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Abstract. A decoupling technique for simulating near-field wave motions in two-phase media is
introduced in this paper. First, an equivalent but direct weighted residual method is presented in this paper
to solve boundary value problems more explicitly. We applied the Green’s theorem for integration by parts
on the equivalent integral statement of the field governing equations and then introduced the Neumann
conditions directly. Using this method and considering the precision requirement in wave motion
simulation, a lumped-mass FEM for two-phase media with clear physical concepts and convenient
implementation is derived. Then, considering the innate attenuation character of the wave in two-phase
media, an attenuation parameter is introduced into Liao’s Multi-Transmitting Formula (MTF) to simulate
the attenuating outgoing wave in two-phase media. At last, two numerical experiments are presented and
the numerical results are compared with the analytical ones demonstrating that the lumped-mass FEM and
the generalized MTF introduced in this paper have good precision.

Keywords: two-phase media; transmitting boundary; near-field wave motion; decoupling technique.

1. Introduction

In fields such as geophysics, civil engineering, and electromagnetics, problems of the near-field
wave motion arise if the explanation of certain kind of wave motion phenomenon in a local region
is required and if the effects of the environmental medium must be considered in this explanation.
The study of near-field wave motions in two-phase media has great importance in many practical
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problems in geomechanics, seismology, oil exploration, and earthquake engineering. Due to the
complexity of the governing differential equations, nonlinearity, and inhomogenouesity, it is difficult
to solve the problem analytically (Gajo and Mongiovi 1995, Chen 1994, Kim et al. 2002).
Therefore, many investigators have resorted to numerical solutions (Zienkiewicz and Shiomi 1984,
Prevost 1985, Yiagos and Prevost 1991, Sandhu and Hong 1987, Karim et al. 2002, Zhao et al.
2005, Li et al. 2004, Diebels et al. 1996, Huang et al. 2004).

Theoretically, we can apply domain discretization techniques (i.e., finite element method or finite
difference method) combining appropriate artificial boundary conditions to simulate near-field wave
motions, but for many practical problems, such as the earthquake response of nuclear power plants
and large bridges, the number of spatial degrees of freedom involved in numerical computation is
often larger than 10,000, and the number of time steps is also about 10,000 considering the strong
ground motion duration and time step requirement for numerical stability. That means analyzing the
earthquake response of the large structures one time (one forward computation) by some ordinary
methods involves solving at least 10,000 orders equations set 10,000 times. Moreover, the
earthquake resistant design and inverse problems require such forward computation many times.
This time-consuming computation renders some ordinary numerical methods impractical. Thus, we
need to find a numerical method which can simulate the near-field wave motion, not only accurately
but also efficiently. Fortunately, over the past 20 years Liao et al. (1984, 1996, 1999, 2001) have
proposed and developed a decoupling technique that has been proved accurate and efficient through
a series of numerical experiments for 2- and 3-dimensional benchmark cases.

The research done by Liao ef al. focuses almost entirely on one-phase media. Thus, in this paper
we will generalize the decoupling numerical method into two-phase media. This paper is organized
as follows. In Section 2, the mathematical model for near-field wave motions in two-phase media is
described. In Section 3, an equivalent but direct weighted residual method is presented, and a
lumped-mass finite element model with clear physical meaning is obtained. In Section 4, time
integration procedures are discussed, and an explicit scheme is selected. In Section 5, the artificial
boundary for two-phase media is discussed, and an artificial boundary condition is proposed which
is local and independent of the model. In Section 6, two numerical experiments which demonstrate
the accuracy and efficiency of the proposed procedure are presented. Section 7 is devoted to
conclusion.

2. Mathematical model
2.1 Govemning differential equations

The two-phase models were discussed in (Chen 2002) in details. In this paper, we mainly
introduce a decoupling technique that is not limited to any specific model, so without loss of
generality, the model introduced in (Men 1982) is selected. Its equations are reformulated as
follows:
for the solid skeleton

Lic'—(1—n)L.P+b(U-u) = (1-n)p,i (1)
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for the pore fluid

—nLLP+b(a-U) = np,U 2)

Compatibility conditions (assuming that the initial pore pressure and initial volumetric strain are
Zero):

-nP = E,[ne” + (1 -n)e’] 3)
The isotropic linear elastic constitutive law for solid skeleton is written as
o' = De 4)

and the relation between strain and displacement is

e =Lu (5)
Table 1 Model in details
Model P-SV wave Three-dimensional
u (ul, uZ)T (ula U, u3)T
U (U, Uy)' (U, U, Us)'
EZ 0 |
0 Jl Ox, 0
J Ox, 0
L 0 0 0/ Ox;
s 0 Jl Ox,
Jdx, Jox, 0
dox, Jox,
0 o oxy O ox,
_§/§x3 0 ﬁ/ﬁxl_
L, (d dx,, d Ix,) (d ox,, d Ix,, A Ixy)
1 v v 0 0 0
1 » 0 1 » 0 0 0
D Evil 10 Eov, 10 0 0
Vs V3 0 0
v; 0
L Vi)
c’ (0'1,1, 0'2’2: 0'1’2)T (0'1,1, 0'2’2: 0'3’3> 0'1’2> 0'2’3> 0'3’1)T
T T
€ (en, exn, enn) (e, ex, €33, €1, €23, €31)

Notation E; is the Young’s modulus of solid skeleton, v is the Poisson ratio, & is Lame constant,
vi=>0-v2,v=v(1-v), vy =(1=-2V2(1-v), vy = (1=-v)/((1+v)(1-2V))
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Table 1 Continued

Model One-dimensional P wave One-dimensional S wave SH wave
u u u U3
U U U Us
L, o dx ad Ox (dox,, d o”xQ)T
Lw 5/5)6'
D E, r ult 0
0 1
c’ o T (0'3’1, 0'3’2)T
e e V4 (53’1 5 63’2 )T
e’ =L,u (6)
e’ = L, ,U (7)

where L, and L, are differential operator matrix, ¢' and P are the effective stress and the fluid
pressure, respectively, U and u are the displacements of the fluid and solid skeleton, respectively, o,
and p, represent the densities of the solid skeleton and fluid, respectively, » is porosity, and b is
defined as b = n*/k where k is the permeability coefficient of the pore fluid, E,, is the bulk modulus
of the pore fluid, ¢’ and ¢" denote the volumetric strains of the solid skeleton and pore fluid,
respectively, e is the solid strain tensor and D is the matrix of material constants. The forms of the
U, u, L, L,, o, D and e for different cases are shown in Table 1.

Substituting Egs. (3), (4), (5), (6), and (7) into Egs. (1) and (2) respectively, one obtains
equilibrium equations in term of U and u.

L'DLu+ Y=L E [aL, U + (1= n)Loul + 5(U—1i) = (1—n)p,ii @®)
n

L E [nL,U+ (1-n)Lul+b(u-U) = np,U )
2.2 Boundary conditions

Three types of boundary conditions on the boundary I" can be considered.
A. Dirichlet boundary condition
On T}:

u-u=20 (10a)

w

onI'):

U-U=0 (10b)
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where u and U are the prescribed displacements of solid and fluid phase on the boundary T'p,
respectively.

B. Neumann boundary condition

On Ty:

noc-oc =0 (11a)

on Iy:
(P—P)n =0 (11b)
where ¢ and P are the prescribed traction of the solid phase and the pore fluid pressure on the

'y, respectively. The vector n is the unit outward normal to the boundary I'y, n is a matrix with
unit outward normal components as its elements, and n and n are defined as follows:

n = (n,n,n) (12a)
n, 0 0 n 0 n
n=o n, 0 n, n, O (12b)
0 0 n, 0 n n

C. Atrtificial boundary conditions

Artificial boundary conditions are needed on the fictitious boundary I, of a finite computational
region to model the wave propagation towards infinity. A number of such boundary conditions have
been proposed (Degrande and Roeck 1993, Gajo ef al. 1996, Akiyoshi et al. 1998), and the MTF
(Liao 1984) is adopted here for its simplicity and local characteristics. The MTF establishes a
displacement relation between the nodes on the artificial boundary and nodes in the computation
region and can be considered as Dirichlet boundary condition.

The parts T'p, [y(a = s, w) and I, of the boundary I satisfy the following conditions

ryuryul, =T rpulyurl, =T (13a)
LA, =0 TI)nl,=0 TynT,=0 (13b)
ryAly=0 TIpnl,=0 TIinT,=0 (13c)
2.3 Initial conditions
u(x, 0) = uy(x) u(x, 0) = uy(x) (14a)

U(x,0) = Uy(x) U(x,0) = Up(x) (14b)
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3. Weak form — Semi-discrete finite element equations
3.1 Weak Galerkin formulation

Given the governing differential equations and initial boundary conditions, the weighted residual
method is often used to obtain semi-discrete finite element equations. Here, we perform the method
for the above initial boundary value problem.

The satisfaction of Egs. (8) and (9) is equivalent to the following integral statement:

w w

I w,T(LSTDLSu + =M TE [(aL, U+ (1- n)qu]) dav
Q n

+ wi{(b(U—u)—(l —n)pi)dV = 0 (15)

[ wi(LIE [nL,U+ (1 -n)L,u]+bu-U)—np,U)dV = 0 (16)
Q

where w; and w, are arbitrary weight function vectors.
Discretizing the computation region into nonoverlapping finite elements, the solid skeleton
displacement vector u and the fluid displacement vector U can be approximated as follows:

u = Nu‘ U = NU° (17)

N = [Nla"'aNJ]
N =NXI j=1,..,J
N(x) =1,
=0 x =x,i#))

(18)

»
Il
[l

where u® and U° are the vectors of nodal displacement and N is shape function. Here, the same
shape functions are used for both the solid and fluid phases. J is the number of nodes for one
element, 1 is d x d unit matrix, and d is the number of the degree of freedom for the solid phase on
one node.

Substituting Eq. (17) into Egs. (15) and (16) and performing the integration on the domain
occupied by element e, one obtains the following:

w w

[ w((LZDLXNuWMLTE [nLWNUe+(1—n)LwNu€])dV
(o n

+ [ wi(B(NU"=Nui) = (1 -n)pNi)dV = 0 (19)
"

[ wi(LIE, [nL ,NU’+ (1 —n)L,Nu‘] + b(Ni’ = NU") = np,NU)dV = 0 (20)
N

Applying Green’s theorem for integration by parts on the first integral in both Egs. (19) and (20)
and considering the Egs. (3)-(7), one obtains the following:
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[ (@) DN+ E=I L w, ) B [n(LN)U" + (1= ) (L, Nu'] ¥

+ (wBN(U  —u®) = (1 —n)wlTpsNﬁe)dV+i w nodll = 0 21)
QL’ e

- IQQ((LWWZ)TEW[n(LWN)Ue + (1 -n)(L,N)u‘] —wybN(i° - U"))dV
+ EWZT(—anN["Je)dV+iewinnPdF =0 (22)

where Q¢ is the domain occupied by element e and I is the boundary of Q°.
Substituting Neumann boundary condition (Eq. (11)) into Egs. (21) and (22), we obtain the
following:

1 (@w) DN+ I, )E, [a(LN)U* + (1 - )(L,N)u] )V
Q° n
+ J'Qg(wlTbN(Ue —u’)— (1 - n)w| p,Ni)dV + im”w{ﬁcdr

+ i_“_WITEdF + i_mwfﬁcdl“ =0 (23)

- jQL,((Lyvvvz)TE‘v[n(L‘vN)U‘f +(1=n)(L,N)u‘] -wibN (i’ - U%))dV

+ | sz(—nprI"Je)dV+i_m wsznnPdF+<{_eww2TnnﬁdF
Q° b +I] o

+ iwwg nnPdl =0 (24)

where T3 T, Ty and T'"(a=s,w) are the interface between elements, Dirichlet boundary,
Neumann boundary, and artificial boundary parts of [“, respectively. Egs. (23) and (24) can also be
obtained by proceeding along standard procedures (Zienkiewicz and Taylor 1989), that is, the
boundary conditions along with the differential equations are written as an equivalent integral
formulation with different weight functions(w,, w, for boundary conditions and w;, w, for
differential equations), then applying Green’s theorem for integration by parts and assuming
w, = —w,; and w, = —w,, one can obtains Eqs. (23) and (24). Although the above two methods
lead to the same results, the way proposed here is more consistent with the way of solving general
boundary value problems analytically, that is, first obtaining the general solution of the controlling
differential equation, and then combining the boundary conditions to obtain the specific solution.
Moreover, the method proposed here need not make the artificial assumption of w, = —w, and
W, = —W,.

As the displacement conditions prescribed on '}y’ + %, can be satisfied in the stage of solving the
obtained algebra equations and the weight functions w, and w, are arbitrary, we can ignore the
contributions, and then Egs. (23) and (24) reduce to the following:

-1 (ow ) DE Nt + L= ) B, (LN U + (1= n)(L,N)u] )
Q n

+ (WIBN(U  —u°) — (1 —n)WLTpSNﬁE)dV—({_ _wfadr—({r winodl = 0 (25)
» .
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—[ (L) E,[n(L,N)U + (1 - n)(L,N)u’] -w;bN(u’ - U"))dV
Qe
+ sz(—nprI"Je)dV+i winnPdl +q wonnPdl = 0 (26)
Q° v (o
For the Galerkin method, the weight functions are selected to be equal to shape functions:
Wl = N Wz = N (27)
Substituting Eq. (27) into Egs. (25) and (26), after algebra, one obtains the following:

I (B_‘.TDB_‘.ue+MBTE B [nUe+(1—n)ue]—NTbN(I'J"—ﬁe))dV
(o n

+ [ (1=mN pNi)dV - i”NTEdl" —iNNTﬁcdl" =0 (28)
Q N R

[ (BLE,B,[nU"+(1-nu’] -N"bNu‘ - U"))dV
.

+ IQUNT(anNI'Je)dmi?NTnnﬁdr+4r;wNTnnPdr =0 (29)

where
B, = LN (30a)
B, = L N (30b)

Egs. (28) and (29) can be expressed in the matrix form as follows

[Mfs 0 ][u] N [st —wa][ue] . [st K;][uej ) [Fi+F;s] 61)
0 M, \U” |-C,, C,,|'U" [K, K| ‘U’ F, +Fg,
where the element mass matrices are equal to
M, = J'QENT(I—n)pSNdV (32)
M, = J'QBNTanNdV (33)

The element damping matrices, representing the viscous coupling between both phases, are given by

C. = | N'bNav (34)
¢
From Egs. (28), (29), and (31), we have
C.. = C,, = C,, = C, (35)



A decoupling FEM for simulating near-field wave motion in two-phase media 189

The element stiffness matrices are expressed as

K = er(BfDSBﬁva(l—n)"'/nEwa)dV (36)
K, = J'QgBﬁ(l—n)EWdeV (37)

K, = J'QEBﬁ(l—n)EWBWdV (38)

K, = J'QEB:nEWdeV (39)

Finally, the external nodal forces are given by

F¢ = (j'rmNTG'dl"—i_wNTn(l —n)Pdl (40)

F. = —i_NNTnnI_’dl" (41)

and the mutual forces between elements, which can be canceled in the element assembly process,
are expressed as

F;, = i“NTﬁ odl (42)

R

F;, = _imNTnnPdr (43)

3.2 Lumped-mass finite element method

Given the element mass matrices, element damping matrices, element stiffness matrices, and the
external nodal forces, we can obtain the system equations set for domain ) by assembling these
element matrices according to standard procedures (Zienkiewicz and Taylor 1989). This process
results in the consistent-mass finite element model. Another finite element model is the lumped-mass
model. Although the consistent-mass model is more elegant than the lumped-mass one from a
mathematical point of view, the latter has been suggested for use since the decoupling method was
first proposed by Liao (1984). The suggestion was based on the following considerations (Liao
1999): (1) the lumped-mass model yields a spatial decoupling scheme, which is substantially more
efficient in computation than the spatial coupling scheme resulting from the consistent-mass model;
(2) the suggested model is more reasonable in the physical sense that the wave speed must remain
finite; (3) the lumped-mass model is not less accurate than the corresponding consistent-mass model
as far as the numerical simulation of wave motion in a desired frequency band is concerned; and (4)
the restrictions imposed on the time step by the stability criteria for the consistent-mass model are
often harsher than those for the lumped-mass one. For the reasons stated above, the lumped-mass
model is selected in this study. The lumped-mass model can be obtained by introducing the different
shape functions used for the mass matrix from those for the stiffness matrix or by properly selecting
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Fig. 1 The local nodal system

the numerical integral points to cause the element not to be on the diagonal zero. Both of them are
only from mathematical consideration and lack physical meaning. Here, following the thoughts in
Liao (1984) and considering the accuracy requirements for numerical simulation of wave motion, a
practical lumped-mass model with clear physical meaning is derived. This model combines the
simplicity advantages of the finite difference and the advantages of the finite element method in
dealing with inhomogenous medium and irregular boundary.

As we all know, a dynamic disturbance at a spatial point cannot be transmitted to another spatial
point instantaneously: it takes time to reach the next point because the wave speed in any realistic
medium is finite. In other words, the motion of a specific spatial point at the next moment is
determined completely by the motions of its neighboring points in the present and past within a
short time window. Therefore, to derive the equations that govern the wave motion of a point, a
local nodal system with this point at center is considered. The local nodal system is shown in Fig. 1;
the element in the system is quadrilateral and can also be other types.

Assuming the local nodal system consists of L nodes, the subscript (/) /=1, 2, ..., L denotes the
node serial number in this system and the subscript j denotes the node serial number of a element,
there is a relationship between / and j, that is, / = /(). So, we have

u/ = ll/(j) = u; (443)
U[ = U/(j) = Ue (44b)

where u; and U, are the displacement vectors at node / for solid and fluid phase respectively, uj and
U; are those at node j for element e.

Without loss of generality, we assume that node 1 in the system, as shown in Fig. 1, has the same
serial number 1 in all elements in this system. According to the physical meaning of elements in
stiffness matrix, mass matrix, and damping matrix, i.e., the value of K is equal to that of force
imposed on the ith degree of freedom when unit displacement occurs on the jth degree of freedom,
the equilibrium equations of node 1 can be written as follows:
for the solid phase

J . e e e e e
SN (M, + Cy ;- Co Us + Ko uy + K, UY) = S (Fg + Fy) (45)

swlj sslj swlj
e j=1
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for the fluid phase

ZZ(MWWUU Cwslju +CWW1] +Kwslju +KWW1] j Z(F 1+FRwl) (46)

Lj—l

where the first term in Egs. (45) and (46) is the contribution of inertial forces and other terms on
left side are the contribution of constitutive force. M, ;, C;,, ;» and K, ; are the d x d submatrix
of M;,, C., and K,, (a, b = s, w), respectively.

To guarantee accuracy in simulating wave motion, the element sizes must be substantially smaller
than the smallest wavelength considered. Thus, the spatial variations of acceleration and mass

density can be ignored in element region, which means

aal j» ablj

i = i U, =U (=1,..J) (47)

Substituting Eq. (47) into Eqs. (45) and (46) and considering that the mutual forces between
elements having the same absolute value but inverse signs, which results in ZFM ZFZM =0,
the Eqgs. (45) and (46) reduce to the following: e

ulesl+zzl(cmj ;= Co, U + K u) + K, UD) = SFS, (48)
e z
U‘ZMW1+ZZ( Ci U +wa1] +Kws1]u +K;,,;U) = ZFfvl (49)
where, o e
Mg, = Zle, (50)
=
ME = M, 51)

M, and M, are d x d diagonal matrices with the same diagonal elements and the diagonal
elements of them denotes the solid and fluid lumped mass on node 1 contributed by element e,
respectively.

The equilibrium equations of other nodes in the computation region (not including the nodes on
the artificial boundary) can be derived in the same way as that of node 1. Considering a local nodal
system consisting of node i and its neighboring nodes and assuming that the node with serial
number £ of a element corresponds to serial number i in the system, that is, a relationship of
k = k(i) exists, then the equilibrium equations governing the wave motion of node i are given as
follows:

J
uiMsi + Z z (an(l)/uj - C.s‘wk(i)]U + K\sk(l)/u + szk(l)/U ) ZF,\'i (52)
e j=1 e
L] J e .e e L‘ €
U"Mwi + Z z (_Cwsk(i)juj + wak(i)jU + Kwsk(z)ju + wak(z)j ) = szi (53)
e j=1 e
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where,

ZMsk(l) - Z Z Mssk(t)j (54)

e j=1
th = Zvak(t) Z Z Mwwk(l)j (55)
e e j=1

and it can be proven that

M, = [ (1-m)pNdV (56)
e
M\evk = J. nprde (57)
e
(k=1,...,J)

Egs. (52) and (53) govern the wave motion of inner nodes which refer to all nodes except those
on the artificial boundary. The equations that describe the motions of nodes on the artificial will be
discussed later.

4. Time integration

Time integration of the semi-discrete finite element Egs. (52) and (53) can be performed by many
types of time stepping algorithms. Broadly speaking, both implicit or explicit procedures are
available. Explicit procedures are the most computationally efficient procedures since they do not
require (for a lumped-mass model) equation solving to advance the solution, while the implicit
procedure require solution of a system of equations at each time step. Although unconditional
stability can usually be achieved for implicit procedures, the time step restriction for the whole
computation system is determined by the criterion for the stable implementation of the artificial
boundary condition, which is comparative to the stability restriction of the explicit procedure.
Moreover, the explicit procedure combining the lumped-mass model causes the motion of a specific
spatial point at the next moment to be determined completely by the motions of its neighboring
points at present and past times within a short time window, which is the character of the wave
motion, i.e., local in space and time. Therefore, an explicit procedure is suggested in this study and
we select a explicit procedure which results from the combination of the center difference scheme
and Newmark scheme (Li ef al. 1992). After implementation of this explicit scheme in Egs. (52)
and (53), the motions of inner nodes can be expressed as follows:

For displacemen

p+1 _ TéP e ep e ep
u = ——M ZZ(CM(), ;- swk(i)_jUj + Ko+ Koy Uy )

e j=1

u’ + Ari? +—M ZF (58a)
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p+1l _ ep
U MW’Z Z ( Cwsk(t)ju + wak(l)jU + Kwsk(t)juj + wak(l)jUj
e j=1
: AF i1
+ U7+ AU + MY F (58b)

for velocity

J
.p+1 . -1 (p+ 1) (p+ 1)
u/" = u/- M, E E (stk(i)j(u; R “jp) - Cjwk(i)j(U; - Ujp))

e j=1
At e(p+1 e J e e(p+1 e e e(p+1 e,
+SM {(F CTVHFD) = Y (K, (0 4 u) + K (U7 U_,-”))} (59a)
j=1
+1 - - e(p+ e e(p+ L‘
Up - U Mwllz z ( Cwsk(l)/(u (e D) - u p) + wak( )1(U v l) _jp)

e j=1
At e(p+ e(p+ e e(p+ ) e,
2 sz {(chzp 1) wz) Z (Kwsk(t)j(u (D +u P) + wak(l)J(U (! Ujp))} (59b)

j=1

where At is the time step, u” and U’ are the displacement vectors of node i at time pAt¢ for solid
and fluid phase, respectively, u;” and U;” are those of node j for element e at time pAs.

5. Artificial boundary condition

Some investigators, such as Degrande (1993), Gajo (1996), and Akiyoshi (1998), have studied the
artificial boundary for two-phase media. However, the boundary conditions proposed there are
almost model dependent or global in time and/or space. Due to their ease of implementation and
their local character in space and time domain, local artificial boundary conditions are frequently
used for dry elastic media. Among the local artificial boundary conditions, the MTF developed by
Liao and his co-workers (Liao 1984) is based solely on a general description of wave propagation
and is not geared to any specific system of differential equations that render it general and easy to
implement. Considering the attenuation character of wave motion in two-phase media, we have
generalized the MTF into the case of two-phase media. For a more detailed derivation, one can
refer to (Chen and Liao 2003), and only the final formulas are given below:

Dul*' =0 (60a)

DU =0 (60b)

H
D = J[(Bo—1 Bo—1728,B 11 5(5,)"B,) (61)

m=1
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S, = exp(~fB,Ax) (62)
7= (2-8,)(1-8,)/2 (63a)
£y = S,(2-S5,) (63b)
£y = 8,(S,—1)2 (63¢c)
S, = c,,At/Ax (64)

Where Ax is the spatial step, u} " "and Ul " are the displacement vectors of the artificial boundary
point at time (p + 1)Ar for solid and fluid phase respectively, H is the order of the generalized
MTF, ¢y, and S, are the mth artificial speed and artificial attenuation coefficient, respectively, and
B{ is a backward operator with

Blu, =u; ] (65)
where u’ and U are the displacement vectors at x = —nAx on the x-axis, which coincides with

the outward normal to the artificial boundary at boundary point 0, with the boundary point O as its
origin. The formulae (60a) and (60b) are the generalized MTF for attenuation waves in two-phase
media, and they can be reduced to the MTF when the attenuation coefficients are zero. Moreover,
the generalized MTF is independent of any specific model and local in time and space.

6. Numerical examples

Based on the formulae above, we programmed the corresponding finite element codes. Numerical
experiments for both two- and three-dimensional cases are presented to verify the accuracy and
efficiency of the decoupling procedure.

Y
C(2,2)
2 4 C(1.5,1.5,1.F)
.:"
F(1) . F() Ak

B(1.5,1.5)

A1 1 _#70(0,0,0)
0 2 X «

Fig. 2 Two-dimensional point source model in whole ~ Fig. 3 Three-dimensional point source model in
space whole space
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6.1 The point source problem in two-dimensional infinite space

Consider a plain strain problem in a two-dimensional infinite domain, as shown in Fig. 2.
Suppose that a point force F(¢) acts on the solid skeleton at point (1,1) along y direction. The
function F'(¢) is defined as

i <t<
F(t) = sinf, 0 <r<1 (66)
0,r>1

The non-dimensional parameters used in computation are as follows, 4 =0.12 x=0.24, O =0.479,
k=1.0, p=1, p,=04, m=2.25, and a=1.0. Given these parameters, we can obtain the following;:
c,=1.0,c,=0.54,¢c,=0.36, n,~0.0, ,=0.12, and 7, = 0.013, where, ¢,, ¢4, and ¢, are non-
dimensional wave speeds of the fast compressional wave P;, the slow compressional wave P,, and
the shear wave S, respectively. 7,, 77; and 7, are the dissipation factors of the above three types of
wave, respectively.

The artificial boundaries are placed around the computation region, the dimensions of the model
are 2 x 2, and the computation region is discretized using 20 x 20 four-node square elements, with
the nondimensional size Ax = Ay = 0.1. The time integration scheme suggested in Section 4 is
used with the nondimensional time step Ar = 0.01.

Figs. 4 and 5 depict the solid nondimensional displacements at B(1.5,1.5) in x and y directions,
respectively, and Figs. 6 and 7 for C (2.0,2.0), with a solid line denoting the analytical solution
(Chen 1994), a dash line representing the numerically exact solutions, and a dotted line for the
results using generalized MTF. The numerically exact solution means the numerical results with the
artificial boundaries placed far enough away that the dynamic behaviors of the regions we were
concerned with during the computation time were not affected by the reflected waves from the
artificial boundaries. In Figs. 4-7, excellent agreement of the analytical solution and the numerically
exact result is seen, which demonstrates that the decoupling technique in this paper has high
accuracy. The results using generalized MTF also agree well with the analytical solutions, which
tests the accuracy and efficiency of the generalized MTF in simulating the attenuating waves in
two-phase media.



196 S. L. Chen, Z. P. Liao and J. Chen

02 0.3
) Analytical ) Analytical
\ - - - - Numerically Exact /N, -~ Numerically Exact
o1 e Generalized MTF 0.2} .t Generalized MTF
= >
S5 >

-0.1 1 1 1 ] 1 1 1 )
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6.2 The point source problem in three-dimensional infinite space

Consider a three-dimensional model, as shown in Fig. 3, with artificial boundaries placed on all
six surfaces. Suppose that the point force F(z) (see Eq. (66)) acts on the solid skeleton at point
(1,1,1) along z direction. The nondimensional parameters are the same as those in the two-
dimensional case. The dimensions of the model are 1.5 x 1.5 x 1.5 and the computation region is
discretized using eight-node cubic elements, with the nondimensional size Ax = Ay = Az =0.1.
The time integration scheme suggested in Section 4 is used, with the nondimensional time step
At = 0.01.

Figs. 8 and 9 depict the solid nondimensional displacements at B(1.0,1.0,1.0) in x and z directions,
respectively, and Figs. 10 and 11 for C(1.5,1.5,1.5), with a solid line denoting analytical solution
(Chen 1994), a dash line representing the results using generalized MTF. The displacements in y
direction are the same as those in x direction for symmetry. The results at boundary node are not as
good as those in the two-dimensional case because the boundaries are not far enough away from the
source. It is proved in Liao (2001) that the accuracy of the MTF in transmitting more general one-
way wave motions may be consistent with that of the finite elements or finite differences in the
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Fig. 8 The displacement of solid phase in x direction  Fig. 9 The displacement of solid phase in z direction
at point (1.0,1.0,1.0) at point (1.0,1.0,1.0)
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numerical simulation of wave motion if only the MTF order and the distance between the artificial
boundary and the source region are appropriately selected. Figs. 12-14 are the snapshots of solid
nondimensional displacements in x, y, and z directions in transverse section z = 1.0, respectively.

7. Conclusions

The computation is very time-consuming when the problems of near-field wave motion in two-
phase media are solved by some ordinary numerical methods, and this renders these methods
impractical for engineering. An efficient decoupling technique is presented in this study that consists
of the lumped-mass finite element model, explicit time integration procedure, and generalized MTF.
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Meanwhile, an equivalent but direct weighted residual method is presented to solve boundary value
problems. Finally, two- and three-dimensional numerical experiments are presented, which test the
accuracy and efficiency of the proposed method by comparison with the analytical solutions. We
also find the numerical instability in the three-dimensional case. The reason for and the measures to
avoid this instability should be studied further.
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