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Abstract. An elasticity solution for sandwich plates assembled with non-rigid bonding and subjected to
edgewise loads is presented. The solution satisfies the equilibrium equations of the face and core
elements, the compatibility equations of stresses and strains at the interfaces, and the boundary conditions.
To investigate the effects of bonding stiffnesses on the responses of sandwich plates, numerical
evaluations are conducted. The results obtained have shown that the bonding stiffness, up to a certain
level, has a strong effect on the plate mechanical response. Beyond this level, the usual assumption of
perfect bonding used in classical theories is quite acceptable. An answer to what constitutes perfect
bonding is found in terms of the ratio of the core stiffness to the bonding stiffness.

Key words: composites; deformation; edge loads; interlayer shear; orthotropic; panels; plates; sand-
wich; stiffness; strain; stress.

1. Introduction

Significant advances in the development of lightweight materials have promoted the application of
sandwich plates in structures (Haan 1996, Hussein and Cheremisinoff 1993, Hussein 1993, Karbhari
1997, Swanson 1997). The advantages of using sandwich plates are derived from judicious
combinations of different materials for the skins and core to satisfy the structural and environmental
performance requirements. Plate virtues include structural efficiency, weather seal, interior and
exterior finish, thermal insulation, and durability.

Existing methods of analysis of sandwich plates have invariably assumed perfect bonding between
layers (Allen 1969, Noor et al. 1996, Plantema 1966). Nevertheless, interlayer slips do occur
because of the finite bonding stiffness; the bonding creep under sustained loads and environmental
effects. The high local interlayer shear stress due to applied loads may contribute to an answer of
the many delamination problems in structural sandwich plates.

Analysis of wood joist floor systems, taking into account interlayer shear stresses, was done by
Goodman et al. (1968, 1969,1974). In that study, the wood layer were assembled with nails or by
gluing their ends, and although the interlayer slip in this system was accounted for in the analytical
model, transverse shear deformations were neglected. The interlaminar shear in composites under
plane stress was investigated analytically by Puppo and Evensen (1970), and with the finite element
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method by Isakson and Levy (1971). 
Very few papers have been published which deal with the structural responses of sandwich plates

with interlayer slip or orthotropic materials. In a series of analytic and experimental studies, the
author has investigated the structural behaviors of sandwich plates with interlayer slips and under
transverse and thermal loads (Hussein et al. 1989, 1986, 1984, 1982) and sandwich beam-columns
with interlayer slip (Hussein et al. 1982). In those investigations, many common assumptions from
the literature have been replaced with realistic ones such as the use of bonding having finite
stiffness; the effects of core elastic properties and shear deformations on the plate deformations and
stresses; the permission of faces to deform in their own planes. There remains the problem of
orthotropic sandwich plates with interlayer slip and under edgewise loads.

This paper presents an analytical solution of orthotropic sandwich plates with interlayer slips and
under edgewise loads. The solution satisfies the equilibrium equations of each layer and the
compatibility of deformations at the interfaces. The objective is to ascertain the effects of interlayer
slips on the performance of sandwich plates due to edgewise loads.

2. Description of problem

Consider a sandwich plate of span 2a and width 2b, subjected to in-plane biaxial loads as shown
in Fig. 1. The plate is composed of three layers bonded together and made of orthotropic materials.
The facings are thin, of equal thickness tf. The core, of a thickness 2 tc, has a modului of elasticity,
Ecx and Ecy usually significantly less than those of the faces Efx and Efy. However, its shear modului
Gcxy, Gcxz and Gcyz should be high enough to develop the interaction required between the layers.
The bond between the facings and core has finite stiffness Kx and Ky. The extent of this composite
action depends on the relative stiffness of the constituent materials as will be shown subsequently.

Fig. 1 Sandwich plate
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3. Assumptions

The following assumptions underline the present development.
1. The materials are orthotropic and linear elastic.
2. Deformations are small, so first order strain-displacement relations are applicable.
3. Interlayer slip is proportional to the interlayer shears. The term “slip” is probably inaccurate;

however, its use in this paper follows from its widespread acceptance in the literature.

4. Analytical development

4.1 General

This kind of problem has been attacked using the fundamentals of theory of elasticity (Hussein
2002a, 2002b, 1992, 1989, 1986, 1984a, 1984b, 1982). Generally, equations are set up to define the
equilibrium of the separate faces and of the core and to prescribe the necessary continuity between
the faces and the core. The result is a set of differential equations which may be solved in particular
cases for the quantities of interest. In that kind of problems, the analytic investigation is sufficiently
complex and differ from ordinary homogeneous plates in that the deformations are enhanced by the
existence of non-zero shear strains in the core and bonding, and of the direct strains in the core.

Fig. 2 Stress state in sandwich element
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The stress state in the faces and core elements is shown in Fig. 2. The equilibrium of the face
element requires that

(1)

(2)

in which
σfx, σfy = Normal stress components in faces;
τfxy, τfyx = Shear stress components in faces;
qx and qy = Interlayer shear stress;
tf = The thickness of the face;
f = Subscript denoting face;
x, y = Coordinate axes.

The state of stress in the core must satisfy the following equilibrium equations.

(3)

(4)

in which 
σcx, σcy, σcz = Normal stress in the core;
τcxy, τcyz, τczx = Shear stress in the core;
c = Subscript denoting core.

The normal stress components in the facings and core must also satisfy the overall equilibrium
equations, which are

(5)

(6)

where px and py are the applied edge loads.

At the interfaces between the core and the skins, the stresses and strains must be compatible. The
compatibility equations in terms of stresses are

∂σfx

∂x
----------

∂τfyx

∂y
-----------

qx

tf

----–+ 0=

∂σfy

∂y
----------

∂τfxy

∂x
-----------

qy

tf

----–+ 0=

∂σcx

∂x
----------

∂τcyx

∂y
-----------

∂τczx

∂z
-----------+ + 0=

∂σcy

∂y
----------

∂τcxy

∂x
-----------

∂τczy

∂z
-----------+ + 0=

2tf σfxdy
y 0=

y 2b=

∫ σcxdy dz
z tc–=

z tc=

∫
y 0=

y 2b=

∫ pxdy
y 0=

y 2b=

∫+ + 0=

2tf σfydx
y 0=

y 2a=

∫ σcydx dz
z tc–=

z tc=

∫
y 0=

y 2a=

∫ pydx
y 0=

y 2a=

∫+ + 0=
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(7)

(8)

In terms of strains, the compatibility equations are written as

(9)

(10)

(11)

in which
ε and γ = Normal and shear strain, respectively;
∆i = Interlayer deformation in the i direction, where i = x or y;

= ;

Ki = Stiffness of bonding in the i direction.

Solutions to the problem must also satisfy the prescribed displacement boundary conditions. With
respect to a sandwich plate subjected to edgewise loads, the relevant boundary conditions are

1. At the plate edges, no normal or shear stresses should exist in the core and the face normal
stress must equal the applied in-plane stress, thus

at x = 0, 2a σfx = σfxo  (12)

at y = 0, 2b σfy = σfyo  (13)

in which 

σfxo = pfxo/tf

σfyo = pfyo/tf

2. For symmetrical loading about the plate middle plane and centerlines, the shear stresses vanish
and no in-plane displacements occur. Thus

at x = a τfxy = τcxy = 0 uc = uf = 0  (14)

at y = b τfyx = τcyx = 0 vc = vf = 0  (15)

where u and v are displacements in the x and y directions, respectively.

qx τczx z tc±==

qy τczy z tc±==

∂∆x

∂x
-------- εfx εcx z tc±=–=

∂∆y

∂y
-------- εfy εcy z tc±=–=

γfxy γcxy z tc±=–

∂qx

∂y
--------

Kx

--------

∂qy

∂x
--------

Ky

--------+=

qi

Ki

-----
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4.2 Equilibrium of core

For the sandwich plate in Fig. 1, a solution for normal stress components in the core satisfying the
boundary conditions in Eqs. (12) and (13) is considered as (Hussein et al. 1989, 1986, 1984a,
1984b, 1982)

(16)

(17)

in which

αφx = ;

βφy = ;

Sx, Sy = sin αm x and sin βn y, respectively;

αm, βn =  and , respectively;

Amn, Cmn = Unknown coefficients;
m, n = Integers.

From Eqs. (16) and (17), expressions for the displacement components in the core satisfying the
boundary conditions in Eqs. (14) and (15) are derived as

σcx AmnφxSxSy
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑=

σcy CmnφySxSy

n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑=

φx θx 2θxcoshθxz zθx
2sinhθxz tcθx

2cothθxtccoshθxz–+( )
αm

2

2
------kφxcosαφxz;–=

φy θy 2θycoshθyz zθy
2sinhθyz tcθy

2cothθytccoshθyz–+( )
βn

2

2
-----kφycosαφyz;–=

kφx

θxtc

sinhθxtc

-------------------– θxtccoshθxtc;+=

kφy

θytc

sinhθytc

-------------------– θytccoshθytc;+=

θx αm
Ecx

Gcxz

----------= ;

θy βn
Ecy

Gcyz

----------= ;

mπ
2tc

-------

nπ
2tc

------

mπ
2a
------- nπ

2b
------
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(18)

(19)

in which 
ν = Poisson’s ration;
Cx, Cy = cos αm x and cos βn y, respectively.

Eqs. (18) and (19) fulfill the boundary conditions in Eqs. (14) and (15). An expression for the
shear strain in the core γcxy is obtained by properly differentiating Eqs. (18) and (19); thus

(20)

Eq. (20) fulfills the boundary conditions in Eqs. (14) and (15). By substituting Eqs. (16), (17) and
(20) in Eq. (3), an expression for the vertical shear stress τcxz in the core is obtained as

(21)

In a similar manner, the shear stress in the core τcyz is obtained from Eqs. (17), (20) and (4) as

(22)

4.3 Interlayer shear stresses

Expressions for the interlayer shear stresses qx and qy are obtained from Eqs. (21) and (22) in
accordance with the compatibility Eqs. (7) and (8); thus

(23)

uc
1

Ecx

------- AmnφxCxSy

αm

-------------------------
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑–
νcxy

Ecy

--------- CmnφyCxSy

αm

--------------------------
n 1=

∞

∑
m 1=

∞

∑+=

vc
1

Ecy

------- CmnφySxCy

βn

--------------------------
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑–
νcyx

Ecx

--------- AmnφxSxCy

βn

-------------------------
n 1=

∞

∑
m 1=

∞

∑+=

γcxy
1

Ecx

------- Amnφx

βn

αm

------– νcyx

αm

βn

------+ 
  CxCy  +

n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑=

1
Ecy

------- Cmnφy

αm

βn

------– νcxy

βn

αm

------+ 
  CxCy

n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑

τcxz φxdzAmn αm–
Gcxy

Ecx

---------βn

βn

αm

------– νcyx

αm

βn

------+ 
 + CxSy +

z 0=

z

∫
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑=

Gcxy

Ecy

--------- φydzCmnβn

αm

βn

------– νcxy

βn

αm

------+ 
  CxSy

z 0=

z

∫
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑

τcyz φydzCmn βm–
Gcxy

Ecy

---------αm

αm

βn

------– νcxy

βn

αm

------+ 
 + SxCy +

z 0=

z

∫
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑=

Gcxy

Ecx

--------- φxdzAmnαm

βn

αm

------– νcyx

αm

βn

------+ 
  SxCy

z 0=

z

∫
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑

qx Amnλgn1 Cmnλgn2+( )CxSy
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑=
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(24)

in which

4.4 Equilibrium of face

An expression for the in-plane shear stress τfxy in the facings is obtained from Eqs. (11) and (20) as

(25)

An expression for the normal stress σfx in the facings is obtained by substituting Eqs. (23) and (25)
in Eq. (1); Thus

(26)

in which

qy Cmnλgk1 Amnλgk2+( )SxCy
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑=

λgn1 φxdz z tc= αm–
Gcxy

Ecx

----------βn

βn

αm

------– νcyx

αm

βn

------+ 
 +

z 0=

z

∫=

λgn2

Gcxy

Ecy

--------- φydz z tc= βn

αm

βn

------– νcxy

βn

αm

------+ 
 

z 0=

z

∫=

λgk1 φydz z tc= βn–
Gcxy

Ecy

---------αm

αm

βn

------– νcxy

βn

αm

------+ 
 +

z 0=

z

∫=

λgk2

Gcxy

Ecx

--------- φxdz z tc= αm

βn

αm

------– νcyx

αm

βn

------+ 
 

z 0=

z

∫=

τfxy Amn

Gfxy

Ecx

---------φx z tc=

βn

αm

------– νcyx

αm

βn

------+ 
  +

n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑=

Gfxyβn

Kx

--------------λgn1

Gfxyαm

Ky

----------------λgk2 ]CxCy+ +

Cmn

Gfxy

Ecy

---------φy z tc=

αm

βn

------– νcxy

βn

αm

------+ 
  +

n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑

Gfxyβn

Kx

--------------λgn2

Gfxyαm

Ky

----------------λgk1 ]CxCy+

σfx Amnλz1 Cmnλz2+( )SxSy f x y,( )+
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑=
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f (x, y) = A function representing the constant of integration. 

The function f (x, y) is obtained by using the overall equilibrium Eq. (5); Eqs. (16) and (26), and
by expanding the applied load in double trigonometric series. In the case of a uniform load of
intensities pfxo and pcxo, σfx is found as

(27)

in which

In a similar manner, an expression for the normal stress σfy is obtained from Eqs. (2), (6), (17)
and (24) as

(28)

in which

λz1

Gfxy

Ecx

---------φx z tc=

βn

αm

------
βn

αm

------– νcyx

αm

βn

------+ 
  λgn1

αm

---------
Gfxyβn

2

Kx

--------------- 1
tf

---+ 
  Gfxyλgk2βn

Ky

-------------------------+ +=

λz2

Gfxy

Ecy

---------φy z tc=

βn

αm

------
αm

βn

------– νcxy

βn

αm

------+ 
  λgn2

αm

---------
Gfxyβn

2

Kx

-------------- 1
tf

---+ 
  Gfxyλgk1βn

Ky

-------------------------+ +=

σfx Amnλz1′ Cmnλz2
′+( )SxSy σfxo

2
aαm

---------- 2
bβn

--------SxSy
n 1=

∞

∑
m 1=

∞

∑+
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑=

λz1′ λz1 1
2

b2βn
2

----------– 
  2 φxdz

0

tc∫
tfb

2βn
2

--------------------–=

λz2′ λz2 1
2

b2βn
2

----------– 
 =

σfy Amnλz3′ Cmnλz4
′+( )SxSy σfyo

2
aαm

---------- 2
bβn

--------SxSy
n 1=

∞

∑
m 1=

∞

∑+
n 1 3 …, ,=

∞

∑
m 1 3 …, ,=

∞

∑=

λz3′ λz3 1
2

a2αm
2

------------– 
 =

λz4′ λz4 1
2

a2αn
2

-----------– 
  2 φydz

0

tc∫
tfa

2αm
2

-------------------–=

λz3

Gfxy

Ecx

---------φx z tc=

αm

βn

------
βn

αm

------– νcyx

αm

βn

------+ 
  λgk2

βn

---------
Gfxyαm

2

Ky

---------------- 1
tf

---+ 
  Gfxyλgn1αm

Kx

--------------------------+ +=

λz4

Gfxy

Ecy

---------φy z tc=

αm

βn

------
αm

βn

------– νcxy

βn

αm

------+ 
  λgk1

βn

---------
Gfxyαn

2

Ky

--------------- 1
tf

---+ 
  Gfxyλgn2αm

Kx

--------------------------+ +=
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4.5 Solutions for Amn and Cmn

At this stage, the only unknowns are the coefficients Amn and Cmn. These can be determined by
using the compatibility Eqs. (9) and (10). By substituting Eqs. (16), (17), (23), (24), (27) and (28) in
Eqs. (9) and (10); Amn and Cmn are obtained as

(29)

(30)

in which

5. Numeric evaluation of effects of bonding on behavior of sandwich plates

The complexity of the preceding solution makes it difficult to see the effect of bonding on the
sandwich plate responses. To demonstrate these effects, a square plate is considered. The plate is
made of two aluminum faces, a plastic foam core, and assembled with a non-rigid bonding. The
plate, facings and core properties are:

Amn

λy3

λy2

-------
λy6

λy5

-------–

λy1

λy2

-------
λy4

λy5

-------–

---------------------=

Cmn

λy3

λy1

-------
λy6

λy4

-------–

λy2

λy1

-------
λy5

λy4

-------–

---------------------=

λy1
λz1′
Efx

---------
νfxyλz3′

Efy

-----------------–
φx z tc=

Ecx

-----------------–
αmλgn1

Kx

----------------+=

λy2
λz2′
Efx

---------
νfxyλz4′

Efy

-----------------–
νcxyφy z tc=

Ecy

--------------------------
αmλgn2

Kx

----------------+ +=

λy3
2

aαm

---------- 2
bβn

--------
σfxo

Efx

--------- νfxy

σfyo

Efy

---------–=

λy4
λz3′
Efy

---------
νfyxλz1′

Efx

-----------------–
νcyxφx z tc=

Ecx

--------------------------
βnλgk2

Ky

---------------+ +=

λy5
λz4′
Efy

---------
νfyxλz2′

Efx

-----------------–
φy z tc=

Ecy

-----------------–
βnλgk1

Ky

---------------+=

λy6
2

aαm

---------- 2
bβn

--------
σfyo

Efy

--------- νfyx

σfxo

Efx

---------–=
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For plate:
a = b = 20 in. (1219.2 mm)

For facings:
tf = 0.04 in. (1.016 mm);
Efx = Efy = 107 psi (68.9 GPa);
νfxy = νfyx = 0.33

For core:
tc = 1.0 in. (50.8 mm);
Ecx = Ecy = 2 × 106 psi (137.8 MPa)
Gcxy = Gcxz = Gcyz = 104 psi (68.9 MPa)
νcxy = νcyx = 0.20

Two loading cases are considered. In the first case a biaxial uniformly distributed stress of
intensity σfxo = σfyo = 208.3 psi is used. In the second case a uniaxial uniformly distributed stress of
intensity σfxo = 208.3 psi is applied. In each loading case, the load is applied independently first to
the face and core, and then concurrently to face and core as shown in Fig. 3. The face normal and
shear stresses are calculated for a chosen range of bonding stiffness from Kx = Ky = 103-104 psi/in.
The normal stress in the facings at the plate center and the shear stress in the facings at the plate
corner are shown graphically in Figs. 4 and 5. 

It is seen that the face normal stress shows greater sensitivity to the variation of bond stiffness
value when the latter is in the lower range; and beyond a certain level of stiffness, the bonding can
be practically considered as rigid. A change in Kx (or Ky) value for example from 103 to 2 × 103 psi/in

Fig. 3 A sandwich plate under biaxial edge load applied to skin



164 R. Hussein

induces a stress decrease almost 6 times in the uniaxial case and 5 times in the biaxial case greater
than when Kx (or Ky) changes from 9 × 103-104 psi/in. The face shear stress is practically
independent of bonding stiffness. Unlike the mechanical behavior of other sandwich plates with
non-rigid bonding and under transverse and thermal loads (Hussein et al. 2002a, 2002b, 1993, 1992,

Fig. 4 Effects of bond stiffness on face normal stress due to face edge load

Fig. 5 Effects of bond stiffness on face shear stress due to face edge load
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1989, 1986, 1984a, 1982), this study reveals that interlayer shears are insignificant. This is due to
the absence of transverse loads which induce high transverse shear forces.

This analysis has yet to bring up an important point. By using existing theories (Allen 1969,
Plantema 1966), stress components in sandwich plates may be determined only at high values of
bond stiffness with a small margin of error, otherwise the K values must be included in the analysis.
The results presented here are virtually identical to those by existing theories for the case of perfect;
i.e. very rigid, bonding.

Another important point has yet to come out of this analysis. By common sense, it can be felt that
a very stiff bonding would be unnecessary if the core were too soft, and the converse would be
unwise. This is quantitatively shown in Figs. 4 and 5 which show that the ratio of core stiffness to
bond stiffness is one of the main parameters influencing the behavior of sandwich plates.

Finally, it is worth while to mention that the literature has no record of elasticity based analytic
investigations of sandwich plates with bonds having finite stiffness and under edgewise loads. In this
regard, this paper has advanced the state-of-the art. 

6. Conclusions

In the literature, very few papers have been published which deal with the effects of bonding on
the structural response of sandwich plates. Realistically, the core and bond in sandwich plates are
rigid enough to make a significant contribution to the overall structural integrity of the plate, yet
flexible enough to permit shear deformation.

An analysis of orthotropic sandwich plates taking into account the effects of the finite bonding
stiffness has been presented in this paper. The edgewise load can be uniaxial or biaxial. The solution
satisfies the equilibrium equations of the face and core elements, the compatibility equations of
stresses and strains at the interfaces, and the boundary conditions.

The numerical results have shown that the bonding stiffness, up to a certain level, has a strong
effect on the plate response. Beyond this level, the usual assumption of perfect bonding in the
literature is quite acceptable. The answer to what constitute perfect bonding may be best answered
in terms of the ratio of core stiffness to the bond stiffness, rather than on the individual constituent
material.
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