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.H\ ZRUGV� OLPLW DQDO\VLV� PDWKHPDWLFDO SURJUDPPLQJ� PDVRQU\�

�� ,QWURGXFWLRQ

$OWKRXJK WKHUH KDYH EHHQ FRQVLGHUDEOH GHYHORSPHQWV RQ PRGHOOLQJ RI PDVRQU\ VWUXFWXUHV� WKH

SUREOHP LV VWLOO IDU IURP EHLQJ VROYHG LQ JHQHUDO� 2Q RQH KDQG� PRVW RI WKH FRQVWLWXWLYH PRGHOV

IRUPXODWHG GXULQJ WKH ODVW GHFDGHV� EDVHG RQ VWURQJ LGHDOLVDWLRQ RI PDVRQU\ DV D QR�WHQVLRQ PDWHULDO

�+H\PDQ ����� *LDTXLQWD DQG *LXVWL ����� 'HO 3LHUR� ������ OHG WR WKH VROXWLRQ LQ FORVHG IRUP RI D

IHZ FODVV RI SUREOHPV KDYLQJ HVVHQWLDOO\ D WKHRUHWLFDO LQWHUHVW �9LOODJJLR ����� %HQQDWL DQG

3DGRYDQL ������ RQ WKH RWKHU KDQG� PDQ\ WHFKQLFDO VROXWLRQV SURSRVHG KDYH EHHQ DSSOLHG WR VSHFLILF

SUREOHPV RQO\ �%ODVL ����� %UDJD HW DO� ������

6RPH DSSUHFLDEOH HIIRUWV LQ GHULYLQJ FRQWLQXRXV PRGHOV IRU PDVRQU\ PDWHULDOV SURSHUO\ WDNLQJ

LQWR DFFRXQW QRW RQO\ WKH PHFKDQLFDO SURSHUWLHV RI WKH FRQVWLWXHQWV EXW DOVR WKH JHRPHWU\ RI WKH

EULFNV DQG WKHLU WH[WXUH� KDYH EHHQ PDGH LQ WKH IUDPHZRUN RI KRPRJHQHL]DWLRQ WKHRULHV �3DQGH

� $VVLVWDQW 3URIHVVRU
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����� 3LHWUXV]F]DN DQG 1LX ����� /RXUHQFR HW DO� ������ +RZHYHU� EHLQJ FODVVLFDO FRQWLQXXP

PRGHOV� WKH\ GR QRW DFFRXQW IRU WKH VL]H RI WKH XQLWV DQG FRQVHTXHQWO\ WKH\ FDQQRW FRQVLGHU DQ\

VFDOH HIIHFW� 0RUHRYHU� LW LV NQRZQ WKDW WKH ODFN RI D SDUDPHWHU RI LQWHUQDO OHQJWK VFDOH FDQ EH

UHODWHG WR LOO�SRVLWLRQLQJ LQ WKH GLIIHUHQWLDO HTXDWLRQV RI PRWLRQ DQG FRQVHTXHQWO\ WR PHVK�VHQVLWLYLW\

LQ WKH ILQLWH HOHPHQW IRUPXODWLRQV �%HUWUDP DQG 6LGRURII ������ 7R WDNH LQWR DFFRXQW VL]H HIIHFWV DQG

WR DYRLG LOO�FRQGLWLRQLQJV� LW LV SUHIHUDEOH WR FKRRVH PRGHOV RI FRQWLQXD ZLWK PLFURVWUXFWXUH DQG LQ

SDUWLFXODU WKH PLFURSRODU RQHV �0DVLDQL HW DO� ����� ,RUGDFKH DQG :LOODP ����� 7URYDOXVFL DQG

0DVLDQL ������ 1HYHUWKHOHVV� LQ PDQ\ FDVHV LW FRXOG EH XVHIXO WR DGRSW D PRUH UHILQHG PRGHOOLQJ�

UHVRUWLQJ WR QXPHULFDO VLPXODWLRQV EDVHG RQ WKH GLVWLQFW GHVFULSWLRQ RI EULFNV DQG PRUWDU� WR GHDO

ZLWK VRPH VSHFLILF SUREOHPV RI PDVRQU\ PHFKDQLFV�

7KLV KDSSHQV IRU H[DPSOH LQ DQFLHQW PDVRQU\� 'XH WR WKH H[WUHPHO\ YDULDEOH QDWXUH RI WKH EULFNV�

WKH PRUWDU DQG WKH VWUXFWXUDO W\SRORJLHV� D XQLILHG GHVFULSWLRQ LQ WHUPV RI FRQWLQXXP FDQ KDUGO\ EH

IRXQG� 7KH VWUHQJWK RI WKLV NLQG RI PDVRQU\� PDGH RI VWRQHV GU\�DVVHPEOHG RU RI MRLQWV ILOOHG E\

VFDWWHUHG DQG SRRU PRUWDU� VWURQJO\ GHSHQGV RQ SDUDPHWHUV QRW DOZD\V HDVLO\ GHWHUPLQDEOH� WKH

PHFKDQLFDO SURSHUWLHV RI WKH FRQVWLWXHQWV� WKH VL]H RI WKH EORFNV� WKH LQWHUORFNLQJ DPRQJ WKH EORFNV�

WKH ODFN RI FRKHUHQFH DORQJ WKH MRLQWV DQG WKHLU IULFWLRQDO SURSHUWLHV� ,Q HDUOLHU ZRUNV WKH LQIOXHQFH

RI WKH EULFN WH[WXUH RQ WKH ZKROH PHFKDQLFDO EHKDYLRXU RI PDVRQU\ KDV EHHQ LQYHVWLJDWHG E\

H[SHULPHQWDO DQG QXPHULFDO DQDO\VHV SHUIRUPHG IRU ZDOOV PDGH RI EULFNV RI YDULRXV VL]HV DQG

DUUDQJHPHQWV �%DJJLR DQG 7URYDOXVFL ����� ����� ������ 7KH SK\VLFDO WHVWV FRQFHUQHG ZDOOV PDGH

RI EULFNV LQ GU\�IULFWLRQDO FRQWDFW DFWHG XSRQ E\ WKH VHOI ZHLJKW DQG E\ DQ LQFUHDVLQJ KRUL]RQWDO

ERG\ IRUFH VLPXODWLQJ VWDWLFDOO\ WKH VHLVPLF DFWLRQ� 7KH H[SHULPHQWDO UHVXOWV VKRZHG WKH SUHGR�

PLQDQFH� DW WKH FROODSVH� RI WKH ULJLG GLVSODFHPHQWV RI WKH EORFNV ZLWK UHVSHFW WR WKHLU GHIRUPDELOLW\�

7KLV SRLQWHG RXW WKH QHFHVVLW\ WR WDNH LQWR DFFRXQW WKH JHRPHWU\ RI WKH XQLWV DQG WKHLU GLVSRVLWLRQ LQ

WKH PRGHOOLQJ DV ZHOO DV WKH LQDELOLW\ WR FDUU\ WHQVLRQ DQG WKH IULFWLRQ DORQJ WKH MRLQWV� 7KH

FRUUHVSRQGLQJ FRPSXWDWLRQV ZHUH SHUIRUPHG E\ XVLQJ GLIIHUHQW GLVFUHWH DSSURDFKHV �%DJJLR DQG

7URYDOXVFL ������ %\ DFFRXQWLQJ GLUHFWO\ IRU WKH JHRPHWU\ RI WKH VWRQHV DQG WKH LQWHUORFNLQJ DPRQJ

WKHP� QXPHULFDO UHVXOWV FRXOG EH REWDLQHG FRQVLVWHQW ZLWK WKH SK\VLFDO RQHV� )RU H[DPSOH� D

VXUSULVLQJ SK\VLFDO UHVXOW ZDV VLPXODWHG� VTXDW ZDOOV� PDGH RI EULFNV VXIILFLHQWO\ VPDOO� FROODSVH E\

GHWDFKPHQW DQG URWDWLRQ RI D SDUW RI WKH ZDOO ZKLOH PRUH VOHQGHU ZDOOV� PDGH RI ODUJHU EULFNV�

FROODSVH WKURXJK VOLGLQJ PHFKDQLVPV �%DJJLR DQG 7URYDOXVFL ����� )LJV� �����

,Q WKLV ZRUN WKH DWWHQWLRQ LV VWLOO IRFXVHG RQ WKH VWXG\ RI WKH FROODSVH EHKDYLRXU RI EULFN�EORFN

PDVRQU\� 7KH PRGHO VHOHFWHG WR GHVFULEH EULFN RU VWRQH PDVRQU\ LV D V\VWHP RI EORFNV VXSSRVHG WR

KDYH LQILQLWH VWUHQJWK� DQG FRQVLGHUHG ULJLG� LQWHUDFWLQJ WKURXJK QR�WHQVLRQDO DQG IULFWLRQDO LQWHUIDFHV�

7KH DVVXPSWLRQ WKDW EULFNV FDQQRW EUHDN LV QRW VR UHVWULFWLYH LI PDVRQU\ ZLWK EULFNV HVVHQWLDOO\ GU\

DVVHPEOHG� OLNH DQFLHQW PDVRQULHV� LV FRQVLGHUHG DQG LI WKH LQIOXHQFH RI WKH JHRPHWU\ RI WKH

DVVHPEO\ RQ WKH XOWLPDWH EHKDYLRXU RI WKH PDVRQU\ LV LQYHVWLJDWHG�

$V ZLGHO\ DFNQRZOHGJHG� WKH SUREOHP RI WKH HYDOXDWLRQ RI WKH XOWLPDWH ORDG IRU DQ DVVHPEO\ RI

ULJLG ERGLHV ZLWK QR�WHQVLRQ DQG IULFWLRQDO FRQVWUDLQWV VXEMHFWHG WR SURSRUWLRQDO ORDG FDQ EH VWXGLHG

DV D SUREOHP RI OLPLW DQDO\VLV RI ILQLWH�GLPHQVLRQDO ULJLG�SODVWLF V\VWHPV ZLWK QRQ�DVVRFLDWLYH IORZ

UXOHV� 7KRXJK DSSHDOLQJ IURP D WKHRUHWLFDO SRLQW RI YLHZ� OLPLW DQDO\VLV RI PDVRQU\ VWUXFWXUHV JLYHV

ULVH WR D QHDUO\ SURKLELWLYH QXPHULFDO WDVN ZKHQ IULFWLRQ KDV WR EH WDNHQ LQWR DFFRXQW� WKLV LV ZK\

FXUUHQWO\� LW LV QRW RIWHQ HPSOR\HG� 0RUHRYHU� WKH PDQ\ GHJUHHV RI IUHHGRP RI WKH DFWXDO VWUXFWXUHV

LQFUHDVH WKH FRPSXWDWLRQDO FRPSOH[LW\ RI WKH SUREOHP DQG� H[FHSW IRU D IHZ ZRUNV �/LYHVOH\ �����

0HOERXUQH DQG *LOEHUW ������ SODQH VWUXFWXUHV ZLWKRXW SUDFWLFDO LQWHUHVW KDYH JHQHUDOO\ EHHQ

DQDO\VHG�



&ROODSVH EHKDYLRXU RI WKUHH�GLPHQVLRQDO EULFN�EORFN V\VWHPV ���

,Q WKH DERYH PHQWLRQHG SDSHU �%DJJLR DQG 7URYDOXVFL ����� D FRPSXWHU SURFHGXUH ZKLFK

SURYLGHV WKH XOWLPDWH ORDG DQG WKH FROODSVH PHFKDQLVP IRU WZR DQG WKUHH�GLPHQVLRQDO PDVRQULHV

PDGH RI EORFNV ZLWK IULFWLRQDO LQWHUIDFHV KDV EHHQ LPSOHPHQWHG� )URP D PDWKHPDWLFDO SRLQW RI YLHZ�

WKLV SURFHGXUH LV EDVHG RQ WKH VROXWLRQ RI D SUREOHP RI FRQVWUDLQHG SURJUDPPLQJ ZKLFK� GXH WR

SUHVHQFH RI IULFWLRQ� LV QRQ�OLQHDU DQG QRQ�FRQYH[� ,W LV QRW JXDUDQWHHG WKDW WKH VROXWLRQ RI WKLV

GLIILFXOW SUREOHP FRUUHVSRQGV WR D IHDVLEOH JOREDO PLQLPXP� ,Q DQ\ FDVH� LWV FRPSOH[ GHWHUPLQDWLRQ

VWURQJO\ GHSHQGV RQ WKH FKRLFH RI WKH LQLWLDO HVWLPDWH IRU WKH XQNQRZQV� ,Q WKLV ZRUN RQH RI WKH

VWUDWHJLHV� RXWOLQHG LQ �%DJJLR DQG 7URYDOXVFL ����� WR VROYH VXFK OLPLW DQDO\VLV SUREOHPV LV DGRSWHG

DQG LPSURYHG� 7KH FRPSXWDWLRQDO DVSHFWV RI WKH SURFHGXUH VHOHFWHG DUH DOVR VSHFLILHG DQG GLVFXVVHG�

,Q SDUWLFXODU� WKH VROXWLRQ RI WKH SUREOHP RI QRQ OLQHDU SURJUDPPLQJ LV DSSURDFKHG XVLQJ DV LQLWLDO

HVWLPDWHV WKH UHVXOWV RI D OLQHDULVHG SURJUDPPLQJ SUREOHP REWDLQHG E\ UHSODFLQJ IULFWLRQ ZLWK

GLODWDQF\� 7KH DGYDQWDJHV RI XVLQJ WZR VWHSV RI PDWKHPDWLFDO SURJUDPPLQJ� WKH ILUVW RQH OLQHDU DQG

WKH VHFRQG RQH QRQ�OLQHDU� DUH DOVR SRLQWHG RXW� 7KH HIIHFWLYHQHVV RI WKH SURFHGXUH LV LQYHVWLJDWHG E\

DQDO\VLQJ QRQ�WULYLDO SUREOHPV FRQFHUQLQJ WKH VDIHW\ RI WZR DQG WKUHH�GLPHQVLRQDO VWUXFWXUHV RI

SUDFWLFDO LQWHUHVW PDGH RI PDQ\ EORFNV DVVHPEOHG WRJHWKHU LQ YDULRXV GLVSRVLWLRQV� 7KH UHVXOWV RI WKH

DQDO\VLV VKRZ WKH VWURQJ LQIOXHQFH RI WKH JHRPHWU\ DQG WKH WH[WXUH RI WKH EULFNV RQ WKH XOWLPDWH

VWUHQJWK RI WKH PDVRQU\ IRU DOO WKH VWUXFWXUHV DQDO\VHG�

�� &ROODSVH ORDG IRU ULJLG EORFN V\VWHPV ZLWK QR�WHQVLRQ DQG IULFWLRQDO LQWHUIDFHV

7KH SURFHGXUH ZH DGRSW LQ WKLV ZRUN WR LQYHVWLJDWH WKH XOWLPDWH EHKDYLRXU RI V\VWHPV RI ULJLG

EORFNV LQWHUDFWLQJ WKURXJK QRQ�OLQHDU DQG QRQ�HODVWLF DFWLRQV LV WKH RQH GHVFULEHG LQ �%DJJLR DQG

7URYDOXVFL ����� DQG LV EULHIO\ VXPPDULVHG KHUH EHORZ� 7KLV SURFHGXUH FRUUHVSRQGV WR WKH

FRPELQHG ¨HTXLOLEULXP© DQG ¨PHFKDQLVP© DSSURDFK IRU GHWHUPLQLQJ WKH PLQLPXP FROODSVH ORDG

ZKHQ QRQ�DVVRFLDWLYH IORZ UXOHV DUH SUHVHQW� 7KH FROODSVH PHFKDQLVPV FRQVLGHUHG LQYROYH WKH

URWDWLRQV RI WKH EORFNV DURXQG WKH HGJHV RI WKH FRQWDFW VXUIDFHV �KLQJLQJ�� WKH VOLGLQJ DORQJ WKH

MRLQWV DQG WKH UHODWLYH URWDWLRQV RI WKH EORFNV DURXQG WKH D[LV QRUPDO WR WKH SODQH RI WKHLU FRQWDFW

VXUIDFHV �WZLVWLQJ�� 7KLV SUREOHP LV UHODWHG WR D QRQ�OLQHDU DQG QRQ�FRQYH[ RSWLPLVDWLRQ SURJUDP

ZLWK WKH ORDG IDFWRU DV REMHFWLYH IXQFWLRQ� ZLWK OLQHDU LQHTXDOLW\ FRQVWUDLQWV DQG� GXH WR WKH SUHVHQFH

RI IULFWLRQ� ZLWK D QRQ OLQHDU HTXDOLW\ FRQVWUDLQW�

,W LV NQRZQ WKDW WKH JRYHUQLQJ UHODWLRQV RI D V\VWHP RI ULJLG ERGLHV VXEMHFWHG WR SURSRUWLRQDO ORDGV

DQG LQWHUDFWLQJ WKURXJK FRQWDFW VXUIDFHV XQDEOH WR FDUU\ WHQVLRQ DQG UHVLVWDQW WR VOLGLQJ E\ IULFWLRQ�

IRUPDOO\ FRUUHVSRQG WR WKRVH RI D QRQ VWDQGDUG ULJLG SHUIHFWO\�SODVWLF GLVFUHWL]HG ERG\� ZKHUH WKH

QRGHV DUH UHSODFHG E\ WKH EORFNV DQG WKH HOHPHQWV E\ WKH MRLQWV� 7KH EORFNV RI SDUDOOHOHSLSHG IRUP

DUH VXEMHFWHG WR WKH DFWLRQ RI H[WHUQDO IRUFHV DQG FRXSOHV DQG LQWHUDFW WKURXJK SODQH FRQWDFW VXUIDFHV

E\ D IRUFH DQG D FRXSOH� 7KH\ FDQ WUDQVODWH DQG URWDWH DQG WKH VWUDLQ PHDVXUHV RI WKH DVVHPEO\ DUH

GHILQHG DV WKH UHODWLYH LQILQLWHVLPDO GLVSODFHPHQW DQG WKH UHODWLYH LQILQLWHVLPDO URWDWLRQ EHWZHHQ D

SDLU RI DGMDFHQW EORFNV� $V WKH MRLQWV FDQQRW FDUU\ WHQVLRQ� DQG WKH WDQJHQWLDO IRUFHV� DV ZHOO DV WKH

WRUVLRQDO PRPHQWV� DUH OLPLWHG E\ WKH IULFWLRQDO VWUHQJWK� ERXQGV RQ WKH FRPSRQHQWV RI WKH EORFNV

LQWHUDFWLRQV DUH SRVHG� 7KHVH GHOLPLWDWLRQV GHILQH D SLHFH�ZLVH OLQHDU \LHOG GRPDLQ LQ WKH

VXSHUSRVHG VSDFH RI VWUHVVHV DQG VWUDLQV� 7KH JRYHUQLQJ UHODWLRQV RI WKLV SUREOHP DUH VXPPDULVHG DV

IROORZV�

NLQHPDWLF FRPSDWLELOLW\ HTXDWLRQV
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7�� %� LV WKH NLQHPDWLFDO VXEPDWUL[ RI PD[LPXP UDQN DQG %� WKH UHVW RI WKH

NLQHPDWLFDO PDWUL[� I� DQG I/ DUH WKH YHFWRUV� GHDG DQG OLYH UHVSHFWLYHO\� RI WKH JHQHUDOLVHG DFWLRQV

RQ WKH FHQWUHV RI WKH EORFNV� α LV WKH SRVLWLYH ORDG PXOWLSOLHU� U� DQG U� DUH WKH YHFWRUV RI WKH
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/HW ^HL
F` EH DQ RUWKR�QRUPDO EDVLV LQ WKH WKUHH�GLPHQVLRQDO VSDFH IRU HDFK F�WK FRQWDFW VXUIDFH

EHWZHHQ EULFNV� ZKHUH L �� �� RU L �� �� LQGLFDWHV UHVSHFWLYHO\ WKH WZR GLUHFWLRQV WDQJHQWLDO WR WKH

FRQWDFW VXUIDFH DQG L �� RU L �� WKH GLUHFWLRQ QRUPDO WR WKLV VXUIDFH �%DJJLR DQG 7URYDOXVFL �����

)LJ� ��� 7KH YHFWRU U LV PDGH RI VXEYHFWRUV U F RI WKUHH FRPSRQHQWV RI IRUFH� � DQG WKUHH

FRPSRQHQWV RI FRXSOH � 7KH PDWUL[ 1 LV PDGH RI GLDJRQDO EORFNV RI VXEPDWULFHV

ZKHUH φ F LV WKH DQJOH RI IULFWLRQ� DQG WKH KDOI OHQJWKV RI WKH HGJHV RI WKH F�WK FRQWDFW VXUIDFH�

OF D FKDUDFWHULVWLF OHQJWK RI WKH VXUIDFH DQG β F DQ XQGLPHQVLRQDO IDFWRU GHSHQGLQJ RQ WKH VKDSH RI

WKH VXUIDFH� 6XSSRVLQJ D XQLIRUP GLVWULEXWLRQ RI SUHVVXUH RQ SODQH FLUFXODU FRQWDFW VXUIDFHV RI UDGLXV
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7KHUHIRUH� WKH \LHOG GRPDLQ ��� LV PDGH RI WHQ IDFHV FRUUHVSRQGLQJ� ILUVW� WR WKH DFWLYDWLRQ RI WKH

URWDWLRQDO PHFKDQLVPV DERXW WKH HGJHV RI WKH SDUDOOHOHSLSHG EORFNV �IRXU IDFHV�� WKHQ WR WKH VOLSSLQJ

DORQJ WKH GLUHFWLRQV RI WKH WZR HGJHV �IRXU IDFHV� DQG ILQDOO\ WR WKH WZLVWLQJ �WZR IDFHV�� $V ILUVW

DWWHPSW� VOLGLQJ ZDV RQO\ DOORZHG LQ WZR RUWKRJRQDO GLUHFWLRQV� EXW WKHUH DUH QR WKHRUHWLFDO OLPLWV WR

FRQVLGHU PRUH SRVVLEOH GLUHFWLRQV RI VOLGLQJ E\ LQFUHDVLQJ WKH QXPEHU RI WKH IDFHV RI WKH \LHOG

GRPDLQ� )LQDOO\� WKH EORFN�GLDJRQDO PDWUL[ 0 LV PDGH RI VXEPDWULFHV

ZKHUH WKH M�WK FROXPQ � M �� ��� DPSOLILHG E\ WKH PXOWLSOLHU λM UHSUHVHQWV WKH FRQWULEXWLRQ WR WKH

UHODWLYH GLVSODFHPHQW RI WKH LQWHUIDFH GXH WR WKH DFWLYDWLRQ RI WKH M�WK IDFH RI WKH \LHOG GRPDLQ DW D

JLYHQ LQWHUIDFH F� ,W LV HDV\ WR YHULI\ WKDW WKH QRUPDOLW\ UXOH KROGV RQO\ LQ FDVH RI UHODWLYH

GLVSODFHPHQWV QRUPDO WR WKH SODQH RI WKH MRLQWV� 7R GHWHUPLQH WKH FROODSVH ORDG PXOWLSOLHU αF IRU WKH

GHVFULEHG DVVHPEODJH RI EORFNV ZH FDQ UHVRUW WR WKH PHWKRGV RI WKH WKHRU\ RI RSWLPLVDWLRQ XQGHU

FRQVWUDLQWV� 0DWKHPDWLFDO SURJUDPPLQJ KDV EHHQ FRQVLGHUHG IRU VRPH WLPH DV DQ HIIHFWLYH WRRO WR

GHDO ZLWK SUREOHPV LQYROYLQJ LQHTXDOLW\ ERXQGDU\ FRQGLWLRQV RQ WKH FRQWDFW LQWHUIDFHV EHWZHHQ VROLG

ERGLHV� VXFK DV FRQVWUDLQWV DJDLQVW LQWHUSHQHWUDWLRQ RI DGMDFHQW HOHPHQWV� QR�WHQVLRQ FRQVWUDLQWV DQG

IULFWLRQ FRQGLWLRQV �6WDYURXODNLV ����� 6LPR DQG /DXUVHQ ������ $OO RI WKHVH SUREOHPV� EHORQJLQJ WR

WKH FODVV RI WKH VR�FDOOHG IUHH�ERXQGDU\ SUREOHPV� FDQ EH IRUPXODWHG LQ YDULDWLRQDO LQHTXDOLW\ IRUP

DQG VROYHG XVLQJ FRQVWUDLQHG PLQLPLVDWLRQ URXWLQHV� 7R WKLV SXUSRVH� VHYHUDO LPSURYHPHQWV LQ WKH

PHWKRGV RI QRQ�OLQHDU SURJUDPPLQJ KDYH EHHQ SURYLGHG �/L HW DO� ������ 0RUHRYHU� LW LV UHFRJQLVHG

WKDW LQ WKH SUHVHQFH RI ORDG JRYHUQHG E\ D VLQJOH SDUDPHWHU� WKH LQHTXDOLW\ FRQVWUDLQHG PLQLPXP

IRUPXODWLRQV� LQ WHUPV RI SRWHQWLDO RU FRPSOHPHQWDU\ HQHUJ\� OHDG WR WKH VWDWHPHQWV RI WKH NLQHPDWLF

DQG WKH VWDWLF WKHRUHPV RI OLPLW DQDO\VLV� H[WHQGHG HYHQ WR WKH FDVH RI QRQ�FRQVHUYDWLYH V\VWHPV

�0DLHU DQG 1DSSL ����� %RRWKE\ DQG %URZQ ����� %RRWKE\ ������ 1RQ�OLQHDU RSWLPLVDWLRQ XQGHU
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)LJ� � &ROODSVH PHFKDQLVP DQG FROODSVH PXOWLSOLHU RI D EORFN ZLWK IULFWLRQDO �D� RU GLODWDQW �E� LQWHUIDFH



��� &DUOR %DJJLR DQG 3DWUL]LD 7URYDOXVFL

FRQVWUDLQWV EHFRPHV WKH QDWXUDO WRRO WR LGHQWLI\ WKH VDIHW\ ORDG IDFWRU IRU D V\VWHP RI ERGLHV

VXEMHFWHG WR XQLODWHUDO DQG IULFWLRQDO FRQVWUDLQWV�

'XH WR WKH SUHVHQFH RI QRQ�DVVRFLDWLYH IORZ�UXOHV ��� �LQ WKLV FDVH 1 ≠ 0� WKH 'UXFNHU©V VWDELOLW\

SRVWXODWH LV QR ORQJHU YDOLG� WKH SRZHU RI GLVVLSDWLRQ FDQQRW EH XQLTXHO\ GHILQHG DQG WKH VROXWLRQ LQ

WHUPV RI ORDG FRQWDFW DFWLRQV DQG FROODSVH IDFWRU DOVR ORVHV LWV XQLTXHQHVV� &RXORPE� LQ VWXG\LQJ WKH

VWUHQJWK RI PDVRQU\ YDXOWV �&RXERPE ������ UHFRJQLVHG WKDW WKH FROODSVH ORDG LV QRW XQLTXH ZKHQ

IULFWLRQ KDV WR EH WDNHQ LQWR DFFRXQW� +RZHYHU� GHOLPLWDWLRQV FDQ EH IRXQG IRU LW� 0RUH UHFHQWO\

'UXFNHU� E\ FRPSXWLQJ WKH GLVVLSDWLRQ GXH WR IULFWLRQ� VWDWHV VDIH DQG XQVDIH FRQGLWLRQV WR SURYLGH

VRPH GHOLPLWDWLRQV IRU WKH FROODSVH ORDG �'UXFNHU ������ 7KH FODVV RI WKH ORDG PXOWLSOLHU LV WKHUHIRUH

ERXQGHG� DQG LQ RUGHU WR HYDOXDWH WKH VWUXFWXUDO VDIHW\ ZH VHDUFK ZLWKLQ WKLV FODVV WKH PLQLPXP

�VDIH� ORDG IDFWRU FRUUHVSRQGLQJ WR ERWK DGPLVVLEOH NLQHPDWLFDO PHFKDQLVPV DQG VWDWLFDO VWUHVV

VWDWHV� 7KDW LV� WKH PLQLPXP ORDG PXOWLSOLHUV VXFK WKDW WKH UHODWLRQV ����� DUH YHULILHG� 7KLV

FRUUHVSRQGV� DIWHU VRPH DOJHEUD� WR VROYH WKH IROORZLQJ SUREOHP RI QRQ OLQHDU SURJUDPPLQJ �1/3�

ZLWK FRQVWUDLQWV

VXEMHFW WR

���

���

���

����

ZLWK WKH XQNQRZQV α� U�� λ� DQG WKH ERXQGV RQ WKH XQNQRZQV DQG � 7KH OLQHDU FRQ�

VWUDLQWV ����� UHSUHVHQW UHVSHFWLYHO\ WKH NLQHPDWLF FRPSDWLELOLW\ FRQGLWLRQ� WKH VWDWLF DGPLVVLELOLW\

FRQGLWLRQ DQG WKH QRUPDOL]HG SRVLWLYH ZRUN RI WKH OLYH ORDGV� WKH QRQ�OLQHDU FRQVWUDLQW ���� UHSUH�

VHQWV WKH FRPSOHPHQWDULW\ FRQGLWLRQ�

�� 1RQ�OLQHDU SURJUDPPLQJ� &RPSXWDWLRQDO DVSHFWV

'XH WR WKH QRQ�OLQHDU HTXDOLW\ FRQVWUDLQW ����� WKH FRQVWUDLQHG SURJUDPPLQJ SUREOHP RI WKH SUHYL�

RXV VHFWLRQ LV QRQ�OLQHDU DQG QRQ�FRQYH[ DQG LWV VROXWLRQ LV PDWKHPDWLFDOO\ DQG QXPHULFDOO\ GLIILFXOW

WR EH IRXQG IRU VHYHUDO UHDVRQV� ,W LV NQRZQ WKDW WKH VROXWLRQ RI D FRQYH[ SUREOHP RI SURJUDPPLQJ

FRUUHVSRQGV WR D .XKQ�7XFNHU SRLQW DQG WKDW WKLV SRLQW LV FHUWDLQO\ D JOREDO PLQLPXP� ,Q QRQ�

FRQYH[ SURJUDPPLQJ SUREOHPV� KRZHYHU� WKLV LV QRW JXDUDQWHHG EHFDXVH WKH .XKQ�7XFNHU FRQGLWLRQV

�.7� DUH QHFHVVDU\ EXW QRW VXIILFLHQW FRQGLWLRQV IRU D IHDVLEOH SRLQW WR EH D PLQLPXP �.LUVK������

0RUHRYHU� LW LV QRW JXDUDQWHHG WKDW D IHDVLEOH PLQLPLVHU FDQ GHILQH D JOREDO PLQLPXP� )XUWKHU

FRPSXWDWLRQDO SUREOHPV DUH UHODWHG WR WKH QXPHULFDO HYDOXDWLRQ RI WKH JUDGLHQWV RI WKH REMHFWLYH

IXQFWLRQ DQG RI WKH FRQVWUDLQWV SHUIRUPHG E\ PDQ\ DOJRULWKPV RI SURJUDPPLQJ� (LWKHU EHFDXVH WKH

FRUUHFW HYDOXDWLRQ RI WKH JUDGLHQWV JXDUDQWHHV WKH FRQYHUJHQFH WR D .XKQ�7XFNHU SRLQW DQG EHFDXVH

LW HQKDQFHV WKH YHORFLW\ RI FRQYHUJHQFH WR WKH RSWLPDO VROXWLRQ �%HVW HW DO� ����� SJV� ���������

7KHUHIRUH� ZH KHUH SURSRVHG VRPH GHYLFHV WR FRSH ZLWK WKLV GLIILFXOW QXPHULFDO WDVN� )LUVW� ZH

XVHG D PLQLPLVDWLRQ URXWLQH EDVHG RQ WKH XVH RI D /DJUDQJH PXOWLSOLHU PHWKRG WKDW GLUHFWO\ LPSOLHV

WKH .7 RSWLPDOLW\ FRQGLWLRQV� ZKLFK RWKHUZLVH VKRXOG EH YHULILHG D SRVWHULRUL� 7KLV URXWLQH H[SORLWV

WKH LWHUDWLYH VROXWLRQ RI FRQYH[ SURJUDPPLQJ VXESUREOHPV ZLWK OLQHDU FRQVWUDLQWV� 7KH VROXWLRQ RI D
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&ROODSVH EHKDYLRXU RI WKUHH�GLPHQVLRQDO EULFN�EORFN V\VWHPV ���

VXESUREOHP DOORZV ILQGLQJ D VHDUFK GLUHFWLRQ ZKLFK LV XVHG WR PLQLPL]H WKH FRQVWUDLQHG REMHFWLYH

IXQFWLRQ WKURXJK WKH PLQLPL]DWLRQ RI D IUHH FRQVWUDLQW IXQFWLRQ �WKH DXJPHQWHG /DJUDQJLDQ IXQFWLRQ�

�6FKLWWNRZVNL ������ 6HFRQGO\� ZH SURYLGHG WKH URXWLQH ZLWK WKH V\PEROLF HYDOXDWLRQ RI WKH

JUDGLHQWV RI WKH REMHFWLYH IXQFWLRQ DQG RI WKH FRQVWUDLQWV WR DYRLG LQDFFXUDF\ LQ WKHLU QXPHULFDO

HYDOXDWLRQ DQG WKH WHUPLQDWLRQ DW D ZURQJ SRLQW� )LQDOO\� LQ RUGHU WR DYRLG WKH WHUPLQDWLRQ DW D ORFDO

PLQLPXP� ZH SHUIRUPHG VHQVLWLYLW\ DQDO\VHV E\ YDU\LQJ WKH LQLWLDO JXHVVHV WR FKHFN WKH RSWLPDO

SRLQW JHQHUDWHG E\ WKH DOJRULWKP� 1HYHUWKHOHVV� WKH SURFHGXUH KDUGO\ SHUIRUPHG DV H[SHFWHG� WKH

VROXWLRQV ZLWKRXW D JRRG LQLWLDO HVWLPDWH RI WKH FROODSVH PHFKDQLVP ZDV IRXQG WR UHVXOW LQ VSXULRXV

ORFDO PLQLPXP VROXWLRQV� 7KXV LW EHFDPH QHFHVVDU\ WR GHILQH D PHWKRG ZKLFK SHUIRUPHG ZHOO LQ

VROYLQJ WKH 1/3 SUREOHP�

7KH FRQYHUJHQFH WR WKH RSWLPDO VROXWLRQ VWURQJO\ GHSHQGV RQ WKH VHOHFWLRQ RI WKH LQLWLDO JXHVV IRU

WKH YDULDEOHV RI WKH SUREOHP� 7KHUHIRUH� E\ ILQGLQJ DQ LQLWLDO HVWLPDWH RI WKH XQNQRZQV RI WKH 1/3

SUREOHP FORVH WR WKHLU DFWXDO YDOXHV� DQG WKHQ E\ VWDUWLQJ WKH SURJUDP IURP WKLV HVWLPDWH LW LV HDVLHU

WR REWDLQ WKH FRQYHUJHQFH WR WKH RSWLPDO VROXWLRQ� ,Q WKH SDSHU �%DJJLR DQG 7URYDOXVFL ����� WZR

ZD\V WR VHOHFW WKH LQLWLDO HVWLPDWH IRU WKH 1/3 SUREOHP ZHUH LQGLFDWHG� 7KH ILUVW RQH� EDVHG RQ WKH

UHGXFWLRQ RI WKH VWDWLFDO XQGHWHUPLQHG XQNQRZQV� LV VXFK WKDW WKH QRQ�OLQHDU FRQVWUDLQW EHFRPHV

TXDVL OLQHDU DQG DOVR WKH 1/3 SUREOHP EHFRPHV TXDVL OLQHDU� 7KLV DSSURDFK UHTXLUHV WKH

DSSUR[LPDWH NQRZOHGJH ¨D SULRUL© RI WKH FROODSVH PHFKDQLVP ZKLFK RIWHQ LW LV QRW HDV\ WR LGHQWLI\�

7KH VHFRQG ZD\ RXWOLQHG LV EDVHG RQ WKH VROXWLRQ RI D OLQHDU SUREOHP RI SURJUDPPLQJ DQG GRHV QRW

UHTXLUH DQ\ XVHU�GHFLVLRQ� 7KLV DSSURDFK ZDV DGRSWHG DQG LWV HIIHFWLYHQHVV ZDV YHULILHG KHUH EHORZ

E\ DQDO\VLQJ FRPSOH[ VWUXFWXUHV RI SUDFWLFDO LQWHUHVW ZLWK PDQ\ GHJUHHV RI IUHHGRP�

$ VXLWDEOH LQLWLDO HVWLPDWH IRU WKH YDULDEOHV α� λ DQG U� LV WKHQ REWDLQHG E\ VROYLQJ D OLQHDULVHG

SURJUDPPLQJ SUREOHP FRUUHVSRQGLQJ WR WKH OLPLW DQDO\VLV LQ SUHVHQFH RI DVVRFLDWLYH IORZ�UXOHV� 7KLV

SURJUDP FDQ SURYLGH ORZHU RU XSSHU ERXQGV WR WKH VDIH FROODSVH ORDG� ,Q SDUWLFXODU� E\ UHLQWHUSUHWLQJ

'UXFNHU WKURXJK WKH WKHRUHP RI 5DGHQNRYLF �6DFFKL DQG 6DYH ������ LW FDQ EH VWDWHG WKDW WKH

FROODSVH ORDG IRU D EORFN V\VWHP ZLWK IULFWLRQDO LQWHUIDFHV LV ERXQGHG IURP EHORZ E\ WKH FROODSVH

ORDG RI WKH VDPH DVVHPEODJH LQ ZKLFK WKH VXUIDFHV EHWZHHQ WKH EORFNV DUH VXSSRVHG SHUIHFWO\

SROLVKHG DQG FHPHQWHG WRJHWKHU E\ FRKHVLRQ� WKDW LV� E\ WKH FROODSVH ORDG RI D V\VWHP ZLWK WKH VDPH

IORZ UXOH EXW ZLWK WKH SODVWLF SRWHQWLDO DV \LHOG IXQFWLRQ� 2WKHUZLVH� LW LV ERXQGHG IURP DERYH E\ WKH

FROODSVH ORDG RI WKH VDPH DVVHPEODJH LQ ZKLFK WKH LQWHUIDFHV DUH VXSSRVHG FHPHQWHG WRJHWKHU E\ D

GLODWDQW PDWHULDO UDWKHU WKDQ E\ IULFWLRQ� WKDW LV� E\ WKH FROODSVH ORDG RI D V\VWHP ZLWK WKH VDPH \LHOG

VXUIDFH EXW DVVRFLDWLYH IORZ�UXOH� +HUH� GXH WR ODFN RI FRKHVLRQ DORQJ WKH FRQWDFW VXUIDFHV� WKH ORZHU

ERXQG FRUUHVSRQGV WR WKH WULYLDO VROXWLRQ� αF �� ZKLOH WKH VROXWLRQ REWDLQHG WKURXJK WKH ODWWHU

DSSURDFK FDQ EH XVHG WR LQLWLDOLVH WKH 1/3 SUREOHP�

,Q SUHVHQFH RI GLODWDQF\� WKH VOLGLQJ DORQJ WKH MRLQWV LV DOORZHG RQO\ LI WKH EORFNV PRYH ERWK LQ WKH

GLUHFWLRQ WDQJHQWLDO DQG QRUPDO WR WKH MRLQWV� 7KH UDWH RI GLODWDQF\� GHILQHG DV WKH UDWLR EHWZHHQ WKH

QRUPDO DQG WKH WDQJHQWLDO FRPSRQHQW RI WKH UHODWLYH GLVSODFHPHQW EHWZHHQ WKH EORFNV� LV FDOFXODWHG

LQ VXFK D ZD\ WKDW WKH GLUHFWLRQ RI WKDW GLVSODFHPHQW LV QRUPDO WR WKH FRUUHVSRQGLQJ \LHOG IDFH� ,Q

WKLV FLUFXPVWDQFH WKH \LHOG GRPDLQ ��� UHPDLQV XQFKDQJHG ZKLOH� VLQFH WKH QRUPDOLW\ UXOH KROGV� WKH

IORZ UXOH EHFRPHV DVVRFLDWLYH

T 1λ� ����

ZKHUH 1 LV WKH WUDQVSRVH RI WKH EORFN�GLDJRQDO JUDGLHQW PDWUL[ �PDGH RI WKH VXEPDWULFHV LQ %DJJLR

DQG 7URYDOXVFL ����� S� �����



��� &DUOR %DJJLR DQG 3DWUL]LD 7URYDOXVFL

,Q WKLV ZD\ WKH ILUVW PHPEHU LQ (T� ��� FRUUHVSRQGV WR WKH ZRUN RI WKH LQWHUDFWLRQV LQ WKH LQHODVWLF

VWUDLQV DQG� XQGHU WKH K\SRWKHVLV RI SHUIHFW SODVWLFLW\� WKH QRQ�OLQHDU FRQVWUDLQW ���� LV LGHQWLFDOO\

IXOILOOHG�

,Q WKLV IRUPXODWLRQ� ERWK WKH VWDWLF DQG WKH NLQHPDWLFDO OLPLW WKHRUHPV FDQ EH XVHG WR GHWHUPLQH

WKH VROH FROODSVH PXOWLSOLHU� 7KH XVH IRU H[DPSOH RI WKH XSSHU ERXQG WKHRUHP UHTXLUHV RQO\ WKH

NLQHPDWLF FRPSDWLELOLW\ DQG WKH SRVLWLYHQHVV RI WKH ZRUN RI WKH OLYH ORDGV� 7KHQFH� WKH IROORZLQJ

OLQHDU SURJUDPPLQJ SUREOHP �/3� PXVW EH VROYHG

α F  PLQ ^−λ7�$�1��
7I�`

VXEMHFWHG WR

�$1�−1��λ � ����

λ�$�1��
7I/−� � ����

ZLWK WKH ERXQG RQ WKH XQNQRZQ � ,W FDQ EH QRWLFHG WKDW WKH ORZHU ERXQG DSSURDFK� VRPHWLPHV

XVHG WR DYRLG WKH QRUPDOLW\ UXOH �/LYHVOH\ ������ FRUUHVSRQGV WR D SUREOHP VROYHG E\ WDNLQJ LQWR

DFFRXQW GLODWDQF\ LQVWHDG RI IULFWLRQ�

7KH SURFHGXUH DGRSWHG WR VROYH WKH 1/3 SUREOHP LV EDVHG RQ WZR VWHSV� ,Q WKH ILUVW VWHS WKH /3

SUREOHP LV VROYHG� $W WKH HQG RI WKH SURFHVV RI PLQLPL]LQJ� WKH DOJRULWKP SURGXFHV WKH YHFWRU RI

LQHODVWLF PXOWLSOLHUV λ� WKH YHFWRU RI WKH LQHODVWLF VWUDLQV T� DQG� DV D E\�SURGXFW� WKH YHFWRU RI WKH

GXDO VWDWLFDO XQNQRZQV U�� ,Q WKH VHFRQG VWHS� WKH 1/3 SUREOHP LV VROYHG XVLQJ WKH VROXWLRQV RI WKH

ILUVW VWHS DV LQLWLDO JXHVVHV IRU WKH XQNQRZQV� ,Q WKLV ZD\ WKH DQDO\VLV HDVLO\ FRQYHUJHV WR WKH

RSWLPDO SRLQW� 7KLV SURFHGXUH LV FRPSOHWHO\ DXWRPDWLF DQG FDQ EH HDVLO\ DGRSWHG E\ DQ\RQH E\

LQWURGXFLQJ WKH JHRPHWU\ RI WKH VWUXFWXUH DQG WKH FRHIILFLHQW RI IULFWLRQ DV VROH LQSXW GDWD�

,W LV ZRUWK QRWLQJ WKDW WKH /3 VROXWLRQ� REWDLQHG E\ UHSODFLQJ IULFWLRQ ZLWK GLODWDQF\� FDQ EH

FRQVLGHUHG VXIILFLHQWO\ FORVH WR WKH DFWXDO VROXWLRQ EHFDXVH RI WKH UHDO LPSRUWDQFH RI WKH

SKHQRPHQRQ RI GLODWDQF\� 'XH WR WKH DVSHULW\ RI WKH FRQWDFW VXUIDFHV EHWZHHQ EULFNV� WDQJHQWLDO

VOLGLQJ LV JHQHUDOO\ DFFRPSDQLHG E\ QRUPDO GLVSODFHPHQW� ZLWK D KLJK UDWH RI GLODWDQF\ LQ WKH

SUHVHQFH RI ORZ FRPSUHVVLYH VWUHVVHV DQG VPDOO FXPXODWLYH WDQJHQWLDO GLVSODFHPHQWV �/RIWL DQG

6KLQJ ������ 0RUHRYHU� VHYHUDO QXPHULFDO DQDO\VHV SHUIRUPHG IRU YDULRXV EORFN V\VWHPV YHULI\ WKDW

WKH VROXWLRQV RI WKH /3 DQG WKH 1/3 FRGHV DUH RIWHQ FRPSDUDEOH� ERWK LQ WHUPV RI FROODSVH ORDGV

DQG LQ WHUPV RI FROODSVH PHFKDQLVPV� ,Q SDUWLFXODU� ZKHQ VOLGLQJ PHFKDQLVPV DUH SUHGRPLQDQW WKH

WZR VROXWLRQV FRLQFLGH� 7KLV UHVXOW FDQ EH FODULILHG E\ IRFXVLQJ WKH DWWHQWLRQ RQ D VLQJOH EORFN

V\VWHP UHVWLQJ RQ D KRUL]RQWDO SODQH DQG VXEMHFWHG WR DQ LQFOLQHG ERG\ IRUFH �)LJ� �D�� ,I WKH EORFN

PRYHV KRUL]RQWDOO\ DQG IULFWLRQ LV SUHVHQW WKH FROODSVH PXOWLSOLHU LV WKH FRHIILFLHQW RI IULFWLRQ� 7KH

OLQHDULVHG VROXWLRQ� REWDLQHG DFFRXQWLQJ IRU WKH SUHVHQFH RI GLODWDQF\ VXFK WKDW WKH QRUPDOLW\ UXOH LV

VDWLVILHG� FRUUHVSRQGV WR WKH EORFN FRQVLGHUHG PRYLQJ RQ D SODQH LQFOLQHG RI WKH DQJOH RI IULFWLRQ

�)LJ� �E�� :LWK IULFWLRQOHVV SODQHV� WKH YLUWXDO ZRUN LV OLPLWHG WR WKH ZRUN RI DFWLYH IRUFHV DQG WKH

FROODSVH PXOWLSOLHU LV VWLOO WKH FRHIILFLHQW RI IULFWLRQ� 7KHUHIRUH� LQ VRPH FDVHV WKH DSSUR[LPDWH

VROXWLRQ REWDLQHG DW WKH ILUVW VWHS RI WKH SURFHGXUH E\ WKH /3 SURJUDP FDQ EH DFFHSWHG DYRLGLQJ WKH

EXUGHQ RI QRQ�OLQHDU SURJUDPPLQJ�

λ �≥



&ROODSVH EHKDYLRXU RI WKUHH�GLPHQVLRQDO EULFN�EORFN V\VWHPV ���

�� 1RQ VWDQGDUG OLPLW DQDO\VLV RI PDVRQU\ VWUXFWXUHV

7KDQNV WR WKH YDULRXV EORFN DVVHPEODJHV FRQVLGHUHG KHUH EHORZ� ZH FRXOG WHVW WKH HIIHFWLYHQHVV RI

WKH SURSRVHG WZR�VWHS SURFHGXUH LQ HYDOXDWLQJ WKH XOWLPDWH EHKDYLRXU RI UHDO PDVRQU\ VWUXFWXUHV�

0RUHRYHU� WKH GLIIHUHQW UHVXOWV REWDLQHG DW HDFK VWHS� WKH VROXWLRQV RI WKH OLQHDU DQG WKH QRQ�OLQHDU

SURJUDPPLQJ SUREOHP� DUH GLVFXVVHG SRLQWLQJ RXW LQ VRPH FDVHV WKH VXLWDELOLW\ RI WKH VROH OLQHDUL]HG

DQDO\VLV�

7KH GRXEOH OHYHO DUFKHV RI )LJ� � EHORQJ WR DQ ROG GZHOOLQJ VLWH LQ 6RXWK ,WDO\� ¦, 6DVVL§� LQ

0DWHUD� $V RIWHQ KDSSHQV WR YDXOWHG VWUXFWXUHV� WKH QXPEHU RI LQWHUIDFHV ��� LQ WKH FDVH RI )LJ� �D�

GRHV QRW JUHDWO\ H[FHHG WKH QXPEHU RI XQLWV ����� 7KLV JLYHV ULVH WR D UHODWLYHO\ VLPSOH RSWLPL]DWLRQ

SUREOHP� HDVLO\ VROYHG E\ WKH WZR�VWHS SURFHGXUH� RZLQJ WR WKH ORZ OHYHO RI LQGHWHUPLQDF\� 7KH WZR

PRGHOV DUH VXEMHFWHG WR GHDG ORDGV� WKH VHOI ZHLJKW RI HDFK VWRQH RI WKH SLHUV� DQG WR OLYH YHUWLFDO

ORDGV� DSSOLHG RQO\ WR WKH DUFK YRXVVRLUV� SURSRUWLRQDO WR WKH VHOI ZHLJKW WKURXJK WKH PXOWLSOLHU α�
'XH WR WKH XQHTXDO WH[WXUH RI WKH SLHU XQLWV� WKH WZR FROODSVH PHFKDQLVPV� REWDLQHG XVLQJ WKH 1/3

FRGH� DUH YHU\ GLIIHUHQW� WKH ILUVW DVVHPEODJH LV XQDEOH WR FDUU\ WKH IXOO ZHLJKW RI WKH DUFK �)LJ� �D��

ZKHUHDV D VXLWDEOH DUUDQJHPHQW RI VWRQHV QRW RQO\ SUHYHQWV WKH EUHDNLQJ GRZQ RI WKH VHFRQG DUFK

XQGHU LWV VHOI ZHLJKW EXW DOVR DOORZV DQ DGGLWLRQDO ORDG RI �� SHUFHQW RI WKH VHOI ZHLJKW �)LJ� �E��

%\ FRPSDULQJ )LJV� �E DQG �F� ZKHUH WKH UHVXOWV RI WKH OLQHDULVHG DQG WKH QRQ OLQHDU DQDO\VHV RI WKH

VDPH GRXEOH DUFK DUH VKRZHG� ZH FDQ ILQG D YHU\ VPDOO QXPHULF GLIIHUHQFH LQ WKH FROODSVH ORDG� ,Q

WKH WZR GHWDLOV WKH HIIHFW RI GLODWDQF\ FDQ EH REVHUYHG �)LJ� �E� FRPSDUHG ZLWK WKH DEVHQFH RI

GLODWDQF\ �)LJ� �F�� 7KH VPDOO GLIIHUHQFH LQ WKH JHRPHWU\ RI WKH FROODSVH PHFKDQLVPV� GXH WR WKH

SUHVHQFH RI PDQ\ OLWWOH VWRQHV DIIHFWHG E\ VPDOO GLVSODFHPHQWV EHFDXVH RI GLODWDQF\� H[SODLQV WKH

VPDOO GLIIHUHQFH LQ WKH FROODSVH ORDGV� 6LQFH WKH QRQ OLQHDU DQDO\VLV UXQ ODVWV IRU VRPH WLPH DQG

UHTXLUHV WKH VHOHFWLRQ RI DQ DFFHSWDEOH HVWLPDWH RI WKH VWDUWLQJ SDUDPHWHUV� WKHQ WKH OLQHDULVHG

SURFHGXUH� ZKLFK HQGV VDIHO\ LQ IHZ VHFRQGV ZLWKRXW WKHVH VWDUWLQJ SDUDPHWHUV� FRXOG EH SUHIHUUHG�

7KH VDPSOHV RI )LJ� � DUH WZR�GLPHQVLRQDO DVVHPEODJHV PDGH RI SRO\JRQDO VWRQHV PRGHOOLQJ WKH

PDVRQU\ ZDOOV RI WKUHH GLIIHUHQW KLVWRULFDO FHQWUHV LQ ,WDO\� 7KHVH DUH SDUW RI D UHVHDUFK ZRUN RQ WKH

HYDOXDWLRQ RI WKH VHLVPLF UHVLVWDQFH RI DQFLHQW PDVRQU\ WR RXW RI SODQH KRUL]RQWDO IRUFHV� 7KHVH

DVVHPEODJHV DUH FKDUDFWHULVHG E\ WKH SUHVHQFH RI PDQ\ FRQWDFW VXUIDFHV IRU HDFK VWRQH DQG E\ WKHLU

VFDWWHUHG RULHQWDWLRQ �)LJ� �D�� 7KH ORDG FRQGLWLRQ IRU HDFK ZDOO LV WKH VHOI ZHLJKW DV GHDG ORDG DQG

)LJ� � &ROODSVH PHFKDQLVP DQG FROODSVH PXOWLSOLHU RI YDXOWHG VWUXFWXUHV XQGHU WKH GHDG VHOI ZHLJKW DQG D OLYH
H[WUD�FKDUJH



��� &DUOR %DJJLR DQG 3DWUL]LD 7URYDOXVFL

DQ LQFUHDVLQJ KRUL]RQWDO ERG\ DFWLRQ� WKH VHOI ZHLJKW IDFWRULVHG E\ D UHDO PXOWLSOLHU α� DV OLYH ORDG�
$V LQ WKH SUHYLRXV H[DPSOHV� WKH UHVXOWV RI WKH OLQHDULVHG OLPLW DQDO\VLV FDQ EH DFFHSWHG� 7KHVH VKRZ

D TXDVL�PRQROLWKLF EHKDYLRXU RI DOO WKH WKUHH VSHFLPHQV LQ VSLWH RI WKH VFDWWHU VL]H� WH[WXUH DQG

RULHQWDWLRQ RI VWRQH LQ WKH PDVRQU\� 7KH DWWHPSW WR PRGHO WKH DFWXDO PDVRQU\ WH[WXUH� DOVR VKRZQ LQ

WKH ILJXUH� DSSHDUV WR EH VXFFHVVIXO DQG WKH SURFHGXUH LV DEOH WR JLYH DFFRXQW RI D VRXQG FROODSVH

)LJ� � 0DVRQU\ WH[WXUHV �D�� FROODSVH PHFKDQLVP DQG FROODSVH PXOWLSOLHU �E� RI ZDOOV LQ ¨RSXV SROLJRQDOH©
VXEMHFWHG WR LQFOLQHG ERG\ IRUFH

)LJ� � &ROODSVH PHFKDQLVP DQG FROODSVH PXOWLSOLHU RI D ZDOO LQ ¨RSXV DIULFDQXP© VXEMHFWHG WR LQFOLQHG ERG\
IRUFH� �D� 1/3 VROXWLRQ ZLWK DUELWUDU\ LQLWLDO JXHVV� �E� /3 VROXWLRQ �VWHS ��� �F� 1/3 VROXWLRQ VWDUWLQJ
IURP WKH /3 VROXWLRQ �VWHS ��
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PHFKDQLVP �)LJ� �E��

7KH VWUXFWXUH LQ )LJ� � GHVHUYHV D PRUH DFFXUDWH GHVFULSWLRQ� LW LV D PRGHO RI D PDVRQU\ W\SRORJ\

FDOOHG ¨RSXV DIULFDQXP©� VRPHWLPHV EXW QRW H[WHQVLYHO\ XVHG GXULQJ WKH 5RPDQ (PSLUH� DV LQ

3RPSHL RU LQ WKH UDGLDO ZDOOV RI WKH &ROLVHXP� 7KH PDLQ IHDWXUH RI WKLV ZDOO LV WKH SUHVHQFH RI ODUJH

YHUWLFDO VWRQHV� DV SLODVWHUV RU IUDPLQJ RI WKH RWKHU VWRQHV RI FRPPRQ VL]H� ,Q WKLV H[DPSOH WKH

QXPEHU RI VWRQHV ���� DQG WKH QXPEHU RI MRLQWV ����� DUH ZHOO ZLWKLQ WKH SRVVLELOLW\ RI WKH GHVFULEHG

SURJUDPPLQJ DOJRULWKP� EXW WKH IDFW WKDW WKH YHUWLFDO VWRQHV DUH LQ FRQWDFW ZLWK GR]HQ RI OLWWOH VWRQHV

PDNHV WKH SUREOHP PRUH FRPSOLFDWHG� ([WHUQDO IRUFHV LQ WKH DQDO\VLV DUH WKH VHOI�ZHLJKW� LQSXW DV

GHDG ORDG� DQG KRUL]RQWDO PDVV DFWLRQV IDFWRULVHG E\ α� LQSXW DV OLYH ORDG� )LJ� �D SORWV WKH UHVXOW RI
WKH QRQ�OLQHDU OLPLW DQDO\VLV VWDUWHG ZLWK D FDVXDO LQLWLDO JXHVV IRU WKH XQNQRZQV� 7KH UHVXOW LV SRRU

LQ WHUPV RI JHRPHWU\ RI FROODSVH PHFKDQLVP DV ZHOO DV LQ WHUPV RI FROODSVH ORDG� WKH YDOXH

αF ����� LV IDU IURP WKH DFWXDO RQH DQG WKH FROODSVH PHFKDQLVP LV EDGO\ PLVWDNHQ� EDVHG RQ WKH

LQWHUSHQHWUDWLRQ RI WZR VWRQHV DW WKH IRRW RI WKH ZDOO� 7KH OLQHDULVHG VROXWLRQ LQ )LJ� �E LV IDU PRUH

DFFXUDWH� WKHUH LV QR LQWHUSHQHWUDWLRQ DQG WKH FROODSVH ORDG YDOXH LV DFFHSWDEOH� ,Q WKH ULJKW XSSHU

SDUW RI WKH ILJXUH ZH FDQ REVHUYH WKH HIIHFW RI GLODWDQF\� WKH VOLSSLQJ RI WKH SLODVWHU ZLWK UHVSHFW WR

WKH VWRQH VWDFN LQ WKH ULJKW HQIRUFHV WKH VHSDUDWLRQ DORQJ DOO WKH VOLSSHG MRLQWV� 8VLQJ WKH UHVXOWV RI

WKH OLQHDULVHG VROXWLRQ WR HYDOXDWH WKH LQLWLDO JXHVVHV IRU WKH 1/3 SUREOHP� WKH VROXWLRQ RI )LJ� �F

FDQ EH REWDLQHG DW WKH HQG RI WKH VHFRQG VWHS RI WKH SURFHGXUH� $V LQ WKLV SUREOHP WKH HIIHFWV RI

GLODWDQF\ DUH QRW QHJOLJLEOH� GXH WR WKH SUHVHQFH RI ODUJH VWRQHV� WKH VROXWLRQV RI WKH WZR VWHSV RI

SURJUDPPLQJ DUH TXLWH GLIIHUHQW�

,I ZH IRFXV RXU DWWHQWLRQ RQ UHDO VWUXFWXUHV� XVLQJ HLWKHU WKH OLQHDU RU WKH QRQ�OLQHDU DSSURDFK� ZH

QHHG WR GHDO ZLWK WKUHH�GLPHQVLRQDO PRGHOV� 3DUWLFXODU LPSRUWDQFH LQ VWXG\LQJ WKH FROODSVH

EHKDYLRXU RI EXLOGLQJV PXVW EH DWWULEXWHG WR WKH SUREOHP RI FRQQHFWLRQV� IRU H[DPSOH WKRVH EHWZHHQ

LQWHUVHFWLQJ ZDOOV RU EHWZHHQ FROXPQ URZV LQ WULOLWKLF V\VWHPV� )URP DQ RSHUDWLQJ SRLQW RI YLHZ� WKH

LQWURGXFWLRQ RI VSDWLDO SUREOHPV KLJKO\ FRPSOLFDWHV WKH QXPHULFDO WDVN� ,Q V\VWHPV RI EORFNV

FRQQHFWHG WRJHWKHU LQ WKUHH�GLPHQVLRQDO DUUDQJHPHQWV� WKH QXPEHU RI FRQWDFW LQWHUIDFHV SHU EORFN

JHQHUDOO\ LQFUHDVHV� WKH \LHOG GRPDLQ RI HDFK LQWHUIDFH LV DW OHDVW FRPSRVHG RI WHQ IDFHV DQG WKH

FRQWDFW DFWLRQV LQWURGXFH LQ WKH SUREOHP VL[ XQNQRZQV SHU HDFK LQWHUIDFH� ,I ZH KROG WR WKH OLQHDU

)LJ� � �' IDLOXUH EHKDYLRXU RI D WULOLWKLF VWUXFWXUH XQGHU LQFOLQHG ERG\ IRUFH



��� &DUOR %DJJLR DQG 3DWUL]LD 7URYDOXVFL

DSSURDFK WKH SUREOHP LV VLPSOLILHG E\ WKH YDQLVKLQJ RI WKHVH ODVW XQNQRZQV� 7KXV� WKH FDVHV VWXGLHG

EHORZ SHUWDLQ WR WKH UHVWULFWHG DSSURDFK RQO\�

7KH ILUVW WKUHH�GLPHQVLRQDO VDPSOH VKRZQ LV WKH DVVHPEODJH RI )LJ� �D� PDGH RI �� EORFNV DQG ��

MRLQWV� 7KLV UHSUHVHQWV D WULOLWKLF VWUXFWXUH �FROXPQV FRQQHFWHG E\ DUFKLWUDYHV� DFWHG XSRQ E\ WKH VHOI

ZHLJKW DV GHDG ORDG DQG E\ D OLYH KRUL]RQWDO ERG\ DFWLRQ� WKH VHOI ZHLJKW IDFWRULVHG E\ α� SDUDOOHO WR
WKH [�D[LV� 7KH LQWHUFRQQHFWLRQ OHYHO LV ORZ� RQO\ ����� ��� MRLQWV SHU EORFN� VR WKH OLQHDUL]HG

QXPHULFDO SUREOHP LV TXLWH VLPSOH� ����� XQNQRZQV WR GHDO ZLWK� XVLQJ WKH VLPSOH[ PHWKRG� 7KH

FROODSVH IDFWRU FRPHV RXW WR EH αF ������ 7KH SORW FOHDUO\ VKRZV D PLQRU VOLSSDJH RI WKH WUDQVYHUVDO

OLQWHO EHDP �VHH DOVR )LJ� �E�� 'XH WR WKH DUFKLWUDYHV FRQQHFWLRQ� WKH URWDWLRQV DURXQG WKH \�D[LV RI

DOO WKH SLHUV DUH HTXDO WR HDFK RWKHU� 7KH WZR HTXDO FROXPQ URZV XQGHUJR HTXDO KRUL]RQWDO IRUFH� LQ

VXFK D ZD\ WKDW WKH FRQQHFWLQJ EHDP� OHDYLQJ DVLGH LWV VHOI�ZHLJKW� VKRXOG QRW H[HUW DQ\ HIIHFW RQ

WKH FROODSVH PHFKDQLVP RU ORDG� EXW LW LV IRUFHG WR URWDWH ZLWK UHVSHFW WR WKH DUFKLWUDYHV DQG� GXH WR

GLODWDQF\� WKH LQWHUSRVHG MRLQW RSHQV�

6LQFH WKH ZDOOV UHVLVWDQFH WR RXW RI SODQH DFWLRQV VWURQJO\ GHSHQGV RQ WKH TXDOLW\ RI WKH

LQWHUORFNLQJ ZLWK WKH RUWKRJRQDO ZDOOV� WKH VWXG\ RI WKH SUREOHP RI DQJXODU FRQQHFWLRQV EHWZHHQ

LQWHUVHFWLQJ ZDOOV LV WKH ILUVW VWHS RI D UHVHDUFK RQ WKH EHKDYLRXU RI PDVRQU\ YLHZHG DV D VSDWLDO

VWUXFWXUH� 7KH ORDG FRQGLWLRQ LV WKH VDPH RI WKH VWUXFWXUH DERYH� WKH GHDG VHOI ZHLJKW DQG D OLYH

ERG\ DFWLRQ SDUDOOHO WR WKH [�D[LV� )LJV� �D �D[RQRPHWULF YLHZ�� �E �VHFWLRQ� DQG �F �SODQ� UHSUHVHQW

D EORFN ZDOO UHVWUDLQHG E\ WKH LQWHUORFNLQJ ZLWK D SLODVWHU RU LQWHUVHFWLQJ SDQHO� 7KH LQWHUFRQQHFWLRQ

OHYHO LV KLJKHU WKDQ WKH SUHFHGLQJ VDPSOH� ����� ��� MRLQWV SHU EORFN� D QRQ�OLQHDU WUHDWPHQW ZRXOG

JLYH ULVH WR ��� NLQHPDWLFDO XQNQRZQV SOXV ������� × � ��� XQNQRZQV �XQGHWHUPLQHG VWDWLFDO WHUPV

GXH WR FRQWDFW DFWLRQV�� WKH ����� XQNQRZQV ZRXOG FUHDWH D VHYHUH QXPHULFDO QRQ OLQHDU

RSWLPL]DWLRQ SUREOHP� EXW� GXH WR OLQHDULVDWLRQ� WKH ZKROH FRPSXWHU UXQ RI WKH SURFHGXUH ODVWV IHZ

VHFRQGV� ,W FDQ EH REVHUYHG� PDLQO\ LQ SODQ DQG VHFWLRQ� WKDW WKH KRUL]RQWDO ERG\ IRUFH DORQJ WKH [�

D[LV HQIRUFHV WKH URWDWLRQ RI WKH HQWLUH VWUXFWXUH EXW WKH VWRQHV QHDU WKH DQJOH� PRUH FRQVWUDLQHG�

VKRZ PLQRU GLVSODFHPHQW DQG URWDWH DERXW WKH YHUWLFDO ]�D[LV�

)LJV� �D �D[RQRPHWULF YLHZ� DQG �E �SODQ� VKRZ D SDUWLDO PRGHO RI D JRWKLF IRXQWDLQ� WKH XSSHU

EDVLQ RI WKH ¦)RQWDQD 0DJJLRUH§ LQ 3HUXJLD� XQGHU UHVWRUDWLRQ LQ ����� 7KH DQDO\VLV LV DLPHG DW

VXJJHVWLQJ WKH UHVWRUDWLRQ WHFKQLTXHV IRU WKH PRQXPHQW� +RUL]RQWDO ERG\ IRUFHV DORQJ WKH [�D[LV

)LJ� � �' IDLOXUH EHKDYLRXU RI LQWHUVHFWLQJ ZDOOV XQGHU LQFOLQHG ERG\ IRUFH� �D� $[RQRPHWULF YLHZ� �E� 6HFWLRQ�
�F� 3ODQ
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VLPXODWH D VHLVPLF �VWDWLF� DFWLRQ ZLWK WKH VFRSH RI DFFHSWLQJ RU UHMHFWLQJ WKH SUHVHQFH RI VLPSOH

FRQWDFW DFWLRQV EHWZHHQ SLODVWHUV DQG PDUEOH HQWDEODWXUHV� 7KH IXOO PRGHO LQYROYHV �� EORFNV DQG ��

MRLQWV EXW V\PPHWU\ LV GLUHFWO\ DFFRXQWHG IRU LQ WKH SURJUDP� UHGXFLQJ WKH GDWD VL]H� 7KH SUREOHP LV

WKXV OLPLWHG WR DERXW ��� NLQHPDWLFDO XQNQRZQV� 7KH JRRG EHKDYLRXU RI WKLV VSDFH PRGHO EURXJKW

WR D ¦VRIW§ UHVWRUDWLRQ RI WKH PRQXPHQW�

�� &RQFOXVLRQV

7KLV ZRUN DLPV WR FRQWULEXWH WR WKH VWXG\ RI WKH FROODSVH EHKDYLRXU RI EULFN�EORFN VWUXFWXUHV ZLWK

SDUWLFXODU UHIHUHQFH WR DQFLHQW PDVRQULHV PDGH RI VWRQHV GU\ DVVHPEOHG WRJHWKHU RU ZLWK MRLQWV ILOOHG

ZLWK VFDWWHUHG DQG SRRU PRUWDU� 6LQFH WKH PHFKDQLFDO EHKDYLRXU RI VXFK DVVHPEOLHV VWURQJO\ GHSHQGV

RQ WKH JHRPHWU\ RI WKH XQLWV DQG RQ WKHLU WH[WXUH� EHVLGHV WKH PHFKDQLFDO SURSHUWLHV RI WKH

FRQVWLWXHQWV� WKH GLVFUHWH DSSURDFK VHHPHG WR EH DQ DSSURSULDWH WRRO WR PRGHO WKHVH VWUXFWXUHV�

7KH VWXG\ RI WKH FROODSVH EHKDYLRXU RI PDVRQU\� GHVFULEHG DV /DJUDQJLDQ V\VWHPV RI EORFNV LQ

XQLODWHUDO DQG IULFWLRQDO FRQWDFW� KDV EHHQ DSSURDFKHG XVLQJ WKH WKHRUHPV RI OLPLW DQDO\VLV LQ WKH

SUHVHQFH RI QRQ�DVVRFLDWLYH UXOHV� 7KLV OHG WR WKH IRUPXODWLRQ RI D SUREOHP RI QRQ�FRQYH[ DQG QRQ�

OLQHDU PDWKHPDWLFDO SURJUDPPLQJ XQGHU FRQVWUDLQWV ZKRVH VROXWLRQ JLYHV WKH FROODSVH ORDG DQG WKH

FROODSVH PHFKDQLVP�

7KH DQDO\VHV SHUIRUPHG VKRZ KRZ OLPLW DQDO\VLV RI VXFK VWUXFWXUHV WKURXJK QRQ�OLQHDU

SURJUDPPLQJ DOJRULWKPV FDQ RQO\ EH DSSURDFKHG E\ UHVRUWLQJ WR VSHFLDO GHYLFHV� ,Q WKLV IUDPHZRUN�

UHPDUNDEOH UHVXOWV DUH REWDLQHG E\ UHTXLULQJ WKH SUHOLPLQDU\ VROXWLRQ RI D OLQHDULVHG SUREOHP RI

SURJUDPPLQJ DFKLHYHG E\ UHSODFLQJ IULFWLRQ ZLWK GLODWDQF\�

7KH HIIHFWLYHQHVV RI WKH SURSRVHG SURFHGXUH EDVHG RQ WZR GLIIHUHQW VWHSV RI PDWKHPDWLFDO

SURJUDPPLQJ�RQH OLQHDU DQG WKH RWKHU QRQOLQHDU� KDV EHHQ LQYHVWLJDWHG E\ DQDO\VLQJ QRQ WULYLDO� WZR

DQG WKUHH�GLPHQVLRQDO� SUREOHPV ZLWK PDQ\ GHJUHHV RI IUHHGRP �ZLWK DERXW D WKRXVDQG XQNQRZQV��

5HDO VWUXFWXUHV LQ IDFW DUH PDGH RI PDQ\ EULFNV RU VWRQHV ZLWK D ODUJH QXPEHU RI FRQWDFW VXUIDFHV�

DQG WKHLU VWXG\ XVLQJ GLVFUHWH PRGHOV FRXOG QRW EH SURSRVHG ZLWKRXW D QXPHULFDO FRGH DEOH WR GHDO

ZLWK PDQ\ XQNQRZQV� 0RUHRYHU� WKH HIIHFWLYHQHVV LQ VROYLQJ UHDO SUREOHPV LV UHODWHG WR WKH

SRVVLELOLW\ RI GHDOLQJ ZLWK WKUHH�GLPHQVLRQDO VWUXFWXUHV�

)LJ� � &ROODSVH PHFKDQLVP RI WKH ¨)RQWDQD 0DJJLRUH© LQ 3HUXJLD� �D� $[RQRPHWULF YLHZ� �E� 3ODQ
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,Q VKRUW� WKH UHVXOWV RI WKH VDPSOHV DQDO\VHG VXJJHVW WKH IROORZLQJ UHPDUNV� )LUVW� WKH VXLWDELOLW\ RI

WKH GLVFUHWH DSSURDFK DQG LQ SDUWLFXODU RI WKH OLPLW DQDO\VLV DSSURDFK� HVSHFLDOO\ ZKHQ FRPSDUHG WR

RWKHU GLVFUHWH DSSURDFKHV �%DJJLR DQG 7URYDOXVFL ������ 6HFRQGO\� WKH 1/3 SUREOHP VWDUWLQJ IURP D

UDQGRP HVWLPDWH GRHV QRW DOZD\V FRQYHUJHV RU WHUPLQDWHV DW D ZURQJ SRLQW� LI WKH LQLWLDO HVWLPDWH LV

WKH RXWSXW RI WKH /3 SUREOHP WKH 1/3 SURJUDP FRQYHUJHV DW DQ RSWLPDO SRLQW� ,W LV ZRUWK QRWLQJ

WKDW ZLWKRXW UHVRUWLQJ WR WZR�VWHSV SURJUDPPLQJ� WKH OLQHDULVHG DSSURDFK VKRXOG EH SUHIHUUHG WR WKH

QRQ�OLQHDU RQH� )LQDOO\� WKH WZR�VWHS SURFHGXUH LV DEOH WR GHDO ZLWK SUDFWLFDO SUREOHPV FKDUDFWHULVHG

E\ PDQ\ GHJUHHV RI IUHHGRP� 0RUHRYHU� DSDUW IURP WKH VWDQGDUG RU QRQ�VWDQGDUG DSSURDFK� WKH

WKUHH�GLPHQVLRQDO FRGH SURSRVHG DOORZV WR VWXG\ UHDO EORFN VWUXFWXUHV�

5HIHUHQFHV

%DJJLR� &� DQG 7URYDOXVFL� 3� ������� ¦'LVFUHWH PRGHOV IRU MRLQWHG EORFN PDVRQU\ ZDOOV§� 3URFHHGLQJV RI 9,
1RUWK $PHULFDQ 0DVRQU\ &RQIHUHQFH� 3KLODGHOSKLD �3$�� �� ��������

%DJJLR� &� DQG 7URYDOXVFL� 3� ������� ¦6WRQH DVVHPEOLHV XQGHU LQ�SODQH DFWLRQV� &RPSDULVRQ EHWZHHQ QRQ OLQHDU
GLVFUHWH DSSURDFKHV§� &RPSXWHU 0HWKRGV LQ 6WUXFWXUDO 0DVRQU\� ,Q 0LGGOHWRQ� -� DQG 3DQGH� *�1�� (GV�� ����
���� %-,� /LVERQ�

%DJJLR� &� DQG 7URYDOXVFL� 3� ������� ¦/LPLW DQDO\VLV IRU QR�WHQVLRQ DQG IULFWLRQDO WKUHH GLPHQVLRQDO GLVFUHWH
V\VWHPV§� 0HFKDQLFV RI 6WUXFWXUHV DQG 0DFKLQHV� ������ ��������

%HQQDWL� 6� DQG 3DGRYDQL� &� ������� ¦6RPH QRQ�OLQHDU HODVWLF VROXWLRQV IRU PDVRQU\ VROLGV§� 0HFKDQLFV RI
6WUXFWXUHV DQG 0DFKLQHV� ������ ��������

%HVW� 0�-� HW DO� ������� ¦1RQ�OLQHDU SURJUDPPLQJ DSSOLFDWLRQV§� (QJLQHHULQJ 3ODVWLFLW\ E\ 0DWKHPDWLFDO
3URJUDPPLQJ� 0DLHU� *�� &RKQ� 0�=�� (GV�� 3HUJDPRQ 3UHVV� :DWHUORR� 2QWDULR �&DQDGD�� ��������

%ODVL� &� DQG )RUDERVFKL� 3� ������� ¦$QDO\WLFDO DSSURDFK WR FROODSVH PHFKDQLVPV RI FLUFXODU PDVRQU\ DUFK§�
-RXUQDO RI 6WUXFWXUDO (QJLQHHULQJ� ������� ����������

%RRWKE\� 7�(� DQG %URZQ� &�%� ������� ¦6WDELOLW\ RI PDVRQU\ SLHUV DQG DUFKHV§� -RXUQDO RI (QJLQHHULQJ
0HFKDQLFV� $6&(� ������� ��������

%RRWKE\� 7�(� ������� ¦6WDELOLW\ RI PDVRQU\ SLHUV DQG DUFKHV LQFOXGLQJ VOLGLQJ§� -RXUQDO RI (QJLQHHULQJ
0HFKDQLFV� $6&(� ������� ��������

%UDJD� )�� /LEHUDWRUH� '� DQG 6SHUD� *� ������� ¦$ FRPSXWHU SURJUDP IRU WKH VHLVPLF DQDO\VLV RI FRPSOH[
PDVRQU\ EXLOGLQJV§� &RPSXWHU 0HWKRGV LQ 6WUXFWXUDO 0DVRQU\� 3DQGH *�1�� 0LGGOHWRQ� -� DQG .UDOM� %�� (GV��
��������

&RXORPE� &�$� ������� (VVDL VXU XQH DSSOLFDWLRQV GHV UqJOHV GH PD[LPLV HW PLQLPLV j TXHOTXHV SUREOqPHV GH
VWDWLTXH� UHODWLIV j O©$UFKLWHFWXUH� 0pPRLUHV GH 0DWKHPDWLTXH HW 3K\VLTXH GH O©$FDGHP\ 5R\DO GHV 6FLHQFHV�
$QQp ����� FDS� ;9,,,�

'HO 3LHUR� *� ������� ¦&RQVWLWXWLYH HTXDWLRQV DQG FRPSDWLELOLW\ RI H[WHUQDO ORDGV IRU OLQHDU HODVWLF PDVRQU\�OLNH
PDWHULDOV§� 0HFFDQLFD� ������ ��������

'UXFNHU� '�&� ������� ¦&RXORPE IULFWLRQ� SODVWLFLW\� DQG OLPLW ORDGV§� -RXUQDO RI $SSOLHG 0HFKDQLFV� $60(� ���
������

*LDTXLQWD� 0� DQG *LXVWL� (� ������� ¦(TXLOLEULXP RI PDVRQU\ VWUXFWXUHV§� $UFKLYHV IRU 5DWLRQDO 0HFKDQLFV DQG
$QDO\VLV� ��� ��������

+H\PDQ� -� ������� 7KH 0DVRQU\ $UFK� (OOLV +RUZRRG /WG�
,RUGDFKH� 0�0� DQG :LOODP� .� ������� ¦/RFDOL]HG IDLOXUH DQDO\VLV LQ HODVWRSODVWLF &RVVHUDW FRQWLQXD§� &RPSXWHU

0HWKRGV LQ $SSOLHG 0HFKDQLFV DQG (QJLQHHULQJ� ���� ��������
.LUVK� 8� ������� 6WUXFWXUDO 2SWLPL]DWLRQ� 6SULQJHU�9HUODJ�
/L� 0�� 6KD� '� DQG 7DPPD� .�.� ������� ¦/LQHDU FRPSOHPHQWDULW\ IRUPXODWLRQV LQYROYLQJ IULFWLRQDO FRQWDFW IRU
HODVWR�SODVWLF GHIRUPDEOH ERGLHV§� -RXUQDO RI $SSOLHG 0HFKDQLFV� $60(� ��� ������

/LYHVOH\� 5�.� ������� ¦/LPLW DQDO\VLV RI VWUXFWXUHV IRUPHG IURP ULJLG EORFNV§� ,QWHUQDWLRQDO -RXUQDO RI
1XPHULFDO 0HWKRGV LQ (QJLQHHULQJ� ������ ��������



&ROODSVH EHKDYLRXU RI WKUHH�GLPHQVLRQDO EULFN�EORFN V\VWHPV ���

/LYHVOH\� 5�.� ������� ¦$ FRPSXWDWLRQDO PRGHO IRU WKH OLPLW DQDO\VLV RI WKUHH�GLPHQVLRQDO PDVRQU\ VWUXFWXUHV§�
0HFFDQLFD� ������ ��������

/RIWL� +�5� DQG 6KLQJ� 3�%� ������� ¦,QWHUIDFH PRGHO DSSOLHG WR IUDFWXUH RI PDVRQU\ VWUXFWXUHV§� -RXUQDO RI
6WUXFWXUDO (QJLQHHULQJ� ������� ������

/RXUHQFR� 3�� 5RWV� -�*� DQG %ODDXZHQGUDDG� -� ������� ¦&RQWLQXXP PRGHO IRU PDVRQU\� 3DUDPHWHU HVWLPDWLRQ
DQG YDOLGDWLRQ§� -RXUQDO RI 6WUXFWXUDO (QJLQHHULQJ� ������� ��������

0DLHU� *� DQG 1DSSL� $� ������� ¦$ WKHRU\ RI QR�WHQVLRQ GLVFUHWL]HG VWUXFWXUDO V\VWHPV§� (QJLQHHULQJ 6WUXFWXUHV�
��� ��������

0DVLDQL� 5� DQG 7URYDOXVFL� 3� ������� ¦&DXFK\ DQG &RVVHUDW PDWHULDOV DV FRQWLQXXP PRGHOV RI EULFN PDVRQU\§�
0HFFDQLFD� ������ ��������

0HOERXUQH� &� DQG *LOEHUW� 0� ������� ¦7KH EHKDYLRXU RI PXOWLULQJ EULFNZRUN DUFK EULGJHV§� 7KH 6WUXFWXUDO
(QJLQHHU� ������ ������

3DQGH� *�1�� /LDQJ� -�;� DQG 0LGGOHWRQ� -� ������� ¦(TXLYDOHQW HODVWLF PRGXOL IRU EULFN PDVRQU\§� &RPSXWHUV
DQG *HRWHFKQLFV� �� ��������

3LHWUXV]F]DN� 6� DQG 1LX� ;� ������� ¦$ PDWKHPDWLFDO GHVFULSWLRQ RI PDFURVFRSLF EHKDYLRXU RI EULFN PDVRQU\§�
,QWHUQDWLRQDO -RXUQDO RI 6ROLGV DQG 6WUXFWXUHV� ������ ��������

%HUWUDP� $� DQG 6LGRURII� )�� (GV�� 3URFHHGLQJV RI �QG (XURSHDQ 0HFKDQLFV RI 0DWHULDOV &RQIHUHQFH RQ
0HFKDQLFV RI 0DWHULDOV ZLWK ,QWHUQDO /HQJWK 6FDOH� -RXUQDO GH 3K\VLTXH ,9� �� ('3�

6DFFKL� *� DQG 6DYH� 0� ������� ¦$ QRWH RQ WKH OLPLW ORDGV RI QRQ�VWDQGDUG PDWHULDOV§� 0HFFDQLFD� ����� ������
6FKLWWNRZVNL� .� ������� ¦1/34/� $ IRUWUDQ VXEURXWLQH VROYLQJ FRQVWUDLQHG QRQ�OLQHDU SURJUDPPLQJ SUREOHPV§�

$Q 2SHUDWLRQ 5HVHDUFK� 0RQPD� &�/�� (G�� ��������
6LPR� -�&� DQG /DXUVHQ� 7�$� ������� ¦$Q DXJPHQWHG /DJUDQJLDQ WUHDWPHQW RI FRQWDFW SUREOHPV LQYROYLQJ IULFWLRQ§�

&RPSXWHUV DQG 6WUXFWXUHV� ������ �������
6WDYURXODNLV� *�(�� 3DQDJLRWRSRXORV� 3�'� DQG $O�)DKHG� $�0� ������� ¦2Q WKH ULJLG ERG\ GLVSODFHPHQW DQG
URWDWLRQV LQ XQLODWHUDO FRQWDFW SUREOHPV DQG DSSOLFDWLRQV§� &RPSXWHUV DQG 6WUXFWXUHV� ������ ��������

7URYDOXVFL� 3� DQG 0DVLDQL� 5� ������� ¦0DWHULDO V\PPHWULHV RI PLFURSRODU FRQWLQXD HTXLYDOHQW WR ODWWLFHV§� ,QWHU�
QDWLRQDO -RXUQDO RI 6ROLGV DQG 6WUXFWXUHV� ������� ����������

9LOODJJLR� 3� ������� ¦6WUHVV GLIIXVLRQ LQ PDVRQU\ ZDOOV§� -RXUQDO RI 6WUXFWXUDO 0HFKDQLFV� ����� ��������




