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Curved-quartic-function elements with end-springs
In series for direct analysis of steel frames
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Abstract. Arobust element is essential for successful design of steel frames with Direct analysis (DA) method. To this end, an
innovative and efficient curved-quartic-function (CQF) beam-column element using the fourth-order polynomial shape function
with end-springs in series is proposed for practical applications of DA. The member initial imperfection is explicitly integrated
into the element formulation, and, therefore, the P-¢ effect can be directly captured in the analysis. The series of zero-length
springs are placed at the element ends to model the effects of semi-rigid joints and material yielding. One-element-per-member
model is adopted for design bringing considerable savings in computer expense. The incremental secant stiffness method
allowing for large deflections is used to describe the kinematic motion. Finally, several problems are studied in this paper for
examining and validating the accuracy of the present formulations. The proposed element is believed to make DA simpler to use
than existing elements, which is essential for its successful and widespread adoption by engineers.
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1. Introduction

Direct analysis (DA) is the new and codified approach
to the design of steel structures. The vital factors, e.g.,
initial imperfections, residual stress, flexible joints, material
yielding, etc., relating to the stability are comprehensively
considered in a direct and simple manner. This method has
become the preferred design method for steel structures as
recommended in the modern design codes, such as
Eurocode 3 (2005), CoPSC (2011) and ANSI/AISC360-16
(2016) and so on.

The basic difference between DA and the conventional
effective length method is that DA checks and designs
structures and members by directly inspecting the member
internal forces with the explicitly modeling of
imperfections. Naturally, reliable and robust beam-column
elements and numerical incremental-iterative schemes are
essential for successful implementation of DA to practical
design.

In the past decades, some researchers proposed several
sophisticated elements for the use of DA. For examples,
Liew et al. (1993a, b) proposed an efficient element using
refined plastic hinge method for inelastic analysis of steel
members. Chan and Zhou (1994, 1995) formulated an
advanced element with the 5"-order shape function and
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initial imperfections for the robust second-order design of
members. Later, Gu and Chan (2005) developed an initially
curved stability-function element for simulating ultra-
slender members under large axial loads. Recently, Liu et
al. (20144, b) proposed a beam-column element with an
arbitrarily-located hinge aiming for capturing the inelastic
behaviors of members.

Imperfections existing in structures affect the stability
and strength of the system and member. The effects of the
initial imperfections must be considered in a successful
design according to Chan and Zhou (1994), lu (2016a), Cai
et al. (2017), Gao et al. (2017) and Yang et al. (2018). To
efficiently model the member initial out-of-plumbness, the
one-element-per-member model is recommended by Liu et
al. (2014a, b), who claim it is necessary for practical uses of
DA. The beam-column element should be capable of
simulating a member with only one element in
geometrically nonlinear problems. Therefore, a new beam-
column element with the quartic shape function and the
initial curve is proposed in this paper for robust and
efficient use of DA for practical design.

Joint rigidity significantly affects member deformation,
structural deflection, and force distribution, as reported by
Bayat and Zahrai (2016), Artar and Daloglu (2015)
Torbaghan (Torbaghan et al. 2018) and Zohra (Zohra and
Abd Nacer 2018). In the conventional design, the member
connections are ideally assumed to be perfectly rigid or
pinned for simplicity in the analysis, and the tedious
detailing work on joints is required to satisfy these
assumptions. Under the concept of DA, the member end’s
flexible behaviors should be directly modeled in the
analysis to reflect the actual structural response. Zero-length
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connection elements are added to the element ends to model
semi-rigid joints in the present study. This is the most
effective integration method extensively adopted by
researchers, such as Liew et al. (1993a, b, 2000), Chan and
Zhou (1994), Kim and Choi (2001), Chiorean (2009 and
2017), Thai and Kim (2015) and Nguyen and Kim (2013,
2016).

Material yielding affects the member deflection and
overall stability of a frame (Zhang et al. 2014, 2016, Saritas
and Koseoglu 2015, White et al. 2016, Ziemian and Abreu
2018), which should be properly reflected in the DA. In this
paper, the lumped plasticity model is introduced for an
efficient simulation. Dimensionless springs are inserted at
the element ends to reflect the sectional plasticity in a
concentrated manner, which is treated as the practical
solution for the inelastic design of steel frames as reported
by Liu et al. (2014a). Several researchers have adopted this
algorithm for their studies, such as King et al. (1992),
White (1993), Liew et al. (19933, b), lu (2016b), Hoang et
al. (2015), Lezgy-Nazargah (Lezgy-Nazargah and Kafi
2015), Thai et al. (2017), Alhasawi et al. (2017) and Farahi
and Erfani (2017) and so on. Therefore, effects of material
yielding and semi-rigid joints are simulated by pseudo-
springs. To combine their effects, the zero-length springs
elements are linked together to form a springs-in-series
model as proposed by Yau and Chan (1994), which is
employed in the present study.

In this paper, the derivations on element secant relations
and tangent stiffness matrixes are detailed. To consider
joints semi-rigid behavior and the lumped plasticity, the
zero-length pseudo-spring elements are incorporating into
the proposed element formulations. A springs-in-series
model is introduced to combine the effects of semi-rigid
joints and material yielding. The incremental secant
stiffness method is employed to facilitate the moderately
large deflections during the numerical procedure. At the end
of this paper, several benchmarking examples are employed
for the validation and verification of the proposed beam-
column element formulations.

2. Assumptions

In the element derivations, small strains are assumed
and, however, deflections can be moderately large. The
Euler-Bernoulli hypothesis is employed to assume the strain
remains plane and linearly distributed across the section.
The internal DOFs in the element formulations are used for
capturing the P-¢ deformations, and the loads are only
applied to the external nodes. Semi-rigid joints are
modelled by zero-length springs of equivalent stiffness.
Material yielding along the member is concentrated at the
element ends, and simulated by plastic hinge springs. Shear
and warping deformations are ignored.

3. Element formulations

3.1 Imperfect single columns with idealized
boundary conditions
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Fig. 1 Forces vs. deflections of the quartic-function element

A parabolic equation is assumed for the member
imperfection as

Voy (X) = Vi, [1-(2x/ 1) ]

1
Vo, (X) = Vo, [1—(2x/L)} @
in which vy, and vy, are the magnitudes of the
imperfections at the middle of the element.
The lateral deflection v of the element is assumed to be
the quartic shape function as below

v(x)=a, +a,x+a,x* +a,x’ +a,x* 2)
where, a, to a, is the coefficients in the shape function.
Boundary conditions are applied to the quartic shape

function, as indicated in Fig. 1, which are given as

dv

1
when x=-=-L v=0 —=4 1
> ol (1)
1 dv
when x=+=-L v=0 —=0. 1
> 2 1)
when x=0 v=9¢ (1)

in which, L is the element length; 6, & 6, are the rotational
angles at the ends; and ¢ is the deflection at the mid-span,
which is the internal degree-of-freedom aiming to simulate
the P-¢ effect only.

By solving the above boundary conditions, the shape
function can be rewritten as

v(x)={N}H{u}’ ®)
where, {N} is the vector of parameters in the shape function

for the lateral deformations, where the parameters; and {u}
is the vector of DOFs. They are expressing as
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(L—2x)" x(L+2x)
- Tk
(L -ax)
L4
(L—2x)x(L+2x)*
- Nk

up=16 ¢ 6,} (8)

For the spatial analysis, the element shape functions at
the two principle axes can be given as

v, (0)={N}{a, ¢, sz}T )
v,(x)={NHo, 5 6]

The shape functions for axial and torsional deformations
are assumed to be linearly interpolated.

u(x)_e(; Ej
t(x)= Q(%+%j

where, e and 6, are the axial and torsional deformations
along with the member, respectively.

(10)

3.2 Bowing effects

The member bowing due to deformations of the lateral
deflections are derived as

oyTy 0z'z

1
= 2V d+f 2 d
IV + 2V, V XZ{(V+VV)X

 2V,0,( 325, +L(0,, -0, )| 2v,,,[325,+L(6, -6,,)

- [ 151 } i [ 151 ]

5125,% ~16L3, (0, —0,, ) + L*(80,,> +50,,0,, +80,,7)
210L
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210L

(11)

+

+

3.3 Potential energy function

Shear strain energy is purposely ignored and the total
potential energy can be generated and given as

u-1 [EAd?dx i1 [E1,0,7dx+ EjElZ\'/fdx o2 [Gat?dx
2 L 2 L 2 L 2 L
. L (12)
+2'[P(v + 2V, dx+5‘[P (v,” + 29,9, )dx

where, EA is the axial rigidity; El, and El, are the bending
stiffness about two principle axes; GJ is the rigidity in
torsion.

3.4 Secant relations

The equilibrium conditions are established
computed as
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3.5 Tangent stiffness matrixes

Tangent stiffness matrixes are calculated by the second
variation of the Eq. (12) for predicting the increased
displacement to an applied force vector in the incremental-
iterative numerical procedure.

I =

2
o1 5ui5uj = E.FEG_P 5ui5uj (21)
ou;ou; ou; dPau;

where, i, j are taken from 1 to 8; f; is the force vector; u; is
the displacement vector. Re-arranging, the tangent stiffness
of the element is re-written as

[k, =[], +[k]; (22)
where, [K]. is the linear elastic stiffness matrix; and [K]g is

the geometric matrix for considering second-order effects.
They are expressed as
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in which, the expressions for the factors in [K]g are given as
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3.6 Static condensation algorithm for stiffness
matrix

To be compatible for the conventional computer
program using the cubic Hermite elements and for
computational efficiency, the internal DOFs of the proposed
element are condensed by the static condensation algorithm.
The DOFs and the corresponding forces can be expressed as

wi={s, s} (52)
{ue} = {e 911y ellz 9>( eZZy 9222 }T (53)

T
{f}:{P Mlly My, M M22y Mzzz} (54)

X

Herein, [K]” is the condensed stiffness matrix and {f} is
the force vector at the external nodes, and they are given as

[KT {u.}={f} (55)

where
KT =[K]. ~[k], [k], " [K]. (56)

in which, [K]e. and [K];i are the stiffness matrixes at the
external and internal nodes, respectively; and [K]i is the
correlated stiffness matrixes between the external and
internal nodes.

To reduce the computational expense on matrix inverse,
the [k]i* is derived and given as below

-1 1 1 2
[kii] = ;{2 ﬁ :| (57)
where

35280EI, +840L°P

=11025L° 58
& [+EA(56vmoz +645, +L(-0, + 922))2] (58)
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4. Spring-in-series model

To consider the effects of semi-rigid joint and material
yielding, two types of pseudo-springs are introduced as
indicated in Fig. 2, e.g., connection and section springs. The
flexible joints at member ends are simulated by the
connection spring, while the inelastic behavior of the
member is considered by the section spring. To integrate the
stiffness of these springs, the zero-length springs elements
(Yau and Chan 1994) are linked to form a springs-in-series
model is employed in the present study. The combined
hinge stiffness can be computed as

(67)

in which, S is the combined hinge stiffness at the element
ends; Sc denotes for stiffness of the semi-rigid joint; and Ss
is the stiffness of the plastic hinge.

Spring for plastic hinge

Spring for semi - rigid joint

T NPT
\ M f// \ |
Connecting node e

Fig. 2 Springs-in-series model

4.1 Incorporation of end-springs

To incorporate the combined end spring to the element
matrices, the procedure proposed by (Liu et al. 2014a) is
introduced. The condensed stiffness matrix of an element is
generated as

. * * *

KLU k12® Kk13° k14" k15 k16
k22" k23 k24" k25 k26
1o S k33" k34" k35 k3o’ )
Y. k44" k45" k46
M. k55" k56
I k66"

To incorporate the rotational springs to the stiffness
matrix, the condensed stiffness matrix is updated to [K]
and given as below

* * * * * *

k11" k12° k13" k14" k15" ki6
k22 k23" k24" k25 k26
= k33 k34" k35 k36 (©9)
Y. k44" k45" k46"
M. k55 k56
| k66 |
where
. S (k55 +S
k22=5,—— ( fY) (70)
(k22" +5,,)(k55"+Sg))
. S,,Sq k25"
k25 = - LRy — (71)
(k22" +5,, ) (k55" +Sg, ) —k25'k52
. Sz (k22" +S
K55 =S, ——— o - ) — (12
(k22" +8,, ) (K55 +S,, ) —k25k52
. SZ (k66" + S,
k33=5,, —7— 2| : J — (1)
(k33" +5,, )(k66 +Sg, ) —k36'k63
- S, 5., k36"
36:(k33*+s )(kLezsefz+s )-ksekes Y
Lz Rz
- S2 (k33 +8,,
K66=S,, - « ) (75)

(k33" +S,, )(k66™ +S,, ) —k367k63"
in which, Sy, Sgy, S, and Sg, are the combined hinge

stiffness at the left and right ends, respectively.
The rotations at the element ends can be computed by

- * -1
AG,,, _|k22'+s,, k25 S, 0 ][Ab,, (76)
AB,, k52" k55" +Sg, 0 Sg [|AG,,
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A, [k33+s, k36 [ [s, 07][a6, )
AB,,, k63" k66 +S., | | 0 Sk |26,

where, A6y, A6y, Ab,, and Af,, are the incremental
rotations at the beam-column element; and Afyy, Ab,,
AG,,, and Af,, are the incremental rotations at the external
nodes.

4.2 Semi-rigid joint model

Extensive numerical and experimental research has been
conducted to investigate the nonlinear behaviors of the
semi-rigid joints in the last two decades. For example, Chen
and his associates proposed a series of studied on semi-rigid
joints, e.g., the references (Lui and Chen 1987, Chen and
Kishi 1989, Abdalla and Chen 1995 and Kishi et al. 1996).
The semi-rigid behavior is usually described by the moment
versus joint rotation relations, while the joint stiffness
changes according to the applied moments. Therefore, the
instantaneous rotational stiffness of a semi-rigid joint can be
calculated as

S = dM,
de,

(78)

in which, S' is the instantaneous stiffness of the semi-rigid
joint; Mc is the current moment applied at the joint; and &'
is the current rotation of the semi-rigid joint at the i"
iteration.

In the conventional practice, the Kishi-Chen (Chen and
Kishi 1989) model is widely adopted because of its support
by extensive experimental results. This model is given in
the following

[l+

where, Sy is the initial stiffness of the joint; &, is the plastic
rotation; and n is the shape factor.

S, |6,
n M
0,10, |

(79)

4.3 Plastic hinge model

The numerical simulation technique using the plastic
hinge model is employed for the practical utilization of DA,
which is considered to be the most efficient method for
inelastic analysis of steel structures as reported by Liu et al.
(2014a). The gradual plasticization of the critical sections is
simulated by the section springs, whose stiffness is
controlled by the forces applied at the hinge locations and
mathematically expressed as below

s;=101°E—|_| when M:<M,(1-|[P//R[)  (80)
o _El M?(l—P;/I3C>—M;

L M;—Me(l—Pa'/Pc) (81)
when Me(l—Pa‘/Pc)<M;<|\/|p(1_pai/|:>c>

st =10°EL when M > M, (1[I /P,
L

) ©

in which, M, and P, are the current bending moment and
the axial force applied at the hinge location, respectively;
Me, M, and P is the elastic, plastic moments and axial
capacities of a section, respectively.

5. Incremental secant stiffness model

To allow moderately large deflections and deformations
in the analysis, the incremental secant stiffness method
proposed by Chan (1992) is employed for the present study.
The updated Lagrangian description is used, where the
equilibrium condition is established referring to the last-
know configuration, as indicated in Fig. 3.

Nevertheless, the rotations are updated in each iterative
step and given as

Ay = Ary + A, where i=1~2 (83)

Aezi = AKzi +A:uz where i=1~2 (84)
where, Ay, Axy,, Ak and Ak, are the rotation increments
at the last equilibrium condition; and Ay and Au,; are the

rigid body movements and calculated as

_Aw, —Aw

AB, (85)

(86)

where, L; is the member length at the last known
configuration; Aw,, Aw,, Av; and Av; are the displacements

Position at the (i+1)™ iteration M2 \ /Zz Mty
Yit1 | _%Piﬂ
. \'f\WZZzn
M1y;., .\‘
N
- \ Avy;
Yi-1 4 ‘\ﬁg M1z;4 \
s i1, -
v i+1 \ \
; Mt .
o \ roA
- Avy M2y, Pi_ =7 ~. - Awy
" \ —7 T pw,, D
. e Bugy .

Z; Position at the i iteration
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Fig. 3 Incremental kinematics of an element in three-
dimensional space
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at the last iteration.
The twist rotation can be calculated as

AO, =A6,,—AO, (87)
The axial displacement can be computed by

Ae = Au, —Au, (88)
in which

Au=L, - L (89)

and the Au, can be obtained by the first deviation of the
expressions of uy,.

Consequentially, the corresponding nodal forces are
calculated as

{AR}=[K], {Au;} (90)
(R} ={R}, +{AR} (91)

where, [K]. denotes for the tangent stiffness matrix at the
last iteration; and {R} is the resisting force vector.

6. Verification examples

To examine and validate the proposed formulations,
several famous and benchmarking examples are employed
and analyzed. One-element per member model is adopted
for the examples as follows.

6.1 Imperfect single columns with idealized
boundary conditions

In this example, the performance of the new beam-
column element is tested and compared with the benchmark
solutions. Three slender steel columns with idealized
boundary conditions, e.g., pinned-pinned, fixed-fixed and
fixed-pinned, are analyzed. The initial member imperfection
is assumed as L/500. These columns are made by
rectangular hollow sections with 300 mm width, 300 height
and 10 mm tube thickness. Yield strength and Young’s
modulus of elasticity are taken respectively as 355 MPa and
205000 MPa.

The stability function for the beam-column members is
introduced for generating the benchmark results for
comparisons, which can be expressed as follows for
completeness.

~ M [sin(xkL-xx) L-x

Y= sinkL L

MZ{SmKL_X} % i 7 (92)
P LsincL L 1—P/(7r2EI/L2) L

where, x denotes for /P/(EI); and &, is the magnitude of
the imperfection at the mid-span.
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Fig. 4 Comparison analysis of the pined-pined column
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Fig. 6 Comparison analysis of the fixed-fixed column

The arbitrarily-located-hinge (ALH) element proposed
by Liu et al. (2014a, b) is also employed for the
comparison. The analysis results are presented from Fig. 4
to Fig. 6. From the comparisons, both the CQF and ALH
elements can capture the nonlinear behaviors of the slender
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Fig. 8 Snap-through Analysis of William’s toggle frame
with semi-rigid connections

columns under high axial loads. The performances of the
proposed element formulations are validated and proven to
be accurate.

6.2 William’s toggle frame

This example introduces the William’s toggle frame to
test the performance and efficiency of the proposed
element, which has been extensively studied by researchers
such as Zhou and Chan (1995) and lu and Bradford (2012a,
b) and so on. The toggle frame is formed by two members
fixed at the end supports, where the overall span and height
are 25.872 in and 0.386 in, respectively. The axial rigidity
EA and flexural stiffness El are 1.855x10° Ib and 9.27x10°
psi, respectively.

The PEP (Pointwise-Equilibrating-Polynomial) element
proposed by Chan and Zhou (1994) is introduced for the
comparisons. The comparison results are plotted in Fig. 7,
where the results from Williams, PEP element and the
proposed CQF element are presented and compared. It can
be seen in this example that the nonlinear behavior of the

1.2

1.14
1.04

0.9 Monitoring Point
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Horizontal Displacement at Monitoring Paoint (m)

Fig. 9 Load vs. displacement curve of Vogel six-story
frame

toggle frame can be captured well by the PEP and CQF
elements. The predicted strength of CQF element is slightly
higher than those reported by Williams during the snap-
through stage. This example validates the proposed element
formulations in handling highly nonlinear problems.

To evaluate the influence on the joint rigidity on the
snap-thorough behaviors, the connection at the mid-span is
assigned to be semi-rigid. The following cases of the
stiffness for the joint are studied, e.g., rigid, 50EI/L, 25EI/L,
10EI/L, 5EI/L, 0.5El/L and pinned. The analysis results are
given in Fig. 8. It clearly indicates the connection rigidity
significantly affects the behaviors of the toggle frame. In
the Eurocode 3 (2005), when the joint stiffness is larger
than 25EI/L or smaller than 0.5EI/L, it can be classified as
rigid or pinned respectively. It can be seen the similar trend
in Fig. 8, the load vs. displacement curves of the semi-rigid
joint stiffness as 25EI/L and 50EI/L are closed to those
analyzed by the rigid connection. The structural behaviors
are closed to the pinned connection case, when the joint
stiffness is equal to 0.5EI/L.

6.3 Vogel six-story frame

In this example, a six-story fame, originally analyzed by
Vogel (1985) using plastic-zone approach as a benchmark
solution, is introduced for validating the proposed element
formulations in handling highly nonlinear behaviors
composed of material yielding and large deflections. The
material, geometric and section properties can be found in
the literature by Liu et al. (2014a). For comparisons, the
analysis results reported by Vogel (1985) are employed. The
load vs. displacement results generated by the two
numerical methods are plotted in Fig. 9. The predicted
behaviors by both approaches are nearly identical, and the
ultimate loads are closed. It can be concluded that the
proposed element formulations are capable for simulating
nonlinear inelastic behavior of a multi-story steel frame.

7. Conclusions

This paper proposes a curved quartic-function (CQF)
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beam-column element with the fourth-order polynomial
shape function for the design of steel structures by direct
analysis (DA) approach. Initial member imperfection is
explicitly simulated in the element formulation and
therefore the P-0 effect can be directly captured in the
analysis. One-element-per-member model is adopted for the
frame design, bringing considerable savings in computer
expense and data manipulating efforts for modeling. Series
of zero-length springs are incorporated into the element
ends to model the effects of semi-rigid joints and material
yielding. The incremental secant stiffness method is
employed for describing the kinematic motions to improve
numerical efficiency. To reduce the difficulties in
incorporating the new element into an existing nonlinear
finite element program, the static condensation approach for
the stiffness matrix is adopted with the internal degrees of
freedom condensed. Finally, several benchmarking
examples are presented to confirm the accuracy and
reliability of the proposed element formulations. The
proposed element formulations are contributory in making
DA simple and reliable to use, which is essential for the
successful introduction of DA to the profession.
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