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1. Introduction 

 

In recent years, the nonlinear inelastic analysis of space 

steel frames has been studied extensively by utilizing two 

different approaches of finite element and beam-column. In 

the finite element method, interpolation functions are 

adopted to represent the second-order effects, and fiber 

model is used to capture the spread of plasticity (Teh and 

Clarke 1999, Torkamani and Sonmez 2001, Jiang et al. 

2002, Jiang and Usmani 2013, Rigobello et al. 2013, 

Zubydan 2013). Although the solution of this method can be 

considered to be accurate, it has not been applied widely for 

daily use in design because of its highly computational cost. 

In the beam-column approach, stability functions derived 

from the differential equilibrium equation are employed to 

capture the second-order effects, and refined plastic hinge 

model is adopted to account for the inelastic behavior (Kim 

et al. 2001, Iu et al. 2009, Thai and Kim 2011, Landesmann 

2012, Liu et al. 2012, Chiorean 2013, Thai and Choi 2013). 

The benefit of this method is that it enables only one or two 

elements per member to accurately predict the nonlinear 

response of structures and, hence, to save computational 

time. 

The local buckling and lateral-torsional buckling are 

important factors that should be considered in structural 

steel design. These types of instability phenomena occur 
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when a structural member undergoes significant out-of- 

 

plane bending and twisting or width-thickness ratio. The 

effects of local buckling and lateral-torsional buckling can 

be considered by either the application of Standards (Hoang 

and Nguyen Dang 2008) or the analysis (Mohri et al. 2008). 

It is well known that the load pattern, end condition and 

unbraced length have a considerable effect on the lateral-

torsional buckling of a beam. Significant research has been 

done to evaluate the effect of the location of the applied 

load on the lateral-torsional buckling of a beam. It is found 

that applying the load at a location below the shear centre is 

more stable than applying the load above the shear centre. 

Since the proposed analysis aims to determine only the 

ultimate strength of the whole structural system rather than 

to examine the local buckling and lateral-torsional buckling 

behaviors of a component member, the use of code 

formulae is deemed appropriate for tracing the nonlinear 

behavior of the frame including local buckling and lateral-

torsional buckling effects. In present work, these effects are 

implicitly accounted for using the LRFD Specification 

(AISC-LRFD 1994). According to LRFD, the nominal 

flexural strength is the lowest value obtained according to 

the limit stress of: (a) yielding; (b) local buckling; and (c) 

lateral-torsional buckling. The local buckling strength 

depends on the width-thickness ratio of a section, while the 

lateral-torsional buckling strength relies on the unbraced 

length, cross-sectional shape and material properties. 

Since the conventional refined plastic hinge analysis 

ignored the local buckling and lateral-torsional buckling 

effects by assuming compact section and adequate lateral 

bracing, improvement of the refined plastic hinge analysis 

was made by accounting for only local buckling (Kim et al. 

2003) or lateral-torsional buckling (Kim et al. 2002). 
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However, for a member with intermediate length, the 

combined failure mode of local buckling and lateral-

torsional buckling is obtained. Therefore, the refined plastic 

hinge model should be improved to account for both local 

buckling and lateral-torsional buckling. 

The purpose of this paper is to improve the refined 

plastic hinge analysis by accounting for both local buckling 

and lateral-torsional buckling effects. The second-order 

effects are accurately captured using the stability functions, 

while the inelastic effects are considered using the refined 

plastic hinge model. The degradation of the flexural 

strength caused by local buckling and lateral-torsional 

buckling is implicitly accounted for using the practical 

LRFD equation. To trace the descending branch of an 

equilibrium path, the Generalized Displacement Control 

(GDC) method proposed by Yang and Shieh (1990) is 

employed for solving the nonlinear equilibrium equations. 

This algorithm can accurately trace the equilibrium path of 

nonlinear problems with multiple limit points and snap-

back points as demonstrated in numerical examples. The 

bowing and warping effects are not considered in this study. 

A computer program is developed. Several numerical 

examples are presented to show the accuracy and 

computational efficiency of the proposed program in 

predicting the second-order inelastic behavior of space steel 

frames. 

 

 

2. Formulation 
 

2.1 Stability functions accounting for 
second-order effects 

 

To capture the effect of the interaction between axial 

force and bending moment, the stability functions are used 

to minimize modeling and solution time. From Kim et al. 

(2001), the incremental form of member basic force and 

deformation relationship of space beam-column element 

can be expressed as 
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(1) 

 

where P, MyA, MyB, MzA, MzB, and T are incremental axial 

force, end moments with respect to y and z axes, and 

torsion, respectively; δ, θyA, θyB, θzA, θzB, and ϕ are the 

incremental axial displacement, the joint rotations, and the 

angle of twist; A, Iy, Iz, J and L are area, moment of inertia 

with respect to y and z axes, torsional constant, and length 

of beam-column element; E and G are elastic and shear 

modulus of material; S1n and S2n are the stability functions 

with respect to n axis (n = y, z) given as 
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(2b) 

 

where ρn = |P|/(π2EIn/L
2). 

 

2.2 Refined plastic hinge model accounting 
for inelastic effects 

 

The material nonlinearity includes gradual yielding of 

steel associated with residual stresses and flexure. The 

gradual yielding due to residual stresses is considered by 

utilizing the Column Research Council (CRC) tangent 

modulus concept Et, while the gradual yielding due to 

flexure is represented by the parabolic function. The 

relationship between basic force and deformation of space 

beam-column is modified to account for the inelastic effects 

as 
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The terms ηA and ηB are scalar parameters that allow for 

gradual inelastic stiffness reduction of the element 
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associated with plastification at ends A and B. These terms 

are equal to 1.0 when the element is elastic, and zero when 

a plastic hinge is formed. The parameter η is assumed to 

vary according to the parabolic function as 
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   0.5   (5a) 
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where α can be expressed in yield surface proposed by 

Orbison (1982) as 
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2.3 Shear deformation effect 
 

To account for the shear deformation effect, the member 

basic force and deformation relationship of space beam-

column is modified as follows 
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where Asy and Asz are the shear areas with respect to y and z 

axes, respectively. 
 

2.4 Local buckling effect 
 

When the width-thickness ratio of a section is greater 

than a limit, local buckling of a flange or web will occur as 

the applied load increases. The local buckling causes the 

degradation of the flexural strength. The width-thickness 

ratio λ of the flange and web is an important factor 

influencing the local buckling strength of I-shaped sections. 

In this study, the local buckling strength Mn1 is determined 

from LRFD equation as 
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The notations of Eq. (10) are defined in Table 1. When λ 

of the web is greater than λr, the flexural strength is given 

by 

1n x PG crM S R F  (11) 

 

where the reduction factor RPG is expressed as 
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where ar = Aw/Af ≤ 10; hc = twice the distance from the 

centroid to the inside face of the compression flange. 

 

2.5 Lateral-torsional buckling effect 
 

When a member is bent about its major axis, the out-of-

plane motion consisting of bending and twisting will occur 

as the applied load increases. The out-of-plane motion 

results in the degradation of the flexural strength and 

stiffness about its major axis. The unbraced length Lb, cross-

sectional shape and material property are important factors 

influencing the lateral-torsional buckling strength. The 

lateral-torsional buckling strength Mn2 is determined from 

the LRFD equation as 
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where Mp and Mr are given in Table 1; Cw is the warping 

constant; Lp and Lr are the limiting unbraced plastic and 

elastic lengths, respectively, determined as follows 
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in which ry is the radius of gyration of the section about the 

weak axis; Sx, Fy and FL are given in Table 1. Cb is a 

modification for non-uniform moment diagrams. The 

physical meaning of Cb is that it represents the amount of an 

increase in load-carrying capacity when compared with the 

critical uniform loading case. An empirical formula for Cb is 

expressed as 
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where Mmax is absolute value of maximum moment in the 

unbraced segment, sum of moments in sway and non-sway 

cases; MA is the absolute value of moment at quarter point 

of the unbraced segment, sum of moments in sway and non-

sway cases; MB is the absolute value of moment at 

centerline of the unbraced segment, sum of moments in 

sway and non-sway cases; MC is the absolute value of 

moment at three quarter point of the unbraced segment, sum 

of moments in sway and non-sway cases. If the local 

buckling and lateral-torsional buckling are considered, the 

plastic moment Mpz in Eq. (7c) is replaced by the buckling 

strength Mn given as 
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2.6 Modeling of element stiffness after buckling 
 

When a member reaches its local buckling or lateral-

torsional buckling strength Mn indicated in Eq. (19), the 

moment of inertia of the member is assumed to be zero so 

that the inelastic moment redistribution is not allowed for 

Table 1 Flexural strength and limit of width-thickness ratio for I-sections a (unit: kip-in) 
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a where Sx = elastic section modulus about major axis; FL = Fy ‒ FR, Fy = specified minimum yield 

stress, FR = compressive residual stress in flange equal to 10 ksi for rolled shapes and 16.5 ksi 

for welded shapes; bf = flange width, tf = flange thickness, tw = web thickness; h = depth of web, 

ϕb = 0.9, wc thk //4 and 0.35 ≤ kc ≤ 0.763, and CPG = 260,200kc 
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the member. This approximation is deemed appropriate for 

tracing the nonlinear behavior of the frame including local 

buckling and lateral-torsional buckling effects because the 

proposed analysis aims to determine only the ultimate 

strength of the whole structural system rather than to 

examine the local buckling and lateral-torsional buckling 

behaviors of a component member. 
 

 

3. Nonlinear solution techniques 
 

In this section, a numerical procedure for solving the 

nonlinear equations is presented based on the GDC method. 

The incremental form of equilibrium equation of structure 

can be rewritten for the jth iteration of the ith incremental 

step as 
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Eq. (20) can be decomposed into the following 

equations 

   1
ˆ ˆi i

j jK D P
    

 (21) 

 

   1 1

i i i

j j jK D R 
      (22) 

 

     ˆi i i i

j j j jD D D      (23) 

 

Once the displacement increment vector  ∆𝐷𝑗
𝑖  is 

determined, the total displacement vector  ∆𝐷𝑗
𝑖  at the end 

of jth iteration can be accumulated as 
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The total applied load vector  𝑃𝑗
𝑖  at the jth iteration of 

the ith incremental step relates to the reference load vector 

 𝑃   as 

   ˆi i

j jP P   (25) 

 

where the load factor Λ𝑗
𝑖  can be related to the load 

increment parameter 𝜆𝑗
𝑖  by 

 

1

i i i

j j j     (26) 

 

The load increment parameter 𝜆𝑗
𝑖  is an unknown. It is 

determined from a constraint condition. For the first 

iterative step (j = 1), the load increment parameter 𝜆𝑗
𝑖  is 

determined based on the generalized stiffness parameter 

(GSP) as 
1

1 1

i GSP   (27) 

 

where 𝜆1
1 is an initial value of load increment parameter, 

and the GSP is defined as 
 

 

Fig. 1 Flow chart of the proposed program 
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For the iterative step (j ≥ 2), the load increment 

parameter 𝜆𝑗
𝑖  is calculated as 

 

   

   

1

1

1

1

ˆ

ˆ ˆ

T
i i

ji

j T
i i

j

D D

D D






 
 

 

 (29) 

 

where  ∆𝐷 1
𝑖−1  is the displacement increment generated by 

the reference load  𝑃   at the first iteration of the previous 

(i ‒ 1) incremental step, and  ∆𝐷 𝑗
𝑖  and  ∆𝐷 𝑗

𝑖  denote the 

displacement increments generated by the reference load 

and unbalanced force vectors, respectively, at the jth 

iteration of the ith incremental step, as defined in Eqs. (21)-

(22). 
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4. Numerical examples 
 

In this section, several numerical examples are 

presented and discussed to verify the accuracy and 

computational efficiency of the present study. A computer 

program written in FORTRAN is developed based on the 

above-mentioned algorithm for second-order inelastic 

analysis of space steel frames. A flow chart of the proposed 

program is illustrated in Fig. 1. For the verification purpose, 

the results obtained from present study are compared with 

those generated by ABAQUS and other available results 

reported in the literature. An elastic-perfectly plastic 

material model is used for all examples. 
 

4.1 Cantilever beam 
 

The cantilever beam as shown in Fig. 2 was analyzed by 

De Souza (2000) using force-based method with fiber 

model of the cross-section. The Young’s modulus and 

Poisson ratio are E = 200,000 MPa and v = 0.3, respec-

tively. 

The load-displacement curves obtained by the proposed 

program are compared with those of De Souza (2000) and 

ABAQUS as shown in Fig. 3. The load-deflection curves 

obtained by the present study using four elements compare 

well with those given by De Souza with different values of 

yield stress. For the case of elastic response, ABAQUS can 

predict accurately the response using ten elements. 

However, for the inelastic case, if the beam is modeled as 

ten elements, discrepancy in the load-deflection curves 

 

 

 

 

generated by ABAQUS and the present study is quite 

obvious (Fig. 3). The discrepancy becomes small when fifty 

elements are used in the beam modeling. This example 

demonstrates the capability of the proposed program in 

capturing the large deflection inelastic behavior of 

structures. 
 

4.2 Lee’s frame 
 

The next example deals with the snap-through and snap-

back responses of the frame as shown in Fig. 4. Young’s 

modulus, Poisson ratio and yield stress of the material are E 

= 70,608 MPa, v = 0.3 and σy = 1,020 MPa, respectively. 

This structure is employed to verify the capability of the 

proposed program in tracing the equilibrium path with 

multiple critical points. Each member is modeled using five 

and ten elements in proposed and ABAQUS programs, 

respectively. 

The load-displacement curves predicted by the proposed 

program compare well with those of Cichon (1984) and 

ABAQUS as shown in Fig. 5. It can be seen that the 

proposed program can capture accurately the snap-through 

and snap-back responses of frames. 
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Fig. 3 Load-displacement curves of cantilever beam 
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4.3 Two-story space frame  
with rectangular sections 

 

The space steel frame with rectangular sections is 

presented in Fig. 6 with its associated data. This structure 

was first studied by Argyris et al. (1982) using the natural 

finite element approach with plastic hinge model. It was 

analyzed recently by De Souza (2000) using the force-based 

method. 

The analysis results of the present study are compared 

with those obtained by De Souza and ABAQUS program as 

presented in Fig. 7. With the use of one element per 

member, the load-deflection curve obtained by the present 

study is found to be consistent with that given by De Souza. 

ABAQUS cannot predict accurately the nonlinear inelastic 

response of the space frame by using ten elements per 

member. The accuracy can only be seen when more than 

 

 

 

 

fifty elements are used, and the load-deflection curve is then 

close to the result predicted by De Souza. It can be 

concluded that the present study can accurately predict the 

nonlinear inelastic behavior of the space frame using only 

one element per member, while the ABAQUS program 

needs more than fifty elements to match the results of the 

present study. 
 

4.4. Two-story space frame with I-shaped sections 
 
Fig. 8 shows a two-story space frame with I-shaped 

section. A36 steel with the yield stress of 250 MPa and 

Young's modulus of 200,000 MPa is used for all members. 

The sections of all members are H800×400×10×6 mm. The 

vertical and horizontal loads are applied simultaneously. 

The purpose of this example is to show how the proposed 

analysis captures the effects of local buckling (LB) and 

 

Fig. 5 Load-displacement curves of Lee’s frame 
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Fig. 6 Two-story space frame with rectangular sections 
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lateral-torsional buckling (LTB). Only one element per 

member is used to model the frame. Four analyses are 

compared in this example: (a) both LB and LTB considered 

(i.e., proposed analysis); (b) LB considered and LTB 

ignored; (c) LB ignored and LTB considered; and (d) both 

LB and LTB ignored (i.e., conventional refined plastic 

hinge analysis). 

In the proposed analysis, the structure is collapsed by 

the combined failure mode of LB and LTB. The load-

carrying capacity of the structural system is calculated to be 

4.07 kN. If only LB is considered, the structural system is 

failed by the LB mode at the load-carrying capacity of 4.11 

kN. If only LTB is considered, the structural system is 

failed by the LTB mode at the load-carrying capacity of 

4.88 kN. If both LB and LTB are ignored (i.e., section 

develops full plastic moment capacity), the structural 

system is failed at the load-carrying capacity of 5.25 kN. As 

a result, the conventional refined plastic hinge analysis 

overpredicts the load-carrying capacity of the frame by 1.29 

times. The load-displacement curves at node A in the Y- 

 

 

 

 

direction generated by four analyses are compared in Fig. 9. 

 

4.5 Twenty-story space frame 
 

The twenty-story space steel frame shown in Fig. 10 

was analyzed by Jiang et al. (2002) and Chiorean and 

Barsan (2005) using the mixed element and distributed 

plasticity methods, respectively. A50 steel with yield stress 

of 344.8 MPa and Young’s modulus of 200,000 MPa is used 

for all sections. The load applied to the structure consists of 

gravity loads of 4.8 kN/m2 and wind loads of 0.96 kN/m2 

acting in the Y-direction. These loads are converted into 

concentrated loads applied at the beam-column joints. 

Jiang used both the plastic hinge and spread-of-plasticity 

elements to model this structure to shorten the 

computational time because the use of a full spread-of-

plasticity analysis is very computationally intensive. When 

a member modeling by one plastic hinge element detected 

yielding to occur between the two ends, it was divided into 

eight spread-of-plasticity elements to accurately capture the 

 

Fig. 7 Load-displacement curves of two-story space frame with rectangular sections 
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inelastic behavior. Chiorean and Barsan employed the 

inelastic Ramberg-Osgood force-strain relationships to 

model the gradual yielding of cross-section. In this analysis, 

one element with seven integration points was used to 

model each beam-column member and two values of n = 30 

(corresponding to plastic zone approach) and n = 300 

(corresponding to plastic hinge approach) for Ramberg-

Osgood shape parameters were considered. In the present 

study, one element per member is used to model the frame, 

and two analyses are performed: the proposed analysis (LB 

and LTB considered) and the conventional analysis (LB and 

LTB ignored). 

 

 

 

 

The load-displacement curves of node A at the roof of 

the frame obtained by the present study and the others are 

compared in Fig. 11. The ultimate load factor of the frame 

is also given in Table 2. It is noted that all sections used in 

this example are compact which can develop full plastic 

moment capacity without LB. In the proposed analysis, the 

structure is collapsed by the LTB at the ultimate load factor 

of 0.751. In the conventional analysis, the ultimate load 

factor of the present work (1.021) is close to those of Jiang 

(1.0) and Chiorean and Barsan using n = 300 (1.005), and 

the load-deflection curves of the present study are similar to 

those of Chiorean and Barsan using n = 300. As a result, the 

 

Fig. 9 Load-displacement curves of two-story space frame with I-shape sections 
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Fig. 10 Twenty-story space frame 
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conventional analysis overpredicts the load-carrying 

capacity of the frame by 1.36 times. Using the same 

personal computer configuration (Pentium III, 500 MHz), 

the analysis time of the present study lasts only 7 min, while 

the full spread-of-plasticity and mixed element approaches 

of Jiang take about 20 h and 1.7 h, respectively, for the 

same analysis. This example is a good illustration on the 

accuracy and computational efficiency of the proposed 

program in predicting the second-order inelastic behavior of 

the large-scale space frames. 
 

 

5. Conclusions 
 

The aim of this paper is to improve the refined plastic 

hinge analysis by accounting for the effects of local 

buckling and lateral-torsional buckling. The degradation of 

the flexural strength caused by local buckling and lateral-

torsional buckling is implicitly accounted for using the 

practical LRFD equation. The GDC method is employed to 

trace the equilibrium path of the nonlinear problems with 

multiple limit points and snap-back points. As shown in 

some numerical examples, the proposed analysis shows the 

capability of predicting accurately and efficiently the 

second-order inelastic behavior of space frame. It can be 

concluded that the proposed analysis proves to be reliable 

and valuable for application in engineering design. 
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