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Abstract. An analytical method is presented to investigate electromagnetothermoelastic behaviors of a
hollow sphere composed of functionally graded piezoelectric material (FGPM), placed in a uniform magnetic
field, subjected to electric, thermal and mechanical loads. For the case that material properties obey an
identical power law in the radial direction of the FGPM hollow sphere, exact solutions for electric
displacement, stresses, electric potential and perturbation of magnetic field vector in the FGPM hollow
sphere are determined by using the infinitesimal theory of electromagnetothermoelasticity. Some useful
discussion and numerical examples are presented to show the significant influence of material inhomogeneity.
The aim of this research is to understand the effect of composition on electromagnetothermoelastic stresses
and to design optimum FGPM hollow spheres.

Keywords: functionally graded piezoelectric material (FGPM); hollow sphere; analytical method; elec-
tromagnetothermoelastic; perturbation of magnetic field vector

1. Introduction

Functionally graded piezoelectric material (FGPM) is a kind of piezoelectric material with
material composition and properties varying continuously along certain directions. FGPM is the
composite material intentionally designed so that they possess desirable properties for some specific
applications. The advantage of this new kind of material can improve the reliability of life span of
devices. In recent years, the applications for spherical structures have continuously increased in
some engineering areas, including aerospace, offshore and submarine structures, chemical vessel and
civil engineering structures.

This research subject is so new that only a few results can be found in the literatures. Previous
studies on the subject have considered FGM spherical structures including those, Obata and Noda
(1995) used the perturbation technique to derive the thermal stress equations of the thick hollow
spheres made of functionally graded materials under different temperature distributions. Using the
method of Frobenius series, Lutz and Zimmerman (1996) gave the analytical solution for the
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stresses in FGM spheres. Using the infinitesimal theory of elasticity, Naki and Murat (2001)
obtained the closed-form solutions for stresses and displacements in functionally graded spherical
vessels subjected to internal pressure. Jabbari ef al. (2002) investigated mechanical and thermal
stresses in a functionally graded hollow sphere due to radially symmetric loads. Wu et al. (2003)
presented an exact solution for functionally graded piezothermoelastic spherical shell as sensors or
actuators. By means of an analytical-numerical method, Han and Liu (2003) studied elastic wave
propagation in a functionally graded piezoelectric sphere. Chen ef al. (2004) analyzed 3D free
vibration of a functionally graded piezoelectric hollow sphere filled with compressible fluid. Eslami
et al. (2005) gave the analytical solution for the one-dimensional steady-state thermoelastic stresses
in a hollow sphere made of functionally graded material. Ootao and Tanigawa (2007) studied the
transient piezothermoelastic problem of a functionally graded thermopiezoelectric hollow sphere due
to uniform heat supply. Ganapathi (2007) studied the dynamic stability behavior of a clamped
functionally graded material spherical shell structural element subjected to external pressure loading.
By means of the infinitesimal theory, Dai ef al. (2007) investigated electromagneto- elastic
interactions for functionally graded piezoelectric hollow and solid sphere. By means of using the
Legendre polynomials and the system of the functionally graded energy equation to solve the
Navier equations, Poultangari et al. (2008) developed an analytic method to obtain the solution for
the dimensional steady state thermal and mechanical stresses in a hollow thick sphere made of
functionally graded material. Using the Hankel and Laplace transform techniques, Arani et al.
(2009) developed an analytical method to obtain the response of magnetothermoelastic stress and
perturbation of the magnetic field vector for a thickwalled spherical vessel. However, so far,
investigation on electromagnetothermoelastic interaction for a FGPM hollow sphere placed in a
uniform magnetic field has not been found in the literatures.

In this paper, by means of employing simplifying assumptions, the colsed-form solutions for the
electric displacement, stresses, electric potential and perturbation of magnetic field vector
distributions in the FGPM hollow sphere are obtained. The aim of the work is to understand the
influence of the volumetric ratio of constituents on electric displacement, electromagnetothermoelastic
stresses, electric potential and perturbation of magnetic field vector of the FGPM hollow sphere and
to design the optimum FGPM spherical structures for engineering applications.

2. Basic formulations of the problem
2.1 Derivation of equations

In spherical coordinates (r, 8, ), considering a FGPM hollow sphere with internal radius ¢ and
external radius b (as shown in Fig. 1). The FGPM hollow sphere with perfect conductivity placed in
a uniform magnetic field H(0,0,H,). The components of displacement, stresses, electric
displacement and electric potential are, respectively, expressed as u(r), o(i=r,8), D, and ¢(r).
The constitutive relations for the FGPM hollow sphere subjected to a rapid change in temperature
T(r) are expressed as (Dai and Fu 2006)

Oou

Ur:011_+20122+6118—Q_/11T(’”) (la)
or r or
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Fig. 1 The geometry of a FGPM hollow sphere placed in a uniform magnetic field

0 0
Gy = Clza_z+(022+023)%+€125?_22T(’”) (1b)
0 0
D, = ell_u+28122_gll_g+pllT(V) (1o
or r or

where ¢, (i=1,2;7=1,2,3), e}, (i=1,2,3), gu and py; are elastic constants, thermal expansion,
respectively, and

A =enay t2ep0, A = copat(epton)o @)

It is now considered that all material coefficients and piezoelectric constants have the same
power-law function along the radial direction, i.e.

o =<5 i=1.2:-129. a0 =[5 =12, g0 =2(F]

B B B
P =5 am=d(5) =12, w)=4(%) )

Here, superscript zero denotes corresponding value at the outer surface (» = b) of the FGPM
hollow sphere, and f is the inhomogeneous constant determined empirically. However, these values
for S do not necessarily represent a certain material, various 3 values are used to demonstrate the
effect of inhomogeneity on the electric displacement, stresses, electric potential and perturbation of
magnetic field vector distributions.

The mechanical and electric boundary conditions are expressed as

as O-r|r:b = _Pb’ ¢r|r=a = ¢as ¢r|r=b = ¢b (4)
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Omitting displacement electric currents, the governing electrodynamic Maxwell equations (Kraus
1984, Dai and Wang 2004) for a perfectly conducting, elastic body are given by

J=Vxh, VX3=—y(r)%, divh =0, ?Z—y(r)(%Xﬁ), h=Vx(UxH) )

Applying an initial magnetic field vector 0 (0,0,H,) in the spherical coordinate (7, 6, ) system
to Eq. (5), yields

U =000, &=-u)0,#,20), &=(0,0h)
N oh ) ou 2u)
= i 4 = _ — 4 ==
J (0, ar,O , h,=-H, 5 (6)
The equilibrium equation of the FGPM sphere, in absence of body forces, is expressed as
L. a)

or 7

where f,, is defined as Lorentz’s force (Arani et al. 2009, Kraus 1984, Paul and Nasar 1987), which
may be written as

foo= (T < ) = 22 2L ®)

Yor\or r

In absence of free charge density, the charge equation of electrostatics (Heyliger 1996) is
expressed as

0
Ci=cn+t

oD, 2D,
— = <r<
5 T 0. (asrs<b) ()
Solving Eq. (9), yields
— Al
D,=— (10)
r
Thus, Eq. (1¢) may be rewritten as
0 0 0
P = g 2ot By an
r gllar gn'’ gn gnr
Substituting Eq. (11) into Eqgs. (1a,b) and utilizing Eq. (3), yields
o = C" U 1 C Ty — Cfﬁ —FPT(r) (12a)
or r e
6= C?Q s P4 C Ty — - 20Ty (12b)
or r P
where
0.2 0 0 0 _0 0
(e1) . = 20(1)2-1-261(1)612, C, = 11:?11’ C, = fn

g(l)l g1 g1 &n
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0 60 eo 0 0 2(60 )2 eOpO eo
12
Cs=cp+ Il0 2 Co=cyptcyt 0|2 , C,= |70||, CS__O (13)
g g g g
Substituting Egs. (12), (8) into Eq. (7), the equilibrium equation is expressed as
a—“+(2+ﬂ)la_“+w, 2
or’ p
= W T() + W T + W4ag(r)rﬂ + Wsag(r) + Wodyr (14)
r 4
where
= UCHSPH D)+ CBT -2 2B+ 2002
| C,+u'H, S
—C,B-2C, +2C 2
W‘# — 3ﬂ 03 - 7 , W4 _ ﬁ
C1+,UH(/, C1+,uHW
—C -2C
I/V5 =3 W, = 8 (15)

Cl +/uOH?//, ‘ Cl +luol_[?//
2.2 Heat conduction problem

The heat conduction equation in the steady-state condition for the one-dimension problem in polar
coordinates and the thermal boundary conditions for the FGPM hollow sphere is given (Eslami et
al. 2005), respectively, as

a[ P k(r )aT(’”)J . (a<r<bh) (16a)

)., =T (16b)

[aT(”)mT( )} =0 (16¢)

r=b

where &k = k(r) is the thermal conduction coefficient of the FGPM hollow sphere in the » direction,
h is the ratio of the convective heat-transfer coefficient of the FGPM hollow sphere and the
surrounding medium.

It is assumed that the nonhomogeneous thermal conduction coefficient k(r) is power function of
r as

k(r) = kO@ﬁ (17)

where £’ is the thermal conduction coefficient at the external surface (» = b). Utilizing Eq. (17), the
heat conduction Eq. (16a) becomes

iﬁ[rﬁ+2aT(V):| -0 (18)
2or or
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Integrating the Eq. (18) twice, yields
T(r) = W D+ w,

Using the boundary conditions (16b,c) to determine the constants /¥, and W, yields
hT, T[Bp 7 V= hb™"]
W, = > 8~
B0+ h(a”~b7") Bb- D+ h(a’~b")

3. Solution of the problem

Substituting Eq. (19) into Eq. (14), yields
O'u 10u

QP E =W W W WA
or ror 2
where

Wy =W W, +WsWs—W W8, Wy=WWs, Wy =WW,—WsW;p

Assume that the complete solution of the Eq. (21) may be expressed in the following form

u(r) =l + ()
It is obvious that the homogeneous solution to Eq. (21) can be obtained by assuming
v = 0"
Where Q is an arbitrary constant, substituting Eq. (24) into Eq. (21), one obtains
m’+(B+1)ym+W, =0
The characteristic Eq. (25) has two real roots m; and m; as follows

my = 2= (BB =41,y = (D= (B 1) 4]

Thus, the homogeneous solution is

my my

u*(r) = Byr '+ Byr

where B; and B, are unknown constants, and determined by the given boundary conditions.

The particular solution #”(r) is assumed to be of the following form

W (r) = B3r-i-B4rﬁ+I -i-BSfﬂ+I -i-BérfﬂfI

(19)

(20)

ey

(22)

(23)

(e

(25)

(26)

27

(28)
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Substituting Eq. (28) into Eq. (21), yields
a—”ﬂ+(2+ﬂ)laip+ w,
or’ ’

= [Bs(B+2) + W,Bslr ' +[By(B+ 1)+ B,(B+1)(B+2) +W,B, 1"
+[Bs(—B+ 1) (=) + Bs(—=f+ 1)(B+2)+ W,Bs]r 7
+[By(— f~2)(=B=1)+ Bo(= B~ 1)(B+2) + W, BJr "~
=Wy '+ W W P WA P (29)

According to the coefficients of the identical powers, from Eq. (29), one obtains
W9 WlO _ Wll _ WéAl

By=—————, B,= , Bs= , Bg= 30
Tope2ewy Y o vapro+w,] 0 2-2p+wW 0 W, G0
Thus, the complete solution for u(r) is expressed as
u(r) = () +d’(r) = By +Byr *+Byr+ By’ + By P+ B P! 31)
Substituting Eq. (31) into Eq. (11), yields
0
%f = e”[Bl " Bymyr™ By By(1+ B+ By(— Ty P GA'( - );f”}
gn
0
+2ﬂ|:Blrml—l +Bzrm2 1 +B3 +B4I"ﬁ+BSI" /}+ W6A| 7/} 2:|
g Wy
11
pll(W *ﬁ_;'_ Wg) Al ’ﬁ 2 (32)
gll gll
Integrating Eq. (32), one have
= @[Bl ml+Bzr +Bﬂ”+B47” +Bsr7ﬁ+l+—W(’A'r7ﬁ71J
g "
11
+2i(1)2|:&rml 32 m, +B;I”+ B4 I”ﬂ+l+ BS r,ﬁ+|+ W6A1 ,ﬁ,|:|
an m p+1 —p+1 W\(=p-1)
0
UL ) r e, (33)
A gn(p+1)

where 4, and A, are unknown constants, and determined by the given boundary conditions.

Substituting Eq. (31) into Eq. (12a), Eq. (12b), Eq. (12¢), and the final item of Eq. (6), the radial
stress, circumferential stress and perturbation of magnetic field vector of the FGPM hollow sphere
are obtained as
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Wed,

o = clrﬂ[Blmlr”“’l + Bymyr" 4 By By(1 + By’ + By(= p 1y Pt -
1

p-1r "]

m;—1

+C2rﬁ[B|r +Bzrmr1 + B, +B4rﬁ+35r7ﬁ+ W%A'r*ﬁ*z}

1

. . A
+C W P+ Wy = 2P (W P+ W) —C, =L (34a)

)
m;—1

Wed,

+ Bymy 4 By + By (1+ By’ + By(— f+ 1) P + -
1

Oy = CSFﬂ[Blmlr

p-nr "

my—1

m,— — A — -
+C6rﬂ[B|r 1+Bzr +B3+B4rﬂ+35r ﬂ—i—%r s 2}

+ W P+ Wy = ¥ (W P+ W) — c;ﬁ (34b)

)

my—1

ou , 2u

h'// = _Hl//(ar 1") = _]_[l//[(z—l_"nl)Blrmlil +(2+m2)B2V +3B3

+(B+3)By"+ (= f+3)Br P4 (1 - ﬂ)%“llfﬁ*z} (34c)
1
To determine the unknown constants A,,4,, B, and B,, utilizing the mechanical and electric
boundary conditions (4), yields

¢|r:a = WyuB i+ WisBy + Wyd +4,-Wis = ¢, (35a)
¢|r:/, = WieB1+ W By + Wigd + A4, —Wig = ¢, (35b)
O _ = WyBi+WyBy+ WyB =Wy = =P, (35¢)
Gr|r:h = WyuB,+ WysBy+ WoyB1— Wy = =P, (35d)

Where W, (i=12,13,...,27) are shown in appendix A.
Solving Eq. (35), yields

B — [(W237P0)W267(W277PB)WZZ][(WM*WIS)W207(W127WIG)WZZ]
2
(WZI W267WZZWZS)[(WM*WIS)W207(W127WIG)WZZ]i(W20W267W22W24)[(W147WIS)WN*(WL‘)*W17)W22]

- (W20W267W22W24)[(W147WIS)(W237P0)7(W19+¢h)W22]
(WZI W267W22W25)[(W147WIS)W207(W127WIG)WZZ]f(WZOW%*W22W24)[(W147W18)W217(W137W17)W22]

_ [(Wys =P YW= (W =P )Wor | = (Wi Wog =W Whs) B, ]
(WaoWas— W2 Wsy)
_ (Wy—P,)=WyB,—W, B,
W,
Ay = (Wis+@,)—W,By—=W3B,— W4, (36)

B,

4,
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4. Numerical results and discussions

Electomagnetothermoelastic interactions in a FGPM hollow sphere subjected to electric, thermal
and mechanical loads are considered. In numerical calculations,material constants for the FGPM
hollow sphere are taken as (Jabbari ef a/. 2002, Dunn and Taya 1994)

¢, = 111(GPa), ¢),=77.8(GPa), ¢, =220(GPa), cy =115(GPa)
e}, =15.1(C/m%), &,=-52(C/m°), « =0.0001(1/K), c=0.00001(1/K)
gn =5.62x10°(C°/Nm’), p),=-2.5x10"(C°/m’K), 4’ =4zx10" (H/m)
1 =4rx10(H/m), h=0.72(W/mK)
Example 1. In this example, considering that the FGPM hollow sphere of internal radius

a=0.1 m and external radius # = 0.2 m, the temperature of internal boundary T is taken as 0K, and
the corresponding boundary conditions are expressed as

P,=1x10'(Pa), P,=0(Pa), ¢,=1x10°(W/4), ¢, =0(W/4) (37)
The non-dimensional R = == 7" = T(R), o, = E(i =r,0), ¢ = K and h, = —=* are introduced
b—a TO Pa ¢a H(//

in numerical results.

Fig. 2 and Fig. 3 depict the temperature and electric displacement distributions along the radial
direction of the FGPM hollow sphere with different £, respectively. It is seen easily from Fig. 2 that
the temperature at the internal boundary equals one, which satisfies the prescribed thermal boundary
condition, and the temperature decreases as the power law index f increasing. In Fig. 3, when g is
taken as a negative value, it is seen easily from the curves that the electric displacement decreases
from the internal wall to external wall, while a positive S gives a contrary result. It is also seen

1.1 0.06

0.044 —%—B=2 —4—p=05
' —A—p=-1 ——B=1
~ —¥—p=-05 —0—p=2
Q
0.02 I
‘\"‘1."

0.7 : : : : -0.02 - T - - - . . : :
0.0 02 0.4 06 0.8 1.0 0.0 02 0.4 06 08 1.0

Fig. 2 Temperature distributions in the FGPM hollow
sphere with different 3, where a = 0.1 m, b =
02mand Tp=0K

Fig. 3 Electric displacement distributions in the
FGPM hollow sphere with different 3, where
a=01m bh=02mand 7, =0 K



58 Hong-Liang Dai and Yan-Ni Rao

0.0 12
-0.2
6 o
MA—#&M ﬂw@@_o_o_o —0—0-0-0-0
-0.44 L"H-. o A»A-A_A—«A—Aﬂ—A_&ﬂ_AiH_A?H
* * @ 711-'<,_,,_:1+Pr_m
b e g2 b 0 FA A& A 4 & & & 0 4 4 a4 aa s asasaaa
-0.6 —A—p=-t
—v—p=-05 -
—0—p= 05 6
—v—p=1 1
0% i e iieavy
—8—p=-05 —0—p= 2
-1.0 T T T T T T T T T -12 T T T T
0 02 0.4 06 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
R R
Fig. 4 Radial stress distributions in the FGPM hollow  Fig. 5 Circumferential stress distributions in the
sphere with different g, where ¢ = 0.1 m, b = FGPM hollow sphere with different g3, where
02mand 7,=0K a=01mb=02mand 7,=0 K
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Fig. 6 Electric potential distributions in the FGPM  Fig. 7 The perturbation of magnetic field vector
hollow sphere with different 4 where a=0.1 m, distributions in the FGPM hollow sphere with
b=02mand T, =0 K different S, where ¢ = 0.1 m, 5 = 0.2 m and
To=0K

from the curves that the electric displacement at the same radial point decreases as index A
increasing.

Fig. 4 and Fig. 5 show the radial stress and circumferential stress distributions in the FGPM
hollow sphere with different f, respectively. From the curve of Fig. 4, one knows, the radial stress
satisfies fully the mechanical boundary conditions, and the increased trend of the radial stress
becomes slowly as the power index f increasing. Comparing Fig. 5 and with Fig. 4, the change
trend of circumferential stresses are different with the change trend of radial stresses as the power
index g increasing. To our knowledge, it can be also seen from the curves of the Fig. 5 that the
circumferential stress is influenced greatly by the coupling of mechanical and electric loads.

Fig. 6 and Fig. 7 depict the electric potential and perturbation of magnetic field vector
distributions in the FGPM hollow sphere, respectively. From the curves of Fig. 6, one knows, the
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electric potential satisfies fully the electric boundary conditions, and the electric potential decreases
as the power law index f increasing. In Fig. 7, it is seen from the curve that the similar distribution
happens to the perturbation of the magnetic field vector as the circumferential stress.

Example 2. In this example, considering that electric displacement, electomagnetothermo- elastic
stresses, electric potential and perturbation of magnetic field vector of the FGPM hollow sphere at
different thermal boundary 7, all other conditions as examplel. Figs. 8-12 show the electric
displacement, radial stress, circumferential stress, electric potential and perturbation of magnetic
field vector distributions in the FGPM hollow sphere with 7, = 0 K, 20 K, 100 K, 200 K and 500 K,
respectively. From the Fig. 8, it is seen easily that electric displacement increases from inner wall to
out wall, and the electric displacement at the same radial point decreases as the temperature 7,
increasing. In Fig. 9, it is seen that radius stresses satisfy fully the given mechanical boundary

0.1

0.0
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Fig. 8 Electric displacement distributions in the
FGPM hollow sphere with different 7;,, where
a=01mb=02mand f=1
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Fig. 10 Circumferential stress distributions in the
FGPM hollow sphere with different T,
where ¢ =0.1m, b=02mand =1
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Fig. 9 Radial stress distributions in the FGPM

hollow sphere with different 7,, where a =
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Fig. 11 Electric potential distributions in the FGPM
hollow sphere with different 7,, where a =
0.lm,h=02mand =1
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Fig. 12 The perturbation of magnetic field vector
distributions in the FGPM hollow sphere
with different 7,, where a=0.1 m, 5=0.2 m
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Fig. 14 Radial stress distributions in the FGPM
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Fig. 13 Electric displacement distributions in the
FGPM hollow sphere with different 7,
where a=0.1 m,p=0.5mand f=1
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Fig. 15 Circumferential stress distributions in the
FGPM hollow sphere with different 7,
where ¢ =0.1m, b=0.5mand =1

conditions and its values increases as the temperature 7, increasing. It is seen from curves of the
Fig. 10 that the values of the circumferential stresses at the same radial point increases as the
temperature T, increasing, and it shows nearly linear decreases from the inner wall to outer wall of
the FGPM hollow sphere. In Fig. 11, one knows, the electric potential satisfies fully the electric
boundary condition, and its change trend is similar that of Fig. 9. In Fig. 12, one knows, the
distribution of the perturbation of the magnetic field vector is similar that of Fig. 8.

Example 3. In this example, consider a FGM hollow sphere of internal radius ¢ = 0.1 m and
external radius » = 0.5 m, and all other conditions are the same as example 2.

Figs. 13-17 show the electric displacement, radial stress, circumferential stress, electric potential
and perturbation of magnetic field vector distributions along the radial direction of the FGPM
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Fig. 16 Electric potential distributions in the FGPM  Fig. 17 The perturbation of magnetic field vector
hollow sphere with different 7j,, where a = distributions in the FGPM hollow sphere
0.lm,b=05mand =1 with different 7j,, where a = 0.1 m, 5= 0.5 m
and =1

hollow sphere, respectively. Comparing example 3 and example 2, the trend of all curves is similar
as example 2, and its values is become larger as the wall thickness increasing. Thereby, it can be
concluded that it is possible to control the distributions of physical parameters by selecting suitable
wall thickness.

4. Conclusions

1. By means of the infinitesimal theory of electromagnetothermoelasticity, the paper presents an
exact solution for a FGPM hollow sphere, placed in a uniform magnetic field, subjected to
electric, thermal and mechanical loads. All material parameters are assumed to have the same
exponent-law along the radial direction of the FGPM hollow sphere. The obtained solution is
valid for arbitrary electric, thermal and mechanical loads applied on the FGPM hollow sphere.

2. The work enriches the solution method for electromagnetothermoelastic problem for FGPM
hollow spherical structures, which is very useful for carrying out active control of hollow
spherical structures using functionally graded piezoelectric materials.

3. Numerical results show that the gradient index f has a great effect on the electric displacement,
stresses, electric potential and perturbation of magnetic field vector of the FGPM hollow sphere,
and the distributions of all physical parameters are concerned with applying electric, thermal and
mechanical loads and selecting the size of hollow spherical structures. Thus by selecting a proper
value of f, structural size and suitable loads, it is possible for engineers to design the FGPM
hollow sphere that can meet some special requirements.
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Appendix A
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Notations
-
U,u : displacement vector and radial displacement [m]
r : radial variable [m]
a, b : inner and outer radii of the FGPM hollow sphere [m]
o(i=r,0) : components of stresses [N/m?]
T(r) : temperature distribution [K]
Ar) : electric potential [W/A]
D, : radial electric displacement [C/m?]
c(i=1,2;j=1,2,3) : elastic constant [N/m?]
e (i=1,2) : piezoelectric constant [C/m?]
g : dielectric constant [C?/Nm?]
Pui : pyroelectric coefficient [C/m’K]
oA (j=1,2) : thermal constants [1/K] and thermal modulus [N/m’K]
j : electric current density vector
Z, h, : perturbation of magnetic field vector
Ho : magnetic permeability [H/m]
E; : perturbation of electric field vector
H,H, : magnetic intensity vector
Iy : Lorentz’s force [kg/m’s®]
K : thermal conduction coefficient [W/mK]
h : ratio of the convective heat-transfer coefficient [W/K]
To : temperature [K]

Non-dimensional quantities

R=(r-a)(b—a), T'=T()/T,, 0, = 6/P(i=r,0), h,=h/JH,, ¢ = 4§,





