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1. Introduction

Beams with tip or span-wise constraints have been the main subject of numerous investigations
due to their practical importance. Published works tackling free vibration characteristics of beams
carrying attachments differ generally in the methods employed (Rayleigh-Ritz, Galerkin, transfer
matrix methods, etc.) and the beam models assumed (Timoshenko, Euler-Bernoulli, etc). Among
many papers appeared so far the following are worth mentioning: Wu and Chou (1997), Chen and
Wu (2002), Oguamanam (2003), Lin and Chang (2005). These and similar studies not cited here
assume indirectly that as the main element of system beam undergoes to bending in one of the
symmetry planes. However, some beam-like elements such as turbomachinery and helicopter blades,
thin-walled open cross section bars, and beams with single cross sectional symmetry experience
twisting along with flexural deflections due to shear centre and centroidal axes being non-
coincident. The literature on dynamic analysis of such beams is also extensive, and some recently
published works on the subject are due to Banerjee (1999), Jun ef al. (2004), Gokdag and Kopmaz
(2005).

This note, apart from the works cited above, is concerned with the out of symmetry plane free
bending vibrations of an open cross-section beam supported by intermediate transversal linear
springs. The warping of beam cross section is accounted for, and Euler-Bernoulli beam theory is
preferred. Two different approaches, i.e., the dynamic transfer matrix method (DTMM) and the
Rayleigh-Ritz method (RRM), are carried out to obtain natural frequencies of the system and to
compare the methods used with each other.

2. Theory

The system considered is depicted schematically in Fig. 1, where L is the length of beam, L; shows
the distance between the ith (i = 1, 2, ..., N—1; N: number of beam spans) spring attachment point
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Fig. 1 The system consisting of a beam with non coincident shear and centroidal axes and (N-—1)
intermediate linear springs

and the beam root point O, k;, denotes the ith spring stiffness, EL, GJ and EI are, respectively,
bending, uniform twisting and warping stiffnesses. /. is the mass moment of inertia of the cross
section per unit length with respect to the centroidal axis. The distance between the centroidal and
the shear centre axes and the ith spring attachment point offset are denoted by ¢ and e;, respectively.
The positive directions of twisting angle w(x, ¢) and transversal displacement w(x, 7) are as shown.

Using these notations natural frequencies of the system is first obtained by DTMM According to
this method, the equations of motion for the free vibratory motion of the bare beam, i.e.,
Elw, .+ m(W+cy) =0 for bending and, ET vy, —GJy, +mc(W+cy)+ 1y =0 for
torsion (Gokdag and Kopmaz (2005)), are solved first with the assumptions w(x, ) = Y(x)e’",
w(x, 1) = ¢(x)e’”, and j = J—1, where m denotes the mass per unit length of beam, overhead
dot and subscript x denote partial derivative with respect to time and spatial coordinate, respectively.
Y(x) and ¢ (x) are the modal functions related to bending and torsion, respectively, and w is the
frequency of harmonic motion. After some algebra analytical forms of ¥(x) and ¢ (x) can be derived
(refer to Banerjee (1999) and Jun et al. (2004) for details.) Then one can extract bending slope
O(x) = Y'(x), derivation of torsion angle 3(x) = ¢'(x), shear force V(x) = —EL.Y"'(x), bending
moment Mgy(x) = ELY"(x), warping moment My(x) = El¢"(x), and twisting moment M;(x) =
GJ@'(x) — EI¢"(x), which can be represented by the state vector Z as Z = [Y(x) O6(x) #(x) (x)
V(x) Mg(x) My(x) MT(x)]T. Then, for a beam section one can write Z = TS, where S is a
column vector containing the integration constants C; (i=1, ..., 8), and T, is the 8 x 8 coefficient
matrix. It can be verified that the compatibility conditions at the interface of ith and (i + 1)th beam
parts can be written as Z,(L;) = T, Z;,,(L;), in which Ty is a square matrix with all diagonal
elements equal to 1, and all off-diagonal elements except Ty(5,1)=-k,, Ty(8,3) = —kLl_ef,
Tu(5,3) = Ty(8,1) = —k, e; are zero. For the beam with N spans, i.e., (N —1) attachments, one

2
can obtain the transfer matrix T as T = (H (T (LT (Ly_ 1)_]Tﬁ,1k_ 1)] TI(LI)TI(O)_I , Where Ly
k=N
=L, Ty, is, like in Z(L;) = TyZ,, ,(L,), calculated for the (k— 1)th spring attachment point.
Introducing the proper end conditions to modify T yields the characteristic equation giving the
natural frequencies of the whole system.

In the RRM the displacement and the torsion angle of beam cross section can be expressed by
Y(x) = _]}.Vi’lajf’j(x), P(x) = _;V;”lajﬁ (x), respectively, in which Y;(x) and ¢;(x) are the modal
amplitude functions of the bare beam, g; denotes the modal coefficients, and N,,is the number of
modes used. Employing the above expansions in the Rayleigh’s quotient and derivating with respect
to a; give (K—a)zM)A = 0, where A is the vector including a; coefficients, K and M are,
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respectively, stiffness and mass matrixes comprised of the following entities

Ky= [[(ELYY"" +EL§;$."" = GJ§ ;" )dx+ TNy (VL) + e, 6y (L)) (VL) + e, (L))
’ (1)

My, = j(f(m?,Yﬁmc(?jak + Vi) +Lgd0)dx, I, =mc+1, jk=1,2,..,Ny, (2

Then the natural frequencies of the whole system satisfying the equation det (K - sz) = 0 are
the solution of the above equation, i.e., (K- a)zM)A =0.

3. Results and discussions

To check the compatibility of the results from the two methods the physical properties of a semi
circular cross section (SCCS) beam in the work of Jun er al. (2004) are used. Initially, single
intermediate spring is assumed to be mounted to the cantilever beam, so that corresponding
numerical values for different spring attachment points L, and offsets e; are given in Table 1. At
first glance one can realise the good agreement between the results in the table. Although the first
five modes are considered in RRM, the results of the method agree well with the ones from
DTMM, i.e., with the exact natural frequencies. However, the relative error between the fifth natural
frequencies from the two methods is noticeable in comparison to the other natural frequencies,
which arises from the numerical errors related to ill-conditioned matrix inversion in DTMM
procedure. On the other hand, one can verify that the two methods give nearly the same results, i.e.,
the results with the absolute error lower than 0.01, for the physical properties of the channel cross
section (CCS) beam in the work of Jun ef al. (2004). This fact reveals that although the DTMM
procedure gives exact natural frequencies, this method can sometimes yield erroneous results for
some beam physical properties due to the foregoing computational deficiency. Meanwhile, in the
context of computational time there observed no significant difference between the two methods.

Secondly, Table 2 is introduced in order to investigate the sensitivity of deviation between the
results of the methods to increasing attachment number. The numerical values in Table 2 are
obtained by using the data of CCS beam. The results are self explanatory; the agreement of the two
methods is excellent, which implies RRM can be confidently used by employing just the first five

Table 1 Comparison of the natural frequencies @ (Hz) of the SCCS beam from the two methods for various
attachment point locations and offsets

2] (2] @3 [on s
L. = 02L RRM 63.9839 137.7774 278.9988 485.3017 664.2076
I L= DTMM 63.9835 137.7767 278.9731 485.1003 660.6019
L. = 05L RRM 67.1342 137.7312 280.0525 485.1363 664.0269
L= DTMM 67.1268 137.7308 280.0351 485.1393 654.1348
_ RRM 65.5106 137.8098 280.3421 484.7744 664.2633
I er=c¢ DTMM 65.5068 137.8096 280.3252 484.4564 654.1348
-9 RRM 66.6706 139.7923 283.1390 485.1373 663.8402
€1 =2¢  DTMM 66.6545 139.7788 283.1033 485.2447 654.1348

Le =c, k,=2EL/L’; T L, = 04L, k, = 2EL/L’.
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Table 2 Natural frequencies o (Hz) of the CCS beam with several intermediate springs

@y (23 ;3 [on Ws
I RRM 64.9498 98.9679 159.7724 415.5007 615.4365
DTMM 64.9409 98.9676 159.7678 415.4982 615.4365
I RRM 83.8875 100.0424 170.2128 419.9383 615.4815
DTMM 83.8670 100.0394 170.2044 419.9340 615.4814

I: Five intermediate springs; k; = EI:/L3, L;=Q2i-1)0.1L, ¢;=2.0c, i = 1,2,3,4,5.
II: Ten intermediate springs; k; = EI_,./L3, L;,=(i/11)L, e;=2.0c,i =1,2,...,10

natural modes of vibration. On the other hand, for the consecutive springs closely located the
Timoshenko beam theory should be preferred as pointed out by Lin and Chang (2005). The present
models can easily be modified to take shear and rotary effects into account, as well.

According to the above discussion, for a bending-torsion coupled beam with several elastic
intermediate supports, one can expect that the two methods will give natural frequencies of
extremely close to each other unless the physical properties of beam causes numerical errors
previously mentioned. Moreover, RRM can alternatively be employed to obtain the accurate natural
frequencies of coupled flexural-torsional beams with multiple intermediate elastic constraints. To the
authors’ knowledge, the bending-torsion coupled beams with the constraints in this study have not
been the subject of a published work so far. Therefore, the present study is expected to guide the
works for further investigations in this field.

References

Banerjee, J.R. (1999), “Explicit frequency equation and mode shapes of a cantilever beam coupled in bending
and torsion”, J. Sound Vib., 224(2), 267-281.

Chen, D.W. and Wu, J.S. (2002), “The exact solutions for the natural frequencies and mode shapes of non-
uniform beams with multiple spring-mass systems”, J. Sound Vib., 255(2), 299-322.

Gokdag, H. and Kopmaz, O. (2005), “Coupled bending and torsional vibration of a beam with in-span and tip
attachments” J. Sound Vib., 287, 591-610.

Jun, L., Rongying, S., Hongxing, H. and Xianding, J. (2004), “Coupled bending and torsional vibration of axially
loaded Bernoulli-Euler beams including warping effects”, Applied Acoustics, 65, 153-170.

Lin, H.P. and Chang, S.C. (2005), “Free vibration analysis of multi-span beams with intermediate flexible
constraints”, .J. Sound Vib., 281, 155-169.

Oguamanam, D.C.D. (2003), “Free vibration of beams with finite mass rigid tip load and flexural-torsional
coupling”, Int. J. Mech. Sci., 45, 963-979.

Wu, J.S. and Chou, HM. (1998), “Free vibration analysis of a cantilever beam carrying any number of
elastically mounted point masses with the analytical-and-numerical-combined method”, J. Sound Vib., 213(2),
317-332.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




