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WKH JHRPHWULFDOO\ GLVWRUWHG HOHPHQWV VDWLVI\ RQO\ IHZHU FRQGLWLRQV� 7KH SUDFWLFDO LPSOLFDWLRQV RI WKH
VDWLVIDFWLRQ RU QRQ�VDWLVIDFWLRQ RI WKHVH DGGLWLRQDO FRQGLWLRQV DUH LQYHVWLJDWHG ZLWK UHVSHFW WR D ��QRGH EDU
HOHPHQW� DQG �� DQG ��QRGH TXDGULODWHUDO HOHPHQWV� 7KH UHVXOWV VXJJHVW WKDW QRQ�VDWLVIDFWLRQ RI WKHVH
DGGLWLRQDO FRQGLWLRQV UHVXOWV LQ SRRUHU SHUIRUPDQFH RI WKH HOHPHQW ZKHQ WKH HOHPHQW LV JHRPHWULFDOO\
GLVWRUWHG� %DVHG RQ WKH QHZ LQWHUSUHWDWLRQ RI FRPSOHWHQHVV UHTXLUHPHQWV� D ��QRGH HOHPHQW DQG DQ ��QRGH
UHFWDQJXODU HOHPHQW WKDW DUH LQVHQVLWLYH WR PLG�QRGH GLVWRUWLRQ XQGHU D TXDGUDWLF GLVSODFHPHQW ILHOG KDYH
EHHQ GHYHORSHG�

.H\ ZRUGV� ILQLWH HOHPHQW� FRPSOHWHQHVV UHTXLUHPHQWV� GLVWRUWLRQ VHQVLWLYLW\� VKDSH IXQFWLRQV� JHRPHW�
ULF GLVWRUWLRQ� KLJKHU RUGHU HOHPHQWV�

�� ,QWURGXFWLRQ

&RQYHUJHQFH RI ILQLWH HOHPHQW UHVXOWV ZLWK WKH PHVK UHILQHPHQW LV DQ LPSRUWDQW UHTXLUHPHQW WR EH

VDWLVILHG E\ DQ\ VXFFHVVIXO HOHPHQW� 7KH FRQWLQXLW\ DQG FRPSOHWHQHVV UHTXLUHPHQWV �H�J�� VHH�

=LHQNLHZLF] ����� %DWKH ����� PXVW EH VDWLVILHG VR DV WR HQVXUH FRQYHUJHQFH� 7KH FRQWLQXLW\

UHTXLUHPHQW GHPDQGV WKDW WKH VKDSH IXQFWLRQV PXVW EH VR FKRVHQ WKDW WKH DVVXPHG LQWHUSRODWLRQ

IXQFWLRQ RI WKH ILHOG YDULDEOH� YL]�� WKH GLVSODFHPHQW LQ VWUXFWXUDO DQDO\VLV� LV VXIILFLHQWO\ FRQWLQXRXV

ZLWKLQ DQG DFURVV WKH ERXQGDU\ RI WKH HOHPHQWV� 7KH FRPSOHWHQHVV UHTXLUHPHQW GHPDQGV WKDW WKH

VKDSH IXQFWLRQV PXVW EH VXFK WKDW WKH LQWHUSRODWLRQ IXQFWLRQ LV FDSDEOH RI UHSUHVHQWLQJ DQ DUELWUDU\

OLQHDU SRO\QRPLDO GLVSODFHPHQW ILHOG H[DFWO\� ,Q RWKHU ZRUGV� WKH VKDSH IXQFWLRQV PXVW HQVXUH WKDW

WKH HOHPHQW LV FDSDEOH RI UHSUHVHQWLQJ ULJLG ERG\ PRWLRQ DQG FRQVWDQW VWUDLQ VWDWH FRUUHFWO\�

7KH FRQWLQXLW\ UHTXLUHPHQW LV XVXDOO\ VDWLVILHG E\ HQVXULQJ WKDW WKH VKDSH IXQFWLRQV �DQG KHQFH WKH

GLVSODFHPHQW PRGHO� DUH SRO\QRPLDOV RI DQ DSSURSULDWH RUGHU� 7\SLFDOO\� LI WKH VWLIIQHVV LQWHJUDQGV

LQYROYH GHULYDWLYHV RI RUGHU P� WKH VKDSH IXQFWLRQV PXVW EH DW OHDVW &P FRQWLQXRXV ZLWKLQ WKH

HOHPHQW DQG &P−� FRQWLQXRXV DFURVV WKH HOHPHQW LQWHUIDFH� 7KH FRPSOHWHQHVV UHTXLUHPHQWV DUH

VDWLVILHG IRU D ��' LVRSDUDPHWULF HOHPHQW� IRU H[DPSOH� LI WKH HOHPHQW VKDSH IXQFWLRQV� 1L� VDWLVI\ WKH
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,Q WKH OLWHUDWXUH� WKH FRPSOHWHQHVV UHTXLUHPHQWV DUH IUHTXHQWO\ DVVRFLDWHG ZLWK WKH DELOLW\ RI WKH

HOHPHQW WR UHSUHVHQW DQ DUELWUDU\ OLQHDU SRO\QRPLDO GLVSODFHPHQW ILHOG� )RU WKLV UHDVRQ� ZH ZLOO UHIHU

WR WKHVH FRPSOHWHQHVV UHTXLUHPHQWV DV WKH OLQHDU FRPSOHWHQHVV UHTXLUHPHQWV� ,Q WKH OLPLW RI PHVK

UHILQHPHQW� WKH HOHPHQW VL]H EHFRPHV VR VPDOO WKDW WKH GLVSODFHPHQW ILHOG ZLWKLQ HDFK HOHPHQW FDQ

EH FRQVLGHUHG WR EH OLQHDU� DQG KHQFH DQ HOHPHQW VDWLVI\LQJ WKH OLQHDU FRPSOHWHQHVV UHTXLUHPHQWV LV

H[SHFWHG WR FRQYHUJH WR DQ H[DFW VROXWLRQ ZLWKRXW DQ\ SUREOHP�

,W ZDV RQFH EHOLHYHG WKDW HOHPHQWV VDWLVI\LQJ WKH FRQWLQXLW\ DQG FRPSOHWHQHVV UHTXLUHPHQWV ZRXOG

LQGHHG� LQ WKH OLPLW RI PHVK UHILQHPHQW� FRQYHUJH WR WKH DFWXDO VROXWLRQ ZLWKRXW DQ\ GLIILFXOW\�

+RZHYHU� WKHUH KDYH EHHQ LQVWDQFHV ZKLFK KDYH FRQWUDGLFWHG WKLV EHOLHI� 7KH KRVW RI ORFNLQJ

SUREOHPV �H�J� VHH� 3UDWKDS ����� :LOVRQ HW DO� ����� DQG WKH GHWHULRUDWLRQ RI VROXWLRQ DFFXUDF\ ZLWK

JHRPHWULF GLVWRUWLRQ DUH WZR H[DPSOHV� 7R DYRLG WKH SUREOHP RI ORFNLQJ� LQ DGGLWLRQ WR WKH

FRQWLQXLW\ DQG FRPSOHWHQHVV UHTXLUHPHQWV� FHUWDLQ RWKHU FRQGLWLRQV KDYH WR EH VDWLVILHG E\ WKH

GLVSODFHPHQW PRGHO �3UDWKDS ������ 1RQ�FRQIRUPLQJ HOHPHQWV �H�J� VHH� =LHQNLHZLF] ����� :LOVRQ

HW DO� ����� 7D\ORU HW DO� ����� ZKLFK YLRODWH WKH LQWHU�HOHPHQW FRQWLQXLW\ UHTXLUHPHQWV KDYH EHHQ

XVHG VXFFHVVIXOO\� +RZHYHU� VXFK IRUPXODWLRQV DUH KLJKO\ VHQVLWLYH WR JHRPHWULF GLVWRUWLRQ RI WKH

HOHPHQW� DQG WKH SDWFK WHVW �H�J� VHH� ,URQV HW DO� ����� KDV EHHQ LQWURGXFHG WR FKHFN WKH LOO HIIHFWV

RI WKH YLRODWLRQ RI LQWHU�HOHPHQW FRQWLQXLW\ DQG FRPSOHWHQHVV UHTXLUHPHQWV LQ D JOREDO VHQVH� L�H�� IRU

D SDWFK� 7KHVH REVHUYDWLRQV DUH WKH VRXUFH RI PRWLYDWLRQ IRU VHYHUDO LQYHVWLJDWLRQV LQWR WKH

FRQWLQXLW\ DQG FRPSOHWHQHVV UHTXLUHPHQWV�

,W LV IUHTXHQWO\ LQFRQYHQLHQW WR UHILQH WKH PHVK VXFFHVVLYHO\ LQ RUGHU WR FKHFN IRU FRQYHUJHQFH� $V

DQ DOWHUQDWLYH WR VXFFHVVLYH PHVK UHILQHPHQW� KLJKHU RUGHU HOHPHQWV DUH VRPHWLPHV XVHG� ,Q WKH

FRQWH[W RI WKH KLJKHU RUGHU HOHPHQWV� KRZHYHU� WKH FRPSOHWHQHVV UHTXLUHPHQWV QHHG WR EH LQWHUSUHWHG

FDUHIXOO\� 7KHVH HOHPHQWV XVH D KLJKHU RUGHU LQWHUSRODWLRQ PRGHO� DQG DWWHPSW WR REWDLQ FRQYHUJHQFH

XVLQJ IHZHU HOHPHQWV� :LWK IHZHU HOHPHQWV� WKH HOHPHQWV DUH ODUJHU� DQG KHQFH� WKH OLQHDU

FRPSOHWHQHVV UHTXLUHPHQWV DUH QR ORQJHU VXIILFLHQW DV WKH\ HQVXUH FRQYHUJHQFH RQO\ LQ WKH OLPLW RI

PHVK UHILQHPHQW� 7KXV� IRU WKH HIIHFWLYH XVH RI KLJKHU RUGHU HOHPHQWV� LW LV QHFHVVDU\ WR LQYHVWLJDWH

WKH KLJKHU RUGHU FRPSOHWHQHVV UHTXLUHPHQWV RI VKDSH IXQFWLRQV� +LJKHU RUGHU SDWFK WHVWV �H�J�� 7D\ORU

HW DO� ����� GR DGGUHVV WKH SUREOHP RI UHSUHVHQWDWLRQ RI KLJKHU RUGHU VWUDLQ VWDWHV� +RZHYHU� LQ WKLV

SDSHU� WKH SUREOHP LV ORRNHG DW IURP WKH YLHZSRLQW RI DQ LQGLYLGXDO HOHPHQW LQVWHDG RI D SDWFK� 7KLV

\LHOGV VRPH LQWHUHVWLQJ LQVLJKWV ZLWK UHJDUG WR WKH DGGLWLRQDO FRQGLWLRQV WR EH VDWLVILHG E\ VKDSH

IXQFWLRQV DSDUW IURP WKH XVXDO RQHV JLYHQ E\ (TV� �������� $Q LPSRUWDQW UHODWHG UHIHUHQFH LV /HH DQG

%DWKH ������ ZKHUHLQ WKH HIIHFW RI HOHPHQW GLVWRUWLRQ DQG LV UHODWLRQ WR FRPSOHWHQHVV UHTXLUHPHQW LV

GLVFXVVHG IRU LVRSDUDPHWULF HOHPHQWV�

7KH FRQFHSW RI FRPSOHWHQHVV LV FORVHO\ UHODWHG WR WKH JHRPHWULF GLVWRUWLRQ RI WKH HOHPHQW� 7KH

ODWHU SDUW RI WKLV SDSHU GHDOV ZLWK WKH JHRPHWULF GLVWRUWLRQ RI D TXDGUDWLF EDU HOHPHQW DQG D TXDGUDWLF

�' SODQH HOHPHQW� DQG KHQFH D GHILQLWLRQ RI WKH W\SH RI GLVWRUWLRQ WKDW ZLOO EH GLVFXVVHG LQ WKLV

SDSHU ZRXOG EH LQ RUGHU� 7ZR W\SHV RI GLVWRUWLRQ� YL]�� PLG�QRGH GLVWRUWLRQ DQG DQJXODU GLVWRUWLRQ DV
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&RPSOHWHQHVV UHTXLUHPHQWV IRU KLJKHU RUGHU HOHPHQWV ��

VKRZQ LQ )LJ� �� DUH FRQVLGHUHG� ,Q WKH FDVH RI D EDU HOHPHQW� D JHRPHWU\ ZLWK WKH PLG�QRGH HTXL�

VSDFHG IURP WKH HQG QRGHV LV UHIHUUHG WR DV WKH XQGLVWRUWHG JHRPHWU\� ,Q WKH FDVH RI D �' HOHPHQW� D

UHFWDQJXODU�VTXDUH JHRPHWU\ ZLWK WKH PLG�QRGHV HTXL�VSDFHG IURP WKHLU FRUUHVSRQGLQJ DGMDFHQW

FRUQHU QRGHV LV UHIHUUHG WR DV WKH XQGLVWRUWHG JHRPHWU\� )RU D EDU HOHPHQW� RQO\ WKH PLG�QRGH

GLVWRUWLRQ DSSOLHV� $ �' HOHPHQW FDQ KDYH HLWKHU DQ DQJXODU GLVWRUWLRQ RU D PLG�QRGH GLVWRUWLRQ RU

ERWK� ,Q WKH FDVH RI WKH DQJXODU GLVWRUWLRQ� WKH HOHPHQW LV RI D TXDGULODWHUDO VKDSH ZLWK WKH PLG�

QRGHV HTXL�VSDFHG IURP WKH DGMDFHQW FRUQHU QRGHV� ZKHUHDV LQ WKH FDVH RI WKH PLG�QRGH GLVWRUWLRQ�

WKH PLG�QRGH LV QRW HTXL�VSDFHG DOWKRXJK WKH HOHPHQW LV RI UHFWDQJXODU VKDSH� 2QO\ RQH W\SH RI

GLVWRUWLRQ LV FRQVLGHUHG DW D WLPH� 7KH FDVH RI VLPXOWDQHRXV SUHVHQFH RI ERWK GLVWRUWLRQ W\SHV LV

EH\RQG WKH VFRSH RI WKLV SDSHU�

$QJXODU GLVWRUWHG HOHPHQWV XVXDOO\ DSSHDU LQ WKH PHVK JHQHUDWLRQ RI FXUYHG JHRPHWULHV DQG LQ

WUDQVLWLRQ UHJLRQV IURP FRDUVH WR ILQH PHVK� DQG DOVR LQ WKH QRQOLQHDU SUREOHPV LQYROYLQJ ODUJH

GHIRUPDWLRQV� )RU IUDFWXUH PHFKDQLFV DSSOLFDWLRQ RI UHFWDQJXODU HOHPHQWV� WKH PLG�QRGH GLVWRUWLRQ LV

VRPHWLPHV LQWURGXFHG LQWHQWLRQDOO\ LQ RUGHU WR VLPXODWH WKH VWUHVV VLQJXODULW\� 7KH PLG�QRGH

GLVWRUWLRQ DOVR RFFXUV LQ QRQOLQHDU SUREOHPV LQYROYLQJ ODUJH GHIRUPDWLRQV�

�� &RQGLWLRQV WR EH VDWLVILHG E\ VKDSH IXQFWLRQV

,Q WKLV VHFWLRQ� D FRPSOHWH OLVW RI FRQGLWLRQV XQGHU ZKLFK WKH VKDSH IXQFWLRQV VDWLVI\ FRPSOHWHQHVV

UHTXLUHPHQWV LV GHULYHG IRU D &� FRQWLQXRXV KLJKHU RUGHU ��' HOHPHQW�

&RQVLGHU D SRO\QRPLDO GLVSODFHPHQW ILHOG LQ WKH JOREDO &DUWHVLDQ FRRUGLQDWH V\VWHP RI WKH IRUP
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)LJ� � 8QGLVWRUWHG DQG GLVWRUWHG JHRPHWULHV IRU WKH TXDGUDWLF EDU DQG TXDGUDWLF SODQH �' HOHPHQWV
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ZKHUH DM DQG EM � M  �� �� �� ���� DUH XQGHWHUPLQHG FRQVWDQWV� 7KH QRGDO GLVSODFHPHQW YDOXHV

FRUUHVSRQGLQJ WR WKLV ILHOG DUH JLYHQ E\
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ZKHUH L UHIHUV WR D W\SLFDO QRGH QXPEHU� 8VLQJ WKH VKDSH IXQFWLRQV� WKH DVVXPHG GLVSODFHPHQW ILHOG

LV ZULWWHQ DV

���

���

7KH VKDSH IXQFWLRQV PD\ EH DVVXPHG WR EH GHILQHG HLWKHU LQ WHUPV RI WKH JOREDO &DUWHVLDQ

FRRUGLQDWHV �[� \� RU WKH ORFDO FRRUGLQDWHV �ξ� η��
:H ORRN IRU DQ HOHPHQW WKDW FDQ UHSUHVHQW H[DFWO\ WKH ILHOG JLYHQ E\ (TV� ��� DQG ���� 7KHUHIRUH�

WKH VKDSH IXQFWLRQV QHHG WR EH FKRVHQ LQ VXFK D ZD\ WKDW WKH HOHPHQW UHSURGXFHV WKH ILHOG JLYHQ E\

(T� ��� DQG ��� H[DFWO\ DW DQ\ SRLQW LQVLGH WKH HOHPHQW� ZKHQ WKH QRGHV DUH DVVLJQHG GLVSODFHPHQW

YDOXHV LQ DFFRUGDQFH ZLWK (T� ��� DQG ���� 6XEVWLWXWLQJ IRU X� Y� XL DQG YL IURP (TV� �������� (TV� ���

DQG ��� PD\ EH ZULWWHQ DV

����

����

6LQFH WKH FRQVWDQWV DL DQG EL DUH DUELWUDU\� (TV� ���� DQG ���� DUH VDWLVILHG RQO\ LI WKH IROORZLQJ

FRQGLWLRQV DUH VDWLVILHG�

����

6LPLODUO\� IRU D ��' GLVSODFHPHQW ILHOG� WKH FRQGLWLRQ WR EH VDWLVILHG LV RI WKH IRUP� [S\T]U 

ΣL1L � S� T� U  �� �� �� �� ��� (T� ���� LV QRZ LQWHUSUHWHG IRU D SDUWLFXODU HOHPHQW� )RU DQ ��QRGH

TXDGULODWHUDO HOHPHQW� HLJKW DUELWUDU\ FRQVWDQWV FDQ EH DFFRPPRGDWHG LQ WKH GLVSODFHPHQW PRGHO�

DQG KHQFH ZH PD\ LGHDOO\ ZDQW WKH IROORZLQJ GLVSODFHPHQW ILHOG ZLWK HLJKW XQNQRZQ FRHIILFLHQWV WR

EH UHSUHVHQWHG E\ WKH HOHPHQW H[DFWO\�
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&RPSOHWHQHVV UHTXLUHPHQWV IRU KLJKHU RUGHU HOHPHQWV ��

)RU WKLV WR EH WUXH� (T� ���� \LHOG WKH IROORZLQJ HLJKW FRQGLWLRQV�
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���� ,QWHUSUHWDWLRQ RI WKH FRQGLWLRQV UHSUHVHQWHG E\ (TV� ���������

7KH FRQGLWLRQ JLYHQ E\ (T� ���� LV ZHOO NQRZQ LQ WKH OLWHUDWXUH� 7KH FRQGLWLRQV JLYHQ E\ (TV� ����

DQG ���� DUH DOVR IDPLOLDU DOWKRXJK WKHLU LQWHUSUHWDWLRQ KHUH LV UDWKHU GLIIHUHQW� WKHVH DUH WKH

FRQGLWLRQV WKDW QHHG WR EH VDWLVILHG E\ WKH VKDSH IXQFWLRQV IRU WKH HOHPHQW WR UHSUHVHQW FRUUHFWO\ WKH

ULJLG ERG\ PRWLRQV DQG FRQVWDQW VWUDLQ FRQGLWLRQV� ,Q WKH OLWHUDWXUH� (TV� ���� DQG ���� DUH XVXDOO\

SUHVHQWHG DV WKH EDVLV RI JHRPHWULF LQWHUSRODWLRQ IRU LVRSDUDPHWULF HOHPHQWV� 7KXV� LVRSDUDPHWULF

IRUPXODWLRQV LQKHUHQWO\ VDWLVI\ WKHVH HTXDWLRQV �(TV� �� DQG ���� 6DWLVIDFWLRQ RI (TV� ���������

HQVXUHV FRQYHUJHQFH LQ WKH OLPLW RI PHVK UHILQHPHQW� 7KXV� WKH FRQGLWLRQV� (TV� ���������� DUH

DOUHDG\ NQRZQ LQ WKH OLWHUDWXUH� +RZHYHU� WKH FRQGLWLRQV JLYHQ E\ (TV� ��������� DUH UDUHO\

GLVFXVVHG DQG KHQFH IRUP WKH IRFXV RI WKLV SDSHU�

:KHQ WKH HOHPHQWV KDYH QR JHRPHWULFDO GLVWRUWLRQ� DOO WKH FRQGLWLRQV �(TV� ������ DUH XVXDOO\

VDWLVILHG� ,Q GLVWRUWHG VLWXDWLRQV� KRZHYHU� (TV� ��������� DUH QRW JHQHUDOO\ VDWLVILHG� 1RQ�VDWLVIDFWLRQ

RI WKHVH DGGLWLRQDO FRQGLWLRQV DIIHFWV WKH SHUIRUPDQFH RI WKH HOHPHQW� 7KLV LV GHPRQVWUDWHG IRU D IHZ

W\SLFDO HOHPHQWV LQ ODWHU VHFWLRQV� )RU HDVH RI UHIHUHQFH� (TV� ��������� DQG (TV� ��������� ZLOO�

KHUHLQDIWHU� EH UHIHUUHG WR DV WKH OLQHDU RU ORZHU RUGHU FRPSOHWHQHVV UHTXLUHPHQWV DQG WKH KLJKHU

RUGHU FRPSOHWHQHVV UHTXLUHPHQWV� UHVSHFWLYHO\�

:KDW GR WKH KLJKHU RUGHU FRPSOHWHQHVV UHTXLUHPHQWV VLJQLI\" 6DWLVIDFWLRQ RI (T� ����� IRU

H[DPSOH� ZRXOG PHDQ WKDW WKH [� WHUP RI WKH GLVSODFHPHQW ILHOG FDQ EH H[DFWO\ UHSUHVHQWHG E\ WKH

VKDSH IXQFWLRQV� 7KH RWKHU FRQGLWLRQV FDQ EH LQWHUSUHWHG LQ D VLPLODU PDQQHU�

(TV� ��������� UHSUHVHQW HLJKW FRQGLWLRQV LQ HLJKW XQNQRZQ VKDSH IXQFWLRQV DQG KHQFH FDQ� LQ

SULQFLSOH� EH VROYHG V\PEROLFDOO\ IRU VKDSH IXQFWLRQV� +RZHYHU� WKH QXPHULFDO VROXWLRQ PD\ QRW

H[LVW ZKHQ WKH FRHIILFLHQW PDWUL[ RQ WKH OHIW KDQG VLGH LV VLQJXODU� )RU D QRQ�VLQJXODU FDVH� VROYLQJ

(TV� ��������� DSSHDUV WR EH DQ HOHJDQW DSSURDFK WR GHULYH VKDSH IXQFWLRQV� +RZHYHU� WKH VKDSH

IXQFWLRQV GHULYHG WKXV KDYH WKHLU OLPLWDWLRQV� 7KH QXPHULFDO SUREOHPV FRQVLGHUHG ODWHU ZLOO

GHPRQVWUDWH WKLV�
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���� &RQGLWLRQV EDVHG RQ WKH GHULYDWLYHV RI VKDSH IXQFWLRQV

'LIIHUHQWLDWLRQ RI (TV� ��������� ZLWK UHVSHFW WR [� \LHOGV WKH IROORZLQJ HTXDWLRQV�

����
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����

����
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����

(TV� ��������� PD\ EH YLHZHG DV FRPSOHWHQHVV UHTXLUHPHQWV VWDWHG LQ WHUPV RI WKH VKDSH IXQFWLRQ

GHULYDWLYHV� 6LQFH (TV� ��������� DUH REWDLQHG IURP (TV� ��������� E\ GLIIHUHQWLDWLRQ� VDWLVIDFWLRQ RI

(TV� ��������� ZRXOG DXWRPDWLFDOO\ PHDQ VDWLVIDFWLRQ RI (TV� ��������� ZKLOH WKH FRQYHUVH LV QRW

WUXH� +HQFH� (TV� ��������� UHSUHVHQW D PRUH VWULQJHQW VHW RI FRPSOHWHQHVV UHTXLUHPHQWV WKDQ (TV�

����������

,QFLGHQWDOO\� WKH VROXWLRQ RI (TV� ��������� LPPHGLDWHO\ \LHOGV WKH JOREDO VKDSH IXQFWLRQ GHULYDWLYHV�

1L�[� L�H�� WKH VKDSH IXQFWLRQ GHULYDWLYHV ZLWK UHVSHFW WR [� 1R DGGLWLRQDO PDWUL[ LQYHUVLRQ LV UHTXLUHG

LQ VROYLQJ WKHVH HTXDWLRQV DV WKH OHIW KDQG VLGH LV WKH VDPH DV WKDW RI (TV� ���������� 6LPLODUO\� WKH

GHULYDWLYH ZLWK UHVSHFW WR \� 1L�\ � FDQ DOVR EH FRPSXWHG�

�� 'HPRQVWUDWLYH SUREOHPV

,Q WKLV VHFWLRQ� WKH HIIHFW RI QRQ�VDWLVIDFWLRQ RI WKH DGGLWLRQDO FRPSOHWHQHVV UHTXLUHPHQWV RQ WKH

SHUIRUPDQFH RI WKH HOHPHQW LV GHPRQVWUDWHG IRU D ��QRGH EDU HOHPHQW� DQG �� DQG ��QRGH TXDGULODWHUDO

HOHPHQWV�

���� $ FDQWLOHYHU EDU PRGHOOHG DV D VLQJOH ��QRGH EDU HOHPHQW ZLWK PLG�QRGH GLVWRUWLRQ �

3UREOHP �

$ FDQWLOHYHU EDU XQGHU XQLIRUPO\ GLVWULEXWHG D[LDO ORDG PRGHOOHG E\ D VLQJOH ��QRGH EDU HOHPHQW LV

FRQVLGHUHG �)LJ� ��� 7KH PLG�QRGH� L�H�� QRGH QR� �� LV GHOLEHUDWHO\ SODFHG DZD\ IURP WKH FHQWUH RI

WKH HOHPHQW� 7KH OHQJWK� DUHD RI FURVV VHFWLRQ� DQG <RXQJ©V PRGXOXV RI WKH PDWHULDO DUH WDNHQ DV ���

� DQG ��� UHVSHFWLYHO\� 1R VSHFLILF XQLWV DUH DVVLJQHG WR WKHVH QXPEHUV� &RQVLVWHQW XQLWV PD\ EH

DVVXPHG� 7KH LQWHQVLW\ RI D[LDO SXOO LV WDNHQ DV �� SHU XQLW OHQJWK� $OWKRXJK WKLV LV D WULYLDO SUREOHP
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&RPSOHWHQHVV UHTXLUHPHQWV IRU KLJKHU RUGHU HOHPHQWV ��

WR EH VROYHG E\ WKH ILQLWH HOHPHQW PHWKRG� LW VHUYHV DV D JRRG H[DPSOH WR GHPRQVWUDWH WKH HIIHFW RI

QRQ�VDWLVIDFWLRQ RI WKH DGGLWLRQDO FRQGLWLRQV GLVFXVVHG LQ VHFWLRQ ��

7KH H[DFW GLVSODFHPHQW� X� RI WKH FDQWLOHYHU EDU XQGHU WKH JLYHQ XQLIRUPO\ GLVWULEXWHG WHQVLOH ORDG

LV H[SUHVVHG DV X �[−�[����� ZKLFK LV D TXDGUDWLF SRO\QRPLDO RI WKH IRUP X D��D�[�D�[
�� 7KLV

LQYROYHV WKUHH FRHIILFLHQWV DQG KHQFH ZH PD\ LGHDOO\ ZDQW D ��QRGH HOHPHQW WR VROYH WKLV SUREOHP

H[DFWO\� +RZHYHU� ZKHWKHU RU QRW D ��QRGH HOHPHQW FDQ VROYH WKH SUREOHP H[DFWO\ GHSHQGV RQ WKH

W\SH RI VKDSH IXQFWLRQV HPSOR\HG� )RU WKH TXDGUDWLF GLVSODFHPHQW ILHOG WR EH UHSUHVHQWHG H[DFWO\ E\

WKH ��QRGH HOHPHQW� WKH VKDSH IXQFWLRQV QHHG WR VDWLVI\ WKH IROORZLQJ WKUHH FRQGLWLRQV�

����

����

����

:H QRZ FRQVLGHU WZR GLIIHUHQW IRUPXODWLRQV WR VWXG\ WKH VLJQLILFDQFH RI WKH FRQGLWLRQV ����������

)RUPXODWLRQ �� 6WDQGDUG LVRSDUDPHWULF IRUPXODWLRQ RI D TXDGUDWLF EDU HOHPHQW LV FRQVLGHUHG� 7KH

VKDSH IXQFWLRQV DUH DV IROORZV�

����

����

����

)RUPXODWLRQ �� 7KLV IRUPXODWLRQ LV QHZ� DQG LV EDVHG RQ WKH FRQFHSWV GHYHORSHG LQ WKLV SDSHU�

7KH VKDSH IXQFWLRQV DUH GHULYHG E\ VROYLQJ (TV� ���������� )LUVW� ZH VXEVWLWXWH [ 1�[��1�[��1�[�
�ZKHUH 1�� 1� DQG 1� DUH JLYHQ E\ (TV� ������ RQ WKH ULJKW KDQG VLGH RI (TV� ���������� DQG WKHQ�

VROYH IRU WKH QHZ VKDSH IXQFWLRQV ZKLFK DUH RI WKH IRUP�
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)LJ� � $ FDQWLOHYHU EHDP XQGHU D XQLIRUPO\ GLVWULEXWHG WHQVLOH ORDG PRGHOOHG ZLWK D VLQJOH ��QRGH EDU
HOHPHQW KDYLQJ PLG�QRGH GLVWRUWLRQ
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ZKHUH

����

����

����

����

7KH TXDQWLW\ α� GHILQHG LQ (T� ����� SURYLGHV D PHDVXUH RI PLG�QRGH GLVWRUWLRQ� /HW XV QRZ

LQYHVWLJDWH LI WKH FRQGLWLRQV� (TV� ���������� DUH VDWLVILHG E\ )RUPXODWLRQ �� 8VLQJ (TV� ���������� LW

LV HDV\ WR YHULI\ WKDW WKH ILUVW FRQGLWLRQ �(T� ��� LV VDWLVILHG LGHQWLFDOO\� 7KH VHFRQG FRQGLWLRQ �(T� ���

LV VDWLVILHG LQKHUHQWO\ DV ZH ZLOO EH XVLQJ WKH LVRSDUDPHWULF IRUPXODWLRQ ZLWK (T� ���� LWVHOI DV WKH

LQWHUSRODWLRQ IRUPXOD IRU [� /HW XV QRZ FKHFN WKH WKLUG FRQGLWLRQ �(T� ����

6XEVWLWXWLQJ IRU 1L©V �IURP (TV� ������ LQ (T� ����� [ PD\ EH ZULWWHQ LQ WHUPV RI ξ DV

[ F��F�ξ�F�ξ� ����

ZKHUH FL� L �� �� � DUH FRQVWDQWV� 8VLQJ (T� �����

[� �F��F�ξ�F�ξ��� G��G�ξ�G�ξ��G�ξ��G�ξ� ����

ZKHUH GL� L �� �� �� �� � DUH FRQVWDQWV� 7KXV� WKH H[SUHVVLRQ IRU [
� �(T� ���� DQG KHQFH WKH ULJKW KDQG

VLGH RI (T� ����� LQYROYH ξ� DQG ξ� WHUPV ZKLFK PHDQV WKDW� IRU WKH VDWLVIDFWLRQ RI (T� ����� WKH OHIW

KDQG VLGH RI (T� ���� DOVR PXVW LQYROYH ξ� DQG ξ� WHUPV� +RZHYHU� XVLQJ WKH H[SUHVVLRQ IRU VKDSH

IXQFWLRQV �(TV� ������� WKH OHIW KDQG VLGH RI (T� ���� FDQ EH VKRZQ WR EH D TXDGUDWLF IXQFWLRQ LQ ξ�
7KHUHIRUH� WKH WKLUG FRQGLWLRQ �(T� ��� LV QRW VDWLVILHG LQ JHQHUDO� +RZHYHU� ZKHQ WKH PLG�QRGH LV DW

WKH FHQWUH RI WKH HOHPHQW� WKH UHODWLRQ EHWZHHQ [ DQG ξ LV OLQHDU� LQ ZKLFK FDVH� WKH FRQVWDQW F� LQ

(T� ���� DQG WKH FRQVWDQWV F�� G� DQG G� LQ (T� ���� YDQLVK� +HQFH� IRU WKLV VSHFLDO FDVH� ERWK WKH OHIW

DQG ULJKW KDQG VLGH RI (T� ���� DUH TXDGUDWLF IXQFWLRQV RI ξ� DQG (T� ���� LV VDWLVILHG�
$QRWKHU ZD\ WR FKHFN LI (T� ���� LV VDWLVILHG LV WR UHZULWH (T� ���� LQ WKH IRUP RI D UHVLGXH�

5 ΣL1L[L
�−[�� DQG WKHQ VXEVWLWXWH IRU [ XVLQJ (T� ���� DQG 1L©V XVLQJ (TV� ���������� 7KH UHVXOWLQJ

H[SUHVVLRQ IRU WKH UHVLGXH LV VLPSOLILHG WR \LHOG

����

,W FDQ EH HDVLO\ YHULILHG WKDW WKH UHVLGXH� 5� UHGXFHV WR ]HUR ZKHQ WKH PLG�QRGH LV ORFDWHG DW WKH

FHQWUH RI WKH HOHPHQW� L�H�� [� �[��[�����

)RU )RUPXODWLRQ �� WKH FRQGLWLRQV� (TV� ���������� DUH LQKHUHQWO\ VDWLVILHG ZKDWHYHU WKH SRVLWLRQ RI

WKH PLG�QRGH� DV WKH VKDSH IXQFWLRQV WKHPVHOYHV KDYH EHHQ GHULYHG E\ VROYLQJ (TV� ���������� 7DEOH �
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&RPSOHWHQHVV UHTXLUHPHQWV IRU KLJKHU RUGHU HOHPHQWV ���

VXPPDULVHV RXU REVHUYDWLRQV RQ WKH VDWLVIDFWLRQ�QRQ�VDWLVIDFWLRQ RI (TV� ����������

)RU WKH QXPHULFDO VROXWLRQ RI WKH SUREOHP� FRQVLVWHQW ORDG YHFWRUV DUH XVHG LQ ERWK IRUPXODWLRQV�

7KH VWLIIQHVV PDWUL[ DQG WKH ORDG YHFWRU DUH HYDOXDWHG ZLWK � *DXVV SRLQWV� ZKLFK LV WKH H[DFW

QXPHULFDO LQWHJUDWLRQ IRU ERWK IRUPXODWLRQV� 7KH QXPHULFDO UHVXOWV RI WKLV GHPRQVWUDWLYH SUREOHP DUH

SUHVHQWHG LQ VHFWLRQ ����

���� $ FDQWLOHYHU EHDP XQGHU SXUH EHQGLQJ PRGHOOHG ZLWK RQH �' UHFWDQJXODU HOHPHQW

ZLWK PLG�QRGH GLVWRUWLRQ � 3UREOHP �

$ FDQWLOHYHU EHDP RI VL]H �� × � × � LV VXEMHFW WR D SXUH EHQGLQJ PRPHQW RI ���� XQLWV DSSOLHG DW

WKH IUHH HQG �)LJ� ��� 7KLV SUREOHP LV PRGHOOHG XVLQJ RQH ��QRGH���QRGH UHFWDQJXODU HOHPHQW� 2QH

RI WKH PLG�QRGHV� L�H�� QRGH QR� � �)LJ� ��� LV GHOLEHUDWHO\ SODFHG DZD\ IURP WKH PLG�VLGH SRVLWLRQ�

<RXQJ
V PRGXOXV RI WKH PDWHULDO DQG 3RLVVRQ©V UDWLR DUH WDNHQ DV ���� DQG ����� UHVSHFWLYHO\� 7KUHH

GLIIHUHQW IRUPXODWLRQV DUH FRQVLGHUHG�

)RUPXODWLRQ �� 6WDQGDUG LVRSDUDPHWULF IRUPXODWLRQ RI WKH TXDGUDWLF 6HUHQGLSLW\ HOHPHQW ���QRGH�

LV FRQVLGHUHG� 7KH VKDSH IXQFWLRQV DUH DV IROORZV�

7DEOH � $ VXPPDU\ RI WKH FRPSOHWHQHVV UHTXLUHPHQWV VDWLVILHG E\ )RUPXODWLRQV � DQG �
RI 3UREOHP � XQGHU PLG�QRGH GLVWRUWLRQ

&RPSOHWHQHVV UHTXLUHPHQW )RUPXODWLRQ � )RUPXODWLRQ � �QHZ�

ΣL1L � (T� ���� <HV <HV

ΣL1L[L [ (T� ���� <HV <HV

ΣL1L[L

� [� (T� ���� 1R <HV

)LJ� � $ FDQWLOHYHU EHDP XQGHU D SXUH EHQGLQJ ORDG PRGHOOHG ZLWK RQH SODQH UHFWDQJXODU HOHPHQW ���QRGH�
��QRGH� KDYLQJ PLG�QRGH GLVWRUWLRQ
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)RUPXODWLRQ �� 7KH VKDSH IXQFWLRQV DUH REWDLQHG LQ SULQFLSOH E\ VROYLQJ (TV� ���������� $QDO\WLFDO

VROXWLRQ RI WKHVH HTXDWLRQV ZRXOG \LHOG H[SUHVVLRQV IRU WKH VKDSH IXQFWLRQV WKDW DUH WRR ORQJ WR

KDQGOH� DQG KHQFH LV QRW RI LQWHUHVW� )RU FRPSXWLQJ WKH VWLIIQHVV PDWUL[� LW LV VXIILFLHQW WR FRPSXWH

WKH QXPHULFDO YDOXHV RI VKDSH IXQFWLRQ GHULYDWLYH DW WKH VDPSOLQJ SRLQWV RI QXPHULFDO LQWHJUDWLRQ�

DQG WKHVH YDOXHV DUH GLUHFWO\ REWDLQHG E\ VROYLQJ (TV� ��������� QXPHULFDOO\� 2WKHU GHWDLOV UHJDUGLQJ

WKLV IRUPXODWLRQ DUH JLYHQ LQ $SSHQGL[ $�

)RUPXODWLRQ �� 6WDQGDUG LVRSDUDPHWULF IRUPXODWLRQ RI D ��QRGH /DJUDQJLDQ HOHPHQW LV FRQVLGHUHG�

7KH VKDSH IXQFWLRQV DUH DV IROORZV�

����

����

����

����

����

����

����

����

����

7KH SXUH EHQGLQJ PRPHQW LV VLPXODWHG E\ WZR HTXDO DQG RSSRVLWH IRUFHV RI ���� PDJQLWXGH DV

VKRZQ LQ )LJ� �� ,Q DOO WKH WKUHH IRUPXODWLRQV� WKH VWLIIQHVV PDWUL[ LV HYDOXDWHG E\ WKH QXPHULFDOO\

H[DFW ��SRLQW *DXVVLDQ TXDGUDWXUH�

7KH VROXWLRQ WR D FDQWLOHYHU EHDP XQGHU SXUH EHQGLQJ PRPHQW LQYROYHV D TXDGUDWLF SRO\QRPLDO LQ

[ DQG \� $ TXDGUDWLF GLVSODFHPHQW ILHOG LQ [ DQG \ LQYROYHV VL[ XQNQRZQ FRHIILFLHQWV� YL] D�� D�� D��

D�� D� DQG D� RI (T� ����� DQG E�� E�� E�� E�� E� DQG E� RI (T� ����� $Q ��QRGH HOHPHQW FDQ KDQGOH

HLJKW XQNQRZQ FRHIILFLHQWV� )RU D TXDGUDWLF GLVSODFHPHQW ILHOG WR EH UHSUHVHQWHG H[DFWO\ E\ DQ ��

QRGH UHFWDQJXODU HOHPHQW� WKH FRQGLWLRQV WR EH VDWLVILHG DUH JLYHQ E\ (TV� ���������� ,W LV HDV\ WR

YHULI\ WKDW WKH FRQGLWLRQ� ΣL1L �� LV VDWLVILHG E\ )RUPXODWLRQ �� DOVR WKH FRQGLWLRQV� ΣL1L[L [ DQG

ΣL1L\L \� DUH LQKHUHQWO\ VDWLVILHG EHFDXVH RI WKH LVRSDUDPHWULF IRUPXODWLRQ� 6LPLODUO\� DOO WKHVH WKUHH
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&RPSOHWHQHVV UHTXLUHPHQWV IRU KLJKHU RUGHU HOHPHQWV ���

FRQGLWLRQV DUH DOVR VDWLVILHG E\ )RUPXODWLRQV � DQG �� 7KH UHVW RI WKH FRQGLWLRQV ZHUH WHVWHG XVLQJ

0DWKHPDWLFD VRIWZDUH� 7KH UHVXOWV DUH VXPPDULVHG LQ 7DEOH ��

,W LV VHHQ IURP WKH WDEOH WKDW )RUPXODWLRQ � VDWLVILHV DOO WKH FRQGLWLRQV� DQG )RUPXODWLRQV � DQG �

VDWLVI\ RQO\ WKH ILUVW WKUHH FRQGLWLRQV� 7KH QXPHULFDO UHVXOWV RI DOO WKH WKUHH IRUPXODWLRQV DUH

GLVFXVVHG LQ VHFWLRQ ����

���� $ FDQWLOHYHU EHDP XQGHU SXUH EHQGLQJ PRGHOOHG ZLWK WZR �' HOHPHQWV ZLWK DQJXODU

GLVWRUWLRQ � 3UREOHP �

:H FRQVLGHU WKH VDPH FDQWLOHYHU SUREOHP ZLWK DOO WKH WKUHH HOHPHQW IRUPXODWLRQV DV LQ 3UREOHP ��

+RZHYHU� WZR HOHPHQWV DUH XVHG KHUH DORQJ WKH OHQJWK� DQG WKH DQJXODU GLVWRUWLRQ DV VKRZQ LQ )LJ� �

LV FRQVLGHUHG LQVWHDG RI WKH PLG�QRGH GLVWRUWLRQ� $V LQ 3UREOHP �� LW LV HDV\ WR VKRZ WKDW DOO WKH

WKUHH IRUPXODWLRQV VDWLVI\ RQO\ (TV� ���������� 0DWKHPDWLFD LV DJDLQ XVHG WR WHVW WKH UHVW RI WKH

FRQGLWLRQV� (TV� ���������� 7KH UHVXOWV DUH VXPPDULVHG LQ 7DEOH �� ,W LV VHHQ IURP WKH WDEOH WKDW

)RUPXODWLRQ � VDWLVILHV RQO\ WKH ILUVW WKUHH FRQGLWLRQV� )RUPXODWLRQ � VDWLVILHV DOO WKH FRQGLWLRQV� DQG

)RUPXODWLRQ � VDWLVILHV WKH ILUVW VL[ FRQGLWLRQV�

,W LV VHHQ IURP 7DEOHV � DQG � WKDW )RUPXODWLRQ � VDWLVILHV DOO WKH FRPSOHWHQHVV UHTXLUHPHQWV�

+RZHYHU� LW LV HDV\ WR YHULI\ WKDW LW GRHV QRW VDWLVI\ WKH LQWHU�HOHPHQW FRPSDWLELOLW\� )RUPXODWLRQ ��

7DEOH � $ VXPPDU\ RI WKH FRPSOHWHQHVV UHTXLUHPHQWV VDWLVILHG E\ )RUPXODWLRQV �� � DQG � RI 3UREOHP �
XQGHU PLG�QRGH GLVWRUWLRQ

&RPSOHWHQHVV UHTXLUHPHQW
)RUPXODWLRQ �

���QRGH ¨6HUHQGLSLW\©�
)RUPXODWLRQ �

�QHZ�
)RUPXODWLRQ �

���QRGH /DJUDQJLDQ�

ΣL1L � (T� ���� <HV <HV <HV

ΣL1L[L [ (T� ���� <HV <HV <HV

ΣL1L\L \ (T� ���� <HV <HV <HV

ΣL1L[L

� [� (T� ���� 1R <HV 1R

ΣL1L[L\L [\ (T� ���� 1R <HV 1R

ΣL1L\L

� \� (T� ���� 1R <HV 1R

ΣL1L[L

�\L [
�\ (T� ���� 1R <HV 1R

ΣL1L[L\L

� [\� (T� ���� 1R <HV 1R

)LJ� � $ FDQWLOHYHU EHDP XQGHU D SXUH EHQGLQJ ORDG PRGHOOHG ZLWK WZR SODQH UHFWDQJXODU HOHPHQWV ���QRGH�
��QRGH� KDYLQJ DQJXODU GLVWRUWLRQ
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KRZHYHU� VDWLVILHV WKH LQWHU�HOHPHQW FRPSDWLELOLW\� EXW RQO\ WKH ILUVW WKUHH FRPSOHWHQHVV UHTXLUHPHQWV�

)RUPXODWLRQ � VDWLVILHV WKH LQWHU�HOHPHQW FRPSDWLELOLW\ DQG WKH ILUVW VL[ FRPSOHWHQHVV UHTXLUHPHQWV�

YL]� (TV� ��������� ZKLFK DUH MXVW UHTXLUHG WR FDSWXUH H[DFWO\ WKH TXDGUDWLF GLVSODFHPHQW RI WKH

SUREOHP� 7KH QXPHULFDO UHVXOWV RI WKH SUREOHP DUH SUHVHQWHG LQ VHFWLRQ ����

�� 'LVFXVVLRQ RI QXPHULFDO UHVXOWV

���� 5HVXOWV IRU 3UREOHP �

7KH GLVSODFHPHQW YDOXHV FRPSXWHG E\ WKH WZR IRUPXODWLRQV DUH SORWWHG LQ )LJ� �� 7KH IROORZLQJ

DUH WKH PDLQ REVHUYDWLRQV�

�� )RUPXODWLRQ � JLYHV H[DFW GLVSODFHPHQWV DW HYHU\ SRLQW LQ WKH HOHPHQW ZKDWHYHU WKH SRVLWLRQ RI

7DEOH � $ VXPPDU\ RI WKH FRPSOHWHQHVV UHTXLUHPHQWV VDWLVILHG E\ )RUPXODWLRQV �� � DQG � RI 3UREOHP �
XQGHU DQJXODU GLVWRUWLRQ

&RPSOHWHQHVV UHTXLUHPHQW
)RUPXODWLRQ �

���QRGH ¨6HUHQGLSLW\©�
)RUPXODWLRQ �

�QHZ�
)RUPXODWLRQ �

���QRGH /DJUDQJLDQ�

ΣL1L � (T� ���� <HV <HV <HV

ΣL1L[L [ (T� ���� <HV <HV <HV

ΣL1L\L \ (T� ���� <HV <HV <HV

ΣL1L[L
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&RPSOHWHQHVV UHTXLUHPHQWV IRU KLJKHU RUGHU HOHPHQWV ���

PLG�QRGH�

�� )RUPXODWLRQ � JLYHV H[DFW GLVSODFHPHQWV DW HYHU\ SRLQW LQ WKH HOHPHQW IRU [� �� L�H�� RQO\ ZKHQ

WKH PLG�QRGH LV DW WKH FHQWUH RI WKH HOHPHQW�

�� )RU RWKHU YDOXHV RI [�� )RUPXODWLRQ � JHQHUDOO\ JLYHV LQDFFXUDWH GLVSODFHPHQW GLVWULEXWLRQ� +RZ�

HYHU� DW WKH HQG QRGHV LW VWLOO JLYHV WKH H[DFW UHVXOWV� 7KH HUURU LQ WKH GLVSODFHPHQW RI WKH PLG�

QRGH IRU W\SLFDO PLG�QRGH SRVLWLRQV LV VKRZQ LQ 7DEOH ��

7KH SRRUHU SHUIRUPDQFH RI )RUPXODWLRQ � LV D GLUHFW FRQVHTXHQFH RI QRQ�VDWLVIDFWLRQ RI WKH

FRPSOHWHQHVV UHTXLUHPHQW JLYHQ E\ (T� ����� ,Q RUGHU WR SURYH WKLV IDFW� DQ HUURU PRGHO LV GHYHORSHG

QRZ� /HW XV VWDUW ZLWK WKH HUURU� (� LQWURGXFHG E\ QRQ�VDWLVIDFWLRQ RI (T� �����

����

7KH HUURU LQ WKH VKDSH IXQFWLRQV� ∆1L� LV JLYHQ E\ WKH VROXWLRQ RI WKH VLPXOWDQHRXV HTXDWLRQV�

����

����

����

/HW

0L 1L�∆1L ����

8VLQJ WKH VKDSH IXQFWLRQV� 0L� WKH VWLIIQHVV PDWUL[ DQG ORDG YHFWRU DUH GHULYHG LQ WKH XVXDO PDQQHU�

7KH HTXDWLRQV IRU WKH HOHPHQW PD\ EH ZULWWHQ LQ WKH IRUP

�.�∆.��X�∆X� 3�∆3 ����

ZKHUH .� X DQG 3 DUH WKH H[DFW VWLIIQHVV PDWUL[� GLVSODFHPHQW YHFWRU DQG ORDG YHFWRU� UHVSHFWLYHO\�

DQG ∆.� ∆X DQG ∆3 DUH WKH FRUUHVSRQGLQJ TXDQWLWLHV GXH WR WKH HUURU LQ VKDSH IXQFWLRQV�

(T� ���� LV UH�ZULWWHQ DV
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��� 6� 5DMHQGUDQ DQG .�0� /LHZ

$IWHU VLPSOLI\LQJ WKH H[SUHVVLRQV IRU ∆X DQG X� WKH H[SUHVVLRQ IRU WKH HUURU LQ WKH GLVSODFHPHQW RI

WKH PLG�QRGH LV REWDLQHG DV

����

ZKHUH α LV GHILQHG LQ (T� ����� ,W LV HDV\ WR YHULI\ WKDW (T� ���� H[DFWO\ SUHGLFWV WKH HUURUV VKRZQ LQ

7DEOH �� 7KLV SURYHV WKDW WKH HUURU LQ WKH ILQLWH HOHPHQW VROXWLRQ ZLWK )RUPXODWLRQ � LV HQWLUHO\ GXH

WR QRQ�VDWLVIDFWLRQ RI WKH FRPSOHWHQHVV UHTXLUHPHQW� (T� �����

)LJ� � VKRZV WKH SORW RI VWUDLQ GLVWULEXWLRQ DORQJ WKH OHQJWK RI WKH HOHPHQW� ,W LV VHHQ IURP )LJ� �

WKDW WKH GLVWULEXWLRQ LV OLQHDU �DV LW VKRXOG EH EDVHG RQ DQ H[DFW VROXWLRQ� IRU )RUPXODWLRQ �

UHJDUGOHVV RI WKH SRVLWLRQ RI PLG�QRGH LQ WKH UDQJH� �� [�� ��� )RU )RUPXODWLRQ �� WKH GLVWULEXWLRQ

LV JHQHUDOO\ QRQOLQHDU H[FHSW IRU WKH FDVH RI [� ��

���� 5HVXOWV RI 3UREOHP �

7KH UHVXOWV IRU 3UREOHP QR�� DUH VKRZQ LQ 7DEOHV � DQG � ZKLFK GHPRQVWUDWH WKH HIIHFW RI PLG�

∆X�

X�

��������� 
� � �α–( )�

��α α �–( )
����������������������������

)LJ� � &RPSXWHG VWUDLQ YDOXHV� ε�[�� IRU )RUPXODWLRQV � DQG � RI 3UREOHP � ��� � ([DFW VROXWLRQ�
)RUPXODWLRQ � IRU [� �� )RUPXODWLRQ � IRU DQ\ [�� ��[����� ������ � )RUPXODWLRQ � IRU [� �� −�−�−�
)RUPXODWLRQ � IRU [� ��

7DEOH � &RPSXWHG YHUWLFDO GLVSODFHPHQW DW QRGH QR�� �)LJ� �� IRU 3UREOHP �

0LG�QRGH
RII�VHW� δ

)RUPXODWLRQ �
���QRGH ¨6HUHQGLSLW\©�

)RUPXODWLRQ �
�QHZ�

)RUPXODWLRQ �
���QRGH /DJUDQJLDQ�
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&RPSOHWHQHVV UHTXLUHPHQWV IRU KLJKHU RUGHU HOHPHQWV ���

QRGH GLVWRUWLRQ IRU WKH WKUHH IRUPXODWLRQV�

,W LV VHHQ IURP 7DEOHV � DQG � WKDW )RUPXODWLRQ � JLYHV H[DFW GLVSODFHPHQW DQG VWUHVV YDOXHV

UHJDUGOHVV RI WKH SRVLWLRQ RI WKH PLG�QRGH� )RUPXODWLRQV � DQG � JLYH H[DFW YDOXHV RQO\ ZKHQ δ  ��
L�H�� IRU WKH FDVH RI QR PLG�QRGH GLVWRUWLRQ� DQG IRU δ ≠ �� WKH FRPSXWHG YDOXHV LQYROYH ODUJH HUURUV�

7KXV� )RUPXODWLRQV � DQG � DUH VHQVLWLYH WR PLG�QRGH GLVWRUWLRQ ZKHUHDV )RUPXODWLRQ � LV QRW� 7KH

UHDVRQ IRU WKH GLVWRUWLRQ LQVHQVLWLYLW\ RI )RUPXODWLRQ � LV WKDW LW VDWLVILHV �VHH 7DEOH �� DOO WKH

QHFHVVDU\ FRPSOHWHQHVV UHTXLUHPHQWV� L�H�� (TV� ��������� IRU WKH TXDGUDWLF GLVSODFHPHQW ILHOG XQGHU

FRQVLGHUDWLRQ�

���� 5HVXOWV IRU 3UREOHP �

7KH HIIHFW RI DQJXODU GLVWRUWLRQ RQ WKH WLS GHIOHFWLRQ LV VWXGLHG LQ WKLV SUREOHP� 7KH GLVWRUWLRQ LV

LQWURGXFHG E\ YDU\LQJ WKH [�FRRUGLQDWH RI QRGHV � DQG � �)LJ� �� E\ HTXDO GLVWDQFHV �δ � LQ RSSRVLWH
GLUHFWLRQV� :KLOH GRLQJ VR� WKH PLG�QRGHV DUH DOZD\V NHSW DW WKH FHQWUH RI WKH FRUUHVSRQGLQJ VLGHV�

7KH GLVSODFHPHQW DQG VWUHVV YDOXHV DW W\SLFDO SRLQWV DUH VKRZQ LQ 7DEOHV � DQG �� UHVSHFWLYHO\� IRU

DOO WKH WKUHH IRUPXODWLRQV� 7KH QXPHULFDO LQWHJUDWLRQ RI WKH VWLIIQHVV PDWUL[ ZDV FDUULHG RXW ZLWK �[�

*DXVVLDQ TXDGUDWXUH� ,W LV VHHQ IURP 7DEOHV � DQG � WKDW )RUPXODWLRQV � DQG � DUH VHQVLWLYH WR

DQJXODU GLVWRUWLRQ ZKHUHDV )RUPXODWLRQ � LV QRW� )RUPXODWLRQV � DQG � H[KLELW VHQVLWLYLW\ WR DQJXODU

GLVWRUWLRQ IRU GLIIHUHQW UHDVRQV� 8QGHU DQJXODU�GLVWRUWHG JHRPHWU\� )RUPXODWLRQ � VDWLVILHV LQWHU�

HOHPHQW FRPSDWLELOLW\ EXW QRW DOO WKH QHFHVVDU\ FRPSOHWHQHVV UHTXLUHPHQWV� L�H�� (TV� ��������� IRU

UHSUHVHQWLQJ WKH TXDGUDWLF GLVSODFHPHQW ILHOG RI WKH SUREOHP �VHH 7DEOH ��� 2Q WKH RWKHU KDQG�

)RUPXODWLRQ � VDWLVILHV DOO WKH FRPSOHWHQHVV UHTXLUHPHQWV� EXW QRW WKH LQWHU�HOHPHQW FRPSDWLELOLW\�

+RZHYHU� )RUPXODWLRQ � VDWLVILHV DOO WKH QHFHVVDU\ FRPSOHWHQHVV UHTXLUHPHQWV� L�H�� (TV� ����������

7DEOH � &RPSXWHG σ[[ VWUHVV PDJQLWXGH DW QRGH QR� � �)LJ� �� IRU 3UREOHP �

0LG�QRGH
RII�VHW� δ

)RUPXODWLRQ �
���QRGH ¨6HUHQGLSLW\©�

)RUPXODWLRQ �
�QHZ�

)RUPXODWLRQ �
���QRGH /DJUDQJLDQ�
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7DEOH � &RPSXWHG YHUWLFDO GLVSODFHPHQW RI QRGH QR� �� �)LJ� �� IRU 3UREOHP �

0LG�QRGH
RII�VHW� δ

)RUPXODWLRQ �
���QRGH ¨6HUHQGLSLW\©�

)RUPXODWLRQ �
�QHZ�

)RUPXODWLRQ �
���QRGH /DJUDQJLDQ�
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��� 6� 5DMHQGUDQ DQG .�0� /LHZ

DV ZHOO DV WKH LQWHU�HOHPHQW FRPSDWLELOLW\ UHTXLUHPHQW XQGHU DQJXODU�GLVWRUWHG JHRPHWULHV� DQG

KHQFH� WKLV HOHPHQW LV GLVWRUWLRQ�LQVHQVLWLYH IRU WKH TXDGUDWLF GLVSODFHPHQW ILHOG�

,W LV VHHQ WKDW )RUPXODWLRQ � UHVXOWHG LQ H[DFW GLVSODFHPHQWV IRU 3UREOHP � �VHH 7DEOHV � DQG ��

DQG QRW IRU SUREOHP � �VHH 7DEOHV � DQG ��� 7KLV LV EHFDXVH RI WKH IDFW WKDW LQ 3UREOHP � WKH

HOHPHQW JHRPHWU\ LV UHFWDQJXODU DOWKRXJK LW KDV PLG�QRGH GLVWRUWLRQ� )RU UHFWDQJXODU JHRPHWULHV� WKH

VKDSH IXQFWLRQV RI )RUPXODWLRQ � VDWLVI\ LQWHU�HOHPHQW FRPSDWLELOLW\ UHTXLUHPHQWV LQ DGGLWLRQ WR DOO

WKH FRPSOHWHQHVV UHTXLUHPHQWV�

,W LV ZHOO NQRZQ LQ WKH OLWHUDWXUH �H�J�� /HH DQG %DWKH ����� WKDW XQGHU GLVWRUWHG JHRPHWU\� WKH

PD[LPXP RUGHU RI SRO\QRPLDO XS WR ZKLFK DQ HOHPHQW FDQ SUHVHUYH FRPSOHWHQHVV JHQHUDOO\

GHFUHDVHV� DQG WKH /DJUDQJLDQ HOHPHQWV DUH EHWWHU WKDQ 6HUHQGLSLW\ LQ WKLV UHVSHFW� ,Q WKLV SDSHU� WKH

SUREOHP RI GHJHQHUDWLRQ RI WKH FRPSOHWHQHVV KDV EHHQ ORRNHG DW IURP D GLIIHUHQW SHUVSHFWLYH� 7KH

FRQGLWLRQV �(T� ��� WKDW WKH HOHPHQW VKDSH IXQFWLRQV QHHG WR VDWLVI\ LQ RUGHU WR SUHVHUYH WKH RULJLQDO

FRPSOHWHQHVV RI WKH XQGLVWRUWHG HOHPHQW KDYH EHHQ SUHVHQWHG� )XUWKHU� WKHVH FRQGLWLRQV KDYH DOVR

EHHQ H[SORLWHG VXFFHVVIXOO\ WR GHYHORS D GLVWRUWLRQ LQVHQVLWLYH ��QRGH EDU HOHPHQW� DQG DQ ��QRGH

UHFWDQJXODU HOHPHQW WKDW LV LQVHQVLWLYH WR PLG�QRGH GLVWRUWLRQ�

�� &RQFOXVLRQV

$Q DOWHUQDWLYH LQWHUSUHWDWLRQ RI WKH FRPSOHWHQHVV UHTXLUHPHQWV RI KLJKHU RUGHU &� HOHPHQWV LV

SUHVHQWHG LQ WHUPV RI FHUWDLQ FRQGLWLRQV WR EH VDWLVILHG E\ WKH VKDSH IXQFWLRQV� 7KHVH FRQGLWLRQV DUH

RI WKH IRUP�

����

ZKHUH Q LV WKH QXPEHU RI QRGHV LQ WKH HOHPHQW� DQG [S\T]U LV D W\SLFDO PRQRPLDO WHUP LQ WKH

SRO\QRPLDO GLVSODFHPHQW PRGHO� $OO WKHVH FRQGLWLRQV DUH XVXDOO\ VDWLVILHG E\ WKH H[LVWLQJ HOHPHQWV

LQ WKHLU XQGLVWRUWHG JHRPHWU\� +RZHYHU� XQGHU JHRPHWULF GLVWRUWLRQV� QRW DOO WKH FRQGLWLRQV DUH

VDWLVILHG� 7KH VLJQLILFDQFH RI QRQ�VDWLVIDFWLRQ WKHVH FRQGLWLRQV KDV EHHQ LQYHVWLJDWHG IRU WKUHH W\SLFDO

HOHPHQWV� 7KH IROORZLQJ DUH VRPH RI WKH LPSRUWDQW REVHUYDWLRQV�

�� 1RQ�VDWLVIDFWLRQ RI WKHVH FRQGLWLRQV OHDGV WR SRRUHU SHUIRUPDQFH XQGHU JHRPHWULF GLVWRUWLRQV RI

WKH HOHPHQW� )RU D ��QRGH EDU HOHPHQW �)RUPXODWLRQ � RI 3UREOHP ��� DQ HUURU PRGHO �(T� ���

IRU WKH PLG�QRGH GLVSODFHPHQW KDV EHHQ GHULYHG EDVHG RQ WKH UHVLGXH RI WKDW FRQGLWLRQ �(T� ���

ZKLFK LV QRW VDWLVILHG�
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&RPSOHWHQHVV UHTXLUHPHQWV IRU KLJKHU RUGHU HOHPHQWV ���

�� $ ��QRGH EDU HOHPHQW WKDW LV LQVHQVLWLYH WR PLG�QRGH GLVWRUWLRQ KDV EHHQ GHYHORSHG E\ VROYLQJ

WKH VHW RI HTXDWLRQV UHSUHVHQWLQJ WKH QHFHVVDU\ FRPSOHWHQHVV UHTXLUHPHQW RI WKH SUREOHP JLYHQ

E\ (T� ����� 7KLV DSSURDFK FDQ EH GLUHFWO\ H[WHQGHG WR DQ\ KLJKHU RUGHU EDU HOHPHQW�

�� ([WHQVLRQ RI WKH DERYH PHWKRG WR GHYHORS GLVWRUWLRQ�LQVHQVLWLYH ��' HOHPHQWV LV PRUH FKDOOHQJ�

LQJ� )RU H[DPSOH� VXFK DQ ��QRGH TXDGULODWHUDO HOHPHQW ZRUNV ZHOO RQO\ IRU PLG�QRGH GLVWRU�

WLRQV �3UREOHP �� DQG QRW IRU DQJXODU GLVWRUWLRQV �3UREOHP ��� 7KLV LV EHFDXVH WKH VKDSH

IXQFWLRQV WKXV GHULYHG GR QRW VDWLVI\ WKH LQWHU�HOHPHQW FRPSDWLELOLW\ XQGHU DQJXODU GLVWRUWLRQV�

�� 7KH VKDSH IXQFWLRQV RI WKH ��QRGH /DJUDQJLDQ HOHPHQW IRU 3UREOHP � VDWLVI\� LQ DGGLWLRQ WR

VDWLVI\LQJ LQWHU�HOHPHQW FRPSDWLELOLW\ DFURVV WKH HOHPHQW ERXQGDULHV� DOO WKH QHFHVVDU\ FRPSOHWH�

QHVV UHTXLUHPHQWV XQGHU DQJXODU GLVWRUWLRQV� DQG KHQFH WKH HOHPHQW©V LQVHQVLWLYLW\ WR DQJXODU

GLVWRUWLRQV�

5HIHUHQFHV

%DWKH� .�-� ������� )LQLWH (OHPHQW 3URFHGXUHV� 3UHQWLFH +DOO� 1HZ -HUVH\�
,URQV� %�0� DQG 5D]]DTXH� $� ������� ¦([SHULHQFH ZLWK WKH SDWFK WHVW IRU FRQYHUJHQFH RI ILQLWH HOHPHQW
PHWKRGV§� 0DWK� )RXQGDWLRQV RI WKH )LQLWH (OHPHQW 0HWKRG� (G� $�.� $]L]� $FDGHPLF 3UHVV� ��������

/HH� 1��6� DQG %DWKH� .��-� ������� ¦(IIHFWV RI HOHPHQW GLVWRUWLRQV RQ WKH SHUIRUPDQFH RI LVRSDUDPHWULF
HOHPHQWV§� ,QW� -� 1XP� 0HWK� (QJ�� ��� ����������

3UDWKDS� *� ������ 7KH )LQLWH (OHPHQW 0HWKRG LQ 6WUXFWXUDO 0HFKDQLFV� .OXZHU $FDGHPLF 3UHVV� 'RUGUHFKW�
7D\ORU� (�/�� %HUHVIRUG� 3�-� DQG :LOVRQ� (�/� ������� ¦$ QRQ�FRQIRUPLQJ HOHPHQW IRU VWUHVV DQDO\VLV§� ,QW� -�

1XP� 0HWK� (QJ�� ��� ����������
7D\ORU� 5�/�� 6LPR� -�&�� =LHQNLHZLF]� 2�&� DQG &KDQ� $�&�+� ������� ¦7KH SDWFK WHVW � $ FRQGLWLRQ IRU DVVHVVLQJ
)(0 FRQYHUJHQFH§� ,QW� -� 1XP� 0HWK� (QJ�� ��� ������

:LOVRQ� (�/�� 7D\ORU� 5�/�� 'RKHUW\� :� DQG *KDERXVVL� -� ������� ¦,QFRPSDWLEOH GLVSODFHPHQW PRGHOV§�
1XPHULFDO DQG &RPSXWHU 0HWKRGV LQ 6WUXFWXUDO 0HFKDQLFV� (GV� 6�-� )HQYHV� 1� 3HUURQH� -� 5RELQVRQ� DQG
:�&� 6FKQREULFK� $FDGHPLF 3UHVV� ,QF�� 1HZ <RUN�

=LHQNLHZLF]� 2�&� ������� 7KH )LQLWH (OHPHQW 0HWKRG� �UG (G�� 0F*UDZ�+LOO� 1HZ <RUN�

$SSHQGL[ $

)RUPXODWLRQ RI WKH ��QRGH SODQH HOHPHQW WKDW VDWLVILHV DOO WKH FRPSOHWHQHVV UHTXLUHPHQWV

7KH VWDUWLQJ SRLQW IRU WKLV IRUPXODWLRQ LV WKH VHW RI FRPSOHWHQHVV FRQGLWLRQV UHSUHVHQWHG E\ (T� ����� )RU
FRQYHQLHQFH ZH GHQRWH WKHVH FRQGLWLRQV LQ WKH IRUP�
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��� 6� 5DMHQGUDQ DQG .�0� /LHZ

DQG WKH VXEVFULSW L ��� L��� UHIHUV WR D W\SLFDO QRGH QXPEHU� 7KH VKDSH IXQFWLRQV� 1L� DUH REWDLQHG LQ SULQFL�
SOH E\ VROYLQJ (T� �����

����

7KH VWUDLQ�GLVSODFHPHQW PDWUL[� %� LV REWDLQHG DV�

����

ZKHUH WKH VXEVFULSWV [ DQG \ UHIHU WR GHULYDWLYHV ZLWK UHVSHFW WR [ DQG \� UHVSHFWLYHO\� 7KH VWLIIQHVV PDWUL[� .�
LV REWDLQHG DV�

����

7KH H[SUHVVLRQ IRU % DQG KHQFH . LQ (T� ���� LQYROYHV WKH JOREDO FRRUGLQDWHV� [ DQG \� ,Q RUGHU WR IDFLOLWDWH
WKH QXPHULFDO LQWHJUDWLRQ RI (T� ����� [ DQG \ DUH H[SUHVVHG LQ WHUPV RI WKH ORFDO FRRUGLQDWHV ξ DQG η XVLQJ
WKH VKDSH IXQFWLRQV JLYHQ E\ (TV� ���� DQG ����� LQ ZKLFK FDVH� (T� ���� WDNHV WKH IRUP�

����

ZKHUH - LV WKH -DFRELDQ PDWUL[ DQG W LV WKH WKLFNQHVV RI WKH HOHPHQW� *DXVVLDQ �×� LQWHJUDWLRQ UXOH LV XVHG WR
LQWHJUDWH (T� �����
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