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The analytical solution for buckling of curved sandwich beams
with a transversely flexible core subjected to uniform load
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Abstract.  In this paper, linear buckling analysis of a curved sandwich beam with a flexible core is
investigated. Derivation of equations for face sheets is accomplished via the classical theory of curved beam,
whereas for the flexible core, the elasticity equations in polar coordinates are implemented. Employing the
von-Karman type geometrical non-linearity in strain-displacement relations, nonlinear governing equations
are resulted. Linear pre-buckling analysis is performed neglecting the rotation effects in pre-buckling state.
Stability equations are concluded based on the adjacent equilibrium criterion. Considering the movable
simply supported type of boundary conditions, suitable trigonometric solutions are adopted which satisfy the
assumed edge conditions. The critical uniform load of the beam is obtained as a closed-form expression.
Numerical results cover the effects of various parameters on the critical buckling load of the curved beam. It
is shown that, face thickness, core thickness, core module, fiber angle of faces, stacking sequence of faces
and openin angle of the beam all affect greatly on the buckling pressure of the beam and its buckled shape.
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1. Introduction

When a structure is subjected to compressive in-plane loads, the buckling phenomenon may
occur and is distinguished via a rapid change in displacements due to an increment in loading
process. Buckling resistance is an important factor which should be taken into consideration for
design purposes. For the cases when loads are below the yield limit, buckling phenomenon is of
high importance and have to be studied in elastic range.

Sandwich structures with soft core made of foam or low-strength honeycomb like Aramid or
Nomex are used in various industrial applications such as aerospace and civil engineering. The use
of a foam or lowstrength honeycomb core rather than a metallic honeycomb is advantageous in
terms of weight and manufacturing processes and resources. The major difference between a
metallic honeycomb and a soft core is its flexibility in the vertical direction. This flexibility,
significantly affects behavior, especially under localized loads, and yields quite different behaviors
as compared to other structures that have a stiff honeycomb core. The general approach assumes
that the global buckling of the beam and the local buckling of the skins are uncoupled. The global
buckling is defined by the solution of an equivalent beam, which incorporates the shear stiffness of
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the core in the flexural rigidity of the beam. Local buckling is determined by considering the
isolated skins as a beam resting on an elastic foundation provided by the core in the vertical
direction.

A similar approach, which assumes that no interaction between the skins exists in the local
buckling mode, was used by Bulson (1970) and by Brush and Almroth (1975). This approach is
satisfactory as long as the core is incompressible in the vertical direction. However, when a
compressible type of core is considered, an interaction between the global and local buckling
modes exists, as well as collaboration between the two skins. Hence the critical mode can be
shifted from the global mode to the local one and vice versa. They replaced the sandwich structure
with a high-order shear deformable beam but were unable to determine the local buckling modes
as well as the imperfection effect on overall behavior. Hunt and Da Silva (1990a, b) used a
different approach, based on energy methods and superposition of symmetrical and
nonsymmetrical buckling modes. This approach is limited to specific configurations and to
specific boundary conditions. Frostig and Baruch (1990) and Frostig et al. (1991), analyzed the
sandwich beams with soft core with the aid of a superposition approach. Frostig and Baruch
(1993) presented the higher order buckling analysis of sandwich beams with transversely flexible
core. Closed-form solutions are presented for simply supported beams with identical skins and
only numerical results for other cases. Smith (1984) yielded a unified analysis method based on
two-dimensional elasticity theory for evaluation of bending, buckling and vibration of multilayer
orthotropic sandwich beams and panels. Cheng et al. (1995) presented a method of continuous
analysis for predicting the local delamination buckling load of the face sheet of sandwich beams.
In a research by Bozhevolnaya and Kildegaard (1998) a sandwich curved beam subjected to
uniform loading is experimentally investigated. Wang and Shenoi (2001) performed an elasticity
theory based approach for delamination and flexural strength of curved layered composite
laminates and sandwich beams. They also performed the analysis of curved sandwich beams with
a focus on debonding and buckling/wrinkling of the faces (Wang and Shenoi 2004). Lyckegaard
and Thomsen (2005) formulated the buckling behaviour of straight sandwich beams joined with
curved sandwich beams loaded in pure bending using two different models. A two-dimensional
mechanical model is developed by Ji and Waas (2007) to predict the global and local buckling of a
sandwich beam, using classical elasticity.

In this paper, the governing equilibrium equations of a three layered sandwich curved beam in
the von-Karman sense are obtained. Two skins are formulated in the Euler-Bernoulli sense
whereas the host layer is formulated by the two dimensional elasticity equations. The pre-buckling
deformations of the arch are obtained under the linear membrane pre-buckling deformations.
Adjacent equilibrium criterion is used to establish the stability equations. A closed form solution
suitable for curved beams with both edges simply supported is developed which results in closed-
form expression for the critical buckling pressures. Some numerical results are provided to study
the effect of various involved parameters.

2. Geometry of problem and kinematic relations

A curved sandwich beam of the width b is considered. Other geometrical parameters of the
model with the coordinate system are shown in Fig. (1).

In the following, indices t, b refer to the upper (top) and lower (bottom) faces of the beam,
respectively. Each face has its own curvilinear coordinate system (z;, s;), where
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si=rip(i=tb) (1)

The local coordinate system (r,¢) for the core is polar and has its origin in the center of the
beam curvature. The following assumptions form the basis of the presented model:

1. The length of the beam is of the order of its characteristic radii of curvature L<R.

2. The faces may have a different thickness d;and d;, that are small in comparison with the
length of the beam and radii of curvature. The faces are treated as thin elastic panels that follow
Bernoulli assumptions.

3. The core of thickness ¢, is fully bonded with the faces. The core is considered to be a 2-D
elastic medium with resistance to shear and radial stresses. In-plane (circumferential) stress in the
core is neglected.

4. The kinematic relations of the core are those of small deformations and therefore they are
linear. Note that, no priori assumptions on the deformation fields through the thickness of the core
are made.

5. Different kinds of the boundary conditions may be implemented for the various faces at the
same section.

Fig. 1 Geometry of the mathematical model (Bozhevolnaya and Frostig 2001)
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Fig. 2 Displacement in the element of the sandwich beam (a); internal resultants in the differential
elements of the faces, stresses at the interfaces and stresses in the differential element of the core (b)
(Bozhevolnaya and Frostig 2001)
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Radial w,, wiand circumferential u,,, uq,displacements of the centroids of the face elements
are shown in Fig. 2(a). In the polar coordinate system the kinematic relations for the faces read

u;=ugitz;f, (2)

1
&=€oi Tzt 5 Biz (i=t,b) 3)

In Egs. (2) and (3) u; and ¢; are respectively, circumferential displacement and circumferential
strain in the skins that can be measured upwardly from the center of each skin. Furthermore . is
equal to

Upi-W;

‘ (4)

B=

I

In Eq. (3) &y; and ; are the values of strain in the center of each skins and the curvature value
of each skins respectively and are equal to

u, W
€0;= Olr. 1 ®)
1
u‘ ._W'.'
K= 012 i (6)
I

In the mentioned relation all derivations are considered based on angle ¢. The appropriate
kinematic relations for the core are

oW,
- 7
e (7)
ou;, u, 10w,
— = e— — [— 8
Tro™Vsr o 1 1 0p ®
Compatibility conditions emerge from the conditions of the fully bonded faces and core.
At the upper interface
Wchrm:Wt |Z;gt=>wcllirw:wt (9)
d,
Ue |rirtc U |Z:ﬂ=>uc |r:rtC:u0t' E Bt=>
2
d, . ,
U | =Tye =Ugp¢- 2_1_t (u0t'wt) U, | =Tye Ut ( 1 'kt)+wtkt (10)
in the recent relation £, is defined as follow
d,
t o (11)
t

For the lower interface
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Wchrbc:Wblz;db=>Wc|1=rbc:Wb (12)
2

dy
Ue |r:rbC:ub |Z=d_b:>uc |Fl‘b0:u0b+ ? Bb:>
2

. (13)
b ' \
U | p=r, . =Uop+ o (oW ) =Ue |, =ugp (1+kp,)-wiky,
in the recent relation &, is defined as follow
dy
ky=7— 14
5 2, (14)

The stresses in the beam constituents are shown in Fig. 2(b). The constitutive relations for the
faces and for the core are

k k
Gt( = ﬁzgt > Gt() ):Qﬁ?bgb » Oc=Ecec 1:C:GCYro) (15a-d)
Where
N
Zk
A]]ZbZJ lei) dZ

k=1 "1

N 7
D112b2f le;) szZ (16a-b)

k=1 "1

In the relation (16), A;; and Dy; are laminate membrane stiffness and flexural stiffness

respectively. QE’? is the stiffness of each layer based on laminate angle such that
Q??=Q11cos49+Q22sin46+2(Q12+2Q66)sin29 cos?0 (17)
where in the above relation we have
Q= 1 = 22:i
“V12V21 1-viavy
Q,™v21Q,; » Q=G (18a-d)

N; and M; respectively are axial force and bending moment for each skin that are defined as
follow

)
N;= f , boidz, M= f , boiz dz(i=t,b)
B B

Now with the aid of kinematic relations (2), (3), (7), (8) and (16)-(18) along with the
simultaneous aid of constitutive relations (15), Eq. (19) reaches one to

| N
u,twi 1 fug-w;
Ni:All[ Olr_ 1+§< o; 1) ]
1 1
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M,=D, (u r2W ) (i=t,b) (20a-b)

1

2.1 The governing equations

The mathematical formulation starts with the derivation of the field equations and the
appropriate boundary and continuity conditions. After that, the solution of the stress and the core
deformation field are obtained. The formulation ends with the governing equations expressed in
terms of the unknowns and their solutions. The governing equations, the continuity requirements
and the boundary conditions are derived via the variational principles, which minimize the total
potential energy, as follows

3(U+V)=0 (21)

where in Eq. (21) U,V and ¢ respectively are internal and external energies and the variation
operator. The internal energy reads

dU= f o, 0g, dv,+ f o, Oy, dvy+ f (1edy,, tocde:) dv, (22)

Vtop Vbot Veore

where in Eq. (22) o, and ¢, are the longitudinal normal stresses and strains in the upper skins and
op, and g, are the longitudinal normal stresses and strains in the lower skins; z. and Voo T8 the

shear stresses and strains in the core; o, and ¢, are the vertical normal stresses and strains in the
CO€Vigps Vhors AN v, are the volume of the upper and lower skins and the core, respectively; dv,

, dvy, and dv, are the differential volume of the upper and lower skins and the core, respectively.
To obtain 6U the value of strains should be set from Egs. (3), (7), (8) into Eq. (22) which
results in

1 1
oU= f (oN 0 (80t+Zth+ 5 Btz) th+ f Oy 0 (80b+Zbe+§ Bbz) dVb+

Vtop Voot

J KT (G- 1632))“‘65(8; )]dvc (23)

The value of differential volume is equal to
dv;=dA;dx=bdz;dx (24)
where in Eq. (24)
dx=r;do (25)
The external energy reads

1 1
oV=- [ f (nt8u0t+qt8Wt—mtSBt) ds- f (nb6u0b+qb8wb—mb8[3b) dsy,
s=0 s=0 (26)
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where in Eq. (26) g,, n;,m; (i=t, b) are the external distributed vertical, horizontal and bending
moments, at upper and lower skins, u;, w;, Fi(i=t, b) are the horizontal displacements, vertical
displacements and the rotation at upper and lower skins, respectively. The case of buckling in the
curved beam may be analyzed for various status of loading. Even though researches in this field
show that buckling of curved beam is analyzed in the presence of uniformly distributed transverse
load. In this regard also in this paper the buckling of curved beam in the presence of uniformly
distributed load is analyzed. To this end, other external loads that are introduced in relation (26)
are considered to be equal to zero and consequently the work relation derived from external forces
will be simplified as follow

Po
dV=- f qOwdA;= - J. q,0w; brdg (27)
0

In Eq. (27), dA=brde is the differential length in curvature line of the beam. Now by
Substituting Egs. (23) and (27) into (21) we will have

1 1
d(U+V)=0 = f 00 <£Ot+Zth+§ Bf) dvt f () (80b+Zbe+§ Bb2> dvyt+

Vtop Vbot

ou, u, 1ow, (awc> f Po
— 4 + — - = 2
f KTCS( 5 T 0 )) 6.0 E” dv, ) q,0w; brdg =0 (28)

Veore

or

Po Po Nt Po Nt ' '
Ndw, dgo+ f - (uge-wy) Sugdp+ f (r_ (ug-wy) ) dwde
0 0

Po
f N, Bug dg N Suge | 20+
0 t t

0
Po M ®o

+
0

t '
——SWt

o oM M
- f —Oow,dp+—dw;
0 It o It

Po  rpo M't M,
- f — Sugdp+—3uyy,
o T T, 0 I

0 t t

t '
-— (uge-wy) Sw,
It

Po , ® Po Po Nb ®o Nb ' '
f -NpSugy, d+NySugp | *+ j Npdwy, dp+ f P (ugp-wp) Sug,de+ f (g (ugb-wp) ) dwyde
0 0 0 0

Yo [Po M'b M, Yo 9o M't')
- J - 8u0bd<p+ - 811,0]3 - f - SWb dq)
0 Ty 0 0 Ty

®o /N, ' ' N, '
+ j (— (ugb-wp) ) dwpdp-— (ugy-wp) Swy,
0 Iy Iy

0 Ty
M:b Po M, o Po Yo . "
0
t—08wp| -——Owy| bric (1'kt)tc|rtc6u0t de- brc ktTcl oW, d(P+brtcktTc|rtc5Wt 0
T T ltc
Po Po

- | brye (Iky) Tl Sugy de- | bryc ke Sw g0
0

6Wb d(p+brbc kb T
0 C

|rb |rbc

o ([0 051, oo
-51. f a(brrc)éucdrdgo—f f bt, 8ucdrd<p+f f -bgawcdrdgﬁf bt 0dw, |, °dr
@ r ¢ r T !
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Po Po
+f brtc Gclrtcéwtd(p'-f
0 0

To obtain the equilibrium equations relation (29) might be established. By equaling the
coefficients of dug,dugp,dw, ,8wy,, dw,,0u. to zero the following equilibrium equations will be
obtained.

0 Po
by G|y, SWpdg-b ] ] a(rGC)SWCdrdfp— j q,0w; 1dp =0 (29)
0
o T

. M; N .
8uOt : 'Nt' r_t + r_t (u0t'wt)+brtc (l'kt)rc |rm:0
t t
. My N, ,
Sugp : -Np-—=+ r_(u0b'Wb)'brbc(1+kb)Tc|rbc:0
b Tb

M, 1 . ,
ow, N, 0 +r—[Nt (uOt—wt)] +brtc<5clrm—brtckttc|rt -br,q,=0
t t ©

M, 1 Y :
dwy, Ny -r—bb+g[Nb (ugp-w)] _brbCGC|rbc-brbCkac|rbC:0

0 ot,
du, -a(rrc)-TfO = rEJrZrC:O

ot, O 0o, ot
Ce—— = —iot—= -
dw, 30 ot (ro,)=0 = 5 o 20 0 (30a-f)

According to Eqg. (29), the boundary conditions in each end are as follows.
1
SUObZO OI'Nb - —Mb:O
Iy

1

dup=0 or N; - - M;=0
t

M, N

dwp=0 o (ugp-Wp ) +bricky Telr, =0
b

Iy
Mt Nt '
ow=0 or——-— (uge-wi) +brick(tel, =0
t t

dwy,=0  orM,=0
dw,=0  orM=0

ow, =0  ort.=0 (31a-9)

One can compute the displacement field in the core precisely. The last two governing equations
in the relation (30) are related to equilibrium equations of the core. Of the first one we have
0T,

, 0T
ra+2tc=0 =2t rtr E:O =
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Uniform Load (g)

Fig. 3 Curved sandwich beam with simply supported boundary condition subjected to uniform pressure

0
o (’1.)=0 =r’t=1(p)=1.= rlz (32)

where in the recent relation z is only function of ¢. By substituting z. from the last equation into
Eg. (30) we have

T, 0 1. T
— — - — —r= —= 33
2 (ro)+ %o 0 = P (ro)+ 37 0 = ro, - C, (33)

In Eq. (33), C, is a constant value of integration. Using the core constitutive relations (15) we

may write
. ow, T c ow, 1 C1+t' - 1 CotC 1 T (34)
—_— — = > — = —+—= _— . —
e T T T o E.\r 12 WCEC ey
To obtain constant values C; and C, we use the matching condition in the upper and lower
points of core. According to the compatibility condition in these two points we can write
at r=r,

1 T (39)
W =W W= B Co+Cy In1y- -
C tc
at r=ry,
1 T (36)
Wc=wb=>wb=E— C,+CiIn rbc-g
C C

By accomplishing the two equations simultaneously, the constants of C; and C, will be
achieved as follow.

il ] 1
E.(Wp-w)+1 (r— - r—)
C | — bc tc

17
In2=

Tic

[EcCvwoe ()] (372-b)

be Ttc

CE +r' Inry,
27 EcWp rbc' o
Tte

By defining parameter of k, = e and setting the constants of C; and C, in the previous

Tpelte
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equation, the function w,. of core will be

(1 1 lan lan
LY LI W vy 38
We=Wyp Ec e T ll’lrﬁ 0 IHE(Wb Wt) ( )
Te Tte

By certifying distribution of w,. we can obtain the distribution of u, in the core. Using the core
constitutive relations (15) we have.

Gy sy = . 1 -
TC_ Cyr(p yr(p_ Gc _r2 Gc (39)
%_E+l%:lf_:>ri(ﬁ)+l%:lf_
or tr rdp PG, or\r/ rodp 1r2G,
Substituting Egs. (38) into (39) we have
omy 11 w, T 1 1 Int-Intp, . [ Int-Inty,
—(=)=m=—A > +=—||—-= ) tko—————| +(wy - —_ 40
ar(r) G, | E. (r2rbC r3) 0 12 |n e (W) 2 In e (40)
Te Te

By integration from relation (40) related to r in the interval [r,r,.] we will have.

Ue ue -t (1 1 . 1 1>+ T (1 1 r”<1 1>+k0 |

—  — — — W —  — —  — — — — _T‘—

e 1 2G, rtzc r? ° I T rbCEc I T 2E, 1Atzc r? E. lnr:;c
tc

C

<1nrtc_1n_r+L 1>_r_”1nrbc<i_i>+(wg-w;) <1nrtc_m_r+i_1)_(wi,—w;) (L_L) (41)
r T

- The [§
Iie r 1. 1/ E¢ Ty Tie In % Tic r T T In %
tc tc

Solving Eq. (41) for u,, its distribution in the core will be as follow

tc

T

ln - "
r r r , o Te-T fhe | L T
u=— (1-kugt—w+ <1' _> Wb+(wb'wt) Inte | w7
Ty tc T tc 1 c Tie ¢
In=
eI n the , T It 1 rtzc'r2 T rtzc_rz
T Ko 3\ T2 )| 2 (42)
e N2 In T Tielpe 2\ I'T 2G \ rry
1

Ttc Tic

It should be mentioned that by solving the related equations to the core all parameters have

been related to variable t(p). Therefore a new equation should be replaced by two equilibrium
equations of the core. To obtain this equation we use the compatibility condition (36). At r=r,.we
have.

Ue |1ﬁrbC “Uop ( 1 +kb)'kbwlb (43)
By equaling Egs. (42) and (43) we have.



The analytical solution for buckling of curved sandwich beams with a transversely flexible core...

v Tpe Tpe Tpe ! ' ' TicTpe | Tihe
ugp (1+kp)-kyw,=— (1-k)ug+—wt | 1-— Wb+(wb'wt) T +r_
tc

e te tc Tie In :

Foc kot —-—--—

T Iy.-T T, 1 1 1 T, T r2 -r2
T tc™tbe +E + + bg _ <tc bc =0
E 2rbc 2rtC 2G°

2
EC Tie In T Tpe Tye belte

And after simplifications, relation (44) takes the form

Tic kOrtc v T kOrbc ' k0 Tie +rbc k0 "
(1-kQug-— (1+ky ugp- [ (1-k)+ — | Wit — [ 1 kot ——| wy- G\ )R T
The In=2e e In=2e ¢ Tpe ¢
Tte Tte
Iy Iy 1T
2k0 4 e “be =0
Inte  The
Tie

Eq. (45) along with the four first equilibrium equations, will be the governing equations.

3. Pre-buckling analysis

333

(44)

(45)

This study analyses the buckling of curved sandwich beam with flexible core which its upper

skin is subjected to uniform load of intensity g,. In the pre-buckling analysis of curved beam, von-
Karman non-linear terms can be disregards. Deformation in the beam is not so great, consequently

rotations of Sand g, are not so great and therefore the values of ﬂlzand ﬂbzmay be ignored. In other

words in the case of pre-buckling only linear analysis is sufficient. Also in this case it is supposed
that the beam contracts uniformly and therefore the components of displacement u,,u, and u, in
the pre-buckling case can be disregarded.

According to the above assumptions and using superscript of zero for pre-buckling case, the

Sugr - -bry (1+k) 0 |rm:0
BUob * ry, (1-+ky)1 .. =0
owy NO+br,. 00 |rtc -brikt |rtc -brq,=0
OWo 1 NObry,o! |rbc _brbcka'COLbc:o
ot =0

equilibrium equations in this case would be as follow (It should be considered that because of the
uniform contraction in beam all derivatives would be ignored (Hodges and Simitses 2006))

(46)
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QOriginal

Unbuckled

Buckled
R o @,

Fig. 4 Schematic of pre-buckling path and buckled form in a homogeneous curved beam
with simply supported boundary conditions subjected to uniform load

Based on the last relation (46) we conclude that distribution of shear in the pre-buckling state
will be equal to zero. Therefore, first equations would be satisfied and third and fourth equations
would be simplified as follow

0 o] —
N +br.o; |rtC —brtqt

Ng -bry. Y |rb =0 (47a-b)

To estimate the value of stress of ¥ we use the relation 6%=E_g%. According to the resulted
distribution for w, we can write

In—

E

we=wyt e (Wo-wi ) == (Wo-w? ) = og=——r (wy-w?) (48)

In= rin= rin=

Tic Tie Tic

And consequently pre-buckling equations will be as follows
bE
0_ 0
Np=r- e (Wo-Wi)
Tie
-bE
0

Ni= g (Wh-w) +org, (49a-b)

Tte
On the other hand according to the stress resultants and regardless of B, and 8, in the pre-
bucking case we will have
Wo

0_
Np=Aj1p—
Iy
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0
N?=Am% (50a-b)

t
By equaling relations of (49) and (50), the following equations for w’and w will be achieved.

wl bE,
llb_b_ rbc( bwt)

Iy In n
* (51a-b)
w?  -bE,

Wy _ 0,0
A1t . -_lnk(wb Wt)+brtqt
ltc

By solving two equations and two unknowns in the relation (51) for w? and wg we will have

brtqt
c¢OIp tc b
Alt e (52a-b)
brtqt (1— Eobr, " In rm)

W:
t Allt(l_Allb lnrb;c)_._Allb

It

Iy E.bry, Tte Tp
and pre-bucking forces are equal to.
A -
brq, (1- 10 In rbc) (53a-b)
NO: Ecbrb Tt _ nO
t Allp The L T A et
l-—=. In=+—,—>
Ecbry fe Ip AiE
br,q
0_ Mg .0
Nb 1+ﬂ r_b(l_ Al 1nrh;c) qtnb
Al T Ecbry © 7 re

4. Stability equations

For derivation of stability equations from the primary path the concept of adjacent equilibrium
criterion is used. According to this criterion a bucking state on pre-bucking path is considered that
is shown by superscript zero. This state is perturbed. The amount of this perturbation is nonzero.
Because, if it is equal to zero the structure will remain on its initial path. If we show the amount of
development by superscript one, we will have a new equilibrium path that its components will be
as follow (Hodges and Simitses 2006)

Uob=UQy Uy

uOt:u8t+u(1)t
Wb=wg+wé
wt=w? +th

=10+1! (54a-e)
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Due to the increment in the displacement components, the stress resultants will perturb too. It
should be considered that the values with superscripts one are very small and the second order of

them will be disregarded. Accordingly, stability equations for curved sandwich beam will be as
follow

oy Ng 1 1 1
Np-—M,+— (uOb—wb ) -bry, (1+ky,)Te |r =0
Iy Iy be
1 o+ N ,
1 1 t(1 1 1] —
N -—M; +— (u0t'wt )+brtc(1'kt)17c |r =0
I't I't tc
0 .
N, -—M] +Iﬁ ub -wi ) -br 01| bry. kpt! =0
b b 0b™"b bePcl, be Sbte
Iy Ty be I

be

0 .
1l Ii U _w! )Y 4br.oll -br. k1| =
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The presented equations in relation (55) should be like an eigenvalue system with unknown

coefficients N? and NY. It should be stated that N!, M}, N{ and M, are the value of developments
of stress resultants that are calculated as follow

1 1
Up, W
1_ 0b" Wb
Np=A11p ( )
Ty
1.1
Up W,
1_ 0t Wit
N; _Allt< >
Iy

1 . 1[ E Tk

1_ 1 c 1 1 0
6.=—=T +-— Wi-W; )+ 56a-e
[ r2 r\ In The ( b~ "Wt ) In The ( )

Tt Ty

Boundary conditions in this analysis are considered to be simply supported on two edges. For
two edges of ¢=0, o, these conditions are
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1 1 1
Nb‘i‘; szo

1 1 1
Nt‘f‘;Mt:O

wi =0
wi=0
M{ =0
M! =0
wl=0 (57a-9)

According to obtained result for w, and according to the fact that w,, and w, are equal to zero
in two edges, the boundary conditions will be simplified as follow

Ni=0

N!=0

wp =0

wi =0
Mg = 0
M! =0

=0 (58a-9)

According to the definitions of N! and M/ that are presented in relation (56), the above
boundary conditions can be offered as follow

u(])'b= 0
u(l);— 0
wi =0
wi=0
th,HI 0
th..: 0
' =0 (59a-9)

To satisfy the boundary conditions (59), functions ugy, ul,, wi,w{and ' will be considered as
follow

nme
u(l)bZUb cos—
0
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nm
uot U, cos e
R0
nm
wi =W, sin il
0
nm
w{=W, sin e
P9
nmne
1! =T, cos— (60a-e)
0

The assumed mode shapes (60) are set in the stability equations. It is to mention that stability
equations based on displacement components will be written as follow that for easy usage the
superscript one is ignored.

A11b Dllb N (1+ky,)
—— (ugptw)- (uOb'Wb)+ (uOb'Wb) e
b c
Am NI N0 (1-k)
- (uOt t)_ (uOt_Wt )+ (uOt ‘Wt)+bT t =0
C
Allb Dllb Nb T E tko | bk .
(uob Wb) (uOb—Wb )+—(u0b—wb) -bry, rT+—Crbc( b “Wi )+_c -—21=0
b be rbcln e In E Mbe
Afre Dllt N{ T E tky | bk, ,
— (ugctwy )- (uot W, )+ (uOt'Wt) I §+—rbc(wb W, )+ S —r=0
r tc rtc1 e In—=>= e Tic
k . Kol ko Tie ko .
1-k 1otk gy | (1ok+ 7wk | (1+—) N
( t)um ( R Rt o D W 26\ e/ T2,
rtc Tte
r r
x| 2kg—gp 1+ | =0 (61a-€)
In=>= Tpe

Tic

Therefore if we set the substitute the solutions (60) in the relation (61) the problem will be
written as follow

w1
(el Lo V- { 0 } (62)
J \o)

Where in relation (62), [K]. and [K], respectlvely show elastic and geometric stiffnesses. By
definitions of <pn=;—” elements of each of these two matrices can be written as follow
0
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where in derivation, the existent relations in the Eq. (63), the last stability equation is multiplied in
2 in order to set the membersof the elastic matrix symmetric. Accordingly members of K, are.

The

ns

n!
n_ e o 12
Ky =- " on, Kg=0

0
KB D 14_p 15_
g 7 Pns Ky =Ky=0
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0

n
21_ 22_ b 2
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n
KB=0, K¥="2gp K?:O

33 34_1-35_
Ky=— Kg'=K'=0
t
0
41_ 42_Dp
Kg - ) Kg _E n
nO
K#=0, K=, K{=0
Iy
Ky =K =Ky =K *=K; =0 (64a-y)

By equaling determinant of the coefficient matrix of the problem there would be an eigenvalue
problem in which critical pressure is an eigenvalue and the buckled shape of the beam will be like
an eigenvector. As in the analysis of eigenvalue, the eigenvector is not specified uniquely, the
values of lateral rising and longitudinal displacement at the state of bucking are not determined
uniquely. For this reason the bucking shapes only show the schematic at the state of bucking.

5. Results

In this section, using Matlab software and the theory offered in the previous sections, bucking
of curved sandwich beam with simply supported boundary conditions is analyzed. This analysis is
established for orthotropic and isotropic face sheets.

5.1 Numerical examples

Example 1. In this example buckling analysis of curved sandwich beams with a transversely
flexible core is done. Skins are composite in the cross-ply form. The type of skins is of graphite-
epoxy Ab4/3501 that has the following mechanical and geometrical properties. Numerical results
are shown in Figs. (5) to (8).

E|1=144.8 Gpa , E»»=9.65 Gpa , G,=G3=4.14 Gpa ,G,3=3.45Gpa
p=1389.23 kg/m3,  v;,=0.3
he=0.7m, 1,=09m , r=092m , r,=0.68 m , b=0.1m

In Fig. (5) for three values of elasticity module of core E.=200, 400, 500 Mpa the critical
pressure is obtained. The lay-up of the two skins is considered as [0,90];. The results of the
amounts of critical pressure is offered against the beam angle. As it is expected, keeping higher the
elasticity module of core leads to the increasing of critical load.

In Fig. (6) the effects of entire thickness of laminate on critical load is studied. Three below
cases are considered
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Table 1 Critical buckling load P, (MN/m) of curved symmetric sandwich beam subjected to uniform load

Do E. (Mpa) Pcr (MN/m)
200 79.04
30 400 89.20
500 90.08
200 79.00
60 400 87.28
500 90.08
200 77.68
90 400 83.92
500 90.08
200 79.00
120 400 83.92
500 88.80
200 77.60
150 400 84.32
500 88.40
200 77.68
180 400 83.92
500 88.32
95210 —
..... E,= 200 MPa
—E_=500 MPa
9 e E_=400MPa ||

Ge/Eqy

6'%0 35 40 45 50 5 60 65 70 75

Fig. 5 Variation of critical buckling pressure versus curved beam angle

0.025m
di=d,=40.02 m
0.015m
Critical load is offered versus angle ¢,. Numerical results are given for three states of skin
thickness. Core properties are assumed as E.= 200 Mpa v.= 0.3. Stacking sequence is assumed as
[0,90],. As it is expected, as the thickness of skins increases, the critical load increasing. In each
state, the amount of pile angle indicates the change in the bucking mode.
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Table 2 The critical buckling load of curved sandwich beam subjected to uniform load

Po dy=d; (M) Per (MN/m)
0.015 46.45
30 0.02 79.07
0.025 127.70
0.015 46.45
60 0.02 79.01
0.025 127.70
0.015 44.41
90 0.02 77.68
0.025 127.70
0.015 44.24
120 0.02 79.01
0.025 124.28
0.015 44.38
150 0.02 77.60
0.025 122.69
0.015 5.62
180 0.02 77.68
0.025 122.18
14X 10
12+
10+ ——d,=d, =0.025m
..... d, =d, =0.020m
@ g ™ —e—d,=d =0015m

____________

4 “W""’“"“WM"W'

% 3 40 45 50 55 60 65 70 75
¢, )
Fig. 6 Variation of critical buckling pressure versus curved beam angle

In Fig. (7) lay-up influence for two cross-ply laminates is analyzed. Two different arrays of
[0,90] and [90,0] are studied. The thickness of the two cases is equal to 0.015 m and each case
consists of 4 layers with equal thicknesses. Core module is equal to E.=200 Mpa. According to
Fig. (7) in the studied area the amount of critical load for case [0,90] is more than the state in
which skins have [90,0], layup.
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Table 3 The critical buckling load of curved sandwich beam subjected to uniform load

%0 Lay-up Per (MN/m)
30 [0,90] 46.45
[90,0] 79.07
60 [0,90] 46.45
[90,0], 79.01
90 [0,90] 44.41
[90,0] 77.68
[0,90]; 44.24
120 [90,0] 79.01
[0,90] 44.38
150 [90,0] 77.60
[0,90], 5.62
180 [90,0]. 77.68
5x10'4\ S <10°
—— [0,90], T %,
a5~ [90,0], 1 9 ——1[0,90,0],
..... [0,90,0,90],
4 \/\_’/\’/ 85 —=—[0,900,900]
_, 35F \ |
!
o 3;
2.5¢
2L
1% 3 40 45 50 5 60 6 70 75 *% % 40 4 0 B @ 6 0 7
NG 0, ()
Fig. 7 Variation of critical buckling pressure Fig. 8 Variation of critical buckling pressure
versus curved beam angle versus curved beam angle

In Fig. (8) the layering influence and the number of layers on critical pressure is studied. The
thickness of the two cases is considered as 0.02 m. Core module is equal to E. = 200 Mpa. Four
different layups are considered that are
1:0,90],
2:[0,90,0]
3:[0,90,0,90],
4:[0,90,0,90,0],

According to Fig. (8), by adding two layers of 0° to the skins, the critical load of the structure
increases. Critical load of pile with stacking (2) is much more than (1) and with the layup (4) is
more than (3). Also adding two layers 90° to arrays leads to decreasing the critical load, because as
it is obvious critical load in the state (3) is less than state (2).

Example 2. In this example we study the critical load of composite curve sandwich beam with
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Table 4 The critical buckling load of curved sandwich beam subjected to uniform load

%o Lay-up Per (MN/m)
[0,90], 79.07
30 [0,90,0], 104.88
[0,90,0,90], 86.88
[0,90,0,90,0]; 90.95
[0,90], 79.01
60 [0,90,0], 82.50
[0,90,0,90], 69.41
[0,90,0,90,0]; 73.11
[0,90], 77.68
% [0,90,0], 82.14
[0,90,0,90], 70.36
[0,90,0,90,0]; 74.23
[0,90], 79.01
[0,90,0], 82.50
120 [0,90,0,90], 69.41
[0,90,0,90,0] 73.11
[0,90], 77.60
[0,90,0], 81.63
150 [0,90,0,90], 69.40
[0,90,0,90,0]; 73.18
[0,90], 77.68
[0,90,0], 82.14
180 [0,90,0,90], 69.40
[0,90,0,90,0] 73.11

Table 5 The critical buckling load of curved sandwich beam subjected to uniform load

®o Lay-up Pcr (MN/m)
[30,-30], 158.10
30 [45,-45], 93.16
[60,-60], 40.02
[30,-30], 158.10
60 [45,-45], 80.45
[60,-60], 40.02
[30,-30], 158.10
90 [45,-45], 77.50
[60,-60], 38.30
[30,-30], 158.10
120 [45,-45], 78.17
[30,-30], 158.10
150 [45,-45], 78.08
[30,-30], 157.70
180 [45,-45] 77.50

[60,-60] 38.30
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Fig. 9 Variation of critical buckling pressure versus curved beam angle

Table 4 The critical buckling load of curved sandwich beam subjected to uniform load

®o Lay-up Per (MN/m)

[0,90] 79.07
30 [0,90,0] 104.88
[0,90,0,90] 86.88

[0,90,0,90,0] 90.95

[0,90], 79.01

60 [0,90,0] 82.50
[0,90,0,90], 69.41

[0,90,0,90,0] 73.11

[0,90] 77.68

% [0,90,0], 82.14
[0,90,0,90] 70.36

[0,90,0,90,0] 74.23

[0,90], 79.01

[0,90,0] 82.50

120 [0,90,0,90], 69.41
[0,90,0,90,0] 73.11

[0,90] 77.60

[0,90,0], 81.63

150 [0,90,0,90] 69.40
[0,90,0,90,0]; 73.18

[0,90], 77.68

[0,90,0] 82.14

180 [0,90,0,90], 69.40

[0,90,0,90,0] 73.11
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Table 6 The critical buckling load of curved sandwich beam subjected to uniform load

0 dy=d (M) Por (MN/m)
0.01 16.97
0 0.015 35,52
0.02 75.34
0.025 112.86
0.01 16.46
5 0.015 35.36
0.02 62.83
0.025 107.98
0.01 16.21
% 0.015 35.62
0.02 64.46
0.025 101.21
0.01 16.39
0.015 35.45
120 0.02 62.57
0.025 100.33
0.01 16.28
0.015 35.17
150 0.02 63.43
0.025 100.76
0.01 16.33
0.015 35.30
180 0.02 62.74
0.025 101.10

soft core and composite skins in the form of Angle-ply. The core is flexible and skins follow the
classical theory. The type of skins is of graphite-epoxy A54/3501that has the following mechanical
and geometrical properties. Numerical results are shown in the Figs. (9) and (12).
E,;=1448 Gpa , E»=9.65Gpa ,  Gj,=G3=4.14 Gpa ,G,3=3.45Gpa
p=1389.23 kg/m’, vip=0.3
The=0.7m, 1,=09m , r=0.92m , r,=0.68 m , b=0.1 m

In Fig. (9), the influence of layup skins on critical load is studied. Both of the two skins have
the array of [e/-e]s. The thickness of both skins is 0.03 m and the radii of curvature are equal to
0.7 m, 0.9 m. Core elasticity module and the Poisson ratio are respectively 200 Mpa and 0.3. In
each laminate, the thicknesses of layers are the same. The numerical results for three various
angles of layering ¢,=30,45 and 60 are offered. The results show that in the three studied state by

increasing layering angle, the critical load will decreases. Also layup angle and beam head angle,
are influential parameters on the value of critical load and the critical shape of beam.
In Fig. (10) the effect of skins thickness is analyzed. Both skins have the same thickness and

have the arrays of [30/-30]5. The value of module and Possion's ratio of the core and geometric

parameters of the core according to the mentioned cases are chosen in the Fig. (9). Four different
values are considered for skins thicknesses. As we expected by increasing the thickness of skins
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Fig. 10 Variation of critical buckling pressure versus curved beam angle

Table 7 The critical buckling load of curved sandwich beam subjected to uniform load

®o Ibe (m) Pcr (M N/m)
0.6 46.76
30 0.65 40.64
0.7 38.11
0.6 38.22
60 0.65 38.64
0.7 38.11
0.6 39.17
90 0.65 37.62
0.7 38.11
0.6 40.77
120 0.65 37.83
0.7 38.11
0.6 38.48
150 0.65 37.77
0.7 38.11
0.6 40.77
180 0.65 37.62
0.7 38.11

the critical load will increase because beam elastic stiffness will increase by increasing the
thickness. In each state the thickness of skin, curve has several relative maximum points that shape
of the structure at the onset of bucking changes.

In Fig. (11) the effect of core thickness is analyzed. The values of core elasticity module and
the Poisson ratio are respectively 200 Mpa and 0.3. Thickness of skins are equal to 0.015 m and

the skins follow the array of [30/—30]5. The radius of upper curve of core is equal to r,=0.9 m.
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Three different thicknesses are chosen for the core that are 0.2 m, 0.25mand 0.3 m. Therefore the
internal radial curve is equal to r,,=0.6 m, r,,=0.65 m and r,,=0.7 m. Results show that by
increasing the thickness of the core the critical load increases unless the bucking mode changing
occur (like what is observed in the angle ¢,=40°). The buckling pressure intensively depends on

A. Poortabib and M. Maghsoudi
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Fig. 11 Variation of critical buckling pressure versus curved beam angle
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Fig. 12 Variation of critical buckling pressure versus core stiffness

beam angle and thickness of the core.

In Fig. (12), the effect of core module for four curved beams is analyzed. All of the applied
parameters are similar to Fig. (11). Thickness of skins are equal to 0.015 m. The results show that
by increasing the stiffness of core for the state of E.>200 Mpa the critical load will be enhanced.
Even though, in the area 100Mpa>E_>200 Mpa increasing the stiffness of the core lead to
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decreasing the critical load.

6. Conclusions

In this study, the stability behavior of a sandwich arch with flexible core and composite
laminated face sheets is studied analytically. Displacement field in the core is solved via the
compatible elasticity equations, while for the two skins classical laminate theory is adopted.
Various lay-ups and types of laminations are used for the faces. The resulted governing equations
are established in general form via the virtual displacements principle. The case of an arch under
uniform lateral pressure is analyzed. The pre-buckling solution is accomplished with proper
linearizations and the stability equations are obtained via the adjacent equilibrium criterion. An
exact solution is obtained for the case of a beam with both edges simply supported. Analytical
closed form phrase is presented to deduce the critical buckling load of the arch. As concluded, the
stiffness of the core, thickness of the core, curved beam angle and face sheets lamination have
influential effects on critical buckling loads of the arch. Furthermore, buckling shape of the arch is
highly dependent to the above mentioned parameters.
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