear mathematical model by taking the exact
flexure of the shell panel and discretise the model using finite element steps. Finally, the nonlinear
bending responses are obtained using a direct iterative method for the FG shell panel. It is worthy
to mention that many industries are showing confidence on the simulation based model using the
commercial available finite element (FE) software (ANSYS, LS Dyna and NASTRAN etc.) not
only to reduce the computational time but also to reduce the experimental cost. The necessity of
the present developed nonlinear model has been verified by comparing the responses with those
available published results and corresponding simulation model developed in ANSYS parametric
design language (APDL) code. In order to show the applicability of the present nonlinear model
some related parametric (power law indices, curvature ratios, thickness ratios, support conditions,
aspect ratios and load) studies have been carried out and discussed in detail.

2. Effective material properties of FGM

In this analysis, FG shell panels are assumed to vary continuously along their thickness
direction based on a simple power-law distribution (Shen 2009), with volume fractions of each of
the constituents. The sum of the volume fractions of ceramic (V, ) and the metal (V, ) is equal to
unity for a unit volume.

V, +V, =1 1)
The FGM’s effective material property say, P is the functions of material properties and

volume fractions of each constituent material which can be expressed by using simple mixture’s
rule of composite materials as in (Shen 2009).

P=PV, +PV, )
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Fig. 1 Variations of volume fraction of ceramic Fig. 2 Variations of volume fraction of metal
through non-dimensional thickness coordinate through non-dimensional thickness coordinate

where, P, and Py, are the material properties of ceramic and metal, respectively.
According to power-law distribution, the volume fractions of ceramic and metal can be

represented as
eliod
¢ h 2

Vf :1-[54.1)
" h 2

where, n (0<n<w) is the power-law index which characterizes the material variation through the
thickness of the shell panel. The variations of volume fractions of the ceramic and the metal phase
for different values of power-law indices (n=0.2, 0.5, 1, 2 and 10) along with the non-dimensional
thickness coordinate (Z=z/h) are plotted in Figs. 1-2. It can be clearly seen that, ceramic content
decreases with increase in power-law index values i.e., if n=0, the total material turns to ceramic
and if n=co, it turns to metal.

The effective material property has been expressed using the Egs. (1) - (3).

@)

P:(F’C—Pm)(%+%jn+Pm (4)

Now, the Eq. (4) can be rewritten for the different material properties such as Young’s modulus
E and Poisson’s ratio v

E :(EC—Em)(%+%j +E,

V:(Vc—‘/m)(%+%jn+vm ©)
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Table 1 Properties of the FGM constituents.

Materials Properties _ i
Young’s Modulus E (GPa) Poisson’s Ratio v Density p (Kg/m?)
Aluminum (Al) 70 0.3 2707
Zirconia (ZrO,) 151 0.3 3000

Ceramic rich
__§m
j -h/2
Metal rich4J_

Fig. 3 Geometry and dimension of spherical FG shell panel

The properties of the FGM constituents at room temperature (300K) are mentioned in Table 1.
These following properties are used throughout the analysis, if not stated otherwise.

3. General formulation

For the present analysis, a spherical FG shell panel of uniform thickness ‘h’ with sides a and b
is considered as shown in Fig. 3. Here, R, and Ry are the principal radii of curvatures of the shell
panel along x and y directions, respectively. The principal radii of curvature of spherical panel is
assumed as, R,=R,=R.

3.1 Kinematic model

The following HSDT displacement field is used for the FG shell panel to derive the
mathematical model (Reddy 2003).

U(X,Y,2)=Uy (X, y)+26, (X, ¥)+2°Uy (X, Y) +2°0, (X, y)
V(X Y,2) =V, (X, y)+26, (X, y)+ 22V, (X, ) + 2°6; (X, y) (6)
)

X
W(X,y,2) =W, (X y
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where, u, v and w denote the displacements of a point along the (x, y, z) coordinates. U, Vo and wy
are corresponding displacements of a point on the mid-plane. 6, and 6, are the rotations of normal

to the mid-plane about the y and x-axis, respectively. The functionsuj ,v;, ¢;and 6, are the higher
order terms in the Taylor series expansion defined in the mid-plane of the shell.

3.2 Strain displacement relations

The following equation defines the strain displacement relation which is commonly known as
Green-Lagrange strain for any general material continuum

11 éu
ou w = —
—+— 2|\ ox

R

x R

av w 1 [(’m

_+_ - e
Exx ay Ry 2 oy
& _
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Eqg. (7) can be presented as the sum of linear and nonlinear strains in the following manner

I

Wj
==
R 0z
y

lef =tef+{an}

By substituting Eq. (7) for Eqg. (6), the strain vector is expressed as

gxx gXO 8X4 kxl
&, g, g, k,!
E=Vy (=18 (F1Eg 12| 1Ky 1+
Vo gXZO 8)(24 kle
Yy ‘9yzo 8y24 L kyz1
k2 k,/ k?
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The above strain displacement relations (Eg. (9)) can be rearranged as

{ey=M"{a}+[T" Nau )

%l

()

(8)

(9)

(10)
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where, ) ={6"6 6,0 6.0 6, KKKy K Kk KK 2K, KK KK TR and
(5] {gx“ g e, et e, KK kS kK k° ky6 kxy6 k,° kyka7 K,k Kk, K,
nf =
kXS ky8 kXyS kXZS kyZS kx9 kyg kXyQ kXZQ k Qk 10 kle kxylo kleo kyzlo

yz "X

:
} are the linear and

nonlinear mid-plane strain vectors, defined in Appendix (Al). [T'] and [T"] are the linear and the
nonlinear thickness coordinate matrices, given in Appendix (A2).

3.3 Constitutive relations

The constitutive relations for any general FG shell panel is expressed as

O-XX _Qll Q12 0 0 O gXX
Oyl |Qu Q 0 0 0 |lg,
Tyr=| 0 0 Qg 0 0 |{r, (11)
. 0 0 0 Qi 0 [V

] L0 0 0 0 Q.7

where, Q,=Q,, =E/(1-0%),Q, =Q,, =E*v/(1-0%), Qs =Q;, =Q,, = E/2*(1+)
Eqg. (11) can also be rewritten as

(o} =[Q]te} (12)
where, [Q]is the reduced stiffness matrix.
3.4 Strain energy of the FG shell panel

The strain energy of the curved shell panel can be expressed as

u- % Jlel tojav (13)

Eq. (13) can be rewritten by substituting strains and stresses from Egs. (10) and (12)
U =3 J(1EY [PIE Y [P:]ia) + {87 [0+ (a [Da]i5) oo (14)
where, (0] [ [1'T[Q][r'Jex . [0,]= [ [TT[Q][r*]ee . [B,]= [ [T [Q][r*]ee anc
(o= [T (@) Je.
3.5 Work done due to external transverse load

The work done by external applied load q is given by

W = [{5,}" {a}dA (15)
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4. Finite element formulation

A nine noded isoparametric quadrilateral Lagrangian element with nine degrees of freedom per
node is employed for the discretisation purpose. The displacement vector is expressed for each of
the elements by

{50}:ZNi{5o,} (16)

where, {60i }:[uoi Vo, Wo, B @ Ug Vo & ¢;] is the nodal displacement vector at node i. N; is

the shape function for the i" node (Cook et al. 2009).
The linear and nonlinear mid-plane strain vector in terms of nodal displacement vector can be
written as

{EI} = [B]{ﬁo,} ' {Enl} = [A][G]{5o,} (7)

where, [B] is the product form of differential operators and the shape functions in the linear strain
terms. [A] is the function of displacements and [G] is the product form of differential operator and
shape functions in the nonlinear strain terms. [B], [A] and [G] matrices are mentioned in Appendix
(A3)-(Ab), respectively.

4.1 Governing equations

The final form of governing equation of FG shell panel is obtained using variational principle.
oll=0U-6W =0 (18)

where, ¢ is the variational symbol and [T is the total potential energy.
The equilibrium equation for the static analysis is obtained by substituting Eqg. (18) for Egs.
(14)-(17) as follows

[K Ko} ={a} (19)

where, {6} is the global displacement and [K;] is the global stiffness matrix and it includes all the
linear and the nonlinear stiffness matrices, [K,], [K!'], [K}']and [K{'].

4.2 Solution techniques

The proposed and developed model has been solved using a homemade computer code in
MATLAB environment and in ANSYS based on APDL code. The steps of solutions are discussed
in detail in the following sections.

4.2.1 Solution techniques for HSDT model

The nonlinear static responses of FG shell panels are analysed through a finite element code in
MATLAB which is based on the present mathematical model in the framework of the HSDT. The
linear and nonlinear responses are obtained using direct iterative method and the steps are
mentioned in Fig. 4.
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Table 2 Different types of support condition

cccce Up=Vo=Wo=0,=6,=uy =v, =6, =0, =0 at x=0, a and y=0, b
SSSS Vo=Wo=0y= v, =6, =0 at x=0, a ; Up=Wo=6x=u, = =0 at y=0, b
Vo=Wo=6,=v, = 8, =0 at x=0, &;
SCSC o e
uO:VO:WO:HXZQYZ Ug=Vy= 0)( = ¢y =0 at y:O, b
HHHH Uo=Vo=Wo=6,= v, =6, =0 at x=0, &; Ug=Vo=Wo=6x=u, =6, =0 at y=0, b

4.2.2 Solution steps in ANSYS model
A simulation model of FG panel is also developed in ANSYS environment using APDL code.
The present ANSYS model is developed and discretised using an eight node serendipity element
(SHELL281) with six degrees of freedom at each node. In this simulation model, the panel mid-
plane kinematics is governed by the FSDT. The nonlinear solutions in ANSYS platform are
obtained using Newton-Raphson method. The brief description on solution procedure in ANSYS
platform are as follows:
1. Asafirst step, the geometry of the panel with sides a and b has been created.
2. Finite number of layers have been considered to emulate the FGM like material.
3. Each layer of the panel is assigned with calculated material properties according to the
power-law distribution.
4. The created model has been discretised using SHELL281 element, from ANSYS element
library, to obtain the required mesh.
5. Then, the boundary condition and the transverse uniformly distributed load are applied to
obtain the required linear responses.
6. Finally, the nonlinear solutions are obtained by using Newton-Raphson method from in-
built nonlinear solutions of ANSYS with a convergence tolerance (~10°%).

5 Results and discussions

The material properties are taken temperature independent and the details are given in Table 1.
In order to avoid rigid body motion and to reduce the numbers of unknown from the final
equations, there are few sets of constraint conditions either single or in combinations of clamped
(C), simply-supported (S) and hinged (H) are employed throughout the computation as given in
Table 2. For the analysis purpose, a uniformly distributed type of loading has been taken in the
analysis. The following non-dimensional parameters are used throughout the analysis if not stated
otherwise:
Central deflection, W=w/h and
Load parameter,Q =(q/E,)*(a/h)*.

5.1 Convergence behaviour of the FG panel

The nonlinear static behaviour of a simply-supported FG square shell panels are analysed under
uniformly distributed load. The aluminum (Al) as the metal and zirconia (ZrO,) as the ceramic
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Initialising geometry, material properties

Load steps

\!

Iteration i =0

<>

Initialising and Evaluating Elemental
stiffness matrix and force vector

v

Assembling global stiffness matrix
and force vector

\!

Solving and getting bending response
(1% iteration gives linear response)

\!

Normalising and scaling the previous response

Updating the nonlinear global stiffness matrix

\
Solving and getting nonlinear response

Print result

Fig. 4 A general procedure for nonlinear bending analysis of FG shell panel

material of the panel, respectively.

The convergence test has been done for simply-supported FG (Al/ZrO,) flat panel (a/h=20) for
n=0.5 and different load parameters. It is observed from Fig. 5 that the responses are converging
well with the mesh refinement and a (5x5) mesh is sufficient to give the responses. Hence, a (5x5)
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mesh has been used to obtain the responses for further analysis.
5.2 Comparison study FG flat/spherical panel

To check the efficacy of the present model as a first step the nonlinear bending responses
obtained using the developed nonlinear model and compared with the published literature and the
ANSYS values. In order to do so, the material and geometrical parameters are taken same as the
previous problem as discussed in the convergence case. The results are compared with the flat
panel results of Zhao and Liew (2009a) and the developed ANSYS model for different load
parameters and the responses are shown in Fig. 6. It is well known that the flat panels are the
simplest form of the shell panel. The non-dimensional central deflection values obtained using the
present HSDT model are less in comparison with others because both the reference and ANSYS
are based on FSDT kinematics which overestimates the responses as compared to the HSDT. It is
interesting to note that the responses are almost linear for smaller values of load parameters.

In order to check the robustness of present model and to account the geometric nonlinearity,
another problem has been carried out for a simply-supported square FG (Al/ZrO,) spherical panel
(R/a=5, a/h=20, n=1) with higher values of load parameter (Q=100, 200, 300, 400 and 500). The
comparison between the present and the published results (Woo and Meguid 2001) is plotted in
Fig. 7. The published results are based on the classical plate theory which neglects the shear strain
terms because of that the differences between the published and the present results are
comparatively large.

5.3 Numerical illustrations
In this section, numerical experimentations have been done for the present developed model

—=— Load parameter (Q) = 1
——— 0169 —+— Present (HSDT)

(W), =00263 (W
—— Load parameter (Q) = 2 —— Present (ANSYS)

vizd ((Wggen =0-0527 ( w)[zmn ' LISW‘ZOD%]=O.0545 —+— (Zhao and Liew,2009a)

| —+—Load parameter (Q) =3 5
s ( W)Presenl =0.079 ( w)(ZhauandL\ewZOUQai:0'0821 § 0124
§ o 3
] 8
T — - €
g “ § 0.08 -
§ 0% \\\,, g
2 S — 2
s g
g £ o
£ 003 \,\_—.—. 2
: s
z

0.00 T T T T T T T T T " 0.00 T T T T T 1

3x3 4x4 56 6x6 ™t 0 1 2 3 4 5 6
Mesh size Load Parameter
Fig. 5 Convergence study for non-dimensional Fig. 6 Variation of non-dimensional central

central deflection of simply-supported FG deflection with load parameters for simply-
(Al/ZrO,) flat panel supported FG (Al/ZrO,) flat panel
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Spherical panel (R/a=5) )
—=—n=0.5 (Linear)
104 —=— (Woo and Meguid, 2001) — ni0.5 (_Nonlmear)
—— Present (HSDT) 84 ——n=2 (Linear)

——n=2 (Nonlinear)
—<+—n=10 (Linear)
——n=10 (Nonlinear)

Non-dimensional center deflection
>
1
I\
\
\
\

1
Nondimensional center deflection

T T T T T T T T T
100 200 300 400 500 50 100 150 200 250

Load Parameter (Q) Load parameter

Fig. 7 Variation of non-dimensional central Fig. 8 Variation of non-dimensional central
deflection with load parameters for simply- deflection with power-law indices and load
supported FG (Al/ZrO,) spherical panel (n=1) parameters for simply-supported FG spherical

(R/a=5) panel (a/h=10)

and the linear and the nonlinear bending behaviour of FG spherical shell panels for different
parameters (power-law indices (n), thickness ratios (a/h), curvature ratios (R/a), aspect ratios (a/b),
support conditions and load parameters) are exemplified.

It is well known that the gradation in FGM is based on the power law index value which
decides the volume fraction of each constituent as well as the effective elastic constants. The effect
of volume fraction of each (metal and ceramic) constituents on the stiffness of FG panel and the
corresponding deflection behaviour have been analysed in this present example. Fig. 8 shows the
non-dimensional central deflection of moderately thick (a/h=10) simply-supported square FG
(Al/ZrO,) spherical shell panel for five different load parameters (Q=50, 100, 150, 200 and 250)
and three power-law indices (n=0.5, 2 and 10). It is observed that the non-dimensional central
deflection increases with increase in power-law indices. It is because, as the n value increases the
panel becomes metal rich and the stiffness value is lower than the ceramic. A similar type of
behaviour can be observed from the present analysis.

The elastic properties of any FG structural components are the function of thickness and it will
have a great influence on the overall structural stiffness. In order to examine the same, in this
analysis the effect of thickness ratios (a/h=5, 10, 20 and 50) on the non-dimensional central
deflections of a square simply-supported FG (Al/ZrO,) spherical shell panel (n=2) is plotted in Fig.
9 using the same load parameters as mentioned in previous example. The both linear and the
nonlinear non-dimensional central deflections are increased with increase in load parameter and
decreased with increase in thickness ratio. It is also interesting to note that the effect of
nonlinearity in thick FG spherical panel (a/h=5) is comparatively higher as compared to other
cases.

It is true that the curved panels have higher membrane energy as compared to bending energy
and degree of shallowness of any panel is being described in terms of its curvature. In order to
address the effect of the curvature ratio on the bending behaviour an example has been solved and
presented in Fig. 10. The figure presents the effect of curvature ratios (R/a=5, 10, 20 and 50) and
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—=—a/h=5 (Linear) Spherical FG panel
—e— a/h=5 (Nonlinear)

——alh=10 (Linear)
84 ——a/h=10 (Nonlinear)
—<—a/h=20 (Linear)
—— a/h=20 (Nonlinear)
(
(

—— a/h=50 (Linear)
—e— a/h=50 (Nonlinear)

Nondimensional center deflection

T T T T
50 100 150 200 250
Load parameter

Fig. 9 Variation of non-dimensional central
deflection with thickness ratios and load
parameters for simply-supported FG spherical
(R/a=5) panel (n=2)

—=—alb=1 (Linear)
——alb=1 (Nonlinear)
——alb=1.5 (Linear)
—v—alb=1.5 (Nonlinear)
64 —<—alb=2(Linear)
——alb=2 (Nonlinear)
—+—a/b=2.5 (Linear)
——a/b=2.5 (Nonlinear)

Nondimensional center deflection

T T T T
50 100 150 200 250
Load parameter

Fig. 11 Variation of non-dimensional central
deflection with aspect ratios and load
parameters for simply-supported FG spherical
panel (a/h=100, R/a=50, n=2)

94 —=—R/a=5(Linear)
—— R/a=5 (Nonlinear)
——R/a=10 (Linear)
—— R/a=10 (Nonlinear)
—+— R/a=20 (Linear)
—— R/a=20 (Nonlinear)

(

(

—— R/a=50 (Linear)
—— R/a=50 (Nonlinear)

Non-dimensional central deflection
(4]
1

T T
50 100 150 200 250
Load parameter

Fig. 10 Variation of non-dimensional central
deflection with curvature ratios and load
parameters for simply-supported FG spherical
panel (n=2)

—=+— 888§ (Linear)
—— SS88 (Nonlinear)
——HHHH (Linear)
—— HHHH (Nonlinear)
64 —«—SCSC (Linear)
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Fig. 12 Variation of non-dimensional central
deflection with load parameters for different
support conditions of square FG spherical panel
(a/h=100, R/a=50, n=2)

load parameters on the non-dimensional central deflections of a simply-supported square FG
(Al/ZrQ,) spherical panel (n=2, a/h=10). It is observed from the figure that the W increases with
increase in curvature ratios. It is because of the fact that, as the curvature ratio increases the panel
becomes flat and the bending behaviour follows the same line.

The aspect ratio is the deciding factor for any panel geometry which contributes to the stiffness
calculation of the structure. Here, the variation of non-dimensional central deflection of simply-
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supported FG (Al/ZrO,) spherical panel (n=2, a/h=100, R/a=50) for four different aspect ratios
(a/b=1, 1.5, 2 and 2.5) at five different load parameters (Q=50, 100, 150, 200 and 250) is presented
in Fig. 11. The effects can clearly be seen in the figure that W decreases with increase in aspect
ratios for both linear and nonlinear case. It also reveals that the differences between the linear and
nonlinear responses are large in case of square FG panel i.e., at a/b=1 and the linear and nonlinear
responses are almost same at higher values of aspect ratio i.e., at a/lb=2 and 2.5.

The spatial degree of freedom is being removed from the structure to avoid the rigid body
motion hence, in any analysis of deformable structure the model has to be well constrained. In
addition to the above, the nature of support condition is also a major deciding parameter for final
structural behaviour. Here, Fig. 12 presents the non-dimensional central deflection of square FG
(Al/ZrO,) spherical panel (n=2, a/h=100, R/a=50) for different type of support conditions (SSSS,
CCCC, HHHH and SCSC) under the same loading conditions as discussed in previous example. It
is observed that the deflection parameter increases as the number of constraints decreases i.e., the
non-dimensional central deflections are lower for the clamped (CCCC) and higher for the simply-
support (SSSS) cases. It is also noted that, the linear and nonlinear responses are nearly equal for
CCCC and SCSC support conditions.

6. Conclusions

The nonlinear bending behaviour of functionally graded spherical shell panel is being analysed
in this present article. The effective material properties of FG shell panels are graded in the
thickness direction according to a power-law distribution of the volume fractions of the
constituents. As a first step, a general nonlinear mathematical model for FG shell panel is
developed based on the HSDT mid-plane kinematics by taking the geometric nonlinearity in
Green-Lagrange sense. In addition to that, all the nonlinear higher order terms are considered in
the present nonlinear model to achieve a general case. The shell model is discretised using a nine
noded isoparametric Lagrangian element with nine degrees of freedom per node and the governing
differential equation is derived using variational principle. The model is validated by comparing
the bending responses obtained using the presently developed nonlinear mathematical model with
commercial FE tool (ANSYS) as well as the other available published literatures. The efficacy and
generality of the developed nonlinear model has been checked by evaluating the responses for
different parameters such as the power-law indices, the thickness ratios, the aspect ratios, the
support conditions and the curvature ratios. Finally, some conclusions have been drawn based on
the parametric study of FG spherical panels and discussed point wise in the following lines.

« The linear and nonlinear central deflection increase with increase in the power-law indices
and the curvature ratios.

» The linear and nonlinear central deflection decrease with increase in the thickness ratios and
the aspect ratios.

« It is interesting to note that as the number of boundary constraints increases, the W decreases
and the effect of nonlinearity is dominant in case of less number of constraints i.e., in simply-
supported condition in comparison to other types of support conditions.

* It is also understood from the present analysis that the FG spherical shell panel exhibits a
hardening type of nonlinear behaviour.
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Appendix

Linear mid-plane strain terms

o _ o 0o o _ o _ 1 1 1
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Nonlinear mid-plane strain terms
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Linear thickness coordinate matrix

w
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Nonlinear thickness coordinate matrix
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Individual terms of matrix [B]

[Blii= 0/0x, [Bliz=1/R,, [Bl22= 8/0y, [Blos=1/ R,, [Bls1= d/dy, [Bls2= olox, [Blss=2/ Ry,
[Bls1 =-1/R,, [Blsz= 0/0X, [Blss =1, [Bls2 = -1/ R, [Blss =0/0X, [Blss =1, [Blss =0/0X,
[Blis=0/dy, [Blsa= /0y, [Blss =0/X, [Blosa=-1/R,, [Bles =2, [Blios=-1/R,, [Blwz=2,
[Blig=0/0X, [Blio7 = 8/dy, [Blise= 0/0y, [Blia7 =0/0X, [Bluag =—1/R,, [Bliag =2, [Blis7 =
-1/R,, [Blisg =2, [Bliss =0/0x, [Blizg= 0/0y, [Bliss = 0/0y, [Bligs =0/0X ,[Bligg =-1/R,,

[Blaoo =-1/ R,. (A3)

Individual terms of matrix [A]

[Alii=%uy, [Aliz=%v,, [Alis=% Wy [Al2=% Uy, [Al2a= %V, , [Al2s=%Wy, [Als1=u,, [Alss
=v,, [Als=w,, [Als1= 6, ,[Aliz= 0, ,[Als2= 6, , [Als4a= 0,, [Ale1= 6., [Alss= 0,,,
[Ales= -6,/R,, [Alr2=0,,,[Alra=0,,,[Ali6= -6,/R,,[Als1= 0, ,, [Als2= 0,,, [Als3= 0,

[Alsa=6,,,[Alss=-6,/R,, [Alss=—0, /R, [Aloa= 2u, , [Aloz=2v, , [Ale7=6,, [Alos=6,,
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[Alw2= 2u,", [Alwa=2v, , [Alws=6,, [Ali10=6,, [Al11= Uo,;, [Ali13= Vo,x* [Als=
—Uy /R, [Alu7=% 6, [Alue=%0,,, [Al2= Uo,y*a [Ali24= Vo,y*, [Alizs=-V, / R, [Alizs=
%0,,, [Ali210=%86,,, [Aliz1= Uo,y*a [Alis2= Uo,x*, [Aliss= Vo,y*, [Aliza= Vo,x*, [Aliss= —Vo*/ R,
[Aliss=-u, / R, [Aliz7=6,, , [Al139=6,,, [Alia1=36,, [Aluaz= 39y*, [Aliaz= 2uy", [Alag=
vy, [Aluan= 6,, [Aluuiz= 6,, [Alis2=30,, [Alisa= 36’;, [Aliss= 2uy", [Alis10= 2V, , [Alis 12
=6, [Alisu=0,, [A]le,lzgx,x*, [Alss= ay,x*, [Aliss= -6, IR,, [Alis7= Uo,x*, [Aliso= Vo,x*,
[Alis10=u, / RZ, [A]17,2:9X,y*, [Ali74= 9y,y*, [Ali7s= —Hy* / Ry, [Ali7g= Uo,y*, [Ali710= Voyy*,
[Alir2o=Vy / R [Als1=6,,", [Als2=6,, , [Aliss= 0, [Aliss= 0, , [Aliss= -6, /R,
[Aliss= -6, /R,, [Alig7= Uo,y*, [Aligs= Uo,x*, [Aliso= Vo,y*, [Alig10= Vo,x*, [Alig19=V, / RR,,
[Alis20= Uy / RR,, [Alie7=36,", [Alwgo= 3'9;, [Ali11= 2u,, [Alio13= 2V, , [Alio15= 6, ,
[Alio17= 0, , [Al2os =36, , [Al2010= 39;, [Al212= 2u,", [Al201a= 2V, , [Al2016= 6, , [Al2018=6,
[Al17=6,, , [Al1s=0,, . [Alora1 =% Uox , [Ala113 =% Vox , [Ala110=6,  R?, [Aloss=% U IR,
[Al2s=6,, , [Al210= 6, , [Al212=% Uoy ", [Ale21a=% Vo, [Al220=6, | R}, [Als222=% Vo IR/,
[Als7= Hx,y* s [Al2zs = Hx,x* s [Alzze = 9”*  [Alzz10= ey,x* s [Alzzn = Uo,y*  [Alzz3 = Vo,y*  [Alzz10=
0,/ RR,  [Als20=6, | RR,, [Als21=V, / RR,, [Alas11=36,", [Al2413=36,", [Alasss =2u,,
[Alzai7=2v,, [Al2s12=36,", [Als1a= 39; , [Alzsi6=2u,, [Alsis=2v, , [Alzs 1= 9“* , [Alze13=
Hy,x* [Ale21=6, 1 RZ,[Al2712= ex,y*  [Al271a= '9”*  [Al2r22= Hy* / Ry2 » [Al2s 11 = 9”*  [Als 2=
HX,X* , [Als13= ey,y* , [Alg1a= ey,x* , [Alg21= Hy* IR, Ry , [Alzs22= Hx* / Rny , [Al015=36,",
[Al2017=36, , [Also16 =36, , [Alao15=36, , [Ala1,15=% O, [Alsar =% 0y, [Alsos = 6 IR,
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6, RR,. (A4)

Individual terms of matrix [G]

[Glii= 010, [Gliz=1/R,, [Gl21= 8/dy, [Glos= 1/R,, [Gls2= 8/ 0x, [Glss= 2/R,,, [Glsi=
1/R,, [Glsz= 010y, [Glss=1/R,, [Gls1=-1/R,, [Gls3=0/0X, [Gle>= -1/R,, [GClsz=0/dy,
[Gl7a= 0/0x, [Glea= 010y, [Glos=01/0X, [Glws=0/dy, [Glie= 0/0X, [Glizs= 0/0y, [Cliz7=
o0lox, [Glur=0/0y,[Glisg= 0/0X, [Glisg= 0/0y, [Gliz9=0/0x, [Gliso=0/0y, [Glioa=1,

[Gl2os=1, [Glo16=1, [Gl227=1, [Cl238= 1, [G]2a0= 1. (A)





