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Abstract. Stresses are solved for two parallel cracks in an infinite orthotropic plate during passage of
incoming shock stress waves normal to their surfaces. Fourier transformations were used to reduce the
boundary conditions with respect to the cracks to two pairs of dual integral equations in the Laplace
domain. To solve these equations, the differences in the crack surface displacements were expanded to a
series of functions that are zero outside the cracks. The unknown coefficients in the series were solved
using the Schmidt method so as to satisfy the conditions inside the cracks. The stress intensity factors
were defined in the Laplace domain and were inverted numerically to physical space. Dynamic stress
intensity factors were calculated numerically for selected crack configurations.

Keywords: orthotropic material; two cracks; dynamic stress intensity factor; composite materials;
Fourier transforms; numerical Laplace inversion.

1. Introduction

Fiber-reinforced plastics are being used increasingly for machine parts because of their high
strength and relatively light weight. Since the matrix is reinforced by fibers, cracks may appear in
the matrix along the fibers. Composite materials are essentially orthotropic, and the stresses around
the crack can be obtained using the orthotropic theory of elasticity. A static solution for a crack in
an infinite orthotropic plate was reported by Ang and Williams (1961), and it was clarified that the
stress intensity factors K; and Kj; correspond to those for a crack in an infinite isotropic plate. If a
crack exists near the stress free boundary, the stress intensity factors may be affected by the material
orthotropic property. Based on these considerations, the stresses were solved for two collinear
cracks in an orthotropic strip by Delale and Erdogan (1977). In the paper (Delale and Erdogan
1977), the cracks were placed normal to the stress free-boundaries. Later, the stress intensity factors
were provided for a crack and for two collinear cracks in an orthotropic strip by Cinar and Erdogan
(1983), where the crack was situated parallel to the stress free boundaries of the strip. The
composite materials are often weakened by several cracks. To clear the mutual effect of these cracks
on the stress intensity factors, the stresses were solved for a main-crack and a parallel micro-crack
in an infinite orthotropic plane by Chen and Hasebe (1994). The stress intensity factors were also

T Professor, E-mail: itous001@kanagawa-u.ac.jp



698 Shouetsu Itou

solved for two interacting cracks, one of which coincides with the axis of material orthotropy, with
the other being oriented in a general direction (Chen and Hasebe 1995).

If cracked composite materials are loaded dynamically, the stresses are affected by the inertia
effect. A time-harmonic solution was first obtained for a crack in an infinite orthotropic plane
(Ohyoshi 1973). Later, transient dynamic stress intensity factors were solved for a crack in an
infinite orthotropic plane under a load applied suddenly to the crack surfaces (Kassir and
Bandyopadhyay 1983). The transient dynamic stress intensity factors were given for the case in
which an impact load is applied to the crack surfaces in an orthotropic strip with a central crack
situated perpendicular to the stress-free surfaces (Shindo et al. 1986). Cracks often initiate from the
stress-free surfaces of the strip and travel toward the interior of the strip. Therefore, it is meaningful
to solve dynamic edge crack problems. Dynamic stress intensity factors were solved for two
symmetrically situated edge cracks in an infinite orthotropic strip under an applied impact load
(Shindo et al. 1991). The corresponding solutions were also provided for a single edge crack in an
orthotropic strip (Shindo ef al. 1992).

If the functionally graded materials are manufactured by using a plasma spray technique, the
material properties may not be isotropic, but orthotropic (Sampath er al. 1995, Kaysser and Ilschner
1995). Scattering of anti-plane harmonic waves by a finite crack in the functionally graded
orthotropic medium was investigated by Ma et al. (2007a). Later, the corresponding problems were
also solved for a crack in the functionally graded orthotropic materials under the time-harmonic
Mode I and II loadings (Ma et al. 2007b).

The dynamic stress intensity factors for two parallel cracks in an infinite isotropic plane were
solved for the incident time-harmonic stress waves which impinge normal to the cracks (Takakuda
1982) and it was revealed that the peak values of the dynamic stress intensity factors were
considerably larger than those for the corresponding static solution. The corresponding dynamic
stresses were solved for two parallel cracks in an infinite isotropic plate during the passage of
impact shock stress waves (Itou 1995). In composite materials, cracks have a tendency to appear in
the matrix parallel to the fibers. The dynamic stress intensity factors were clarified for two parallel
cracks in an infinite orthotropic plane during the passage of the incident time-harmonic stress waves
(Itou and Haliding 1997).

The composite materials used in aircraft, vehicles, and other applications are often loaded
suddenly. In the present paper, transient dynamic stresses are solved for two parallel cracks in an
infinite orthotropic plane during the passage of shock stress waves that propagate normal to the
cracks. Using a method similar to that employed in the Refs. (Itou 1995), the boundary conditions
were reduced to dual integral equations in the Laplace domain. In order to solve these equations, the
differences between the crack surface displacements are expanded to a series of functions that are
equal to zero outside the cracks. The Schmidt method explained in Refs. (Morse and Feshbach
1958, Yau 1967, Itou 1976) is then applied to solve the unknown coefficients in the series so as to
satisfy the boundary conditions inside the cracks.

If we replace w by (is), all the expressions in time-harmonic problems having the time factor
exp(iot) are valid in the Laplace transform in which exp(—sf) is the kernel of the Laplace
transformation. Then, it may be considered that solving the transient dynamic problem is trivial
because the conversion is quite straightforward. It is true, but the work to convert the problem is not
so easy in practice. It is also not easy to make the FORTRAN programming to perform numerical
calculations for the dynamic stress intensity factors. Furthermore, it is useful to find the peak values
of the dynamic stress intensity factors. In the present paper, it is verified that the incoming shock
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stress wave can propagate through the orthotropic medium.

The stress intensity factors defined in the Laplace domain are inverted to physical space using the
numerical technique (Miller and Guy 1966). Stress intensity factors are calculated numerically for
typical composite materials and for an isotropic material.

2. Fundamental equations

Consider a crack located along the x-axis from —a to a at y = 0, with respect to the rectangular
coordinates (x, y), and another along the x-axis from —b to b at y = —h, as shown in Fig. 1. For
convenience, -1 <y <0 is referred to as layer (1), 0 <y is referred to as upper half-plane (2), and
y<—h is referred to as lower half-plane (3). When the problem is solved under the plane stress
condition, the equations of motion can be reduced to the following form

€1,10°ulox" + 0 uldy” + (1 +¢,,)0 vI0xdy = 1/crx 8 uldf
Cr O VI0Y + 07 vI0x + (1 +¢1,)0 uldxdy = 1/crx 6 vIOF M
with

2 1/2
Cy = Ex/{:uxy[l _(Ey/Ex) ny]} H Cpn = cll(Ey/Ex) s Cpp = nyCZZ H Cr= (/ny/p) (2)
where « and v are defined as the x and y components of the displacement, respectively, E, and E,
are the Young’s moduli of the x and y components, respectively, s, is the modulus of rigidity, v,
is Poisson’s ratio, o is the density of the material, and ¢ is time.
The stresses can be expressed as follows

0,/ fyy, = €1, 0u/Ox + ¢ ,0v/0y, 0,/ = 1,0u/OX + C5,0v/0y

7.,/ 1, = Ouldy +0v/ox 3)

The incident stress wave that propagates along the y-axis in the negative direction through the
infinite orthotropic plane can be expressed as follows

V7 = vy + Jene) HLy + Jenert] @)

L DA

@

h O

3)

Fig. 1 Geometry and coordinate system
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where vq is a constant and H(¢) is the Heaviside unit step function. Time 7 is considered to be zero
when the wave front reaches the upper crack at y = 0. Next, Eq. (4) is shown to satisfy the second
equation in Eq. (1). Partial differentiating v with respect to y, we obtain

NV "10y = voHy + \Jernc ] +vo(y + AJencrt) S+ Jearert)
V10y" = vy 8y + femert) + VoS + Jermcrt) +vy(y + Jencrt)S (v + Jencqt)
V"0t = voJenerHIy + Jenert] + v+ Jenci) S+ Jencrt) Jener
OV 1OF = VyCorCr SV + afCraCrt) + VoConC eV + AJConCt) + VoV + JCoaC ) CrnCrS (v + fConC 1)

)

(6)
Next, from Egs. (5) and (6), we obtain the following equations
szaz"/ayz = 2cpveo(y+ @cTt) +CpVo(y+ @cﬂ)é"(y + «/c_zzcrt)
Ve x 8VIOF = 24y (1 + JennCrt) + Vo(y + JCrnCrt) a8 (v + JCrnCrt) (7)
Thus, the following equation can be satisfied
Cr O VI0Y + 010X + (1 +¢15)0 ulOxOY(= cynd vIdY") = 1/chx 3 v/or (8)
The expression in Eq. (5) can be converted to the following

1
0 feneIS+ fenert) = v+ Jenein) [ cos[ €0+ Jenert)|dS 9)
Replacing (y + ch;_cﬂ) in Eq. (9) with ¥, and letting Y approach zero, we obtain
lim[YS(Y)] = lim{ercos[ffY]dg} = lim{lr[Ycos(iY)]drf} =0 (10)
Y—0 Y—0 7T°0 Y—0| 7170
Thus, the first equation in Eq. (5) can be replaced by the following equation
8v(mc)/8y = voH[y+ Jcxneqt] (11)

As a result, the incident stresses can be expressed by

O';mc) = pH[y+ \Jcxncrt]

27 =0 (12)
with
P = HyCanVo (13)
Therefore, the boundary conditions for the present problem can be expressed as
Oy = Oy, Tyn = Ty at y=0, [x[<o (14)
Oy = Opy Ty = Ty at y=-h, |x|<o (15)

o, =-pH(t), 7,,=0 at y=0, [x<a (16)
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Uy =uy, v,=v, at y=0, a<ly (17)
0,3 = —pHli-h/(Jenep)], T,3=0  at y=—h, [x<b (18)
Uy =u;, v, =, at y=-h, b<x (19)

where the subscript 1 indicates the layer, the subscript 2 indicates the upper half-plane (2), and the
subscript 3 indicates the lower half-plane (3).

3. Analysis

To obtain a solution, the following Laplace transforms are introduced

g (s) = j:g(t)exp(—st)dt, g(t) =1/2mi)x J'Br. g (s)exp(st)ds (20)

and the following Fourier transforms are also introduced

7@ = [ fwexplignd,  f(x)= 1) x [ F(Eexp(-igdé @
Applying Egs. (20) and (21) to Eq. (1), we obtain
ﬁ+qﬁ+rﬁj=0, ﬁ+qd Vi+rvj=0 (22)
a’y4 dy2 a’y4 dy2

with

q= —[(011022—2012—0%2)/022]52—(1 +sz)52/(czzczr)

r=(Eep+5 e (E+s’Iep)ey, (23)
The characteristic equation for differential Eq. (22) is given by
A4 gh+r=0 (24)
Solutions are expressed as follows according to the values of g and

for q2—4r20 and —q+(q2—4r)l/220

2 12,172 (25)
Ay =[-q+(q ~4r) "] /N2

for q2—4r20 and —g + (qr2—4r)“2 <0 (26)
= lg-(g"-4n"1 i

for q2—4r20 and —q—(q2—4r)1/220 @7

1/2
A= [-q—(q"-4r) "1 12
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for q2—4r20 and —q—(q2—4r)1/2<0

(28)
Ay =lg+(a 4017112
for q2—4r< 0
A = Jn_/2[cos(0/2)+ isin(@/2)], A;= Jn_/z[cos(e/z)—isin(ﬁ/2)] for cos(6/2)>0
Ay = = n/2[cos(O12) +isin(6/2)], Ay =—/n/2[cos(0/2)—isin(6/2)] for cos(H/2)<0 @)
with
n=24r 0=tan”[(4r-4) " I(-)] (30)
For all cases, 4, and A4 are given by
A=Ay Ay=—As G
For the layer (1), the solutions of Eq. (22) have the following forms
171 = A,cosh(a,y) + B,cosh(5,y) + C,sinh(a,y) + D,sinh(S,y)
\_ff = E,cosh(«a,y) + F,cosh(f,y) + G,sinh(a,y) + H,sinh(f,y) (32)
with
o=, pi=4 (33)

where A, B,, ..., H, are unknown coefficients. For the upper half-plane (2) and the lower half-plane
(3), the solutions of Eq. (22) have the following forms in terms of the unknown coefficients
Az’Bz’ ---,D3

i, = Ayexp(ay) + Boexp(Boy), ¥, = Crexp(azy) + Dyexp(foy)
L_’; = Asexp(azy) + Bsexp(Siy), ‘_’; = Cyexp(azy) + Dsexp(fBsy) (34)

The real parts of & and £ must be negative, whereas those of o; and £ must be positive. The
real parts of o, %, o3, and f; are given as

o=l b=k, o=k, =4k (35)
Substituting Egs. (32) and (34) into Eq. (22), we obtain
A, =iGx(1 +cp)ayé/m,, B,=iH, x(1+c,)p¢n,
Ci=iEyx(1+cp)a&/my, Dy =iFx(1+cp)piéin,

36
A, =iCyx(L+cp)pdimy, By =iDyx(1+cp)Bé/n, G0
A3 =iCx (1 +cp)azd/ms, By =iDsx (1 +cyy)f58/n;
with
m = (1+cp)adl(d=sler—cn &) a7

n = (1+ep) BB 5" lcr—cn &) for (i=1,2,3)
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Hereinafter, the mathematical derivation is basically the same as that of a previous paper (Itou and
Haliding 1997). If @ is replaced by (is) in the previous paper (Itou and Haliding 1997), all of the
expressions are valid in the present paper. Therefore, the previous paper is described only briefly.
The stresses and displacements can be expressed by eight unknowns: G,, H,, E,, Fy, C,, D,, C;, and
D;. Using Egs. (14) and (15), which are valid for |x| <o, the eight unknowns are reduced to four
unknowns C,, D,, C;, D5

The differences of the displacements are expanded in the Laplace domain as follows

Uy, —s,) = '; a,sin[2n xsin” (x/a)] for |x|<a (38)
=0 for a<l|x|
A(vi,—vs) = 3 b,cos[(2n—D)sin”'(x/a)]  for | <a 39
n=1
=0 for a<|x]
Uy, —sy) = Zl c,sin[2nxsin'(x/a)]  for |x<b @0)
=0 for b<|y]
A(viy=vss) = 3 d,cos[(2n—sin” (x/a)]  for | <bh @1
n=1

=0 for b<|x

where a,,b,,c,, and d, are unknowns, and the subscripts ¢ and b indicate the values at y = 0 and
y = —h, respectively. If the differences of the displacements are expanded by Egs. (38)-(41), then
boundary conditions (17) and (19) have been satisfied. Then, the remaining boundary conditions
(16) and (18), which must be satisfied inside the cracks, reduce to the forms

S )+ Y b L)+ Y e )+ S d () = —u(x)

Z anona(x) + Z bnpna(x) + Z cnqna(x) + Z dnrna(x) =0 fOI' |X| <a
n=1 n=1 n=1 n=1

S s+ Y bl ()Y e (¥4 Y () = ()
n=1 n=1 n=1 n=1 (43)

Z anonb(x) + Z bnpnb(x) + Z cnqnb(x) + Z dnrnb(x) =0 for |x| <b
n=1 n=1 n=1 n=1

where known functions £,,(x),/,,(x), ...,7,,(x) have the same expressions provided by Eq. (C3) in
Appendix C in the previous paper (Itou and Haliding 1997), and u(x) and v(x) are given by

u(x) = pls,  v(x) = pexp[—hs/(Jencr)/s (44)

The unknowns a,,b,,c,, and d, in Egs. (42) and (43) can now be solved using the Schmidt
method (Morse and Feshbach 1958, Yau 1967, Itou 1976).
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4. Stress intensity factors

Once the unknown coefficients a,,b,,c,, and d, have been solved, all of the stresses and

n “n n’

displacements can be obtained. The stress intensity factors in the Laplace domain can be expressed as

K, = lim 22(x—a)a,,,

x—>at

= S b,x (2n—1)x(-1)'Q(7a)"”

% . %
KIIa = lim N 2 ﬂ(x - Cl) TxyZa
x—>at

(45)

i a,x2nx(-1)"0%/(rwa)"”
n=1

be = 1inbl N2m(x—b 0:3,7
= 3 d,x(2n-1)x(-1)"Qp/(b)"
n=1

—_ . 46
Kip = lim 27057, (40

3 e, x2nx (=1)"Qls/(xb)"
n=1

where the known constants Q" (i =2,5,12,15) have the same expressions given in Eq. (41) in the
previous paper (Itou and Haliding 1997).

The inverse Laplace transformations of the stress intensity factors are carried out by the numerical
method described in Ref. (Miller and Guy 1966). When the Laplace transform g'(s) can be
evaluated at discrete points given by

s=(f+1+k), £k=0,1,2,... (47)
the coefficients Cy, are determined using
k
Ox g [(k+p+1)d] = Z Cuk!/[(k+ p+1)(k+ +2)...(k+ + 1+ M)(k—M)!] (48)
M=0

where, 020 and f>-1. If the coefficients are calculated up to Cy_,, an approximate value of
g(#) can be found, as follows

) = 3 CuP P 2exp(an)-1] (49)

M=0

where Pfj’ﬂ’ (z) is a Jacobi polynomial. The parameters 6, £, and N must be selected such that g(7)
can best be described within a particular range of time .
The relation between g (s) and g(7) is then obtained as
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lim [sg(s)] = limg(7) (50)

Therefore, the static results of the stress intensity factors in physical space can be obtained using
Eq. (50).

5. Numerical examples

The dynamic stress intensity factors were calculated numerically with quadruplex precision using
a Fortran program. Here, overflow and underflow do not occur within the range 10™°% to 107%%
Numerical calculations are carried out for graphite-epoxy composites and for steel. The material
properties for the composites are provided in a handbook (Peters 1998), and these are given in
Table 1, in which the material properties for steel are also presented. For steel, Eq. (24) has two
kinds of multiple roots because E| is equal to E,. In this case, solutions given by Egs. (32) and (34)
are invalid. However, if E, is replaced by E, x 0.999, the expressions given by Eqs. (32) and (34)
are still valid. In Table 1, the density of the material p is not shown, because a dimensionless time
cptlal= (p,,/p)'" x t/a] is used instead of time 7.

The semi-infinite integrals, which appear in the known functions £,,(x),/,.(x),...,7,,(x), must
be evaluated numerically. It can be verified that the numerical integrations have been performed
satisfactorily because the integrands decay rapidly as the integration variable & increases. To solve

Table 1 Material properties

Graphite-Epoxy Composites

Constants Materials Steel
E, (GPa) 206.0 145.0
E, (GPa) 206.0x0.999 9.6
Iy (GPa) 82.4 5.8
Viy 0.25 0.30
. 1.5 T T T T ~ 1.5 T ! T 1
< - Sl
i ke £, ke
gj o 7 ;Z 1 _:' "“'%‘:'_’;"—"""’"""""" . —
:5 Y 55 ,‘, K
—— — o=
o s ] ke
bf Ila ,,,,,,,,,,,,,,,,, ,,,,,,,,,,,,,,,, ,,,,,,,,,,,,,,, - ;f (R T R »»»»»» SRMPI. ENS— ................. ................ -
. i E E 9 : ; ; : ‘
0 5 10 15 20 25 0 5 10 15 20 25

crtla

Fig. 2 Stress intensity factors Kj,, K., Kp, and Ky
for graphite-epoxy composites (b/a= 1.0 and

Wa=0.2)

c t/a

Fig. 3 Stress intensity factors Kj,, Ky, Kp, and Ky

for steel (b/a=1.0 and h/a =0.2)
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the unknown coefficients a,,b,,c,, and d,, the Schmidt method has been applied by truncating
the infinite series in Egs. (42) and (43) by summing from » =1 to » = 10. It has been verified
that the values for the left-hand side of Egs. (42) and (43) coincide to those for the right-hand side
with acceptable accuracy. The numerical Laplace inversions are carried out by setting
(=0.0,6=0.2,N=11) in Eq. (49).

The stress intensity factors K, K;,,,K;,, and K,;, are calculated for 4/a = 1.0 and h/a = 0.2
and these are plotted with respect to c;#/a for graphite-epoxy composites and for steel in Figs. 2
and 3, respectively. The corresponding values K3 for a single crack in an infinite plane are
solved separately, and these are shown by the dotted lines in these figures. The straight lines drawn
on the right-hand side show the corresponding static values calculated using Eq. (50).

6. Conclusions

Based on the numerical calculations outlined above, the following conclusions are obtained:

(1) For composite materials weakened by two parallel cracks, the significant stress intensity factor
is K,,/(pJ7a) at the end of the upper crack. The peak value, K,*/(p./7a) for b/a = 1.0
and h/a = 0.2, is approximately 1.05 for graphite-epoxy composites and is considerably
smaller than 1.25, which is the corresponding value for a single crack in an infinite orthotropic
plate. For an isotropic material, the peak value, K'-"“/(p./7a) for b/a = 1.0 and h/a = 0.2, is
considerably smaller than that for a single crack in an infinite plate.

(2) The value of K}, reaches the first peak value, and somewhat later, that of K, reaches the peak
value. However, for Mode I, the peak value first appears in Kj;, and somewhat later, (—Kj;,)
reaches its first peak value.

(3) For a single crack in an infinite plane, the dynamic stress intensity factor increases
continuously, eventually reaching the upper peak value. The dynamic stress intensity factor
then tends to fall, eventually reaching the lower peak value. Somewhat later, the value
converges at the corresponding static value. In contrast, the dynamic stress intensity factors
around the two parallel cracks oscillate toward the corresponding static values.

7. Correction

The elastic constant ¢y is given by Eq. (2) as follows
en = E{py[1=(EJE) v, ]} (51)

In the previous paper (Itou and Haliding 1997), the authors mistakenly presented the following
expression

en = EA1—(EJE) Vi (52)
If 4., in Eq. (52) is replaced by the following

2.2
/uxy_) { 1 _(Ey/Ex) ny} /uxy (53)

then all of the expressions in the previous paper by (Itou and Haliding 1997) are applicable. In the
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paper (Itou and Haliding 1997), the absolute values of the dynamic stress intensity factors are
plotted with respect to the dimensionless circular frequency wa/cy, which is given by the following
equation

walcy = wal |,/ p (54)

The modulus of rigidity s, does not appear in the numerical calculations in the previous paper
(Itou and Haliding 1997), but their numerical results are the correct values.

Using the correct Eq. (51), the dynamic stress intensity factors have been recalculated numerically,
and numerical results are verified to correspond to those provided of the previous paper (Itou and
Haliding 1997).
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