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Elasto-plastic stability of circular cylindrical shells
subjected to axial load, varying as a power
function of time
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Abstract. Stability of a cylindrical shell subject to a uniform axial compression, which is a power
function of time, is examined within the framework of small strain elasto-plasticity. The material of the
shell is incompressible and the effect of the elastic unloading is considered. Initially, employing the
infinitesimal elastic-plastic deformation theory, the fundamental relations and Donnell type stability
equations for a cylindrical shell have been obtained. Then, employing Galerkin’s method, those equations
have been reduced to a time dependent differential equation with variable coefficient. Finally, for two
initial conditions applying a Ritz type variational method, the critical static and dynamic axial loads, the
corresponding wave numbers and dynamic factor have been found. Using those results, the effects of the
variations of loading parameters and the variations of power of time in the axial load expression as well
as the variations of the radius to thickness ratio on the critical parameters of the shells for two initial
conditions are also elucidated. Comparing results with those in the literature validates the present analysis.

Keywords: clasto-plastic stability; cylindrical shell; time dependent compressive axial load; critical
parameters.

1. Introduction

Plastic stability phenomena have provided during the last four decades some of the crucial test
cases for the validity of metal plasticity theories. In many of the studies, the stability problem of
shells subjected to dynamic loading is considered when the strain is below the proportionality limit.
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Although, the experiments show that elastic-plastic deformation occurs in dynamic loading
condition (see Wolmir 1975). In the plastic deformation zone, the constitution of any particular thin-
walled structure, made by plates and shells, is not recommendable before the stability and strength
problems are studied. The plasticity theory provides more correct results for the same strength of
the designs and constructions.

Plastic stability of circular cylindrical shell under different loading has been systematically studied
since the late 1940s due to its importance in aerospace engineering. The investigations at this time
have established the sound theory describing the buckling phenomenon. Numerous works about this
problem can be found in the literature, covering theoretical and experimental studies of elastic and
plastic buckling under axial compression, external pressure or end torsion. The most commonly
used constitutive relations of plasticity for buckling problems are deformation and incremental
theories (Hill 1983). In the present work the deformation theory is used for the description of the
plastic behavior of the material. II’ishin puts the mathematical and technical formulation of elasto-
plastic bending theory of plates and shells forward (II’ishin 1947, 1948). The validity of II’ishin
theory is repeatedly proved by the experimental evidence (Bojinski and Wolmir 1962, Lee 1962).
Besides, Gerard (1956, 1957) and Batterman (1965) have been studied the most important
investigations about plastic buckling of cylindrical shells. Elastic and elasto-plastic stability
problems of cylindrical shells under axial load are widely discussed and analyzed (for details see
corresponding literature, e.g., Hill 1983, Wolmir 1967, Korolyov 1971).

There are many worthy studies about the plastic buckling of plates and shells under constant
loading as: (Storakers 1975, Sobel and Newman 1980, Tvergraad 1983, Tugcu, 1991, Giezen et al.
1991, Li and Reid 1992, Ore and Durban 1992, Lin and Yeh 1994, Durban 1998, Durban and
Zuckerman 1999, Yeh ef al. 1999, Mao and Lu 2001, Wang et al. 2001, Kosel and Bremec 2004,
Wang 2004). In some of these studies, the deformation theory is also utilized.

The subject of dynamic buckling of elasto-plastic cylindrical shells under axial impact has been
studied in many investigations (Coppa and Nash 1962, Florence and Goodier 1968, Zimcik and
Tennyson 1980, Lee 1981, Bajenov and Lomunov 1983, Lindberg 1987, Li ef al. 1994, Yu et al.
1996, Lepik 1998, Karagizova and Jones 1992, 1995, 2000, 2002, Shevchenko and Piskin 2003,
Wang and Tian 2003).

The stability problem of the shells under time dependent axial compressive load has been much
less studied in contrast to the buckling under axial impact load. One of the most important studies
about this subject is Wolmir (1975). Wolmir (1975) studied elasto-plastic stability of cylindrical
panel, which has initial imperfection under time dependent axial compressive load by using the
Runge-Kutta method. Jones and dos Reis (1980) studied on the dynamic buckling of a simple
elastic-plastic model. The theoretical method predicts that dynamic plastic-elastic buckling governs
the response for small imperfections, while dynamic instability occurs elastically for large
imperfections. Furthermore the dynamic buckling load of a model with small imperfections is larger
than the corresponding static buckling.

Besides, time dependent compressive loads vary not only linearly and periodically but also as
power functions depending on time (Sofiyev 2002, 2003, 2005). But, one such problem, not
considered till today, is the elasto-plastic stability of the shells under time dependent a-periodic axial
loads.

In this study, the aim is to investigate stability of circular cylindrical shells subjected to time
dependent axial compression described by a power law function-using the small elasto-plastic
deformation theory and the Galerkin and Ritz type variational methods.
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Fig. 1 Geometry and the coordinate system of a cylindrical shell

2. Fundamental relations

As shown in Fig. 1, we consider a cylindrical shell, with immovable hinged supports at the ends,
length L, radius R and thickness /4. The system of coordinates is selected in such a way that the
origin is on the middle surface, the z axis is perpendicular to the middle surface of the shell,
positive inwards, and the x and y axes are in the axial and tangential directions, respectively (Fig. 1).

The material of the shell is homogeneous isotropic, incompressible and the effect of the elastic
unloading is considered. In agreement with the laws for the elasticity and plasticity of materials the
stresses and strains are connected by the relations (Korolyov 1971):

_ 4 _4 _2
o, = gEs(gx +05¢), o, = §E5(5y +0.5¢), o, = §Esgxy (1)
where o, 0, 0, and g, §, &, are stress and strain components, respectively and E, = o;/¢; is the
secant modulus.
The equivalent stress o; and the equivalent strain & are defined by

o. = o'i—o'xay+0'i+30'iy (28,)
g = g[gj— &8, + gyz +2(& + 8y)2 + 3gfy] (2b)

For the purpose of buckling analysis one should recast further the stress-strain relations (1) into a
variational form. Thus, Eq. (1) gives,
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Ss, = E,66,—(E,~E)2 6%, 3)
O-i
Ss, = E 56— (E, - E)2 56, 4)
o,
Ss.. = 8o = 2E Se..— (E.—E)%2s 5
Sxy - O-xy - g s gxy_( s t); & ()

1

where E, = do/dg; is the tangent modulus, 6 is the symbol of variation and the following
substitutions are introduced:

s, = 0,-050,, s,=0,-050,, s, =0, (6a-c)

os, = 00,-0.560,, Js,= do,—0.560, (6d-e)

E, and E, are defined of relation o; = ¢ (g;), which describes the plastic behavior of the material.
The function o;= ¢ (&) is invariant to the type of the stress state and may be determined with
uniaxial tension/compression experiments (See Wolmir 1967).

The following expression is obtained from (3)-(5):

(o, ¢) = I (a, ) (7)
E,
where o and ¢ are stress and strain functions and the following definitions apply:
I(o, 0s) = Tl(s, d0) = 0,05, + 0,05, + 30,,05,, = E,0,0¢, ®)
I(o, 6¢) = o,0¢, + 0,0¢, + 0,,0¢,, = E,0,0¢ )

The variations of strain components and curvatures of the shell are obtained, respectively,
employing the following approximation:

(0g,, 0¢,, 01,,) = (Oe,+zy,, oe,+zy,,20e,+2zy,,) (10)

where oe,, de,, de,, are the variations of the strain components on the middle surface and
X Xy Xvy are the variations of the middle surface curvatures of the shell.

The coordinate of the surface that separates the regions of loading and unloading is obtained from
the condition that the variation of the equivalent stress or equivalent strain is equal to zero:

0,0&, + 0,08, + 0,,0¢,, = 0 (11a)
Substituting of (10) into Eq. (11a) the following expression is obtained:

zy =~ 2) (11b)

I[1(a, )



Elasto-plastic stability of circular cylindrical shells subjected to axial load 625
where

(o, x) = o)+ 0,0, +20, 1y, (12)

in which y is the curvature function.
Substitution of (7) into (11b), a result in the following expression is obtained:

2 = (o, &) (13)
"7 EN(o )

In the active deformation region or for loading region (z > z,), when expression (13) is considered,
the following relations can be used instead of (3)-(5):

E,—E,s (0, 0s)zy—z

o (14)
g z
! O; 0
g, = E.<58X—ES_EthH(02’ I5)zg—z (15)
£ O; 2o
§SXy = ZESé‘exy _ES —-E s (0, 08)zy—z "
’ E, o) Z

i

In the case of passive deformation or for elastic unloading (z < z), the variation of the stress and
strain relations are written in the form:

Ss, = ESz,, &5, = ESz, &, = %E&‘xy (17)

where F is the elasticity modulus.
The variations of force and moment components are obtained after Wolmir (1967) as:

hi2 hi2 hi2
ON,—0.56N, = .[ Os.dz, ON,—0.56N, = I Os,dz, ON,, = -[ s, dz (18)
-h12 -hl2 -h/2
hi2 hi2 hi2
OM,-0.56M, = J' Os,zdz, OM,-0.56M, = I Oszdz, OM,, = J' s, zdz (19)

—h/2 —h/2 —h/2

In case of stability loss, certain part of the shell material passes through the irreversible state of
plastic deformation. Thus at post-buckling state, one part of the shell is loaded plastically, while the
other one undergoes elastic loading. Accordingly, each integral in (18) and (19), can be regarded as
additive decomposition of two integrals. The integrand in the first one is integrated from z = —h/2
to z=z, by using (14)-(16) instead of Js,, Os), Js,,. In the second integral, the expression is
integrated from z=z, to z = h/2 by using (17) instead of Js,, Js,, Js,, . Besides, the expression
(13) is substituted in (18) and expression (11) is substituted in (19).

After computations, the following expressions are obtained for the variation of the force and
moment components:
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SN, = B\(Se, +0.58e,)+ D\(1, + 0.5,) ~ B, L=0) 5 (20)

0;
SN, = B\(Se, +0.58e,)+ Dy(z, + 0.5,) - B, L% ) @1)
ON,, = 0.5B,8e,, +0.5D, z,, - B, 1 =N g5 22)

O;

M, = D\(3e, +0.55¢,) + Colz, + 0.57,) - ;1B o (23)

o
M, = D\(3e, +0.55¢,) + Colz, + 0.57,) - (N E L (24)

O;
SM,, = 0.5D,5e,, +0.5C,z,, - (1%L (25)

o
where the following definitions apply:
=2
B = 2psE (E-£)z), B,=tEEULR) (26a-b)
3 4 E, Zy
D n =2 K =3
1= g (E-E)(=2%), C=2lE+E—(E-E)%] (26¢-d)
Cn = W 2 _
3= (B - BN+ 2)(2- %) (26¢)
in which z, = 2z,/h is the dimensionless coordinate and satisfies inequality 0<z,<1.
The variations of force components are given in terms of the Airy stress function as follows:
(5Nx’ 5 ) = h(q)yy7 B) _(D,xy) (27)
In the case, satisfies the following relation:

2 2

M(a, 5s) = TI(s, q))_s@+s5q’—3s Jo (28)

5y " ox’ Y Ox 3y

By removing the variation of strain components from (20)-(22) and expressions (27) are taken
into consideration in the expressions obtained, the following expressions are obtained for the
variations of strain components:

4h5® 2h§d) Dlﬁw 4B,11 gaﬁs!

de, = (0,-050,) (29)
3B1 oy 3B1 a2 Bl A’ 3Bl o

1

4h°® 2h°® D 7D 4B:T(o, ) &
3Bi gy’ 3Bi g’ Bigy 3B o g

1

~0.50,) (30)
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h &’® Dy &’w , ,Bill(a, 5)

oe,, = —2— + =
* B, Oxdy B, oxdy B, *

(D)

Taking the expressions (14)-(16) into consideration in expression (13) and substituting the
expressions obtained into (18) and removing Je,, de,,, de, and taking expressions (27) into
consideration for variation of the moment components, the following expressions are obtained:

2 2 2
oM. = n212 ?_Dz(ﬁ 1052 V;)—DP(";Z)GX (32)
By gy ox Oy o;
2 2 2
oM, = W2ZL _p(Tw, osCw) pMan, (33)
By ox oy ox ;
D, Z® 1, Ow (0, %)
oM. = — —1 _ = -D , OF 34
o B,oxdy 2 ‘oxay o S
where the following definitions apply:
2 N B . 2
D, = Cz—%, D, = C3+D132, B, = %(ES—Et)(l +2,) (35a-c)

1 1

The linearized modified Donnell type dynamic stability and compatibility equations of the
cylindrical shell are, respectively, as follows (Wolmir 1967):
2 2 2 2 2 2 2
4 512‘/["+2§ My, 2 5%+5LVZ+N3§—V:+N2§—V;+2N;§W = ,Ohé’vzv (36)
Ox axdy  py R Ox Ay oxay ot

0'be, , 0'5e, ,I'be, _ 15w
0’7y2 O’ ox2Ay R py?

(37)

where Nf:, NyO and ny are pre-buckling membrane forces, p is the density of the material and 7 is
the time.

Finally, we combine Egs. (27), (29)-(31) and (32)-(34) with (36)-(37) to obtain the compatibility
and dynamic stability equations in the form:

0,-0.50,5°TI( o, 55) L 005 0,5 T1( o, 5s)

2 2 2 2
R é’ N 0” r A2
Viois| Y i X _ _&5_? (38)
35 (0, &) R o
o, Ox0y

Vi 4 &L[(,ﬁma 2,5 0o, Mg z)} _
20',% ox” Y Oxoy ’ 5y2

2 2
L(AZD yidw g (39)

- r— )
D,

o w ﬁzw) -0
R py* ox

+ 2N — ph
oy “oxay P ap

Inserting relations (12) and (28) in Eqgs. (38) and (39), respectively can be obtained:
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500, 5,00 255,495, Fo
2 4 2 4 2 2,2
i ) . Ox O | 0’
Vio+py [T 01X o ey | Bidw (40)
6s.5., oD 65,5, oo 4R oy

xPxy

O'f ﬁx5y3 O'f ﬁx3ﬁy

V- D, é§4w N 20,0, + 40'; J'w + 2'§0”4w B
D, o-f ox’* 0'? 5x25y2 0'? §y4
4 4
_& 30-\’);O-v ﬁ3w +3O-x)2)0-); 0 W3 _ (41)
Dy & ox’oy o, Ox0Jy
2 2 2 2 2
L(BZD T T Nt 2 ppf ) 2 g
Dy \R px Ox Ay axay ot
where the following definitions apply:
—\2
B = &:2[E+ES—(E—ES)EO], B, =l§ = lES;EtM (42a-b)
h 3 h 4 E, Zo
D; - DB
D, = C,——, Dy = Ci+—= 42¢-d
2 2 B, 3 3 B, (42¢-d)
The cylindrical shell subjected to axial compression,
o, =0, 0,=0, 0,=0 (43)
and axial compressive load varying as a power function of time in the form (Sofiyev 2005):
N, = o.h = —(T, + Tyt%) (44)

where T is the static axial load, Tj is the axial loading parameter and «>1 is a positive whole
number power which express the time dependence of the axial compressive load.
Inserting expressions (43) and (44) in Egs. (40) and (41) can be obtained:

{L“ L”MW] = [O] (45)
Ly Ly|\@ 0

where the following definitions apply:

4 4 4 2 2
Ly = (Dy-D)L +2D,—Z— + D, % 4 (T, + Tyt)L + ph (462)
ox ox oy oy ox ot
2
L,=-12 (46b)
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_ 3B &

21 = E% (46¢)
A o o

Ly = (1+0.25B))— +(2-B))——+(1+B;)—; (46d)
Ox ox~dy oy

Should no effect of elastic unloading take place the differential operators (46) turns into the
following form:

N 3 4 4 4 2
i, =5k [(hﬂ)iﬁz J 2+i4}+(rl v L s phl ()
9 LM 47580 ooyt oy Ox ot
> h &
Ly = —— (47b)
R oy’
~ E 5
Ly = =<2 47
21 R o (47¢)
- 4 4 4
In=(3+ 1)L+ (3-4) 2+ LT (47d)
4 49,/ ox P Ox" 3y~ Pisy
where the following definition applies:
E
P = E (48)

3. Solution of the governing equations

Consider a cylindrical shell with simply supported edge conditions. The solutions for Eq. (45)
take the following form [37]:

_ . mx ny _ . mx ny
= &(t)sin——cos—=, @ = {(r)sin——cos—= 49
w = &(t)sin z cosR £(t)sin R cosR (49)

where m; = mzR/L, m is the half wave length in the direction of the x-axis, # is the wave number in
the direction of the y-axis, &(¢) and {(¢) are the time dependent amplitudes.

Substituting expressions (49) in the equation set (45) and applying Galerkin’s method in the
ranges 0<x<L and 0<y<27zR and eliminating ¢(7), the following differential equation is
obtained:

. L [ (Dy=Dy)ymy + 2Dymin® + Don' — RY(T, + T2, )m +
&) | _to

> T~ | 3B/hR’ m] &) = 0 (50)
dt PhR + 4 2 2 4
4 [(1+025B))ym| +(2-B)Yymn" + (1 + B))n"]

where ¢ = 7t., in which ¢z, is the critical time and the dimensionless time parameter 7 satisfies
0<7<1.
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Eq. (50) is solved for two initial conditions (Sachenkov and Baktieva 1978, Sofiyev 2005):
1) In the first approximation, the function satisfying the initial conditions &,(0) = &, ,(0) =0 is
in the following:

1) = 4, &6() = 4, 2L(p+3)/(p+2) - 7] (5D

2) Furthermore, the curve (&,, 7) has the maximum when =1, so in the first approximation the
function satisfying the initial conditions &,(0) = &, . (1) = 0 is in the following:

§(1) = 4:,5(1) = 4, 7[(p+2)/(p+ 1) - 7] (52)

where the displacement amplitude 4,;(j= 1, 2) is found from the condition of transition to the static
condition. The values of p will be determined numerically in Section 4.

Under these circumstances, displacement-time curve (&— 7) possesses two different characteristic
regions. In the first region the inertia force acts opposite to the axial load, whereas, in the second
region it changes sign at some point and enhances the axial load from that point on. Consequently,
displacement amplitude & goes to infinity and stability loss occurs. The time at which stability loss
occurred is called as critical time (z..) and the corresponding load is called dynamic critical axial
load.

Applying the Ritz type variational method to Eq. (50), i.e., multiplying it by d&(7)/dz then after
integration, the following equation is obtained:

dE
dr
where C is the integration constant and it is assumed that the initial conditions which are taken up

into consideration are equal to zero. Besides, in any points of the interval 0 < <1, d&(7)/d7 is
not equal to zero and the following definitions apply:

EOT 4 A faT - 2ms o0 % e = (53)

(D,—D3)m, + 2D,mn” + Dyn' —R°T,m] +

2

A= 3B/hR’ | (542)
th4 + ; 4 - 2 2 4
4 [(1+025B))ym| +(2-B))ymn" + (1 + B))n']
2+a 2
A, = Dole (54b)
PhR

Available experimental data (see Lee 1962, Batterman 1965, Sobel and Newman 1980) is
dominated by the axially symmetric mode (see Ore and Durban 1992), by taking this factor into
consideration and substituting Eqgs. (51) and (52) in (53), then after integration in 0 < 7< 1, for the
Lagrange-Hamilton type functional the following expression is obtained:

4 ’ 2
r = Al{q)lzphf CO,TCR + | (Dy— Dy} + S B AR L_re } (55)
2 (1+0.25B5)

where
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@ = [1& Olds, ®, = Oj[%} dr, ®,=2 Jjn“%f(ﬂ)dndr (56a-c)

During an infinite time, there may be no agreement in the work done by axial force and inertia
force and the minimum value of potential energy. According to this, being the minimum condition
in respect of the unknown amplitude 4,(j=1 2) of the functional I must support being the
minimum condition in respect of wave number m of the functlonal I. These two conditions give
the following two algebraically equations dependent on 7., and ml

i 2
or _ q)lfhf C @, T R + Dy (D — Dyym’ + LB L_rw (57)
O4; o (1 +0.258;) 7
4
or = @, (D, - D3)_ML - 12,0h4R =0 (58)
5}111 (1+0. 2532)m1 t.,.m,
From Eq. (58), the following equation is obtained:
®, phR’* 0.75B/hR’ |
L = @y (Dy - Dy - (59)
£om’ (1 +0.25B5) 4
Substituting expression (59) in (57), the following expression is obtained:
Tote = %[Mmf _ T1i| (60)
o, R’
For T = 0 eliminating ¢.. from Egs. (57) and (60) one gets
mi T sm =8, = 0 (61)
where the following definitions apply:
2 r
5 = R O.7SBlh’ (622)
(D, —D5)(1 +0.25B5)
2/a x2/a (4a+4)a

[(Dz—Dg)%( a)]er

For the static condition (¢, — o, T, — 0) the wave number corresponding to the critical axial
load is found as
1/4

0.75B'hR* 1
= [ 1 } (63)

(1+0.25B,)D, -

Substituting (63) in (60) and replacing T,to.®,/(h®,) by N, the static critical axial load is
found as



632 A. H. Sofiyev, E. Schnack and F. Demir

- 1[331,(D2_D3)T/2
7 RL(1 +0.25B5)h

Should no effect of elastic unloading take place, expression (64) turns into the following form:

(64)

N,

2h 1/2
o = 3R(EE) (65)

This expression is firstly obtained in Gerard (1957).

Eq. (61) solving numerically for varying o value, the value obtained is substituted within the
equation, obtained by minimizing the energy functional with respect to the unknown coefficient 4;,
the dynamic critical axial load N, (@) is found. The dynamic factor is found from the ratio of the
dynamic critical axial load to the static critical axial load:

K@) = N a(a)/N.,, (66)

where the following definitions apply:
N,,.(a) = Nyt (67)
N, = T,/h (68)

4. Numerical results

For validating the analysis, the analytical results are compared with the theoretical and
experimental results. In comparison, for finding the values of E; secant modulus and E, tangent
modulus, the method of Batterman (1965), Ore and Durban (1992) and Wang ef al. (2001) is
applied. The examples presented later were calculated with the Ramberg-Osgood elasto-plastic

characteristic:
N-1
£ = 3"[1 4 3(5) } (69)
E 7 oy
or
N
£ = % + K(%) (70)

where o is yield stress, ¢ is the total plastic strain, (V, K') are material parameters and the following
definition applies:

K = Q(E)N” 71)

In Table 1 the experimental results of Lee (1962) and the calculated results with the present study
are compared. The tests were performed with simple support cylindrical shells, made of Al 3003-0
with the material parameters E=7.0 x 10'° (Pa), N=4.1, 0,=2.362 x 10" (Pa) or K =2.4811868
x 10'°. The elastic Poisson’s ratio is v=0.32. The three shells were also analyzed for axisymmetric
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Table 1 Comparison of the critical static stress (MPa) with experimental and analytical results

Geometry of the Lee Ore and Durban Mao and Lu Present
shell (1962) (1992) (2001) study

R/ LR Experimental Deform. Flow Deform. Flow Deform.

study theory theory theory theory theory
9.36 4.21 96.87 88.49 162.33 89.71 165.46 88.21
19.38 4.10 78.60 74.09 122.03 74.87 124.25 72.68
29.16 4.06 64.74 67.06 103.98 67.70 106.0 64.91

Table 2 Comparisons of the dynamic factor with experimental and numerical results for elastic
stability of shell under the axial compressive loads varying as a linear function of time

Ny Experim. study Numerical study Present
(MPa/sec) Agamirov (1990) Agamirov (1990) study
Ka(1)
7 %10 1.25 1.18 1.27
9x10* 1.31 1.21 1.32
11 x 10* - 1.25 1.36
12.7 x 10* 1.394 - 1.398

buckling by using deformation and flow theories of plasticity in Ore and Durban (1992) and Mao
and Lu (2001). Their results are also listed in Table 1. The comparison shows that the deformation
theory gives good results but the flow theory predicts much too high critical static loads. Their
results obtained by using the deformation theory correspond well with those from the present study.

In addition to validate the analysis, the results of the elastic stability for cylindrical shells under
the axial compressive loads varying as a linear function of time are compared with the experimental
and numerical results of Agamirov (1990) (see Table 2). The comparisons were carried out for the
following material properties and shell parameters: £ =7.75 x 10* MPa, v=0.3, L/R=2.2, R/h=180.
The comparisons show that the present results correspond well to those in the literature.

In Tables 3 and 4, calculations were performed for simply supported Al 3003-0 and ST 304
shells. Al 3003-0 shells characterized by Eq. (69) with the material parameters: £=7.0 x 10"’ Pa,
v=032, p=2.77 x 10° kg/m’, K=2.4811868 x 10"’ and N =4.1, which are the same as those in
the papers of Lee (1962), and Ore and Durban (1992). ST 304 shells characterized by Eq. (69) with
the material parameters: E =2.2147 x 10" Pa, v=0.27, p= 8.5888 x 10° kg/m’, K=4.74 x 10* and
N=28.64, which are the same as those in the paper of Sobel and Newman (1980). In all
computations, it is assumed that zZ, = 1, i.e., the effect of the elastic unloading is not taken into
consideration.

In Table 3 are given the variations of the dynamic critical load and dynamic factor for the elastic
and elasto-plastic stability of cylindrical shells with radius to thickness ratios. As in the elastic
stability, the value of dynamic critical load is higher than the value of the static critical load in
elasto-plastic stability. In the elasto-plastic stability, the values of the dynamic critical load are
considerably lower than the corresponding dynamic critical load in the elastic stability. With an
increase of the ratio R/A, the values of the dynamic critical load in the elastic and elasto-plastic
stability of the shell decrease, however, the values of the dynamic factor increase. When the ratio of
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Table 3 Variations of the dynamic critical load and dynamic factor for elastic and elasto-plastic stability of
cylindrical shells with R/A (T, = 0.5 x 10° Pa x m/sec, R/L = 0.25)

Elastic stability Elasto-plastic stability Elastic stability ~ Elasto-plastic stability

Nea(1) (MPa) Ky
&(0)=0, & (0)=0, &(D=e"7 [(p+3)p+2) - 1]
R/h Al 3003-0
50 883.02(p = 65) 89.48(p = 5) 1.042 1.612
75 605.67(p = 38) 87.51(p=4) 1.072 1.785
100 468.47(p = 26) 86.51(p=3) 1.106 1.937
R/h ST 304
50 2708(p = 138) 245.74(p = 11) 1.020 1.270
75 1831(p = 80) 236.34(p=9) 1.034 1.335
100 1394(p = 55) 229.56(p=7) 1.050 1.392
&0)=0, &, .(1)=0, &H(D=e”7[(p+2)(p+1)—1]
R/h Al 3003-0
50 883.02(p = 66) 89.50(p = 6) 1.042 1.612
75 605.68(p = 39) 87.48(p=5) 1.072 1.785
100 468.48(p = 27) 86.65(p =4) 1.106 1.941
R/h ST 304
50 2709(p = 138) 246.17(p = 13) 1.020 1272
75 1831(p=79) 236.37(p = 10) 1.034 1.335
100 1394(p = 56) 229.79(p = 9) 1.050 1.393

700

Nerd(1) (MPa)
D
8

0 2 4 6 8 10 12 14 16 18 20

‘—O—elastlc buckling = = #- = elasto-plastic buckling

Fig. 2 Variations of the dynamic axial loads with p for elastic and elasto-plastic stability of shells (7p=2 x 10°
(N/m x s); R/L=0.3, R/h=100)

R/h is increased, the values of the dynamic critical load are decreased in a more acute way in the
elastic stability, but this decrease is less in the elasto-plastic stability. Furthermore, when the ratio of
R/h is increased, the values of the dynamic critical factors are increased more slowly in the elastic
stability, but this increase is more important in the elasto-plastic stability. The increase of the ratio
R/h affects more the dynamic factor in the elasto-plastic stability and this effect is even increased in
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aluminum shells. For both approach functions, convenient critical parameters get equal values,
approximately.

In Fig. 2, variations of the values of dynamic critical axial load for elastic and elasto-plastic
stability of AL 3003-0 shells under the axial compressive loads varying as a linear function of time
corresponding to varying values of p for the approximation function &(7) are given. Dynamic
critical axial load values are minimal according to the wave numbers and versus to different values
of p. The minimum point of the curve is selected the minimum value of dynamic critical axial load
according to p.

Table 4 shows the variation of the critical parameters for elastic and elasto-plastic stability of Al

3003-0 and ST 304 shells with different power of time . The numerical analysis for the ST 304
and AL 3003-0 shells show that the loading parameter varies approximately by the following values
to become the loading dynamic:
a) When the axial load varies linearly depending on time (in N/m x s), it must be in 10® < 7, < 10",
b) When the axial load varies quadratic depending on time (in N/m xs?), it must be in
10" < 7, < 10™, ¢). When the axial load varies cubically depending on time (in N/m x s*), it must
be in 10° < 7;< 10"

Table 4 The variation of the critical parameters for elastic and elasto-plastic stability of Al 3003-0 and ST 304
shells with different power of time (R/2 =75, R/L =0.25)

2(0)=0, & (1) =0, s =e"7 [(p+2)/(p+1) -1

a=1 a=2 a=3
Tox 108N/(m x sec) Tox 101N/(m x sec?) Tox 10°5N/(m x sec’)
5 50 500 5 50 500 5 50 500

Aluminum shells (Al 3003-0)
Elastic stability

Nea(a) % 10°°  605.68 751.29 1378 696.22  855.12 1219.55 952.1 1248.1 1794.5

(Pa) (p=39) (p=10) (p=3) (p=25) (p=13) (p=7) (p=12) (p=11) (p=9)

Kqi(@) 1.072 1.333 2.439 1.233 1.514 2.159 1.686 2.210 3.177
Elasto-plastic stability

Naa(a) x 107°  87.48 208.95 633.06 110.87 191.3 378.85 20434 334.79 575.75
(Pa) (p=5 (p=24) (p=21) (p=7) (p=4) (p=35 (p=6) (p=5 (p=35)
Ky(o) 1.785 4.263 12.92 2.262 3.916 7.729 4.169 6.83 11.75
Steel shells (ST 304)
Elastic stability

Nea(a) % 10°°  1830.7 20474 3013.5 2050.1 2385 3142.1 2696.5 3388.5 4651.8

(Pa) (p=82) (p=19) (p=5) (p=37) (p=19) (p=10) (p=20) (p=10) (p=9)

Kqi(@) 1.034 1.156 1.702 1.158 1.347 1.775 1.523 1.914 2.627
Elasto-plastic stability

Noa(a) x 10°° 23646 43517 1197.1 31495 4914  903.94  567.16  889.8  1490.5
(Pa) (p=10) (p=3) (p=2.1) (p=10) (p=6) (p=4) (p=7) ((P=6) (p=9)
Ki(a) 1.335 2457 6759  1.778  2.775 5.104 3.203 5.024  8.416
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For the case that the loading law does not vary and the axial loading parameter 7 increases, the
dynamic axial critical load and the dynamic factor values increase and the values of p parameter
versus to the minimum dynamic axial critical load decrease. When 7 is increased, the values of the
dynamic critical load and dynamic factor in the elasto-plastic stability change more acute than the
values in the elastic stability. Consequently, when the loading law changes, the values of the loading
parameter change as well.

5. Conclusions

The stability of a cylindrical shell subject to a uniform axial compression, which is a power
function of time, is examined within the framework of small strain elasto-plasticity. The material of
the shell is incompressible and the effect of the elastic unloading is taken into consideration.
Initially, employing small elasto-plastic deformation theory, the fundamental relations and Donnell
type stability equation of a cylindrical shell have been obtained. Then, employing the Galerkin’s
method, those equations have been reduced to a time dependent differential equation with a variable
coefficient. Then, for two initial conditions applying a Ritz type variational method, the critical
static and dynamic axial loads as well as the dynamic factor have been found. Finally, carrying out
some computations, the effects of the variation of the power of time in the axial load expressions,
of the varying loading parameter and of the varying radius to the thickness ratios on the critical
parameters of the shells for two initial conditions have been studied and the results obtained were
presented in the form of graphs and tables.
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Notation
B, C, D; : Coefficients defined in Egs. (26a-e) and (35a-c)
E : Elasticity modulus
E, E, : Secant and tangent moduli, respectively
h : Thickness of the shell
Ky : Dynamic factor
L : Length of the cylindrical shell
Ly, Ly : Differential operators defined in Eqgs. (46a-d) and (47a-d), respectively
M., M,, M,, :Moments per unit length of the cross-section of the shell
m : Half wave number in the axial direction
miy : Wave number corresponding to static critical axial load
n : Wave number in the circumferential direction
Ox, Oy, Oz  :Coordinate axes with the origin on the middle surface of the shell
N, K : Material parameters
Nevs, Noa : Static and dynamic critical axial loads, respectively
Co : Integration constant
Ty, T1 : Axial loading parameter and static axial load, respectively
R : Radius of the cylindrical shell
Nxd Nya N"(Y : Forces per unit length of the cross-section of the shell
N;,N,,N,,  :Pre-buckling membrane forces
- : Time and critical time, respectively
w : Displacement of the middle surface in the inwards normal direction
Zp : Coordinate of the surface that separates the regions of elastic and plastic deformation
Z : =2zyp/h dimensionless coordinate
a : Power of time in the axial compression
o : Symbol of variation
@ : Function
x : Curvature function
Ko Xys Xy : Middle surface curvatures
ey, ey, ey : Strain components on the middle surface of the shell
&, &, &y : Strain components

VN M,

: Equivalent strain

: Strain function

: Elastic Poisson’s ratio

: Dimensionless time parameter
: Density of the material



¢Is
Oy, 0y, Oy
O, Gi

(0, &)
()

T(o)

Y

r

Elasto-plastic stability of circular cylindrical shells subjected to axial load

:EJE,

: Stress components

: Stress function and equivalent stress, respectively
: Time dependent amplitudes

: Stress function

: Function defined in Egs. (8), (9) and (11)

: Coefficients defined in Egs. (54a-b)

: Functional defined in Eq. (55)
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