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Abstract. A mixed eight-node hexahedral element formulated via the Hu-Washizu principle as well as
the field extrapolation technique is presented. The mixed element with only three translational degrees of
freedom at each node can provide extremely accurate and reliable performance for popular benchmark
problems such as spacial beams, plates, shells as well as general three-dimensional elasticity problems.
Numerical calculations also show that when extremely skewed and coarse meshes and nearly
incompressible materials are used, the proposed mixed element can still possess excellent behaviour. The
mixed formulation starts with introduction of a parallelepiped domain associated with the given general
eight-node hexahedral element. Then, the assumed strain field at the nodal level is constructed via the Hu-
Washizu variational principle for that associated parallelepiped domain. Finally, the assumed strain field at
the nodal level of the given hexahedral element is established by using the field extrapolation technique,
and then by using the trilinear shape functions the assumed strain field of the whole element domain is
obtained. All matrices involved in establishing the element stiffness matrix can be evaluated analytically
and expressed explicitly; however, a 24 by 24 matrix has to be inverted to construct the displacement
extrapolation matrix. The proposed hexahedral element satisfies the patch test as long as the element with
a shape of parallelepiped.

Key words:  Hu-Washizu principle; field extrapolation; assumed strain formulation; eight-node parallel-
epiped; mixed formulation; shear and membrane locking.

1. Introduction

Existence of continuum finite element models with high predictive capabilities in both continuum
and structural applications is very important in the analysis of various complex structural forms, that
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are common in civil, mechanical, and aerospace applications. These structural forms often include
irregular geometry and cutouts, which form large two-dimensional or three-dimensional continuum

zones connected by regions with dimensions characteristic of structural elements (e.g., beams,
arches, plates, shells, etc.) rather than continuum. While the behaviour of continuum zones is
governed by differential equations of the appropriate continuum, the connecting structure-like

regions are more adequately described by higher order equations of structural mechanics. In
situations like that, either a mixture of structural and continuum elements is needed or else a single
continuum finite element model should be able to adequately represent the behaviour of large
continuum zones and the behaviour of structural-like components of the system.

Existing commercial finite element codes usually include large libraries of continuum and
structural finite elements. These finite element models often can be combined quite freely to form
various structural forms. However, in many applications, the transition from the definitely structural-
like zone to the clearly continuum zone is gradual and the user of a commercial package is forced
to arbitrarily define the boundary between the two zones if two different finite element models are
to be used. This is one example in which it has clearly advantageous to use one element model
whose range of applicability covers both the continuum and structural parts. An additional aspect of
this example testifying in favour of an appropriate single element is the sensitivity of the results on
the type of the connection between the structural and continuum elements used in the code. This
aspect would be totally bypassed if a single continuum element could be employed in the analysis.

Another example, where the continuum elements applicable to both continuum and structural
problems are useful, can be found in the analysis of plates and shells. Here the so-called
“degenerate continuum elements” have been used for a long time. The main reason behind that use
is due to the fact that the continuum elements allowed to formulate shell (or plate) elements without
intricacies of the shell theory. However it was immediately realized that the continuum finite
element models were for shell too stiff - a phenomenon related to shear locking and membrane
locking. In other to obtain meaningful solutions for shells, some ‘modifications’ of the continuum
finite elements were necessary; but then the modified continuum finite elements for shells could not
be used in the analysis of a general three-dimensional continuum. As the history of the shell
analysis indicates, continuum elements need to be modified if their applicability is to be extended to
structural problems. It is understandable that the need for the modification decreases as the order of
the element sufficiently increases. High order elements are rich enough to incorporate a complex
behaviour of any structural form. However, these elements are inefficient in the sense that their
accuracy can be matched by the lower order, but properly developed continuum elements.

In recent years, researches in the development of efficient low order eight-node hexahedral
elements (typically trilinear) have been extensively discussed in the literature. The main goal of the
research is to improve its poor performance resulting from the presence of the so-called parasitic
shear terms in the analysis of bending dominated situations. Such an inadequate performance of the
eight-node hexahedral element is further deteriorated when highly distorted and high aspect ratio
meshes are considered or when nearly incompressible materials are used. In addition, in the analysis
of various geometrically complex structural forms in which a large number of elements may be
needed to describe the geometric condition and to catch stress concentration phenomenon
realistically. When low order elements with enhanced coarse mesh accuracy and improved bending
properties are used in such a condition, a significant reduction in the computational efforts can also
be achieved resulting from the reduction of global degrees of freedom. For nonlinear analysis,
coarse and skewed mesh accuracy will become more important than that in the linear analysis. For
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instance, under large deformation analysis, when a beam, originally modeled by regular 3D brick
elements, is subjected to pure bending, cross section of the beam and the element’s faces intersected
by the vector in the bending direction will deform to a trapezoidal shape. This kind of deformed
situation can be found quite common in the analysis, particularly, for bending dominated problems.
As a result, it will be useful if an element can possess high accurate bending properties and
extremely low sensitivity to mesh distortions.

Broadly speaking, representative methods emerged as a result of aiming at an improved bending
properties of the low-order eight-node hexahedral element include: (1) Incompatible mode methods
(Wilson et al. 1973, Tayloret al 1976, Chandra and Prathap 1989, and others); (2) Drilling degrees
of freedom methods (Yunust al 1991, Ibrahimbegovic and Wilson 1991, Ssteal 1996, and
others); (3) Mixed methods (Pian 1964, Pian and Chen 1983, Pian and Sumihara 1984, Pian and
Tong 1986, Sze and Ghali 1993, Cheung and Chen 1988, Chen and Cheung 1992, Weissman 1996,
Yeo and Lee 1997, Sze and Yao 2000, @acal 2002, and others); (4) Reduced integration
methods (Flanagan and Belytschko 1981, Wang and Belytschko 1987, and others); (5) Assumed
strain methods (Belytschko and Bindeman, Chen and Stolarski 1998, and others). A more detailed
and more extensive description of the above mentioned methods has been reported in Chen and
Stolarski 1998, and the reader can refer there for details.

The basic idea proposed in Chen and Stolarski 1998 consists in introduction of a parallelepiped
associated with a given general hexahedral element, subsequent formulations of the assumed strain
field in this parallelepiped domain, and extrapolation of the displacement and assumed strain fields
to the domain of the original hexahedral element. The eight-node assumed strain hexahedral
elements proposed by Chen and Stolarski 1998 didn't pasCthgatch test for a general
hexahedral shape. However, various numerical tests have confirmed their excellent convergence
characteristics as long as the initially general form of the hexahedral element approaches a
parallelepiped shape with the refinement of the mesh. In addition, they are also found to be very
accurate and reliable for both structural and continuum mechanics problems while using coarse and
irregular meshes in incompressible limits.

Very recently, a mixed four-node quadrilateral has been successful formulated by means of the
Hu-Washizu variation principle in conjunction with the concept of strain and displacement
extrapolation (Chen 2002). Numerical performance demonstrates that the mixed element formulated
in this way can provide excellent properties for both bending and membrane dominated problems.
In this work, similar approach of using Hu-Washizu principle and field extrapolation technique is
investigated to formulate a mixed eight-node hexahedral element. The assumed nodal strain of the
associated parallelepiped is established via the Hu-Washizu principle and evaluated at the nodal
level. Procedure of performing strain and displacement extrapolation (Chen and Stolarski 1998) is
followed to establish the assumed strain field of the original hexahedral element. Predictions of the
proposed mixed element for a variety of testing problems including element’s response relating to
the C° patch test are quite similar to those assumed strain elements provided in Chen and Stolarski
1998. However, the computational efforts required in formulating the element stiffness matrix of the
element presented here have been greatly reduced.

The remainder of the paper is outlined as follows. General description of the Hu-Washizu
principle and the procedure of establishing the assumed strain-displacement operator are given in
Section 2. In Section 3, a parallelepiped domain associated with a given general eight-node
hexahedral element is introduced. Finite element approximation based on the Hu-Washizu principle
for the associated parallelepiped element is described in Section 4. In Section 5, concept of the
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strain and displacement extrapolation are adopted to obtain the assumed strain field of the given
hexahedral element. Section 6 describes test problems and numerical results obtained. The last
section reports conclusions.

2. Hu-Washizu principle and assumed fields

For completeness, general procedure involved in deriving finite element model via Hu-Washizu
principle as described by many researchers in the literatures is recalled hereinafter. The linearlized
Hu-Washizu variational principle states that all of the field equations and the natural boundary
conditions can be obtained as the stationary conditions of the following linearlized functional

Mu(u, 0.) = [,[3(6)'D& - 0'(¢ - 0w [da-P, (1)

whereu, g, andg* are the assumed displacement, stress, and strain fields, respebtivefyesents

the matrix of material elastic constanis;u is the symmetric part of the displacement gradient;
Q is the domain considere®, states the potential of external work. In other to obtain the finite
element formulations corresponding to the functional of Eq. (1), assumedufi@leindg have to

be specified, and they are approximated over each element domain and expressed as follows

u=Nd (whichleads todsu = Bd ), 0=Ss & =Eg, (2,3,4,5)

where d, s, and e are the vectors of nodal displacements, independent stress parameters, and
independent strain parameters, respectivély; S, and E are the shape functions for the
displacements, stresses, and strains, respectively. Substituting the above assumed fields into the
linearlized Hu-Washizu functional and making this functional stationary with respdcst@ande
respectively, one gets

(1) Equilibrium equationsf [ B'sdQ]s—f = 0, (6)
(2) Strain-displacement relationshiﬁ% STEdQ]e—[J’Q STBdQ]d =0, (7)
(3) Constitutive equations{}’Q ETDEdQ]e—[J’Q ETSdQ]s =0, (8)

where ' is the vector of external force resulting from body forces and natural boundary
conditions. By using Eq. (5) and Eg. (7), the assumed strain field can be expressed in terms of the
vector of element nodal displacements

£ = [El[,S'EdQ] [, S'BdI M = B'd, ©)
O O

whereB’” is the assumed strain-displacement operator. Note that the assumed strain field of Eq. (9)
can be obtained only whe S'EdQ is invertible, and that in this work the domain considered
under the framework of Hu-Washizu principle is referred to a parallelepiped, which is associated
with a given general hexahedral element (to be explained in section 3).
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3. The eight-node hexahedral element and its associated parallelepiped

For a general eight-node hexahedral element, an associated parallelepiped shown in Fig. 1 can
always be defined. Its nodal position vectXrs of nbde is given by the following expressions

A A oA 1 8 1 8
Xi = Xg +[G;GG l{ &im; i}T = XFek: Xe = éIZXn G; = éz KX, (10,11,12)
= 1=

where X¢ is the position vector of poi@ _ which iTs the centre of the associated parallelepiped,
uppercase« represents parametei§ , {), { &, n;, {;} _is the vector of coordinates of the nodal
point | in the space of the isoparametric parametérs;, {) of the associated parallelepiped
Whereas{é,,nl,Z,}T is the coordinates of the nodal point | in the space of isoparametric
parameters§ n, {) of the hexahedral elemerX, is the nodal position vector at nodal point | of

the hexahedral element, and subscript or superskrigpresentsk™ component of the vector
relative to the fixed global systegy = €. Throughout this work, indices repeated on two different
levels imply summation over their range, the superscfiptiésignates the transpose of a matrix,

and a “*” on the top indicates that a quantity is related to the associated parallelepiped, unless
otherwise stated. o
A physical natural coordinate systefd, n, {) , as shown in Fig. 1, is defined and attached to

point C . Its definition is given as follows

K= LRKK-= i 9 _10

K =LK K=¢n,{, whichleadsto — = Lde , (14,15)
whereL; represents length of vectgg and adn the top indicates that a quantity is related to
the (¢, n, {) frame.

Associated
Parallelepiped

QOriginat ©
thl,,/\QV 5

Fig. 1 The original Hexahedral and its associated parallelepiped
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4. Finite element approximation for the associated parallelepiped element

In the context of Hu-Washizu variational principle, the finite element model is established by
approximating three independent (assumed) fields. In this work, these three assumed fields are
interpolated for the associated parallelepiped and expressed in the physical natural coordinates
system. Construction and interpretation of these three assumed fields are, respectively, given in the
following subsections.

4.1 Assumed covariant displacement field

From tensor algebra, the assumed covariant displacementifield  of the associated parallelepiped
in the (&, n, {) frame can be related to that in the global fixed system and then, as usual, be
approximated in terms of nodal displacements by using standard trilinear shape functions. The result
is

Gy = ELIG— @ = obl, = N'gily,, N =21+ EH(+An)(A+G0),  (16ab)

where G is thek" component af  in tH&, 7, O) frame wheraas representd” the
component ofi relative to the global fixed systepe €, andN denotes the standard trilinear
shape functions. By virtue of the assumed covariant displacement field defined above, the

corresponding covariant strain fiegl  of the associated parallelepiped (g,the?) frame can be
evaluated by using the following well-known linear strain-displacement equations

A~ _ 1A R

& = (Ut T U ), (17)

which leads to the covariant strain field of the associated parallelepiped as follows

~A

=~ _ ~ ~ ~ ~ ~ ~ T _
£= {533 Enq €7 Zszﬁ 25?12 2532} = Bd, (18a)
Knyd  knid knal kayd Kl kool Kngl kgl ko d T
=k _ NN TN 9N, Nz grNe Nz 9Nz goN :0
B =0 C L L 'L Lottt g (18b)
O -z n g n é I n Ig ¢ O

where N,ik denote¥N'/dK , andl s the vector of element nodal displacements of the associated
parallelepiped. From tensor algebra, the conventional covariant straingfield  in the global fixed
frame can be related t6  of Eq. (18a) as follows

& = ging[éR[, or in the matrix formg = I, & , (19)
4.2 Assumed contravariant stress field
In the development of finite element models, suppression of any possible zero-energy deformation

modes is necessary for satisfying stability considerations in the analysis. Pian and Chen 1983
proposed a systematic approach in determining the necessary assumed stress parameters for
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assumed stress hybrid models such that zero-energy deformation modes can be eliminated on
element level. As suggested by Pian and Chen 1983, the optimal number of stress parameters is
equal to the total number of displacement degrees of freedom minus the number of rigid body
modes, but with the suppression of the zero-energy deformation modes. Many research results have
also indicated that assumed stress hybrid elements will behave too stiff if stress parameters are
overused. For an 8-node hexahedral element, the optimal number of stress modes will be 3 x 8
6=18. Pian and Tong 1986 established3-48ess parameters in the formulation of 8-node
hexahedral hybrid element. TheseBHiress terms are exactly the same as that discussed in Pian
and Chen 1983. Following the same shape functions proposed by Pian and Tong 1986, the assumed
contravariant stress field of the associated parallelopiped in the coordinates §§stgrd) is
approximated by

0 -~
0= Ss, (20a)
0

Ab%lfyéﬁfooooooo%Alfooo
“H0 00 0 1§ ¢ 000 0F =lo 0o 1& o o (20bc)
00O 00 0 000 0 ¥ nénn 0000 17

where the upperca§é is the matrix of shape functions describing the distribution of the assumed
contravariant stresses in the associated parallelepiped while the low&rcase is the vector comprised
of eighteen independent stress parameters; the supersriptdicates that quantities will match

with three constant strain mode( oo Eyyr %fz) , Six constant bending modes, and three linear
bending modes as defined in Egs. (32, 37, 40); and the supergbnm&tes that quantities will
match with three constant shear strain mo(@sf Zsyz, 280) and three linear shear modes as

described in Egs. (32, 34). For the associated paralleleprped the contravariar stress  is expressed
in terms of stress parametess , which is independent from one element to the other. And each
stress parameter matches individually with one deformation mode specified in Eq. (30) excluding
six rigid body modes. For an associated parallelepiped, stresses induced by those deformation
modes are relatlvely clear and consistent with the variatiom of . For mstaﬁce is expressed by
shape functron$1 r7 Z nZ ] and the first four stress parameters of the $&ctor . Each term of shape
functlons [1,7,, 7] matches, respectively, with the stress induced from constant strain mode
sxx, constant bending modﬁ afig , and linear bending rﬁpde as stated in Egs. (32, 37, 40).
Similar explanation can be given for other stress components. Similarly, by virtue of tensor algebra,
the conventional contravariant stress fied of the associated parallelepiped in the global fixed
frame can be related @@  of Eq. (20a) as follows

~

g, = gRig[J.?JR[, or in the matrix formo = M,o = .0 . (21)
4.3 Assumed covariant strain field

Adopting the same shape functions of Eqgs. (20b,c) and incorporating some modifications to take
the effects of Poission’s ratio into account, the assumed (modified) covariant strain field of the



120 Yung-l Chen and Guan-Yuan Wu

associated parallelepiped in thé, 1, ) frame is approximated by

=* Ak A% ~ Ak ~cb peP A A
£ ={g; & &, 26, 2¢, Zegz}T = [E AO]E% Ez Ee, (22a)
0o s’ °
1 7 ¢ n{ 0 -0 0 -D& 0 -VE 0 -vén
~ch A a A ~ ~ ~ A ~ A
E"=lo0 -vn 0 -wvp¢ 1 & ¢ { 0 0 -vn -vén |. (22b)
0 0 -vw -vi{ 0 0 -wW -v&{ 1 & n &n

where E is the matrix of shape functions used to describe the assumed covariant strain field in the
associated parallelepipe@, is the vector comprised of eighteen independent strain parameters,
v = v/(1-v), andv is the Poisson’s ratio. In the above equation, aade used to take into
account the effects of Poisson’s ratio for the assumed covariant strain field corresponding to the
bending part. Since that shape functiéths  are used to express the variatipiobrporation of
Poission’s ratio inE  provides modification of strain field such that each strain parameter matches
individually with one deformation mode specified in Eqg. (30). For instance, constant bending mode

i/z in Eq. (37) represents the rigid body rotation of the pyra@2876 about the &gctor while
keeping pyramidC1485 fixed. It describes the mode of deformation in which stretching of the
parametric lines (in GZ direction) varies linearly in the dirsction ®£ . This deformed
configuration creates a strain state matches with the variation of sfain , the part expressed by the
shape functiof7] and the second strain parameter of the @ttor . If Poisson’s ratio is not equal
to zero, it will generate stretching of the parametric line<Gi direction varies linearly in the
direction of G- . This is a deformed situation similar to that generated by bending jynode (in
negative direction). This Poisson’s ratio related strain matches with the variation of’s*%rain , the
part expressed by the shape functjewn] and the second strain parameter_of the“Vector Ct
provides justification of introducing Poisson’s ratio if® Zolumn of matrix E® . Similar
explanation can be given for other strain components. Note that no modification of constant strain
and linear shear strain is needed. _ R

With the use of shape functionS of Eq. (20a) &nd of Eq. (22a), and since that the
determinant of the Jacobian is constant for any parallelepiped, integrati(81T Eof over the
associated parallelepiped domain can be easily achieved as follows

STE40 = alill diaasill,111,111, 1,1 10
[oSEdQ = 8\J\{d|agg 39133913391313135} (23)

where || represents one eighth of the volume of the associated parallelepiped. Since that Eq. (23)
is a diagonal matrix, inverse of Eq. (23) can be easily obtained. The result is

[IééTédfz]‘lzﬁ[diag{13391339133913131}3 (24)

By using the matrixS  of Eqg. (20a) and maté)% of Eqg. (18b), explicit expressigﬁgégél.‘(dfz
can also be evaluated analytically as follows
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IR s' BldQ = l{ ¢ Al fpn/\z /\3 A4} (253)
A= {12 A A0 A0, AS={1 A A Ae A, Ai={12A:A, A7}, (25b,c,d)

A= {d+d A(d+d) d+d A(d+d) d+d A e+ ), (25€)

L
cp#-—g*, Ae= 3 #r=E0 (25f)

Noting that Eq. (23) and Eq. (25a) are evaluated in the natural coordinate system; however, the
results given in Eqg. (23) and Eq. (25a) are also valid in the fixed global system since that
I, =1 (unit matrix) holds for both regular and irregular elements. Substitution of neatrix  of
Eq. (22a) Eqg. (24), and Eqg. (25a) into Eq. (9), the explicit form of assumed covariant stragn field
for the associated parallelepiped can then be expressed in tedms of as follows

=

& EE[J’QS EdQ] [J’ SBdQ][d B d (26)

In other to obtain the extrapolated nodal values of the assumed strain field for the original
hexahedral element, nodal values of the assumed strain field with respect to the associated
parallelepiped need to be evaluated. It can be easily accomplished by substituting the isoparametric
coordinates of each nodal poilt into Eqg. (26a). The result is

R*x A~

& =B (¢=&n=n,=¢)d = B3d. 27)

5. Assumed strain field for the eight-node hexahedral element

The assumed strain field; of Eg. (27) is evaluated at the nodal points of the associated
parallelepiped and expressed in terms of its nodal displacements. Therefore, in order to obtain the
assumed strain field for the original hexahedral element, strain and displacement extrapolations
identical to that proposed by Chen and Stolarski 1998 are implemented. It leads to the assumed
strain-displacement operator for the original hexahedral element. For completeness, the procedure
required to achieve this goal is outlined hereinafter.

5.1 Strain extrapolation
The extrapolation of the strain field at the nodal level is implemented by using the trilinear shape

functions. The result is given by the following expressions

e

B o= NiE = Bid, ND= (e R+ AR+, (28a)

where & is the extrapolated nodal values of the assumed strain field for the original hexahedral
element and{ E., n, ¢} are the coordinates of the nodal point | in the space of isoparametric

parameterd &, n,{} given by
{& 1.4} =[Gy G, G H{X, —X¢}. (28¢)
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5.2 Displacement extrapolation

As shown in Eq. (28a)z‘f is still expressed in terms of the nodal displacement of the associated
parallelepiped. To relate the vector of element nodal displacements of the associated parallelepiped
to that of the original hexahedral element, the following expression need to be established

d = wd, (29)

where W denotes the displacement extrapolation matrix (to be defined in section 5.2.24), and
represents the vector of element nodal displacements of the original hexahedral element.

The procedure of establishing the displacement extrapolation matrix starts with the identification
of deformation modes for the original hexahedral element and its associated parallelepiped. With the
deformation modes patrticipating in the deformation process identified, the vector of element nodal
displacements of the original hexahedral element and that of the associated parallelepiped can be
expressed in terms of those modes of deformation. Eventually, by postulating that those deformation
modes are common for both original hexahedral element and the associated parallelepiped, Eq. (29)
can be obtained. Since that extrapolation of displacement field is much more intricate, for more
detailed discussion readers can refer to Chen and Stolarski 1998. In this work, general procedure
and presentation will be provided for completeness.

5.2.1 Identification of deformation modes

For a general eight-node hexahedral element, there are totally twenty-four modes of deformation
corresponding to twenty-four degrees of freedom. They consist of twelve constant strain modes (six
rigid body motion modes and six constant strain modes), three linear shear (warping) modes, six
constant bending modes, and three linear bending modes. Deformed configurations for a cubic
shape of hexahedral element of the linear shear modes, constant bending modes, and linear bending
modes are depicted in Chen and Stolarski 1998. By virtue of the mode decomposition technique in
conjunction with the identification of deformation modes mentioned above, the vector of the
element nodal displacements can be decomposed and expressed in terms of those modes of
deformation for the associated parallelepiped and the original hexahedral element, respectively, as
follows
" " ~“CB | ALB ~~C ~LSALS ~ CBLCB ~LBALB

d=d+d°+d®+d"® = CPT+ R P+ H**P® + H'®P"® = HP, (30)

d dC+ dLS+dCB+dLB CPC+ HLSPLS+ HCBPCB+HLBPLB - HP, (31)

where superscriptsC”, “LS”, “CB”, and “LB” indicate that quantities are related to constant strain
modesP®  (orP°), linear shear modeB"® (&), constant bending mode®®  (BF®), and

linear bending modeg"® (8®), respectively. The twenty-four deformation modes participating

in the deformation process will be briefly described and be specified quantitatively for both the

associated parallelepiped and the original hexahedral element in the subsequent formulation.

5.2.1.1 Constant strain modes
The rigid body and constant strain modes of the associated parallelepiped are represented by the
following set of parameters
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~C A2C 5 C 2C,T
= {U U U ¢1 ¢1 ¢1 XX SZZ ngy 25}/2 ngz} ’ (32)

whereu is translational displacement of ndde in glebdirection, QJ' is the rigid body rotation
of the eIement about globakdirection at nodel |, an@C represent a constant part of the strain
field.

The above definition of constant strain modes leads to the following equations representing the
matrix C of Eq. (30). MatrixC is a 24 x 12 matrix containing constants dependent on the nodal
coordinates and is partitioned into eight 3 x 12 matrices corresponding to eight nodal points of the
associated parallelepiped as follows

c=I[Cl c..cl,..clcl, (33a)

Ci = [laxs Ajpe A€ As e Blie! Be® Be® Bie' BXe® B:e’], (33b)

113k 11 11 11 11 11 11
IJan = (X XJ)eaknv |£(j = (X:”(—XE), (33C,d)

wherelsy; is a 3 x 3 unit matrix, and the symbmy, stands for the component of the permutation
tensor. Based on the same postulation, veRtaand matrixC of Eq. (31) can be established for the
original hexahedral element. They are constructed in exactly the same way as for the associated
parallelepiped.

5.2.1.2 Linear shear modes
The linear shear modes for the associated parallelepiped are represented by the following
parameters

“={s; 5 8} (34)

In the above equation, the subscripts indicate that the deformation mode they are related to will
cause no shear deformation on the pair of faces which will be intersected by theGvedtiorthe
same _subscript. For instance, the linear shear (warping) rﬁpde is designed in such a way that
faces1485 and2376 (see Fig. 1), which will be intersected by vegtor deform with no change
in length along the edges and diagonals of those two faces. Thus, the nodal displacement vectors
have to be perpendicular to those faces. However, the remaining four faces will undergo shear
deformation, their diagonals will change in length while the length of the edges will remain

unchanged. The mode&; are defined similarly.
According to the deformed conflguratlon described above, the relationship between vettors and
P can then be constructed. Matrx"® in Eq. (30) is composed of eight 3 x 3 matrices. Those

3 x 3 matrices for nodé  of the associated parallelepiped are given by the following expressions
Hi® = [mGie* G&G" &Rgll, gge g = o, (35a,b)

where 6L stands for the Kronecker delta. To preserve those linear shear properties for the original
hexahedral element, the part of mamkssof Eq. (31) related to nodeof the original hexahedral
element is extrapolated from the matHbg of Eq. (35a) by using the trilinear shape functions. The
result is
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H® = NiHS® (36)

where N,j is identified in Eq. (28b). As a result of that extrapolation, the length along all edges of
the original hexahedral element is no longer necessarily remaining unchanged.

5.2.1.3 Constant bending modes
For the deformation modes related to the constant bending strain field of the associated
parallelepiped, the following set of parameters is used

5CB

P = ({a, a:}{By BMY, Vi1, (37)

where subscript€, 7 and  denote, respectively, the axes of rotation with the positive direction
defined by vectorss,, G; anG, . It is noted that the parameters listed above and named using
the same letterd, 3 , oy ) are considered to be a pair which will participate in the deformation
rotation of the pyramidézlé?é about the vect@: while keeping pyraﬁﬁ(fzéé fixed. It
describes the mode of deformation in which stretching of the parametric lin€; (in direction)
varies linearly in the direction o, . This is reminiscent of the strain distribution in beam under
pure bending, even though no curvature of the parametric lines is present. And if Poisson’s ratio is
not equal to zero, bending mo will also generate stretching of the parametric lBes in
direction varies linearly in the direction &, . This is a deformed situation similar to that generated
by bending mgde}ﬁ (in negative direction). It provides justification of introducing Poisson’s ratio

in the matrix E*® , % and &' columns, of Eq. (22b) for constant bending modes apd ,
respectively. Similar explanation can be given for the other two pairs of constant bending modes.
Presence of the constant bending modes is crucial for an element to be applicable in most structural
situations. Based on the deformed pattern specified above, rhiaTiX in Eq. (30) can be obtained.
It is composed of eight 3 x 6 matrices, and its eight parts corresponding to Inodes are given as
follows

HT® = (X = X)ema€[GF o Gi& G’ GIo Gi& Gall, (38)

where variable®, P, Q, R, S andT, which are, respectively, used corresponding to constant bending
ques&_, a-, Bﬁ,ﬂz,i/z, andV are given in Table 1. The Kronecker delta in Eq. (38) provides that
if 1 is not equal to those variables given in Table 1, the part it beIongsH6Ein will be zero. For
instance, at the first column on the right hand side of Eq. (38), va@alsleTable 1 in turn is 3, 4,

7, and 8. It leads to thai{®  corresponding to naje 5, 6 will be zero. ME#iof Eq. (31)

is constructed in exactly the same way as for matfs , and it is specified by the following
values at each node

HI® = (X -X¢)ema€ [GF0) Gid Gl GIo GI& Giayl, (39a)

whereC; is the point located on ling3 (shown in Fig. 2) such that the following conditions are
satisfied
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Table 1 Variable®©, P, Q, R, S andT for constant bending modes

Constant Bending Modes and Variables

az, O ap, P Bq. Q B: R Yz S Ve T
3 2 5 3 2 5
4 3 6 4 3 6
7 6 7 7 6 7
8 7 8 8 7 8

Fig. 2 Reference poirg;

X=X Xy =Xg| = [Xo =X4|[Xy =Xy, (39b)

[Xe =X} * {X, =Xp} = 0, {Xe—Xg} HX,—Xg} =0, (39¢,d)
Xy Xy Xg X,] = %[x,+xO Xy+ Xp Xy +Xo X+ Xal, (39%)
[X; X = %[xlwxz* X, +X,] (see Fig. 2), (39f)

variablesl, J, K, L, O, P, Q, and R, which are used to indicate nodal points of the original
hexahedral element, being given in Table 2 for each constant bending mode.

5.2.1.4 Linear bending modes
The remaining three higher order deformation modes of the associated parallelepiped are used to
describe the linear bending configurations and are represented by the following three parameters

PP ={8 6, 6} (40)
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Table 2 Variables, J, K, L, O, P, Q, andR for constant bending modes

Node Constant Bending Mode
Number az ay Bs B: ¥ Ve
| 1 4 3 2 1 4
J 4 3 7 3 2 8
K 8 7 8 4 3 5
L 5 8 4 1 4 1
o] 2 1 2 6 5 3
P 3 2 6 7 6 7
Q 7 6 5 8 7 6
R 6 5 1 5 8 2

Fig. 3 Designation of unit vectotg,

The linear bending mode described By  with a specified subs&;pi (  Z, or ) will produce
deformation causing no shear deformation on those two faces which will be intersected by the
vector G with the same subscript; however, the remainjng four faces will undergo in-plane bending.
With the deformed configuration described above, me}tﬁx in Eg. (30) can be constructed. It is
composed of eight 3 x 3 matrices which, for each nbde of the associated parallelepiped, are in
turn given as follows

A% = &hdilg o o (41)

In other to establish the relationship between vedadtsand P8 of Eq. (31), unit vectorgy,
with M =1, 2, 3, are constructed at every nbd# the original hexahedral element and designated
as shown on Fig. 3. The part of matHx® of Eq. (31) related to nodeof the original hexahedral
element is then given by the following expression
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tyet T
H® = [0t OLt7 O5t], e.k#=ﬁ, ty = NI&N3G°, #=6n,, (42abc)

| 1#

The coefficient®}, is used to obtain a condition such that the projection of vaiafs on the
direction of vectort;; is equal to the length of vectdyy. In this sense, the magnitude of the
parameters describing three linear bending modes of the associated parallelepiped are the same as
that of the original hexahedral element.

5.2.2 Displacement extrapolation matrix

With the use of Egs. (30, 31) and assuming that the deformation modes of the original hexahedral
element are identical as those for the associated parallelepiped, displacement extrapolation matrix of
Eq. (29) can be established. The result is given as follows

~ -1

LIJ — [C l:ILS l’_‘|CB l’_‘|LB][C HLS HCB HLB] (43)

Note that the matrix needs to be inverted on element level is of dimension 24 x 24. From saving
computational efforts point of view, this is perhaps the disadvantage of the proposed approach.
However, in the analysis of a system modeled by a large number of elements, the time spent on the
formulation of each element level is typically a small portion of the total computational time.
Therefore, the increased effort in the formulation of the element stiffness matrix is not necessarily a
drawback of this approach, particularly that a payoff in the form of consistently increased accuracy
is achieved. Many attempts have also been investigated to see if other forms of the displacement
extrapolation technique could be used to further improve its behaviour and to avoid the inversion of
24 by 24 matrix. For example, if the concept employed in Eqg. (28a) is adopted to construct the
displacement extrapolation matrix, only one 8 by 8 matrix has to be inverted on each element level.
Comparisons based on the solutions obtained from different approaches have demonstrated that the
results obtained by means of the displacement extrapolation techniques proposed in Chen and
Stolarski 1998 is very accurate.

5.3 Element stiffness matrix

Substitution of Eq. (29) into Eqg. (28a) leads to the assumed strain field for the original hexahedral
element expressed in terms of its own nodal displacements

£ = B/Wd = Bid, (44)

where E.* is the assumed strain operator at rHoodethe original hexahedral element. Finally, the
assumed strain field of the original hexahedral element is given by

€ =TN'g =r.Bd=Bd, N= %(1+5|E)(1+mn)(1+51()- (45a,b)

In the above equationé* is the assumed strain operator expressed in term¢&fithé)
frame whereasB" is that expressed with respect to the global fixed frame. With the strain-
displacement operatdB @ of the original hexahedral element determined and by means of
tensor algebra, the element stiffness matrix can be expressed as
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. 1. . E: IQ (§*)TD§*dQe, for regular elements,
Ke = [o,(B) (F:DF)BdQ.0 " (46)
EDJ’Q (B") DB dQ,, for skewed elements,

whereQ. is the element domain amdlis the matrix of material elastic constants.

The procedure of formulating the strain-displacement opeBator for the associated parallelogram
in the natural coordinate system is straightforward. And as shown in Eq.l'(fz[ﬁmg D is ased
for both regular and skewed elements. However, it is notedfaF, D is=valid for any regular
element, and is an approximation for skewed elements. It implies that (oRsgs, 9;) for a
skewed element is assumed to be orthogonal. Although this assumption is somewhat less nature,
numerical simulation has demonstrated that performance of the proposed element is excellent in
both bending and membrane problems even when severely skewed elements are used.

Note that the assumed strain-displacement opeBator in Eq. (46) is expressed&nrthé)
frame, and is a matrix of polynomials with respect to the isoparametric coordinates. In addition, the
Jacobian of isoparametric mapping is also a polynomial; as a result, the expression defining the
element stiffness matrix can be integrated analytically. Although it is true, numerical integration is
still used to evaluate the element stiffness matrix to avoid lengthy derivative of the explicit
expression of the element stiffness matrix.

6. Numerical simulations and discussions

Performance of the present mixed eight-node hexahedral elements is evaluated based on the
analysis of benchmark problems frequently used in the literature. The elements used in this
comparison are labeled as follows:

H8: the standard eight-node isoparametric hexahedral element.

HM9: the non-conforming eight-node hexahedral element (Taylal. 1976).

PT18B: the assumed stress hexahedral element (Pian and Tong 1986).

HEX8RX: the eight-node hexahedral element with rotational DOFs (Yeinal 1991).

HBR2: the eight-node hexahedral element with rotational DOFs€Sak 1996).

SS1§: the assumed stress hexahedral element (Sze and Ghali 1993).

MIXED : the mixed bi-linear shell element (Sirabal. 1989).

B8-24/15/9P the mixed eight-node hexahedral element (Weissman 1996).

HMOD1 and HMOD2: the assumed strain eight-node hexahedral elements (Chen and Stolarski

1998).

M18p: the assumed stress hexahedral element (Yeo and Lee 1997).

ANSye and ANSye-HS: the solid-shell elements (Sze and Yao 2000).

HMIX1 : the proposed mixed eight-node hexahedral element.

6.1 Cantilever beam under pure bending load

The performance of the present three-dimensional models under pure bending conditions and the
effect of mesh distortion on the accuracy is studied by using the two-element cantilever beam as
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ai%mse'.es BIV

Fig. 4 Cantilever beam under pure bending load

Table 3 Normalized displacements for the cantilever beam under pure bending load

Parameter v = 0.25 ( plane stress and plane strain ) v = 0.4999 ( plane stress and plane strain )

e Un Va Wa Ug Vg Wg Un Va Wa Ug Vg Wg

0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
3 100 100 100 100 100 2100 100 1.00 1.00 100 100 1.00
4 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

shown in Fig. 4. This is perhaps the most critical problem used in testing element’s bending
properties under the effect of mesh distortion. The cantilever beam of dimension 10x2x1 is
subjected to an end moment. The interelement boundary is then gradually rotated with respect to the
direction of bending (a distance e on the top and bottom surfaces) to skew the mesh. For the mesh
layouts stated above, Poisson’s ratio 0.25 andv = 0.4999 are considered for plane stress state. In
addition, analysis of this problem under the condition of plane strain is also performed by
suppressing all the nodal displacements in the direction of applied bending moment. The
displacements at points A and B are normalized with respect to the theoretical solution based on the
beam theory. These normalized displacements are listed in Table 3 for the prbjddbet
element. It is interesting to note that the predictions (including all displacement components and
stress components) 8fMIX1 element are identical to the theoretical solutions even wheh It
provides a good indication that the mixed formulation proposed in this work can lead to an
excellent bending behavior for the low-order eight-node hexahedral elemeri88T1&P and B8-
24P elements were tested for this problem under the state of plane strain with Poissom’s atio
and v=0.4999. The lower edge vertical displacements were reported, and numerical results show
that, compare with the theoretical solution, more that 30% of deviation is observed for=b@th
andv = 0.4999 when parameter= 1

In order to verify if the proposedMIX1 element is invariant, the cantilever beam is analyzed by
rotating the beam an arbitrary angle in the direction of the applied end moment. All results
produced for all cases are identical to the theoretical solution demonstrating that the proposed
element is invariant. Nodal ordering are also rearranged to change the direction of the natural
coordinate of the element, and the test confirms that the proposed mixed element is invariant to
node numbering.
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6.2 MacNeal’s elongated beam

This elongated cantilever beam of dimension 6 x 0.2 x 0.1 is presented by MacNeal and Harder
1985. The beam is modelled using three 1 x 6 meshes consisting of rectangular prism, trapezoidal
prism, and parallelepiped elements, as shown in Fig. 5. This beam is subjected to either an in-plane
or an out-of-plane end shear load. This problem is used to test the locking problem, which is due to
the use of high aspect ratio and irregular meshes. The normalized results are listed in Table 4. For
this problem HMOD1, NMOD2, and the proposddMIX1 elements exhibit excellent performance
for all loading cases and mesh layouts. They are slightly outperfdEX8RX and HBR2
elements. For a trapezoidal shape of the elements, severe locking phenomenonH8agiM9,

PT18B8, andSS1 elements. Furthermore, unsatisfactory performance is noted for a parallelepiped
shape of the elements. For the case when the beam is modeled by parallelepiped elements and is

in-plane load
0.2 i% — [ {’/oumf-plone load
| ‘_ 6 N
7 l/ E=107
A A135° L 45° -

¢ v=0.3

G o

135"

Fig. 5 MacNeal’s elongated beam

Table 4 Normalized displacements at the free end of MacNeal's elongated beam

Element In-Plane Load Out-of-Plane Load

Model Rectangular  Trapezoidal Parallelepiped Rectangular  Trapezoidal Parallelepiped
H8 0.093 0.026 0.032 0.025 0.010 0.014
HM9 0.978 0.047 0.624 0.973 0.030 0.528
PT188 0.981 0.047 0.625 0.981 0.031 0.587
HEX8RX 0.988 0.863 0.921 0.983 0.943 0.969
SS1$ 0.981 0.047 0.625 0.981 0.031 0.587
HBR2 0.978 0.915 0.938 0.980 0.927 0.960
HMOD1 0.981 0.981 0.981 0.981 0.972 0.739
HMOD2 0.981 0.981 0.980 0.981 0.979 0.731
M188 0.992 0.338 0.943 n.a. n.a. n.a.
ANSye 0.904 0.912 n.a. n.a. n.a. n.a.
ANSye-HS 0.993 1.001 n.a. n.a. n.a. n.a.

HMIX1 0.981 0.982 0.984 0.981 0.980 0.983
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loaded by an out-of-plane end shear force, the progdbiXl element can still provide excellent
accuracy. Prediction of theM188 element reveals that trapezoidal locking phenomenon is
noticeable. BothANSye and ANSye-HS elements are able to overcome this problem.

6.3 Curved cantilever beam

This clamped curved cantilever beam loaded with either an unit in-plane or an unit out-of-plane
load at the free end, as shown in Fig. 6, is also presented by MacNeal and Harder 1985. The beam
is modelled using 1x 6 equispaced mesh. The out-of-plane load is used to test the element’s
performance under a combination of bending and torsion. The geometric parameters are inner radius
R = 4.12, outer radiuf,=4.32, and thickness=0.1. The reference tip displacements in the
direction of loading for the plane stress curved cantilever beam are 0.08734 and 0.5022 for the unit

unitin-plane load

unit out-of-plane load

Fig. 6 Curved cantilever beam

Table 5 Normalized displacements in the direction of loading for curved and twisted cantilever beams

Element Curved Cantilever Beam Twisted Cantilever Beam
Model in-plane load out-of-plane load in-plane load out-of-plane load
H8 0.073 0.231 0.208 0.108
HM9 0.876 0.819 0.995 0.989
PT1883 0.877 0.846 1.001 0.992
HEX8RX 0.997 0.890 1.001 0.999
SS18 0.877 0.846 1.001 0.992
HBR2 0.992 0.863 0.997 0.997
HMOD1 1.013 0.943 0.999 1.001
HMOD2 1.012 0.943 0.999 1.001
ANSye n.a. n.a. 0.945 0.887
ANSye-HS n.a. n.a. 1.001 0.990

HMIX1 1.013 0.942 0.999 1.001
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unit out-of-plane load

v =029 unit in-plane load

Fig. 7 Twisted cantilever beam

in-plane load and the unit out-of-plane load, respectively. The results, normalized with respect to the
analytical solutions, are summarized in Table 5. It is shown that prediction of the prbjdeet

element is almost identical dMOD1 and HMOD2 elements. Their predictions are superior to
other elements cited here for comparison. For the case of out-of-plane load when torsion is
involved, HMOD1, HMOD2, and the proposedMIX1 elements can still yield very satisfactory
accuracy.

6.4 Twisted cantilever beam

The beam twisted by the angle of°%@om the fixed end to the free end is also suggested by
MacNeal and Harder 1985. It is used to test the element performance due to the use of warped
configuration. The twisted beam is modelled by using 2 x 12 mesh and loaded with either an unit
in-plane or an unit out-of-plane load as shown in Fig. 7. The geometric parameters are length
L =12, depthD = 1.1, and thickness=0.32. The analytical tip displacements in the direction of
loading are 0.005424 and 0.001754 for the unit in-plane and the unit out-of-plane loads,
respectively. The normalized results are reported in Table 5. The results show that predictions of all
elements except the8 element exhibit excellent accuracy.

6.5 Pinched circular ring

A circular ring with rectangular cross sectiomt and radiusR=1, as shown in Fig. 8, is

I V=03

7
ol

Fig. 8 Pinched circular ring
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Table 6 Normalized displacements in the direction of loading of the pinched circular ring

R/t= 60 R/t= 100 R/t= 500
Element Mesh layout Mesh layout Mesh layout
Model 1x4 1x8 1x16 1x4 1x8 1x 1o 1x4 1x8 1x16
H8 0.004 0.018 0.068 0.002 0.073 0.073 0.000 0.000 0.000
HM9 0.177 0.908 0.991 0.007 0.822 0.822 0.003 0.187 0.925

PT188 0.178 0.909 0.992 0.026 0.989 0.989 0.003 0.187 0.925
SS1§ 0.853 0.909 0.992 0.852 0.967 0.992 0.852 0.967 0.992
HMOD1 0.952 0.988 0.997 0.952 0.988 0.997 0.952 0.988 0.997
HMOD2 0.952 0.988 0.997 0.952 0.988 0.997 0.952 0.988 0.997
HMIX1 0.952 0.988 0.997 0.952 0.988 0.997 0.952 0.988 0.997

compressed by two unit loads acting along a diameter. This problem is analyzed under the condition
of plane stress situation. Owing to symmetry, only one-quarter of the circular ring is modelled by
using 1 x4, 1x8, and 1 x 16 equispaced meshes. For this prabteb60, 1/100, and 1/500 are

used to test the locking problem due to the use of high aspect ratio and coarse meshes. The
displacements in the direction of loading are normalized with respect to the theoretical solutions,
and listed in Table 6. THdMOD1, HMOD2, and the proposedMIX1 elements exhibit excellent
performance for all three thicknesses. It also shows that they are insensitive to the cHaige of
ratio. Their predictions are slightly superior to 881§ elementHM9 andPT188 elements show

severe locking problem for larg®'t ratio and coarse meshes. TH& element locks severely for all

cases.

6.6 Simply supported square plate

A simply supported square plate of lengtls 10 and thickness= 0.1 is loaded by an uniform
distributed loading of intensity 1. Owing to symmetry, only one-quarter of the plate is modelled by
using 2 x 2, 3x 3, and 4 x 4 evenly divided meshes as shown in Fig. 9. The vertical displacements
at the centre of the plate are normalized with respect to the theoretical deflection, and listed in Table 7.

5

Fig. 9 Simply supported square plate
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Table 7 Normalized displacements at the center of simply supported square plate and clamped circular plate

Simply Supported Square Plate Clamped Circular Plate
Element Mesh layout Number of element
Model 2x2 3x3 4 x4 3 12 48
H8 0.009 0.020 0.035 0.006 0.020 0.072
HM9 0.101 0.466 0.737 0.116 0.579 0.926
PT18B8 0.990 0.997 0.999 0.517 0.869 0.983
HEX8RX 0.981 n.a. 1.005 0.252 0.850 0.967
SS1§ 1.038 1.017 1.011 0.807 0.899 0.983
HBR2 0.793 n.a. 0.999 0.210 0.832 0.962
HMOD1 0.990 0.997 0.999 0.667 0.907 0.974
HMOD?2 0.990 0.997 0.999 0.670 0.917 0.972
HMIX1 0.990 0.997 0.999 0.596 0.838 0.909

Results obtained b¥T188, HMOD1, HMOD2, and the proposeHIMIX1 elements are almost
identical, and they are slightly superior to the results due t8 313 element. TheHBR2 element
produced unsatisfactory prediction for the mesh of 2 x 2. Although, eventually, the prediction of the
HM9 element tends to converge to solution with the refinement of the mesh, unsatisfactory
performance still exists for the mesh of 4 x 4.

6.7 Clamped circular plate loaded by central point load

Displacement field due to concentrated force applied to a plate allowing for shear deformation is
singular. Thus, numerical calculations concerning such cases should be viewed with proper caution.
The results reported here serve only the purpose of comparison with other results obtained under
identical conditions.

A clamped circular plate with radid®=5 and thickness= 0.1 is loaded by an unit central point
load. Owing to symmetry, only one-quarter of the circular plate is analyzed by using three meshes
of 3, 12, and 48 elements as shown in Fig. 10. The central displacements in the direction of the unit
point load are normalized with respect to the theoretical solution 5.4312, and are listed in Table 7.
Due to the use of shear scaling factors,384§ element exhibits very good behavior for irregular

N=3
Fig. 10 Clamped circular plate under central point load
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and coarse meshes. It is mainly related to the fact that undesirable shear strain caused by the use of
distorted meshes is scaled down by using the shear scaling factors. Numerical performance of
PT188, HMOD1, and HMOD2 elements are similar for this problem. Their predictions are
superior to that of the proposétMIX1 element. Although, eventually, predictions HEX8RX

and HBR2 elements converge to satisfactory solution with the refinement of the mesh, their
performance for coarse mesh using 3 elements is unsatisfactory. However, it is noted that for small
number of element (3,12) the boundary condition will be fixed along piecewise straight edges and
that is different from the clamped continue circle edge. As a result, a stiffened response should be
expected.

6.8 Hemispherical shell under alternating point load

A hemispherical shell with a 28hole at the top of the shell is subjected to two pairs of
orthogonal and opposite forces (one pair in inward diameter direction, the other pair in outward
diameter direction). Owing to symmetry, only one-quarter of the shell is modelled by using 2 x 2,
4x4, 8x8, and 12 x 12 meshes as illustrated in Fig. 11. The geometric parameters are radius
R=10 and thickness=0.04. The displacements in the direction of loading at point A are
normalized with respect to 0.094 (MacNeal and Harder 1985). These normalized results are listed in
Table 8. Although, the proposedMIX1 element's performance is inferior to that dueS®1,

MIXED , HMOD1, HMOD2, ANSye, and ANSye-HS elements for coarse meshes of 2 x 2 and

4 x4, it is capable of yielding satisfactory solutions with the use of 8 x 8 mesh. Although the
predictions of thePT18B element are inferior to that d8S1§B, HMOD1, HMOD2, ANS)e,
ANSye-HS, and theproposedHMIX1 elements, it eventually converges to the reference solution for

12 x 12 mesh. It seem fair to note here that the meshes used here consist of flat elements and that
for small number of elements (2 x 2, 4 x 4) the model is geometrically significantly different from

the sphere. As a result, a significantly different behavior should be expected even if the problem of
piecewise flat surface is solved exactly.

Fig. 11 Hemispherical shell under alternating point load
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Table 8 Normalized displacements at point A in the direction of loading for hemispherical shell and Scordelis-

Lo roof
Hemispherical Shell Scordelis-Lo Roof

Element Mesh layout Mesh layout

Model 2x2 4x4 8x8 12x12 2x2 4x4 8x8
H8 0.000 0.001 0.003 0.006 0.025 0.062 0.121
HM9 0.000 0.010 0.163 0.493 0.139 0.542 0.947
PT188 0.000 0.041 0.742 0.957 1.331 1.028 1.002
SS1@ 0.721 1.050 1.007 0.998 1.459 1.061 1.007
MIXED 0.919 1.004 0.998 n.a. 1.450 1.083 1.015
HMOD1 1.106 0.986 1.008 0.998 1421 1.037 0.987
HMOD2 1.232 1.073 1.008 0.998 1421 1.037 0.987
ANS)e 1.100 1.042 0.997 n.a. 1.214 0.938 0.962
ANSye-HS 1.184 1.062 1.006 n.a. 1.428 1.044 0.995
HMIX1 0.039 0.543 0.981 0.991 1.351 1.042 0.995

6.9 Scordelis-Lo roof

The Scordelis-Lo problem is loaded by gravity loading of intensity 90 unit per midsurface area.
This is a membrane dominated problem to test the ability of the element to model complex states of
membrane response. Owing to symmetry, only one-quarter of the shell is modelled by using 2 x 2,
4 x4, and 8 x 8 meshes as indicated in Fig. 12. The geometric parameters are Length of the shell
L =50, thickness = 0.25, radiuR =25, and anglep= 4C. For the displacement in the direction of
gravity loading at point A on the midsurface, two different reference solutions 0.3024 and 0.3086
(MacNeal and Harder 1985) are commonly used in the comparison. In this work, the computed
displacements at the point A are normalized with respect to the value of 0.3086 to make it
comparable with the results of others. These normalized results are listed in Table 8. For this
problem, PT18B, SS1§, MIXED , HMOD1, HMOD2, ANSye-HS, and the proposetiMIX1
elements yield similar performance. For the mesh 2 x 2, all the above mentioned elements exhibit
excessively soft behavior. This is probably because of inadequate representative of geometry by so

Fig. 12 Scordelis-Lo roof
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Fig. 13 Pinched cylinder with end diaphragms

Table 9 Normalized displacements at the loaded point in the direction of loading for the
pinched cylinder with end diaphragms

Element Mesh layout

Model 2x2 4x4 8x8 16 x 16
MIXED 0.399 0.763 0.935
B8-24/15/9P 0.100 0.400 0.740
HMOD1 0.044 0.400 0.765 0.937
ANSye n.a. 0.357 0.675 n.a.
ANSye-HS n.a. 0.401 0.766 n.a.
HMIX1 0.043 0.398 0.764 0.937

few flat elements. ThélM9 element yields improved performance with the refinement of the mesh
while it locks for the coarse meshes.

6.10 Pinched cylinder with end diaphragms

A hollow cylinder with rigid diaphragms at both ends is loaded by a pair of pinched vertical
forces at the middle section of the cylinder. Owing to symmetry, only one octant of the cylinder is
modeled by using 2 x 2, 4x 4, 8x8, and 16 x 16 meshes as illustrated in Fig. 13. The geometric
parameters are length= 600, radiusR =300, and thickness= 3. The displacements at the loaded
point in the direction of loading are normalized with respect to the analytical solution of
1.82488 x 10° and listed in Table 9. The results show that prediction$/ED , HMOD1,
ANSye-HS, and the proposetliMIX1 elements are almost the same for this problem. They are
superior to the performance B88-24/15/9pelements. It is noted that results dueBi®-24/15/9P
elements are quoted from the Fig. 15 given in Weissman 1996.

6.11 Thick-walled cylinder

A thick-walled cylinder has been chosen to provide an additional test whether the element locks



138 Yung-l Chen and Guan-Yuan Wu

E=1000
[Te)
S oM OT v =025
\Rod W T 0.49
(I
O TT 0.499
SYM 0.4999

Fig. 14 Thick-walled cylinder under internal pressure

Table 10 Normalized displacements in the radial direction at the inner surface of the thick cylinder

Element Poisson’s Ratio
Model v=0.25 v=0.49 v=0.499 v=0.4999

H8 0.986 0.845 0.359 0.053
HM9 0.991 0.986 0.986 0.986
PT188 0.991 0.986 0.986 0.986
SS1g 0.991 0.986 0.986 0.986
HMOD1 0.969 0.966 0.966 0.966
HMOD2 0.969 0.966 0.966 0.966
ANSye n.a. 0.845 0.053 n.a.

ANSye-HS n.a. 0.986 0.990 n.a.

HMIX1 0.969 0.966 0.966 0.966

for nearly incompressible material. This thick walled cylinder is subjected to unit internal pressure
and is considered to be at the plane strain state. The geometric parameters are inn@r=radius
and outer radiufR,=9. Owing to axial symmetry, only a wedge of the thick-wall cylinder with unit
thickness is analyzed for the mesh layout shown in Fig. 14. In addition to the symmetric boundary
conditions along the radial directions of the wedge, displacements along the axial direction are fixed
on the top and bottom surfaces of the wedge to model the plane strain state. The normalized radial
displacements at the inner wall are computed and given in Table 10. All elements exEkpatite

ANSye elements are insensitive to the value of Poisson’s ratio even very close to incompressibility
for this standard plane strain problem. PerformanceH®IOD1, HMOD2, and the proposed
HMIX1 elements are almost identical. Prediction of ANSye-HS element is superior to the
HMIX1 element.

7. Conclusions

A mixed formulation capable of providing highly accurate bending properties for the low-order
eight-node hexahedral element is introduced. The so-called shear locking and membrane locking
problems have been successfully overcome. In particular, in the case of three-dimensional straight
cantilever beam under pure bending load, the theoretical solution for displacements and stresses is
obtained even when severely distorted meshes are used for nearly incompressible materials.
Numerical evaluation has supported that the mixed eight-node hexahedral element is suitable for
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structural analysis problems such as spacial beams, plates, and shells as well as general three-
dimensional elasticity problems.

From the implementation point of view, the formulation of the element is quite simple. With three
independent fields selected and use of Hu-Washizu variational principle, the assumed strain field at
the nodal points of the associated parallelepiped can be obtained analytically and explicitly. The
strain and displacement extrapolations are then performed to evaluate the assumed strain field at the
nodal points of the original hexahedral. Finally, by simply using standard trilinear functions, the
assumed strain field over the entire domain of the original hexahedral element is established. The
expression defining the element stiffness matrix can be integrated analytically without any use of
numerical integration. However, inversion of one 24 by 24 matrix is needed to construct the
displacement extrapolation matrix. As mentioned in Chen and Stolarski 1998, element stiffness
matrices ofHMOD1 and HMOD2 can also be obtained analytically. Although numerical results
produced byHMOD1 and HMOD2 elements are almost identical to that given by the present
HMIX1 element, eight 6 by 6 matrices and two 24 by 24 matrices have to be inverted during the
course of formulatingHMOD1 and HMOD2 elements. By using the proposed formulation,
computational effort on element level is reduced substantially without scarifying the element’s
performance.

In this paper, comparison has been made with some other well-known formulations including the
same hexahedral elements with drilling degrees of freedom, other mixed formulations, solid-shell
elements, as well as four-node shell elements. In all cases, it reveals a very competitive behavior of
the proposed element in terms of element’s accuracy. The proposed mixed eight-node hexahedral
element passes the patch test only when the element with a shape of regular or parallelepiped.
Practically, in the finite element analysis, irregular or distorted elements are inevitable generated in
mesh layout, and the mesh refinement process usually leads to that the initially irregular or skewed
shapes of the hexahedral elements will gradually approach parallelepiped shapes. From this point of
view, a hexahedral element that is able to pass the patch test for the parallelepiped shape is
important and useful for practical applications. Tests from solving benchmark problems have
demonstrated that the proposed element is capable of producing convergent and reliable solutions,
and its convergence characteristics are very satisfactory.
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