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Abstract. Assessing the ductility of reinforced concrete sections and members has been a complex and
intractable problem for many years. Given the complexity in estimating ductility, members are often
designed specifically for strength whilst ductility is provided implicitly through the use of ductile steel
reinforcing bars and by ensuring that concrete crushing provides the ultimate limit state. As such, the
empirical hinge length and neutral axis depth approaches have been sufficient to estimate ductility and
moment redistribution within the bounds of the test regimes from which they were derived. However,
being empirical, these methods do not have a sound structural mechanics background and consequently
have severe limitations when brittle materials are used and when concrete crushing may not occur.
Structural mechanics based approaches to estimating rotational capacities and rotation requirements for
given amounts of moment redistribution have shown that FRP plated reinforced concrete (RC) sections
can have significant moment redistribution capacities. In this paper, the concept of moment redistribution
in beams is explained and it is shown specifically how an existing RC member can be retrofitted with
FRP plates for both strength and ductility requirements. Furthermore, it is also shown how ductility
through moment redistribution can be used to maximise the increase in strength of a member. The
concept of primary and secondary hinges is also introduced and it is shown how the response of the non-
hinge region influences the redistribution capacity of the primary hinges, and that for maximum moment
redistribution to occur the non-hinge region needs to remain elastic.

Keywords: reinforced concrete; moment redistribution; member ductility; fibre reinforced polymer;
FRP; plated structure; hinge; member strength

1. Introduction

The ductility, and consequently the ability to redistribute moment, of reinforced concrete (RC)
members is a very important structural design property as it governs not only the monotonic
strength of a reinforced concrete structure but also its ability to resist dynamic loads such as blast
and seismic loads (Yeh and Chang 2007, Hashemi er al. 2008a, Sharma et al. 2010, Howser et al.
2010). Ductility and moment redistribution have historically been very difficult concepts to estimate
in reinforced concrete members. Various parameters have been recognised to influence ductility and
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moment redistribution, including section depth, bar diameter, and span length (Panagiotakos and
Fardis 2001). These parameters are used to quantify a hinge length (L) Which is subsequently
used to determine the rotation, where rotation is simply the hinge length multiplied by the curvature
at failure(y,).

The curvature at failure is given by y.,= &/(k.d), where k,d is the depth of the neutral axis and &
is the strain at concrete failure and which is assumed to be constant. Expressing the hinge length in
terms of the section depth, the rotation at failure is inversely proportional to the neutral axis
parameter k,. Hence, sections that are under-reinforced with small neutral axis parameters have
greater rotation capacity and ductility at failure. The simplicity of this approach in estimating
ductility has ensured that most codes worldwide prescribe moment redistribution in terms of the
neutral axis parameter £,

While the k, approach is both widely accepted and simple to apply, it is severely limited by the
accuracy of the empirically derived hinge length expressions and the requirement that concrete
crushing is the singular mode of failure. In plated beams (Hashemi et al. 2008b, Mahini and
Ronagh 2009), it is much more common for debonding to occur well before the concrete crushes
(Oehlers et al. 2004, Duthinh and Starnes 2004, Bencardino et al. 2002, Benlloch ef al. 2002). As
such, the rotational capacity of the ‘hinge’ in plated beams is no longer proportional to the factor
&/k,, and therefore the approach can not be used in its current form for plated structures where plate
debonding occurs prior to crushing. The k, approach to estimating ductility also assumes a linear
strain profile over the section depth, assuming full interaction between the reinforcement and the
surrounding concrete. However, full interaction does not occur in reinforced concrete members
adjacent to cracks, rendering this assumption an approximation. Hence, a partial interaction
structural mechanics based approach is required to estimate ductility to model the behaviour of any
reinforced concrete member for any failure mode.

This structural mechanics based approach for moment redistribution is also required because at
present existing design guidelines (Concrete Society 2000, International Federation for Structural
Concrete 2001) tend to ignore any moment redistribution capacities even though experimentally
(Oehlers and Seracino 2004, Liu et al. 2006, Mukhopadhyaya et al. 1998, El-Refaie et al. 2003)
substantial moment redistribution has been shown to occur in FRP plated beams.

In this paper: the concepts of moment redistribution are explained in full, a structural mechanics
moment-rotation moment redistribution approach is outlined; the importance of the member ductility
of the non-hinge region on moment redistribution is explained; and plated reinforced concrete
members are specifically designed for moment redistribution. Through way of an example, a plated
section is optimally designed for moment redistribution.

2. Moment redistribution

To illustrate moment redistribution, consider the built-in beam in Fig. 1(a) of span L and a
constant flexural rigidity EI that is subjected to a uniformly distributed load w that induces moments
at the supports M. From structural mechanics, it can be shown that whilst the beam remains elastic
then the hogging moment M, is 2/3 the static moment M,, and the sagging moment M, is 1/3™ M,
as shown in Fig. 1(b). Any change in the distribution as shown in Fig. 1(b) will require the
formation of a hinge.

If the moment at the supports M, is less than 2/3™ M,, then this means that a hinge has formed at
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Fig. 1 Moment redistribution in a built in beam

the supports which has to rotate to allow the static moment to be achieved. In this case, moment is
being redistributed from the hogging region to the sagging region. The amount of rotation required
at the hinge @, is simply the difference between the rotation due to the static load &, as shown in
Fig. 1(c) and the rotation due to the support moment 6,z in Fig. 1(d) which can be determined
from elementary structural mechanics. If the moment at the supports is greater than 2/3™ M,,, then a
hinge needs to form at mid-span in which case the deformations in Figs. 1(e) and (f) apply so that
the hinge at mid-span has to rotate G — 6. In this case, the moment is being redistributed from
the sagging region to the hogging region. It can be seen that the ability of the member to
redistribute moment depends on the hinge rotation capacity.

Let us define the moment redistribution factor K,;; as the moment redistributed as a proportion of
the elastic moment should redistribution not have occurred. For the case of the built-in beam in
Fig. 1 with a uniformly distributed load w where the elastic hogging moment is 2/3™ M, and a
hinge forms at the supports then
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2/3M,,— M,
KMR(udl:h—)s) = W (1)
st

where 100K, is the well known percentage moment redistribution in national standards and where
the subscript ud/ refers to uniformly distributed loads and hs to moment redistribution from the
hogging region to the sagging region. Then allowing for the rotations in Figs. 1(c) and (d) (Haskett
et al. 2010, Oehlers et al. 2010), the moment redistribution for a hinge forming at the support is
given by

__ 2El,
Rumaan = 3576+ ML

cap cap

2

Eq. (2) also applies for the case of a hinge forming at mid-span, that is allowing for the rotations
in Figs. 1(e) and (f) (Haskett ef al. 2010).

The moment (M,,,) and rotation (&,,,) for any failure mechanism can be determined using a rigid
body rotation approach (Oehlers et al. 2010, Haskett er al. 2009), that uses both partial interaction
and shear friction theory. Hence, knowing these parameters and the flexural rigidity of the member
and span length, the moment redistribution capacity of a section can be determined, independent of
any hinge length but which allows for any mode of failure. It can be seen in Eq. (2) that the
moment redistribution capacity depends on the flexural rigidity EI. However the flexural rigidity
occurs in both the numerator and denominator so that the moment redistribution capacity is not that
sensitive to EI. Consequently, the flexural rigidity of the cracked section (£/..) can be used since
cracking would be expected, and this would provide a conservative estimate of the moment
redistribution capacity. Although not the subject of the research in this paper, an equivalent EI
between the cracked and uncracked flexural rigidity as used in determining deflections in national
standards may also be appropriate.

3. Moment redistribution capacity of reinforced concrete members
3.1 Redistribution from support

Consider a continuous beam subjected to a uniformly distributed load as shown in Fig. 2 where
the hinges first form at the supports as shown such that moment is redistributed from the hogging
(-’ve) region to the sagging (+’ve) region. This section can be unplated or plated with a hogging
moment capacity of M, (i.e., M., for the hogging hinge) and a sagging moment capacity of M,
such that the distribution of moment at failure is shown as curve A in Fig. 2. The static moment
capacity, My, i1s simply the sum of the hogging (-’ve) and sagging (+’ve) moment capacities, as
shown in Fig. 2 as the difference in peak moments in curve A. Under elastic conditions with no
moment redistribution, the hogging moment M,,, is twice the sagging moment M,,, and the static
moment is 3M,,,/2. Hence if M, is less than 2M,,,, then moment redistribution is required from
the supports and the hinge needs to rotate which depends on the rotational capacity of the hinge,
O.qp (Haskett er al. 2010). It is, therefore, a question of determining whether the support hinge has
sufficient rotational capacity to allow for this moment redistribution. The simplest solution is to
determine what is the maximum sagging moment, (Msqe)redisr in Fig. 2, that the support hinge can
accommodate so that if the sagging capacity, M, is less than (M) then the hinge can
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Fig. 2 Moment redistribution- from support
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accommodate the rotation. Furthermore, (Miug)reqiss — Myqg 1s the maximum increase in the sagging
strength that can be accomplished by FRP retrofitting. It is also worth noting that this increase in
strength, (Miag)rediss — Msag, OCcurs in a region where hinge rotation is not required so that brittle
forms of retrofitting such as the use of externally bonded (EB) plates can be applied in this region.
In contrast, the hinge region at the supports requires rotational capacity such that ductile forms of
plating such as near surface mounted (NSM) plates may be appropriate.

From the hinge moment-rotation analysis mentioned in Section 2, the moment M,,, and rotation
6.qp at failure of the hinge can be determined. In this example of a continuous member subjected to
a uniformly distributed load, the moment redistribution capacity of the hinge K,z is given by Eq.
(2). Then by the definition of Kj;, which is the redistributed moment M, in Fig. 2 as a
proportion of the elastic moment (Myog)eiastics 1.€., Myedis/ (Mhog)eiastic» the maximum elastic moment at
the Support7 (Mhog)elastica is given by

_ Mho
M = T 3)
where M,,, is the hogging moment capacity, and referred to as M,,, in Section 2, obtained from the
rigid body rotation (RBR) model. As shown in Fig. 2, the elastic moment at midspan (i.e., the
sagging region) is half that at the support and substituting Eq. (3) gives

_ (Mh()g)elastic _ Mhog

M e = B !
( sag)elasnc 2 2(1 —KMR) ( )
Hence the elastic static moment, shown in Fig. 2, which is the sum of Egs. (3) and (4) is
3M,
M.y = _>Thg 5
( statlc)elastlc 2(1 _KMR) ( )

where the elastic distribution of moment is given by curve B in Fig. 2.
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Since the maximum flexural capacity from the RBR analysis of the hogging region is M, then
the amount of moment redistributed from the hogging region to the sagging region is the difference
between (Mpog)eiasiic and M, that is

_ MhogKMR (6)

Mredis -
" (1-Kyp)
Redistributing the moment by definition moves the elastic distribution B to the redistributed
moment variation of curve C. Consequently, the maximum sagging moment is given by

_ My (1+2K,0) o

M .
( sag)redlst 2(1 _KMR)

Thus, the maximum moment the sagging region can attain is limited by the redistribution capacity
of the hogging region. Thus plating can be used to increase the strength of the sagging region up to
(Miag)reais- Any increase in strength beyond (Mue)redis is ineffective because rotational failure of the
hogging hinge region occurs when it tries to redistribute moment in excess of its redistribution
capacity, K.

Consequently moment redistribution increases the static moment capacity, and hence the applied
load capacity, W, by (Myuaric)etastic/(3Mnog/2), that is by a factor of

1

S — 8
(1 _KMR(h—>s)) ( )

3.2 Redistribution from midspan

A similar approach can also be used when moment redistribution is occurring from midspan
(sagging +’ve region) to the support (hogging -’ve region), as shown in Fig. 3.
The maximum elastic moment at midspan is given by
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Fig. 3 Moment redistribution- from midspan
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M,
M, = e 9
( Sag)elastzc (1 _KMR) ( )
where M,,, is the moment capacity, referred to as M,,, in Section 2, of the sagging region from the
RBR model. The elastic moment at the supports (hogging region) is twice the midspan moment
2M,,

M) aasiic = 2(Miag) pasic = e 1
( hog)elasttc ( sag)elastlc (I—KMR) ( O)

The elastic static moment is

3IM
M, . =-——L 11
( .Sfaflc)elast[c (1 —KMR) ( )
Since the maximum flexural capacity of the sagging region is M, then the amount of moment
redistributed from the sagging region to the hogging region is the difference between (Muq)eiasiic and
M, that is

Msa MR

M. . = 12
redist (1 _KMR) ( )
The hogging moment after redistribution is therefore
M, (2+K,;z)
M, = e 13
( hog)redlst (1 _KMR) ( )
As before, moment redistribution increases the static moment capacity by a factor of
1 (14)

(1 =Krs > m)

The maximum moment the hogging region can attain is limited by the redistribution capacity of
the sagging region. Thus plating can be used to increase the strength of the hogging region to
(Mhog)redisr- Any increase in strength beyond this is prevented by the limited rotational capacity of
the sagging (+’ve) region hinge. That is, plating the hogging region beyond (Mj,e)yedis: 15 ineffective
because rotational failure of the sagging region occurs when it tries to redistribute moment in excess
of its redistribution capacity, Ky. In this scenario, brittle FRP plating techniques can be used in the
hogging regions, whereas, ductile FRP plating techniques are required in the sagging region.

To complete the picture, the third option to increase the applied load, w, is to plate both the
sagging and hogging regions such that the capacity of the hogging region remains at twice that of
the sagging region, that is the moment distribution remains elastic so that rotation is not required
and, hence, brittle forms of FRP plating could be used throughout. Provided the ratio of the hogging
and sagging region moment capacities remains 2:1, then there is no need for moment redistribution
since an elastic moment distribution is achieved. In this situation, plating is theoretically unlimited
since the moment ratio remains at 2:1 and no rotational capacity is required since neither possible
hinge location is required to redistribute moment. However this is a brittle design philosophy and
consequently unsafe and should be avoided or used with an increased factor of safety. Ductility
should always be considered in all designs and hence plated sections should always be provided
with some degree of ductility to allow the member to accommodate, amongst other things, a load
distribution other than what it was originally designed for.
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Fig. 4 Various moment-rotation responses
3.3 Moment redistribution in beams

Consider an RC hinge with the moment-rotation response O-A-C in Fig. 4, where strain hardening
increases the ultimate flexural strength from M, to M,,,. An idealised moment rotation approach
that ignores strain hardening is also shown in Fig. 4 as the bold black line O-A-B, where the yield
moment M, is also the ultimate flexural capacity, and O-A-B displays the commonly assumed
ductile plateau post yield. The moment and rotation at yield is the same for both approaches, M.,
and 6., respectively. Ultimately, failure occurs for both approaches at the same rotation 6.,,. In
Fig. 4, which is not drawn to scale, the rotation at yield is negligible such that &.,,>> 6,4, and for
0< 6,014, that is prior to yield, the flexural rigidity can be assumed to be constant. The redistribution
capacities of the various M-6 responses shown in Fig. 4 are discussed below.

3.3.1 Perfectly elasto-plastic behaviour

As a first example of moment redistribution, let us consider the case where the same section is
used in both the sagging and hogging regions of a continuous beam, and where the moment-rotation
(M-6) response is perfectly elasto-plastic as represented by O-A-B in Fig. 4, and redistribution is
occurring from hogging to sagging region, as shown in Fig. 2.

Under initial loading and up to bar yield the moment distribution is elastic such that the moment
in the sagging region is half the moment in the hogging region, shown as curve B in Fig. 2.
Assuming that the M-6 response of both regions is given by O-A-B in Fig. 4, the moment
redistribution capacity at failure (Kj;) can be determined from the moment and rotation at failure
(M,ieia, O.qp) according to Eq. (2). As before, the maximum elastic moment at the support, (Mjog)erasic
is given by Eq. (3), the corresponding elastic moment at midspan is given by Eq. (4), and the elastic
static moment by Eq. (5). Since the maximum flexural capacity of the hogging region is M., then
the amount of moment redistributed from the hogging region to the sagging region is given by
Eq. (6) where Mj,g = M,cia, and the redistributed moment distribution is shown as curve C in Fig. 2.
The moment in the sagging region corresponding to maximum redistribution (Mjug)eqisr 1S given by
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Eq. (7) and shown in Fig. 2. The moment (Mqq)reqis 1S the maximum moment that can be attained at
midspan corresponding to the hogging region redistributing its maximum capacity.

The non-hinge region, that is the region having the moment redistributed to it, in this example the
sagging region, needs to remain elastic to prevent any rotation at midspan from occurring. If
rotation occurs at midspan prior to (M) being achieved, then this rotation at midspan is also
induced in the hogging hinge. That is, if a rotation of magnitude (6y.g)eqisr 15 induced at midspan,
then the actual total rotation at the hogging hinge is 6., + (Gag)reqis- Since the rotation capacity of
the hinge is &, and the entire rotation capacity has been utilised to redistribute Ky, then any
additional hinge rotation induced by rotation at midspan will cause rotational failure within the
hinge. However, if (Miug)eqis 15 e€lastic, that is (6ae)reaise 15 negligible, then the additional rotation
induced in the hinge due to midspan rotation is also negligible, and therefore, rotational failure of
the hinge will not occur. If (Mjug)rediss 15 not elastic, then (6yug)eaiss 15 not negligible and, hence,
failure will occur within the hogging hinge.

For the sagging region to remain elastic, (Mjug)yeqiss must lie on O-D in Fig. 4. If (Myug)reqist 15 less
than M,,.s, then the existing section can accommodate full moment redistribution. If (Mg)redisr 15
greater than M,,.;; then the sagging region must be plated such that reinforcing bar yield occurs after
(Myag)redisr- As an example, for (Mug)reaie = M, position I in Fig. 4 is suitable. In summary, the
moment rotation capacity of Eq. 2 requires the non-hinge region to remain elastic. If this is not the
case, then the hinge needs additional rotation capacity as follows.

3.3.2 Generic behaviour

Consider a generic moment-rotation relationship where there is an increase in flexural strength
post yield due to the strain hardening behaviour of the steel reinforcement. An example is the
moment-rotation response O-A-C in Fig. 4. Let us assume that the same hinge response O-A-C
exists in both the sagging and hogging regions. For this case, an iterative approach to determine the
redistribution capacity of the hinge is required.

As a first estimate in our analysis, let us assume that maximum moment redistribution can occur,
and the moment and rotation of the hinge is C in Fig. 4. For M., and @, determine the
redistribution capacity of the hinge Ky from Eq. (2) to determine (M;ug)yedisr- As before, if (Msug)reaist
is less than M,,,;; then the rotation at midspan due to redistribution is minimal and as the sagging
region remains elastic, full redistribution can occur. In this case no iteration is necessary to find the
redistribution capacity of the hinge.

If (Myag)reaiss 18 greater than M., then the sagging region can be plated such that reinforcing bar
yield occurs after (Mug)redisr Shown as O-D in Fig. 4. Once again, in this case no iteration is
necessary to find the redistribution capacity since the sagging region remains elastic and does not
induce any additional rotation requirements within the hinge.

If (Myag)redist 1s greater than M, and less than M,,,, then the existing member does not need to be
retrofitted to accommodate moment redistribution. However, full moment redistribution can not
occur since the sagging region is on A-C in Fig. 4, and hence rotation is occurring at midspan
whilst moment is being redistributed to it. Consequently, the hogging hinge has to rotate more than
O.qp to accommodate the additional rotation. The iterative approach to determining the peak amount
of moment redistribution is as follows.

Guess a moment and rotation at the hogging hinge, with M < M,,,; for example H in Fig. 4. For
My and 6, determine K.y For Ky determine (Mqg)redisr as before, and which we will refer to as
Ms in this example. For Mg determine the corresponding rotation, &. This rotation & occurs at
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midspan and is also induced at the support. Hence, the total rotation at the support (primary) hinge
iS Ot = O+ Os. If G, 1s greater than the rotation capacity of the section @, for example E in
Fig. 4, then rotational failure will occur and the original guess of the rotation was too high and
needs to be reduced. If 6, is less than 6., for example F in Fig. 4, then the full rotational
capacity of the hinge is not being utilised and, therefore, the original guess of rotation is too low
and further rotation and redistribution can be accommodated. If 6, is equal to €., C in Fig. 4,
then the assumed rotation 6, was correct and the maximum amount of moment has been
redistributed.

4. Moment redistribution mechanism

The moment redistribution mechanism is illustrated in Fig. 5 for a beam subjected to a uniformly
distributed load w as in Fig. 5(a), where the moment at the support is M, and that at mid-span M,,

(a) beam M, h;I: wkN/m M
VNV IV VTV TV TV TV TV TV TR

A N
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Fig. 5 Redistribution mechanism from hogging (-’ve) to sagging (+’ve) region



Design for moment redistribution in FRP plated RC beams 707

and where moment is being redistributed from the hogging region to the sagging region. In this
section, the moment redistribution mechanism will be illustrated for this case of redistribution from
the hogging region to the sagging region, although, it applies in principle for redistribution from the
sagging region to the hogging region.

The moment redistribution Eq. (2) dealt with the conventional case where rotation occurred at the
hogging hinge to accommodate the deformation between hinges due to curvature, y, as shown in
Fig. 5(c), and where the non hinge region remained elastic. It has been suggested in Sect. 2 that, to
obtain a conservative estimate of the moment redistribution factor K, the cracked flexural rigidity
of the cracked section (£7).. could be used in the analysis as this would over-estimate the rotation
required. The rotation 6., in Fig. 5(c) is, therefore, the hinge rotation required in Eq. (2) to develop
a specific value of Kz due to the variation in curvature along the beam between the hinges.

In reality, flexural cracks generally occur at the early stages of loading in the regions of maximum
moment, M; and M, in Fig. 5(a), and as shown in Fig. 5(b) and which can rotate as shown in Fig. 6
where reinforcement yielding occurs at (M, 6,). However, it should be remembered that the ‘elastic
rotation’ prior to yielding is a least one order of magnitude smaller that the ‘plastic rotation’ shown.
Hence a better way of visualising the problem, and much closer to reality, is shown in Fig. 5(b)
where hinges are present in both the hogging and sagging regions from the onset of loading; this
allows for the flexural cracks at the position of maximum moments and consequently the flexural
rigidity between hinges may be better represented by the flexural rigidity of the uncracked section
as shown.

The hinge which sheds its moment to the other hinge will be referred to as the primary hinge as
shown in Fig. 5(b), so that the hinge where moment is being shed to will be referred to as the
secondary hinge. The rotation of the primary hinge is shown as &, and that of the secondary hinge
as 6. It may also be worth noting that the hinge at mid-span is shown as two adjacent hinges as the
analysis in Sect. 2 gives the rotation in each individual hinge.

The rotation 6_, of the primary hinge in Fig. 5(c) is the rotation for a given amount of moment
redistribution that is required by the primary hinge to accommodate the curvature distribution along
the beam. The rotation in Fig. 5(d) is the rigid body rotation induced by the secondary hinge
mechanism, where its magnitude is a function of the amount of moment redistribution from the
primary hinge, and the secondary hinge’s M-6 response. This rotation is independent of the
curvature distribution and solely a function of the M-8 response of the secondary hinge. Hence if
the secondary hinge rotates 6o as shown, then the primary hinge has also to rotate the same value
to maintain compatibility. Hence, the total hinge rotations are as in Fig. 5(e) where the primary
hinge has to rotate

el—t()tal = 91—;(—1_ 92—9 (15)

If the secondary hinge remains ‘elastic’ as shown in Fig. 6, then the rotation of the secondary
hinge, 6%.5 is very small and can be ignored so that the rotation required at the primary hinge
remains at 6., as in Eq. (2) and in Eq. (15). If the secondary hinge yields and strain hardens then
the rotation & »in Eq. (15) cannot be ignored.

5. Application of design for moment redistribution

The basics of moment redistribution have been explained in the previous section. An example is
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now provided to demonstrate the ability to now design for ductility in addition to flexural strength.
Consider the RC section shown in Fig. 7, with its moment-rotation response from the RBR
approach shown in Fig. 8, where the capacity at failure can be taken as 100 kNm at a rotation of
0.08 radians, and that at yield as 80 kNm with very minor rotation. This section is assumed to occur
in both the hogging and sagging regions of the member.

5.1 Redistribution capacity of RC sections: both regions plastic

As the hogging and sagging moment capacities are 100 kNm, the theoretical maximum static
moment, assuming unlimited rotational ductility, is 200 kNm. Allowing for rotational ductility, the
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Fig. 7 300 mm deep RC section
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iterative technique described in Section 3.3.2 can be used to determine the actual static moment
capacity of the member, with both hogging and sagging regions having hinges with the same M-6
hinge response as in Fig. 8.

The M- response in Fig. 8 can be converted to a M-K,;z response, shown as the feint black line
in Fig. 9, and where bar yield and fracture are also shown. For the given amount of moment
redistribution on the abscissa, the corresponding moment in the sagging region is also determined,
and shown as the feint grey line in Fig. 9. The total static moment, that is the sum of the moments
in the hogging and sagging regions, is shown as the bold black line.

In Fig. 9, it can be seen that under initial loading the moment distribution is virtually elastic,
where the sagging moment is very close to half the hogging moment. It is worth noting that it is
‘virtually elastic’ because, as shown in Fig. 8, it is assumed that there is some miniscule rotation
prior to yield, that is a crack is present at the start of loading which rotates as discussed previously.
After the bars yield, the hogging primary hinge rotates and redistributes moment to the sagging
secondary hinge. As the hogging hinge continues to rotate, the moment redistribution increases and
at some point, in this example K,z = 0.25 and shown as the black circle, the moment in the sagging
hinge exceeds the moment in the hogging region. The redistribution continues until ultimately
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hogging hinge failure occurs when the hogging hinge has no rotational capacity remaining. In
Fig. 9, the total static moment capacity of the member at failure is approximately 415 kNm, and this
capacity can only be achieved if the sagging secondary hinge remains elastic, that is the sagging
hinge has not yielded.

If the same section is used in both regions with the M-6 response shown in Fig. 8, the amount of
redistribution required in the previous paragraph cannot occur and limits to moment redistribution
due to additional rotation at the secondary hinge are introduced. As redistribution increases, the
moment at midspan increases and hence so too does the rotation. Thus, the total rotation at the
primary hinge is the rotation for a given amount of moment redistribution due to curvature and
referred to as 6_, in Fig 5, plus any midspan rotation induced in the secondary hinge by moment
redistribution, 6.4 in Fig. 5. The total rotation at the hinge, 6, referred to as 6. in Eq. (15)
previously, and the static moment are graphed in Fig. 10, where a limit to the rotation is shown as
the black dotted line at &,

It can be seen in Fig. 10 that at primary hinge failure the total static moment capacity is
183 kNm. From Fig. 9 for this static moment, the moment in the hogging hinge is 87 kNm, and the
moment in the sagging hinge is 96 kNm. The rotation corresponding to these moments from Fig. 8
is 1.5E-2 and 6.3E-2 radians in the hogging and sagging hinges respectively. The total rotation
in the hogging hinge is, therefore, the sum of these two rotation, 8E-2 radians, which is the rotation
capacity at bar fracture (6.,,) in Fig. 8. In this example, the primary hinge redistributes 28%
moment at failure, and where the limit on redistribution is caused by the sagging secondary hinge
behaving plastically.

The relative contribution of each hinge in terms of moment and rotation for a given static moment
are shown in Fig. 11. It can be seen that for small static moments the moment distribution is elastic,
as the hogging moment shown as the black line is approximately 2/3 the static moment, and the
sagging moment is 1/3 the static moment and shown as the grey line. As the static moment
increases and the hogging hinge yields, increased redistribution to midspan occurs. Accordingly, due
to the increased moment, the crack width at midspan increases and begins to rotate more. After
yield of the hogging hinge, shown in Fig. 11 as a grey triangle, the hogging rotation increases and
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hence the redistribution to midspan increases. This is shown in Fig. 11 where the relative
contribution of the hogging hinge to the total static moment reduces post yield and the contribution
of the sagging hinge increases. Ultimately this increased moment at midspan causes the reinforcing
bars at midspan to yield, shown as the black triangle in Fig. 11. The presence of yielding at
midspan induces larger rotations at midspan and this rotation is also induced at the hogging hinge.
Since the moment at failure is, in this example, greater at midspan (the secondary hinge) than at the
primary hinge, the majority of the primary hinge rotation at failure is induced by the secondary
hinge rotation. In this example, 80% of the total primary hinge rotation at failure is induced by the
secondary hinge rotation. From Eq. (15), at failure 6.4 is 80% of )i, and 6., is 20% of 6ot

Without performing a parametric study, it should be noted that for an RC member the relationship
between the relative moments at midspan and at the support at failure are closely correlated to the
strain hardening modulus and fracture strain of the reinforcing bars. The strain hardening modulus
significantly influences the post yield stiffness of the M-6 response, shown as x; in Fig. 4. For
increasing strain hardening modulus (and constant bar fracture strain) x; increases post yield,
resulting in less moment redistribution capacity. In this situation, the amount of moment
redistributed to the midspan region is reduced and hence the primary hinge contributes more to the
total static moment capacity. The amount of rotation within the primary hinge induced by any
secondary hinge rotation is also limited.

The total static moment capacity of the existing member (i.e., ignoring any plating considerations)
is 183 kNm, corresponding to 28% moment redistribution. The predicted RBR redistribution and
code moment redistribution allowances are compared in the following section. Plated RC sections
are then analysed for moment redistribution, where it is assumed that the non-hinge region remains
elastic; that is the secondary hinge region remains elastic.

5.2 Redistribution capacity of RC sections: non-hinge region remains elastic

5.2.1 Unplated RC hinge
The redistribution capacity of RC members has often been considered difficult to determine.
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Using the code approach, that is the neutral axis depth approach, which ignores the behaviour of the
non-hinge region and hence assumes that it remains elastic as in Fig. 5(c), we need to determine the
k, factor, or the depth of the neutral axis in relation to the overall effective depth of the section, to
ascertain the redistribution capacity of the section. In this example the £, factor is 0.37, which can
redistribute a maximum of 2.25% moment according to AS3600 (2001).

From the RBR approach, and whilst the non-hinge region remains elastic, Fig. 9 suggests that at
failure there is a 65% moment redistribution capacity, much greater than according to AS3600. At
yield, where the moment is 74.7 kNm and rotation 1.54E-3 radians, shown in Fig. 9 as the grey
square, the redistribution capacity of the section is 4% which is much closer to that allowed in
AS3600. This is expected as AS3600 does not consider strain hardening.

There is clearly a significant difference when comparing the moment redistribution allowed in
AS3600 to that predicted at ultimate using RBR theory. The primary difference in the techniques is
that the RBR approach considers the ductility of the reinforcing bars and the sliding capacity of the
concrete, whilst the &, approach only considers how under-reinforced the concrete section is without
considering the material properties. As an example, the fracture strain of the reinforcing bars is not
considered in the &, approach, however it can clearly influence the ductility of the section and hence
the redistribution capacity. Furthermore, the RBR approach is sensitive to material properties. As an
example, consider reducing the fracture stress of the steel to 450 MPa, whilst maintaining the strain
hardening modulus at 2,000 MPa. The reduced bar fracture stress reduces the ultimate moment
capacity at bar fracture to 81.3 kNm, and the rotation at bar fracture to 4.4E-3 radians. According to
these parameters, this section has a moment redistribution capacity of 11% at failure, which is much
closer to that allowed under AS3600, and significantly less than the 65% for the previous material
properties. This is just one example of the sensitivity of the RBR technique to material parameters
which allows it to be used for a wide range of reinforcement.

5.2.2 Plated RC hinge

Consider increasing the applied static moment beyond 183kNm through moment redistribution
from a plated section. We know from previous experience that externally bonded plates debond at
low strains, minimising their ability to provide significant increases in flexural strength prior to
debonding. If we wanted to provide a plated section with ductility, then NSM plates are required.
NSM plates have greater bond transfer capacities, providing higher debonding forces and, therefore,
greater increases in moment capacity. NSM plates also debond at larger slip values providing
greater rotations at failure and, therefore, greater moment redistribution capacities. The NSM plating
arrangement shown in Fig. 12 is analysed for moment redistribution, where we provide FRP with
20% the total cross sectional area of the reinforcing bars. This section is the same as the unplated
RC section in Fig. 7, other than the addition of the NSM FRP plates, with properties as shown in
Fig. 12.

The use of NSM plates provides a significantly greater increase in moment capacity at debonding
failure, where from the RBR approach debonding failure commences at a moment of 128 kNm, a
rotation of 6.4E-2 radians, and where the cracked flexural rigidity of the plated section is 7.1E+12
mm?®*. At the “end of debonding”, where debonding extends beyond the hinge region and where the
progression of debonding is explained in detail in the companion paper (Haskett e al. 2010), the
moment remains at 128 kNm, but the rotation increases tol.5 E-1 radians.

Assuming a span depth ratio of 18, from Eq. (2) the moment redistribution capacity at the “start
of debonding” is 57% and 76% at the “end of debonding”. In this example, at the “start of
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debonding”, with M, = 128 kNm and Ky 57%, to allow full redistribution to occur the sagging
region can be plated such that its moment is increased to 317 kNm. As before, to ensure that an
additional rotation requirement is not induced in the hinge by the midspan rotation, the plating must
be designed such that the section remains elastic up to a moment of 317 kNm. In this case this
would allow the full 57% moment redistribution to occur.

6. Conclusions

It has been shown that the following three structural mechanics models are necessary to allow
reinforced concrete beams to be designed for ductility and in particular moment redistribution: a
moment-rotation-hinge model that quantifies the moment rotation capacities and which depends in
particular on the reinforcement bond-slip characteristics; a moment-redistribution-capacity model for
hinges which requires the moment-rotation capacity; and a beam-moment-redistribution model that
requires the hinge moment redistribution capacities. These models are generic as they can be
applied to any type of reinforced concrete with any type of reinforcement just as long as the bond-
slip characteristics are know and, hence, can easily differentiate between EB and NSM adhesively
bonded reinforcement as well as steel reinforcing bars. Hence, analysis tools are now available for
specifically designing FRP plated beams not only for strength but also for ductility and for
developing simpler design approaches.
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