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Abstract. A smart hollow cylinder consisting of a host functionally graded elastic core layer and two
surface homogeneous piezoelectric layers is presented in this paper. The bonding between the layers can
be perfect or imperfect, depending on the parameters taken in the general linear spring-layer interface
model. The effect of such weak interfaces on free vibration and steady-state response is then investigated.
Piezoelectric layers at inner and outer surfaces are polarized axially or radially and act as a sensor and an
actuator respectively. For a simply supported condition, the state equations with non-constant coefficients
are obtained directly from the formulations of elasticity/piezoelasticity. An approximate laminated model is
then introduced for the sake of solving the state equations conveniently. It is further assumed that the
hollow cylinder is embedded in an elastic medium and is simultaneously filled with compressible fluid.
The interaction between the structure and its surrounding media is taken into account. Numerical
examples are finally given with discussions on the effect of some related parameters.

Keywords: free vibration; steady-state response; smart cylinder; interaction; imperfect interfaces;
spring-layer model; state space approach.

1. Introduction

As a novel type of materials, functionally graded (FG) material occupies a continuous variation of
material property, which is resulted from the continuously varying volume fraction of its
components in certain directions. Since no elastic mismatch exists within the FG material, there is
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no or little stress concentration in FG structures (Mahmoud 2003). Nowadays, FG materials have
been widely applied in medical industry (Pompe et al. 2003), acrospace industry (Gorokhovsky et
al. 2006, 2007) and nuclear industry (Ling et al. 2002), etc.

Piezoelectric material is another type of functional materials, in which coupling exists between the
mechanical field and the electric field. Since the electric quantities can be measured and/or
controlled conveniently, piezoelectric material has become the most widely applied smart material
(Tiersten 1969, Tzou and Anderson 1992, Tzou 1993, Galassi et al. 2000). Most recently, Wilson et
al. (2007) made a detailed discussion on the development of piezoelectric materials applied in
micro-scale sensors and actuators.

Generally, the piezoelectric sensors and actuators are bonded to a host structure (Crawley and Luis
1987, Sim@es Moita et al. 2004). Because of the wide application of FG structures, their
intelligentized character also becomes a concern. A lot of papers have been therefore published,
studying the various characteristics of FG structures integrated with piezoelectric sensors and/or
actuators. For example, Reddy and Cheng (2001) studied the bending of an FG rectangular plate
attached with a piezoelectric actuator. Ray and Sachade (2006) developed a finite element model to
analyze the static responses of an FG plate integrated with a piezoelectric layer. Huang and Shen
(2006) investigated the nonlinear vibration and dynamic response of an FG plate bonded with
piezoelectric layers in thermal environments. Kapuria et al. (2006) presented an assessment of
coupled one-dimensional (1D) models for FG beams with bonded top and bottom piezoelectric
surface layers.

In the literatures mentioned above, the piezoelectric layers were assumed to be perfectly bonded
onto the host structures. In practice, the bonding between the FG structure and the piezoelectric
layers may be imperfect during the fabrication process and the service life time (Aboudi 1987,
Benveniste 1985), which can cause micro-defects (cracks, voids, inhomogeneities) and even
delamination at the interfaces. Sun et al (2001) discussed the effect of delamination on the
vibration control of beams with piezoelectric sensors and actuators. Tan and Tong (2004, 2006) used
an integrated piezoelectric sensor/actuator layer to identify the debonding in a composite beam.
Della and Shu (2007) studied the influence of delaminated layers on the free vibration of a
delaminated beam. For further publications, the reader is referred to the references cited in Lipton
(2001), He and Lim (2003), and Rokhlin et al. (2004).

In history, there were two analytical models to describe the imperfect interface. One type
employed Coulomb friction to deal with the load transfer at interfaces (Dollar and Steif 1988), the
other type modeled the interfaces as elastic springs (Zhong and Folias 1992). Among the latter, the
thickness of the interfaces was usually absent, and the linear spring-layer model was explored
widely in literatures, e.g., Aboudi (1987), Achenbach and Zhu (1989), Pagano and Tandon (1990),
Hashin (1990, 1991a, b), Qu (1993a, b) and Librescu and Schmidt (2001), etc.

In the present paper, the linear spring-layer model is also adopted to study the effect of imperfect
interfaces on the steady-state response and free vibration characteristics of a smart hollow cylinder.
Chen et al. (Chen et al. 2003, 2004b, ¢, 2006, Chen and Lee 2004, Bian et al. 2006a, b) have
utilized this model in the three-dimensional exact investigations of laminated plates and shells. Tt is
noted that the linear spring-layer model is not only convenient and effective for characterizing most
important features of imperfect interfaces (Cheng et al. 1996), but also sufficiently precise at the
initial stage of the interfacial debonding.

As a common structural type, solid and hollow cylinders are frequently encountered in areas of
water supply, petroleum, ship, submarine, aerospace industry, etc. The response of cylinders can be
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predicted by analytical methods based on various simplified theories (Botta and Cerri 2007,
Haddadpour et al. 2007) or numerical methods (Ray and Reddy 2005, Shakeri ef al. 2006). In
certain applications, the cylindrical structures may be filled with and/or embedded in other media,
and the interactions between the structure and its ambient media must be involved for the accurate
prediction of its static and dynamic behavior (Junger and Feit 1993, Moore 2000). For the smart FG
hollow cylinder considered in this paper, the FG material is inhomogeneous along the radial
direction, the mechanical and electric fields in piezoelectric material are coupled, and there are
interactions between the cylinder and the surrounding media, hence the analysis seems to be very
complex. However, we will present a three-dimensional solution, which is directly based on the
equations of elasticity or piezoelasticity. Such a solution is very important, because all elastic,
dielectric and piezoelectric parameters are taken into account and it can be used to verify various
simplified theories and numerical methods.

2. State space method

The smart hybrid hollow cylinder is displayed in Fig. 1, where a host FG elastic layer is
integrated with two inner and outer piezoelectric layers. The FG material is inhomogeneous along
the radial direction, while the piezoelectric material is homogeneous. Thicknesses of the three layers
are H,, H, and Hs, respectively, and H (= H,+ H, + H;) is the total thickness of the smart hollow
cylinder. Besides, L and R represent the length and inner radius, respectively.

2.1 Formulations for piezoelectric sensor and actuator
In cylindrical coordinates (7, 6,z ), the basic equations of orthotropic piezoelectric materials are as

follows (Ding and Chen 2001).
Generalized geometric equations

gn_:%, gw:au‘g +&, 512:%, Erz_@, Eﬁ'_:_@, EZ:_.aB

or o8 r Oz or roé Oz (1)
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Fig. 1 Model of a smart cylinder
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Equations of motion and equilibrium equation of electrostatics
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where u,,f, E, and D, (k=r,6,z) are components of mechanical displacement, body force,
electric intensity and electric displacement, respectively; oy and gy (k,[=r,06,z) represent
components of stress and strain, respectively; o is the mass density of the piezoelectric material; ®
and py are the electric potential and the free charge density, respectively.

The generalized constitutive relations are different for different polarizations. In this paper, both
the axially polarized (AP) piezoelectrics and the radially polarized (RP) piezoelectrics are
considered.

Generalized constitutive relations for AP

T, =C\E, +CpEgy + 36, —ey B, Opy =CpE, +Cpégy +Cp6., —enE,

z?

O, =CpE, +CpEgy +CuE, —eyuE

(3a)
Op =2048, —eyEy, 0, =2c8, —eE,, 0,=2c48,
D, =2es¢., + 1\\E,, Dy=2e,64 +)nkEy, D, =68, +ep6g+ene, + 1uE,
Generalized constitutive relations for RP
Tgg = Cp1Egp + Ciabry T3, =y E,, O, =CpEgy +CpE.. + 56, —€3E,
O, =Cp3égp +Cp.. + 036, — €K,
o, =2c,&,—eE., 0,=2c,8,,—¢:E,, 0, =2cu&, (3b)
D, =2e;5¢,0+ 1 Ey, D.=2ey6.,+)nE., D, =e,84tene.. tene, + 13k,
where ¢;, g, and e; (i,j=1,2,...,6) are the elastic, dielectric and piezoelectric constants,

respectively.
From Eqgs. (1) to (3), the state equations can be directly derived by following a routine way (Ding
and Chen 2001). In absence of body force and free charge density, they are

oY/or = MY )

where Y = [u. u, o, D, 0., 0., u, CD]T is as the so-called state vector, and M is an operational
matrix, whose expression is given in Appendix and is different for AP and RP.
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In addition, the derived vector, X = [0.. 0y 04 D. DH]T, can be written as
X =NY 5)

where N is also an operational matrix presented in Appendix.
Suppose that the piezoelectric cylinder is simply supported at z =0 and L. The mechanical
boundary conditions at the two ends are (Ding and Chen 2001)

U, = Oa Ug= 0: 0., = 0 (6)
In the light of Egs. (1), (3) and (6), one can expand the state vector Y as

Ru_(n)cos(mrd)cos(nb)
Ru(n)sin(m wd)sin(n6)
14 0,,(1)sin(m r&)cos(nb)

v ww | ACurssDA(m)sin(mxl+ @y)cos(n6)
Y = zm=0 n=0 44){33 g ¢0 eXp(l(Ot) (7)

c140-(17)cos(m m&)cos(nb)
cu O n)sin(mxg)sin(n )
Ru,(n)sin(mxé)cos(nb)

Ryleiul @ (m)sin(mas+ gy)cos(n6)

where 7 =r/R and {=z/L; m and n are the axial half-wave number and circumferential wave
number, respectively; @ is the circular frequency; ¢y equals to /2 or 0 for AP and for RP,
respectively; cj, and yi; are the corresponding material constants of piezoelectric sensor. The
overbar on each quantity corresponds to a dimensionless quantity.

At the simply supported ends, the electric boundary conditions are (Ding and Chen 2001)

D. =0, ®=0 for AP (8a)
D.#0, ®=0 for RP (8b)
The substitution of Eq. (7) into Eq. (4) leads to
4y - py )
dn

where Y = [u, u, 0, D, 0., G,y U, ED]T is a dimensionless state vector, and D is an eighth-
order coefficient matrix, which is given in Appendix.

2.2 Formulations for FG elastic layer
The state equation for an FG elastic layer can be derived in a similar way from the basic
equations for elastic material as
d

4Y =Y (10)
dn
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Fictitious piece lzg,:er’s

Fig. 2 An approximate laminated model for a cylinder

where Y = [u, u, o, 0. O ﬁ,]]- is the dimensionless state vector for the FG elastic layer, and
D' is a sixth-order coefficient matrix, which can be obtained by letting e; vanish along with
deleting the fourth and eighth rows and columns of D in Eq. (9).

2.3 Solution to state equations

The coefficient matrices, D’ and D, are still r-dependent, and hence it is difficult to solve Egs. (9)
and (10) directly. Herein an approximate laminated model (Chen et al. 2004a) is adopted. That is,
the cylinder is equally divided into many fictitious thin layers, as shown in Fig. 2. The D orD
approximates to take its value at the middle surface of each layer. Now Eqs. (9) and (10) can be
solved readily. Suppose the inner and outer piezoelectric layers act as sensor and actuator
respectively. The solution in a certain layer (e.g., the jth layer) is

For the piezoelectric sensor (1<n<7, =1+ H,/R)

Sl SIS  — ]H  H
Y'(7) = expl(n-n)D]IY' (1)), 7 = 1+ ="<p<py =141
1 R p R
For the FG elastic layer (77, <n<mn, = n,+H,/R)
<, o —1H .
Y'(n) = expl(n-)DIY (), 1) = m+=Z<n<n = m+L=2 (1)
P R PR

For the piezoelectric actuator (77, < n<1; = 1,+ H5/R)

V() = expl(n- DY) 7 = et D<) = gy L1
Dy R R
where (and hereafter) the superscripts ‘s’ and ‘e’ on Y and D denote the quantities for piezoelectric
sensor and actuator respectively; p;, p» and p; are the numbers of fictitious layers of the
piezoelectric sensor, the FG elastic layer and the piezoelectric actuator, respectively.
From Eq. (11), the following transfer relations can be obtained since the state vectors are
continuous at the interfaces between any two adjacent fictitious layers
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s s s D H
V() =TY(1). T =][exp(2.2)
1 ./1=_/7[ R
1 /
v/, v, - D H
Vi =TV, 1= [Jexp(2 ) (12)
Jj=p, D
—a a=a Da H
Y () =TY (). T'= HeXp(—’ —’)
p; R

J=Ps

3. Linear spring model for imperfect interfaces

To take account of the imperfect bonding at interfaces between the piezoelectric layers and the FG

layer, a general linear spring model (Chen et al. 2003) is employed, which leads to the following
relationships,

At the interface between piezoelectric sensor and the FG layer (inner interface, 7 = 7,)

Uie(ﬂl) = 050(771) = [“Z(Ul)—“"é(ﬂl)]/R‘;
a,(m) = o,(m) = [ () - () VR,
a.,(m) = ., (m) = [ul(m)-u, () VR,

At the interface between piezoelectric actuator and the FG layer (outer interface, 17 = 7,) (13)

0lo(11,) = 0lo(m,) = [ug(1,) — (1) VR
08(1) = L, (my) = [ul(m) —ul(m) VRS
04 (1) = (1) = [u) (1) — (1) VR,

where the superscript ‘/” denotes quantities of the FG elastic layer; and R, (k=7r, 6, z, i = s, a) are
the compliance coefficients of bonding adhesives at the interfaces. Obviously, the present model
also represents several particular cases of weak interfaces as different values of R, are assigned. For
example, the complete slip-type imperfection can be modeled by setting R, to zero as well as
assigning Rg and R. to infinite. When all R, are assigned to be zero or infinity, the model
represents the completely perfect or completely delaminated interfaces respectively. The small
values of R, imply a slightly imperfect interface, which may be caused by micro-cracks, voids,
fatigue damage and so on.
Combing Eq. (7) with Eq. (13), one can obtain

Y () =P'Yo(n), Yo() =PV (1) (14)

where S_(;, and Y, are the mechanical part of Y and Y" respectively; Y,, =[i. %, 0, 0., O
] P’ and P“ are the compliance matrixes defined by
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Lo o R 4 Lo o Bau o o
R R |
01 0 o Rew 01 0 0o Reu
R R
p=lo 0o 1 0 0 0|, pr={0 0 1 0 0 0 (15)
00 0 I 0 0 00 0 i 0 0
00 0 0 10 00 0 0 10
0 0 Rew 0 1 0 0 R 0 1
L R | i R ]

As mentioned above, R, vanishes for the perfect interface, and accordingly the compliance
matrices become identity matrices.
4. Boundary conditions of piezoelectric layers and the global governing equation
4.1 Electric boundary conditions of piezoelectric sensor and actuator

For the piezoelectric actuator, a voltage difference is imposed between its inner and outer
surfaces. Thus, the electric boundary conditions are (Bian et al. 2006a, b)

O = d)(l)(g“, Oexp(iwt) at n =1, and d):d)(z)(g“, Aexp(iot) at n=r1, (16)

where o is the circular frequency of the imposed electric potentials, and q)(k)(g“, 6) (k=1 and 2 for
n=rn; and n = n,, respectively) are the amplitudes, which can be expanded as

DN O) = 2,020 o Rl 13 fromSi(m A+ @y)c08(n6) (17)
where
fan = —=—=1 [ (& Osin(m ¢+ p))cos(nO)dcdo (18)

) ) Ry 044/ Z33
are the Fourier coefficients.

Incorporating Eq. (16) with Eq. (12) yields

_ (')_ (2) ) ) ) —a
Di(m,) = fm”—,fm”— [Ta Ty Ty Tss Ty Tsr]Yu(712)
T T

D _pa @) (19)

mn 88 mnC (2)
== Cy+ fn C

mn

-t a a a a a a 1 Ay ad | 59
Yu(13) = {[Cl C, G G G C7]—FC4R8}Ym(772)+
a 84

where Tj, are elements of matrix T, C;=[Ty,

T Trl.
The electric boundary conditions of the piezoelectric sensor are open-circuit and closed-circuit
(grounded) at its inner and outer surfaces respectively, i.e.

7—62' TZI 7—‘511 6i 71] and Rg_[Ta i2 T??

i
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®=0at n=mn, D,=0at n=1 (20)
In a similar manner, the following formulas can be derived

5(1):_L[]§| ng T;,z Tgs 7%6 T;7]§jﬂ(1)
Tgs @)

— K s s s s s 1 KRS et}
Ym(77|)={[C| G, G G G C7]_TC8R8}Y177(1)
88

where 7},
Tie Tl

Making use of Egs. (12), (14), (19) and (21), we obtain the global transfer relation for the elastic
field

are elements of matrix T', C' = [T}, T, T T% T., T5] and R = [T}, T, T}, T

v;(?]f#) = Sv;n(])"' B (22)
where

S:{[C‘l’ c: ¢l C?]—#CZ;R;’}XP"TfP“‘x{[c; C, C, C C C;]—%ch;}
a 88

()_qa 5@ (23)

_ Jmn mn g~a (2) ~a
B="—=""2Cy+ f,,, Cg
84

mn

4.2 Mechanical boundary conditions on the inner and outer surfaces

Suppose that the hybrid hollow cylinder is fully filled with compressible, non-viscous fluid. The
mechanical boundary conditions at the fluid-solid interface are (Chen er al. 2004)

00=0, 0,=0, o,=-&R-p u-0() 24)

where / is the mass density of the fluid ( p/ = 0 corresponds to the case of empty hollow cylinder),
and Q(n) is defined as

J,(vp) 2 Pso
Jl1—l(V77)_Jn+I(V77) v
o(n) = Z v =0 25)
NI”(W]) — -%, vV =-3"<0
111—1(V77)+[n+1(V77) v

where J, and I, are the Beszsel function and the modified Bessel function of the first kind,
respectively, and v’ = (¢*/c) @’ =17, in which ¢ is the sound velocity in the fluid and
c' = Jeulp' is the velocity of elastic wave in the sensor.
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Substituting Eq. (7) into Eq. (24), we can express the boundary conditions on the inner cylindrical
surface as

0,9=0, o0.,=0 and o,=—gpu, at np=1 (26)

where p = Q°0(1)p/p’
We further suppose that the hollow cylinder is embedded in an elastic medium, which is treated as
the Pasternak model. The boundary conditions on the outer surface therefore are

c,y=0, o0,=0 and o,=-Ku,+GVu, at n=r1y 27

where V = 8°/07° +(1/r2)82/892 , K and G are the elastic modulus and the shear modulus of the
foundation, respectively. It is mentioned here that the elastic foundation will become the Winkler
type if setting G = 0 in Eq. (27).
Substitution of Eq. (7) into Eq. (27) gives
0,0=0, 0.,=0 and o,=-%u, at =14 (28)

where 8 = KR/}, +[ A + (n/ny) 1G/(Rc),) .
4.3 Governing equation

From Egs. (22), (26) and (28), the following system of equations can be derived

S Si AP C u,(1) B,
Ssi S5, Sss —§7 55 y(1)p=— By (29)

S5 +8S Sp+8Sg  HSe —§S5)+ S — 9S85 |(#,(1) B; + 9B

where S, and B, are elements of matrix S and vector B, respectively. Then the governing equation
for a steady-state response of the hybrid hollow cylinder is deduced

ﬁz (l) 841 S42 S46 _SOS«B . 84
ug()p=— S5 S5, Ss6 — 55 ’ B G0
u, (1) S5 +8 S+, Sy —95a)+ S —9S, B, + 9B

_From Eq. (30), the displacement components and subsequently the mechanical state vector,
Y:,1(1) = [u(1) uyl) —gou(l) 00 ﬁ,(l)]r can be determined. Now the three basic state
vectors, Y"(l),Y(m) and Ya(772) can be solved by the virtue of Eqs. (12), (14), (19) and (21).
Finally, the state vector at any position can be determined from Eq. (11).

The frequency equation can be also derived from Eq. (29). For free vibration, the piezoelectric
actuator is grounded, i.e., m];) = (0. Thus we have B = 0 and Eq. (29) becomes homogeneous. For
non-trivial solution to exist, the determinant of the coefficient matrix in Eq. (29) must vanish, i.e.

Sy A S — 9S4
Ss) S5, S5 — 995 =0 G
SJI + ‘9‘961 Ssz + ‘9S62 ‘9(566 _SOS@)"' S36 _5")533
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Table 1 Material constants of two homogenous materials of the FG elastic layer

Young’s modulus £ Mass density p

Property Poisson’s ratio v

(GPa) (kg/m’)
P, (Ti-6Al-4V) 110 0.30 4500
P, (SiC) 440 0.25 2700

Table 2 Material constants of piezoelectric sensor and actuator (Units: c,~j—10'0 N/m?, ;(,7—10"' F/m, e,j-C/mz, you

kg/m?)

Property cn C12 C13 C2n 23 C33 Caq Css Co6
Piezoelectric sensor

(PVDF) 0.361 0.161 0.142 0.313 0.131 0.163 0.055 0.059 0.069
Piezoelectric actuator

(PZT-4) 13.9 7.78 7.43 13.9 7.43 11.5 256 256 3.06

Property €rs €24 €31 €3 €33 yall X2 A33 1%
Piezoelectric sensor -15.93 -12.65 32.075 -4.07 -21.19

(PVDF) <107 107 <107 «10° <107 54 664 593 1800

Piezoelectric actuator

(PZT-4) 12.7 12.7 -5.2 -5.2 15.1 646.4 646.4 5622 7500

5. Numerical examples

The steady-state response and the free vibration of the hybrid hollow cylinder are studied
numerically in this section. Suppose that the thickness ratio is H,:H,:H; = 1:2:1 and the total
thickness-to-inner radius ratio is H/R = 1. For the FG layer, a widely adopted model on
distribution of material properties (Chen et al. 2004a) is also adopted here

P = [ wp[1-( 2L (g <ps ) (32)
=1 Th—Th

where x is a gradient index, P represents an arbitrary material constant of the FG material, while P,
and P, refer to the corresponding ones of two homogeneous materials, which are Ti-6Al-4V and
SiC respectively in this paper. The material constants of these two homogeneous materials are listed
in Table 1. Note that the two materials are isotropic, so that the elastic constant c; should be
calculated according to the well-known formulae from Young’s modulus and Poisson’s ratio (Ding
and Chen 2001). Table 2 gives the material constants of the piezoelectric sensor and actuator, which
are PVDF and PZT-4 respectively. It is also assumed that the parameters of the outer elastic
foundation are KR/cy, = 0.1 and G/(Rcy,) = 0.01. Except for special explanation, the filled fluid
is water, whose sound velocity (c) is 1430 m/s (15°C) and the mass density (&) is 1000 kg/m’.

To avoid the phenomenon of material penetration at the two interfaces (Bian et al. 2006a, b), we
assume R, = R = 0 in the following numerical examples. Also we suppose R), = R, and R, = R’
for brevity. Two dimensionless parameters are further introduced as Ry = R)c,,/R and
R. = Rcy/R.

Though the compliance coefficients can be determined by means of theoretical evaluations and
experimental measurements (Cheng et al. 1996), the purpose here is just to test the effect of
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imperfect interfaces on the response characteristics of a hybrid cylinder. So some small values of
Ry and R, are chosen hereunder.

5.1 Discussion on particular modes of free vibration

When some special values of wave numbers are choosen, some particular models of free
vibrations occur. In the following, we will make a brief discussion on these modes, since which are
important in practical applications.

(1) m=0,n=0. From Egs. (5) and (7), we can find that all the mechanical quantities vanish
except for . and o, which only depends on r(7). This corresponds to the axisymmetric
longitudinal-shear vibration mode.

(2) m=0,n=0. The nonzero mechanical quantities are u., o, and o,,, which are independent of
z(¢) . It is the non-axisymmetric longitudinal-shear vibration mode.

B3)m#0,n=0. Only u,, 0,, and &, vanish, and all other physical variables are independent of
. Tt is the axisymmetric flexural vibration mode.

(4) Interchanging cos(n6) and sin(n6) in Eq. (7), we can find that the solution still satisfies the
simply supported conditions at the ends along the axial direction. If m=0 and n = 0, then
only u, 0,, and o, are nonzero, and all other quantities are independent of 6. It is the pure
torsional vibration mode.

Among the above cases, only the axisymmetric flexural vibration (Case 3) involves interactions

with the inner fluid and the outer elastic medium. When m =0 and n#0, the vibration is the most
general flexural one, which is to be discussed in detail.

5.2 Free vibration

First of all, the convergence characteristic of the present method employing the laminated model is
to be numerically verified. Table 3 gives the nondimensional natural frequencies Q (= @R./p'/cy,)
with different numbers of fictitious layers, where 3p; =p, =3p;, and p=p;+p,+ p; is the total
number. The other parameters are m=n=1, k=1, Ry=R. = 0.5, and both the piezoelectric
sensor and actuator are RP. It is immediately seen that all the difference between the results of
p =90 and 100 is completely negligible. Thus in the following we take p = 100 and the results are
believed to be sufficiently accurate.

Now we investigate the effect of the compliance coefficients on the lowest natural frequency. The
results are given in Fig. 3 when the piezoelectric sensor and actuator are both AP. The gradient
index is x = 0.5, the length-to-inner radius ratio is L/R = 4, and the wave numbers are m = 1 and
n=1.

From Fig. 3, we can find that Q decreases with R. and R,, which indicates that the increase of

Table 3 Convergence study of the present method

Total number of L/R=3 L/R=10
fictious layers p The first order The fifth order The first order The fifth order
90 3.1025618 5.4795977 0.9495751 4.1482559

100 3.1025620 5.4795977 0.9495767 4.1482489
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the compliance coefficients will reduce the overall stiffness of the hollow cylinder. The details of
reduction however are different in Fig. 3(a) and 3(b). Fig. 3(a) shows that € decreases very slowly
with R. at the initial stage (about R. <0.3), but for larger R., Q decreases very quickly. While as
shown in Fig. 3(b), Q decreases very quickly at first stage and then keeps slowly down with R, as
R. is small (i.e., R. =0 and 0.25). In fact, we can observe that the influence of the compliance
coefficient R, on the natural frequency Q is more significant than that of the compliance coefficient
R. at the initial stage. For example, when R, remains as 0.25 and R. increases from 0 to 0.3, Q
decreases from 3.167 to 3.104 correspondingly, the percentage variation is only 2.0%, which,
however, is 8.7% in the case of R. =0.25 and R, increases from 0 to 0.3, where Q decreases from
3.388 to 3.092 correspondingly.

Next the effect of compliance coefficients on the mode shape of free vibration is studied. Fig. 4
display the thickness modes of the first and fourth orders. The parameters are taken as x = 0.2,
L/R=5,m=1 and n = 2, and the piezoelectric sensor and actuator are RP and AP, respectively.

From the figure, some conclusions can be drawn. Firstly, when imperfection is involved, the
mechanical displacements #, and #, become discontinuous at the interfaces. Secondly, the
appearance of the interfacial bonding imperfection will lead to the re-distribution of stresses. For
example, when the interfaces become imperfect, the interfacial normal stress o, at n=1.75 (i.e., at
the outer interface) increases, while those at 7= 1.25 (i.e., at the inner interface) and at 7= 1.5 (i.e.,
at the middle surface of the cylinder) decrease, as shown in Fig. 4(a). But the situation may change
for different modes. For example, o, at any position decreases once the interfaces become
imperfect, as shown in Fig. 4(b). So the effect of weak interfaces on the modes of free vibration
may change with parameters such as the order of mode. Thirdly, the interfacial imperfection also
has certain effect on the electric field. It can be seen from Fig. 4 that the dimensionless electric
potential @ and the dimensionless electric displacements D, and D, change with the compliance
coefficients obviously. An interesting phenomenon observed from Fig. 4(b) is that the electric
displacements D, and D, in the inner piezoelectric sensor almost vanish once the interface
becomes imperfect. Such a character may be utilized to detect interfacial damages in smart
structures.
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Fig. 5 Dispersion curves for different compliance coefficients

Fig. 5 displays the dispersion curves of the non-dimensional wave phase velocity V (= Q/1) versus
the nondimensional axial wave number A. In this example, we assume x=1 and that the
piezoelectric sensor and actuator are both RP. Unlike the curves for n =3, which descend with A,
the curves for n=1 gradually ascend at the beginning, and then they fall down after the peak. This
clearly illustrates that the dispersion curves are quite different for different modes. The compliance
coefficients also have certain effect on the dispersion curves. In particular, the imperfect interface
tends to sink the dispersion curves. However, the effect becomes less significant for larger A, as can
be seen from Fig. 5.

5.3 Steady-state response

To investigate the steady-state response, the electric potentials applied to the piezoelectric actuator
are taken as ® =0 at n=1n, and @ = R./cy/)5:8in(7S+ @y)cosO-exp(iwt) at 1= 15,
respectively. In the following, the dimensionless forcing frequency is Q=0 (static bending) or
Q =2 (forced vibration), and wave numbers are m = n = 1.

We first suppose that the piezoelectric sensor and actuator are AP and RP respectively.
Meanwhile, we take L/R=6 and x=2. The first two lowest natural frequencies of the smart hollow
cylinder with different compliance coefficients are listed in Table 4.

Fig. 6 displays the effect of weak interfaces on the steady-state response, from which we can find
that the mechanical displacement %, is continuous in the radial direction, since only slip-type weak

Table 4 The first two lowest natural frequencies for different compliance coefficients
(Ro, R:)
(0,0) (0.2,0) (0,0.2) (0.2,0.2)
The first order 1.8825 1.8009 1.8469 1.7985
The second order 4.1911 4.0685 3.9699 3.6463

Q
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Fig. 7 Effect of direction of polarization on the steady-state response

bonding at interfaces is considered. Analogously, the mechanical displacements u, (or u#,) are also
continuous at the interfaces if the compliance coefficient R. (or Ry) is taken to be zero. The stress
o,, is discontinuous at the interfaces because of the difference of elastic moduli between the elastic
FG layer and piezoelectric layers.

Bian et al. (2006a, b) showed that the mechanical displacement will increase with the compliance
coefficients of the weak interfaces for a smart beam subjected to a mechanical load. When only an
electric load is applied on the piezoelectric actuator as considered in this example, almost all
mechanical and electrical quantities decrease with the compliance coefficients, as shown in Fig. 6.
Hence, the steady-state response of a smart structure can be adjusted not only by changing the
applied voltage but also by controlling the bonding condition of the interfaces.

The effect of direction of polarization of a piezoelectric actuator on the response of the smart
hollow cylinder is shown in Fig. 7, where the parameters are chosen as L/R=8, k=1 and
Ry = R. = 0.2. The piezoelectric sensor is supposed to be RP.

As shown in Fig. 7, the static radial displacement #, (Q =0) for the AP piezoelectric actuator is
smaller than that for the RP one, while the dynamic radial displacement (Q=2) for the AP
piezoelectric actuator is larger than that for the RP one. When the direction of polarization alters
from AP to RP, both the slip displacement #, and the interfacial shear stress o, at the outer
interface increases. The electric displacement D. in the actuator even changes from positive values to
negative values. All these observations indicate that both the mechanical and electrical quantities are
affected by the direction of polarization of the piezoelectric actuator significantly. This characteristic
may be useful in obtaining an optimum actuating function for a practical smart structure.
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Fig. 8 Variation of the electric potential of sensor with the fluid density

Finally the effect of the fluid parameters on the response of the hybrid cylinder is discussed.
Fig. 8 displays curves of the electric potential at the sensor’s inner surface (®(7=1)) versus the
density of the filled fluid, where L/R= 10, x= 0.5 and both the piezoelectric sensor and actuator are
RP.

For the static bending (Q =0), it is interesting that the electric potential of the sensor maintains
invariable as the fluid density increases, whether the interfaces are perfect or imperfect. The electric
potential, however, depends greatly on the fluid density when the cylinder is applied a dynamic
motivation (e.g., Q=2). It decreases with the fluid density if the interfaces are perfect
(Ro= R. = 0), while it increases as the interfaces become imperfect (e.g. Ry=R.=02). In a
word, this characteristic of the smart cylinder may be applied in practice, such as identifying the
kind of the fluid filled in the cylinder, etc.

6. Conclusions

This paper presents a three-dimensional analysis of the coupled free vibration and steady-state
response of a smart hollow cylinder, which is fully filled with a non-viscous, compressible fluid
medium and simultaneously embedded in an elastic medium. To describe the possible weakness of
interfaces between the homogeneous piezoelectric actuator/sensor and the elastic FG material, a
general linear spring-layer model is employed, which is suitable at least at the initial stage of the
interfacial debonding. The analysis is rather straightforward and very effective as state space
formulations have been employed. No assumption on the distribution along the radial direction of
any mechanical or electric field variable is introduced, and hence the results obtain in this paper can
serve as benchmarks for clarifying the simplified theories and numerical methods.

As shown in the numerical examples, the presence of the weak interfaces will decrease the natural
frequencies, which indicates the reduction of global stiffness of the smart hollow cylinder. The
degree of such effect, however, is different on different physical quantities and for different
parameters. In the smart cylinder, the interfacial imperfection will lead to not only the re-distribution
of the mechanical field, but also the re-distribution of the electric field. Since the weak interfaces
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decrease the interaction between the host structure and the actuator/sensor, the amplitude of the
steady-state response induced by the actuator will be reduced if the interfaces become imperfect.
This is different from that of the smart cylinder subjected to a single mechanical loading. It is also
shown that the direction of polarization of the piezoelectric actuator has an obvious effect on the
response of the smart hollow cylinder, which enlightens us on an alternative way to control or
design smart structures. The relationship between the electric potential of the sensor and the density
of the filled fluid is studied finally, and an application of the smart cylinder is discussed.
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where ¢’ is the mass density of the piezoelectric sensor, and
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oo Kap Lo _jltan B R
cun  cw P Cu 7 Cas
ky+ce n k n* ¢ n s n
A== . _2_,_%,12_&392 B 1 Z—?_
D, = Cy 77 Cas 17 Cy P n Cyy 7
n s € s s
BoA -p— QC« = Caa X33
Ui a a
: ’ Son e — Can ¥
2 Z_:s ~h @_ =i Sl
L Caa Cas 1 a a
1 0 —k—fl 0
Ui Cyy N7
0o -2 hnmo
¢
D, - n 44 ’?l
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n
0 0 -y ]@l 0
B Cy 17 |

where

2
a=cuynten, fi=(Cuyntees) a, f=(cnystenes) a
7 =(cpey —cyey)/a, y, =(cpey; —cyen)/a, k =c, —c,f ey,
(A2-4)
ky=cp,—cupfi—eny, ky=cp—cyf,—er,. ky=cp—cpufh—ey7,

ks=y +ejs/css, ke=ym+erlcy, A=maR/L, Q=wR\p'/c,





