Sructural Engineering and Mechanics, Vol. 19, No. 5 (2005) 503-517 503
DOI: http://dx.doi.org/10.12989/sem.2005.19.5.503

Dynamic stability of a viscoelastically supported
sandwich beam

Ranajay Ghosh'

Theoretical and Applied Mechanics, Cornell University, Ithaca, New York 14853-1503, USA

Sanjay Dharmavarami and Kumar Raytt

Department of Mechanical Engineering, Indian Institute of Technology, Kharagpur-721302, India

P. Dashft

A.T. - Bidyadharpur Sasam, P.O. Khaira, Dist., Orissa, Balasore-756048, India

(Received November 13, 2003, Accepted November 19, 2004)

Abstract. The parametric dynamic stability of an asymmetric sandwich beam with viscoelastic core on
viscoelastic supports at the ends and subjected to an axial pulsating load is investigated. A set of Hill's
equations are obtained from the non-dimensional equations of motion by the application of the general
Galerkin method. The zones of parametric instability are obtained using Saito-Otomi conditions. The
effects of shear parameter, support characteristics, various geometric parameters and excitation force on
the zones of instability are investigated.

Key words: parametric dynamic instability; viscoelastic core; sandwich beam; viscodlastic supports;
zone instability; smple and combination resonances.

1. Introduction

Quite a few researchers have considered the effects of end-flexibilities on the response and
stability of beamns. In practice, such considerations are important since the ideal end conditions like
clamped-free, pinned-pinned, etc. can be seldom achieved. Saito and Otomi (1979) considered the
response of viscoelastically supported ordinary beams. The effects of trandational and rotationa
end-flexibilities on natura frequencies of free vibration of Timoshenko beams were investigated by
Abbas (1984). Cortinez and Laura (1985) studied the vibration and buckling of non-uniform beams
with a rotational restraint at one end and a concentrated mass at the other. The free and forced
vibrations of elagtically restrained beams were investigated by Maurizi et al. (1988). Kar and Sujata
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(1988) reported the regions of instability for simple parametric resonance of a nonuniform beam
with an eastic end support and thermal gradient. The same authors (Kar and Sujata 1990)
considered the parametric instability of an dadtically restrained cantilever beam. Metrikine and
Dieterman (1997) investigated the effect of axial compression on the instability of vibration of a
uniformly moving mass on a beam on viscodlastic foundation. Zheng et al. (2000) investigated the
instability of a similar ‘moving load system’ with the load approximated as a single-axle mass-
spring-damper system. The authors showed that instability occurs for lower masses as compression
axia force increases. Metrikine and Verichev (2001) introduced a two degrees of freedom load and
approximated the rail as a Timoshenko beam. They have observed that under these approximations,
larger mass of the load lowers the velocity at which ingtability is observed. The same authors
(Verichev and Metrikine 2003) have considered the effect of periodic variations of the foundation
stiffness on instability. The dynamic stability of a rotating sandwich beam using the finite element
method has been studied by Lin and Chen (2002, 2003).

Beams with viscoelastic core are very popular in reducing structural damping (Habip 1965).
However, the effect of viscoelastic supports on the stability of such structures has not been studied
previoudly. In the present study, an attempt has been made to incorporate the viscoelastic nature of
real supports to study the stability of asymmetric sandwich beams subjected to an axia pulsating
load. This situation may occur in any practical application where a beam is not supported idedly at
the ends. The effects of various non-dimensional parameters on the zones of parametric instability
are investigated.

2. Formulation of the problem

Fig. 1 shows the system configuration. The top layer of the beam is made of an elastic material of
thickness 2h; and Young's modulus E; and bottom layer is made of an elastic material of thickness
2h; and Young's modulus Es;. The core is made of a linearly viscoelastic material with shear
modulus G; = Gy(1 + ji) where G; is the in phase shear modulus, 17 is the core loss factor and

] = J—=1. The core has a thickness of 2h,. The beam is restrained by transational and rotational
springs. The modulii of the springs are given as ki; = ka(1 + J1w), Ko = ke(l + J1w), Ky =
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Fig. 1 System configuration
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k(1 + ), Ko = ko(1 + | 1y), subscripts t and r refer to the trandational and rotational springs
respectively, nj etc being the spring loss factors (Fig. 1).

The beam is subjected to pulsating axial loads P(t) = P, + P, coswt, acting along the undeformed
axis as shown. Here wis the frequency of the applied load, Py and P, are respectively the static and
dynamic load amplitudes and t is the time. The following assumptions are made for deriving the
equations of motion:;

1. The deflections of the beam are small and the transverse deflection w(x, t) is the same for al

points of a cross-section.

2. The layers are perfectly bonded so that displacements are continuous across interfaces, that is,

no slipping conditions prevail between the dastic and viscoelastic layers at their interfaces.

3. The dadtic layers obey Euler-Bernoulli beam theory.

4. Damping in the viscoelastic core is predominantly due to shear.

5. Bending and the extensional effects in the core are negligible.

6. Extension and rotary inertia effects are negligible.

The expressions for potential energy, kinetic energy and work done are as follows

1 1 1 1.
V= SEA ST X + SEAq U X+ S(Ealy+ Eals) fywhax + SGoAf, yadx
+ 3K W(0,1) + SKWA(L, 1) + 3K YA(O, ) + 3K JA(L, D) M
1
T= émj‘gwidx ()]
= Z[-P()WAdx @®)
2o T W

where, u; and u; are the axial displacements in the top and bottom layers and y is the shear in the

middle layer given by 15 = ulz;huf*—‘;";
1959). 2 2
The application of the extended Hamilton’s principle

Uz is diminated using the Kerwin assumption (Kerwin

8 (T-V+ Wp)dt = 0

gives the following system of equations of motion

[G,A G,AC(1+ a
MW+ (Exly + Egl )W m F22E P(t)m - A T @
f2n)? (2h,)
G,A(1+ a G,AC(1+ a
(B + PEA, o — 22 V. Al a), Wy =0 5)

(2h)* T (2hy)’
At x = 0, the associated boundary conditions are,
[G,A,C° . GyAc(l+ a)

Ei.l; + Esl o P — ki —————u; =0 6
( + Esla)w, W (t)DW W+ (2h)? u (6)
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or
w=20 (7
Ealy + Eglgw o+ 20D~ (@t ayuy = 0 ®

(2hy)

or
W, =0 ©
(Ehn+ @By, + 2EE D004 ayu —(hy +hgwy = 0 (10)

(2hy)

or

u =0 (11)

The boundary conditions at x = | are obtained from relations (6) to (11) by replacing k;; and k;; by
ki, and k-, respectively.
E.A .
In the above, w,, = az_vzv W, = dz—": etc. Also, o = ==+ where A, and A; are cross sectional
ot ’ X EsAs

areas of the top and bottom layer respectively. Moreover, ¢ = h; + 2h, + hs. |1 and |5 are the
moments of inertia of the top & bottom layer cross sections about relevant axes.

Also, u; isthe axia deflection of the middle of top layer. In the following,

etc. Introducing the dimensionless parameters X = x/I, w =w/Il, Uy = uy/l, t =t/ty, where
to =mY(Eyly +Ely), @ = &by, Po= (Pol*)/(Eqly+Esls), Pi= (Pyl")(Esli+Esls), P(T) =

Gohaalny
E.(1+ E31hgl)
ha1 = ha/hy, hs, = ha/hy, Iy = I/hy, Bz = E5/E;, Egs. (4) to (11) reduce to,

Po + Picoswt , g = = g(1+jn,), g being the shear parameter). hy, = 1/hy, = ho/hy,
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_ a_ hi,+h _
W W s %(t) 39 %H—EE ot 2ol 3+ T ko, =0 (12)

— i *h +
u, ﬂ_g_hiz(l"'a)(l"'Ealhgl)Ul"'g'_lz(l"'Esﬂéﬂ%"'ij— =0 (13)
Ty 2T, > 0O

» X

The non-dimensional boundary conditionsat X = O are as follows.

_ h w03 . hy, +h _
%(t) 3¢’ %H—*Huw- kW + ¢ higly gL+ 2o —5(1+ @)iy = 0 (14)

or
w=0 (15
v—v,x—x—_h(l IhT“)‘ —k(1+a)i; = 0 (16)

or
Wyi=0 (17)

U, =0 (19

KilP o K (hy + hy)1?
——— ki1 = ki2(1+ = :
(Eily + Esls) " Al 1) 4h§(E1I1+ Esls)
1 respectively being the non-dimensional ki1 and k1 are the non-dimensional spring parameters
for the springs a X = 0.

The boundary conditions a X = 1 can be obtained from (14) to (19) by replau ng kix and ki1
by kiz and k2, respectively, where ki and ki2 are defined similar to ki and k1.

In the above, ki = k(L +)ny) = wand

3. Approximate solutions

Approximate solutions of (12) and (13) are assumed as

W = :Zw(x)f(t) (20)
k=2N _
u; = Z Uy (X)f(t) (21)
k=N+1

where f, (r = 1, 2, ..., 2N) are the generalized coordinates and w;(X), u,,(X) are the shape functions
to be so chosen as to satisfy as many of the boundary conditions as possible (Leipholz 1987). For



508 Ranajay Ghosh, Sanjay Dharmavaram, Kumar Ray and P. Dash

the above mentioned boundary conditions, the shape functions chosen are of the following generd
form (Kar and Ray 1995),

Wi(X) = agX " t+ax Prax (22)

U (X) = boX“+ b, X" where k =k—N (23)

fori=1,2,..,Nandk=N+ 1, N + 2, ..., 2N. The specific values of coeffcients ay, a;, a,, by and
b, are obtained by substituting Egs. (22) and (23) into Egs. (14), (16) and (18) and arbitrarily setting
ap and bg (here ag= by = 1).

Substitution of (20) and (21) in the non-dimensional equations of motion and application of
general Galerkin method (Leipholz 1987), leads to the following matrix equations of motion:

[mi{f} +[kal{f} +[kal{f} = {0} (24)
[kl { f} +[kal{f} = {C (25)
Forj=1,2 ..,Nand| = (N+1), .., 2N, the various matrix elements are given by,
m; = [wwdx (26)
Kuij = fow)'w)'dx + [39 H+ o * 5 h32'3 P(t)l[lw w/dX +
kizw; (0)w(0) + kiawi (1)w; (1) + kraw; (0w (0) + krawy (1)wy (1) (27)

3., hy,+h , _ = , — ,
kizik = =20 Inihip(1+ @)L+ 2w/ uydX + krauy (0w (0) + ket (D)W (1) (28)

1+ a°Eyh
Kook = 3|ﬁ1—3131_[1 Ug Uy dX + = g |h1h12(1 +a) Ilulkulldx
1+ E31h31

+ Kr1Ug, (0) Uy, (0) + kroUg (1) uy (1) (29)
AlS0, [Kx1] = [kyz]™. From (25), { fi} = —[keo] “[kea]{ f}. Substitution of this in (24) leads to,
[ml{# +[KI{f —Picos(@t)[HI{f = {C (30)
where {f = {fy, ..., fd T, Hy = [owiw/dX and [K] = [Tu] ~ [Kiel ko] "[kso] " with,

hy, + hgg? =

kiaw; (0)w;(0) + keawi (1)w; (1) + kraw; (0)w; (0) + keawy (1)w/ (1) (31)
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4. Regions of instability

Let [L] be the modal matrix of [m]™[k]. Then by the introduction of the linear coordinate
transformation, { f} = [L]{v}, {v} being a new set of generalized coordinates yields,

{% +[w]{\} +Picos(@t)[BI{v} = {0} (32)

where [af] is a spectral matrix corresponding to [m]™[K] and [B] = —[L][m][H][L]. Eq. (32) can
be written as,

m=N

Vi + 6V, + P1cos(wt) Y Dl =0, N =12, N (33)
m=1

Eq. (32) represents a system of N coupled Hill’s equations with complex coeffcients. Here, ), and
b are complex quantities, given by,

Wy = Whrt]wy, (34)
bnm = bnm,R+anm,| (35)

The boundaries of the region of instability of simple and combination resonances are obtained using
the following conditions by Saito & Otomi (1979).

4.1 Case(A): Simple resonance

In this case, the regions of instability are given by,

— 52,2 2
w 1 [Pi(b +b,,)
‘5_ R <Zu/ MRl 166, (36)
Wy, R
when damping is present and,
— < 1‘_‘ Plbﬂﬂq R‘ (37)
4 wyr

w
2 wH,R
+ N

for the undamped case for u=1, 2, ..

4.2 Case(B): Combination resonance of the sum type

This type of resonance occurs when u# v; u, v=1, 2, ..., N and the regions of instability are
given by:

=2
w 1 W, +w, P
E _é(wH,R"' wv, R) < 8;#/\/0)# RZ)V R(buv, vau,R+ b#v,lbvu,l)_16wﬂ,lwv,l (38)
u, 1 v | ’ '
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for the damped case and,

Pl b v, Rb ” (39)

4 W, rWy R

1
Py _é(wu,R'l' w,, R) <=
for the undamped case.
4.3 Case(C): Combination resonance of the difference type

This type of resonance occurs when u < v, (i, v =1, 2, ..., N) and the regions of instability are
given by:

w 1
2 Z(wVR y,R)

=2
+ Q)V P
4] I /\/ - ( buv, va,u, R + byv, | bv,u, I) - 16(‘)/,1 | wv, | (40)

8A/a)ﬂ|wvl Wy, rWy, R

for the damped case and

w 1 Pl b Rb
w — UV RFVILR 41
2 2( v, R™ /,1, R) 4 wy’ va' R ( )

for the undamped case.

5. Numerical results and discussion

For relevant values of system parameters, zones of instability of the present study are compared to
those of Saito and Otomi (1979) and good agreement was observed. Numerical results were
obtained for the viscoelastically supported beam to study the effects of the non-dimensiona
parameters 1, N, N2, Kiz2, K2, g, hag, hio, Iy and Po on the zones of parametric instability. The
following parameter values have been taken, unless stated otherwise. n = 0.1, Ny = N = 0.1, N1 =
nrz—001 ki = ke = 1, k1 = ke2 = 750, 1y = 10, g = 0.05, Po = 0.1, hgy = h;, = 1, Ey = 1,

= 1. In the figures w, r is replaced by a, (q = 1, 2, 3) for brevity. It must be noted that only the
Iowest three naturd frequencies are taken so that the Euler-Bernoulli assumption is not
compromised. To be able to extract meaningful information from the plots, a few basic but vita
explanations are in order. The space inside the V-shaped curve is the region of instability. A section
of these 3-dimensiona plots, by a plane parallel to the P1 — @ plane would give us plots similar to
Saito and Otomi (1979). Improvement in stability is indicated by a reduction in the cross-sectiona
area of the zone and vice versa. The various figures from Fig. 2 onwards are oriented differently for
the sake of clarity. Also, Fig. (8) in each Fig. (Except in Figs. 7 and 10), gives a global view of the
zones. The other figures (Figs. b,c and d)(except in Figs. 7 and 10) are magnified versions of these
zones for clarity. All plots are on a linear scale. Some of the findings are explained without figures.
This is because the associated figures would essentially be similar to the ones presented. This is
done to keep the number of figures to a minimum.

Fig. 2 shows the effect of n on the zones of instability of the simple resonance. For zones near
2w, the stability improves gradualy with increasing value of n, until the zones completely
disappear. However, for the next two frequencies, the stability first deteriorates till a critical value of
n is reached and then continuously improves till unstable zones completely disappear. In a similar
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Fig:d

A S N R R |

i
'
—:

Fig. 4 Zones of simple resonance for

*
4
19 -
S A S
18 . PR ey
W AT L ]
“ AN A A A
- ES “QN‘*—'—\‘V N T /\1\ /
[N N a4 /
1. N/
\.,:\‘-\ XL.._,/_‘/
A 7
154 NN K /
“'\_" o s
140 ST 182
0% oas ’;"";- ~— 183
- o\ovs\\\ 1828
P "
’ 004 e -7 7828
0.008 0 182 z
"

Fig. 5 Zones of combination resonance for ny,

fashion, combination resonance was seen to occur near ;, + wy, wy, + w; and w, + w;. However,
with an increase in n, the zones moved upwards until they disappeared completely (Figures for
these not shown). In al cases, zones do not show any shift aong the frequency axis.

An increase in the value of g improves the stability in general by shifting the zones vertically
upwards. However, in cases of simple resonance shown in Fig. 3, the zones near 2cw; show an initia
worsening in stability before the zones start moving upwards indicating an improvement in stability.

Figs. 4 and 5 show the influence of 1, on stability. For simple resonance, for the first two natural
frequencies, stability continuously improves with increase in parameter value till complete zone
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disappearance occurs. However, for the zones near 2c, the tability first deteriorates and then
continues to improve till complete disappearance is observed. Combination resonance is observed
near w;, + w, only. Here, stability steadily improves with an increase in parameter value till the
zones disappear. In al the above cases, there is no shift along the frequency axes.

Similar behavior was observed for 1), except that no combination resonance appears.

An increase in the value of ki causes the zones to shift vertically upwards and aso a little
towards higher excitation frequency (figures not given).

The effect of ky2 on the system stability is studied through Figs. 6 and 7. For simple resonance,
the stability worsens for low k2 but improves subsequently as zones move up a little. In all cases,
the zones move towards higher excitation frequency. In case of combination resonance near w, + s
and w, + s, Stability improves gradudly till the zones disappear at some critical value of the
parameter. The zones reappear later and stability gradually improves again till the zones disappear
completely. No zones are observed near w, + w,.

Figs. 8 and 9 demondtrate the dependence of the zones of instability on hs;. For simple resonance
near 2w, the zones move continuously upwards for lower values of hy before completely
disappearing. They reappear later at higher frequencies and continue to move downwards thereby
worsening stability. For simple resonance near 2w, the zone monotonically shifts upwards with an
increase in the parameter value until it disappears. The zone near 2cw; initialy shifts downwards
worsening the stability. Then, it again moves upwards, gradually restoring stability to the system.
For combination resonance, stability continues to improve as indicated by a steady vertical rise of
zones until complete disappearance, Fig. 9.

N s
hyr 0 450 185 160

Fig. 8 Zones of simple resonance for hy;
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The effect of h;, on stability was observed to have the following consequences. For simple
resonance, the stability monotonically improves except for the zones near 2w for lower values of
hy,. For combination resonance, the zones continuously move up before disappearance (figures not
given).

The effect of |y is discussed next. For simple resonance, the zones continually move upwards thus
improving the stability except for zones near 2, where stability deteriorates for intermediate values
of the parameter. For combination resonance as shown in Fig. 10 near w, + w; and o, + s, Stability
worsens as indicated by the downwards movement and increasing width of the zones. However, no
combination resonance is observed near w, + w,.

Po has the following effect on instability. For simple resonance, the zone width remains constant
while the zones show no vertical movement. However, they monotonicaly shift towards lower
frequencies with increase in the value of Py. For combination resonance near w, + ws, a sSimilar
thing happens. No combination resonance occurs near ¢, + @, or w; + s (figures not given).

6. Conclusions

In the present work, an attempt has been made to include the viscoelastic character of beam
supports which is often neglected. The present model can be applied to situations where redlistic
modelling of supports is necessary in order to predict the dynamica behaviour of the system
accurately.

The following are the conclusions drawn from the study.

1. Anincrease in n steadily improves parametric stability, except for zones near 2c, and 2w for
low n

2. Anincrease in ny, aso steadily improves stability except near 2c; for low ny,

3. 1y, behaves similarly. ki, steadily improves stability. Thus stiffer vertical constraints at the
ends of the beam results in better parametric stability.

4. The combination zones of instability appear or disappear depending on the value of k2. For
certain ranges of parameter value, no such instability occurs. Overall stability improves as k2
increases.

5. A higher g is usually better for stability.

6. A higher hs; results in better overall stability. Thus, the constraining (top) layer should be thin
compared to main (bottom) layer.

7. A higher hy, is better for stability.

8. l,1 improves the dynamic stability except for small range of values for which combination
resonances occur.

9. Anincrease in Py shifts the zones of ingtability towards lower excitation frequencies.

10. Difference type of combination resonance is absent throughout.
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