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Abstract. A higher order analytical solution for static analysis of a truncated conical composite sandwich
panel subjected to different loading conditions was presented in this paper which was based on a new
improved higher order sandwich panel theory. Bending analysis of sandwich structures with flexible cores
subjected to concentrated load, uniform distributed load on a patch, harmonic and uniform distributed loads
on the top and/or bottom face sheet of the sandwich structure was also investigated. For the first time,
bending analysis of truncated conical composite sandwich panels with flexible cores was performed. The
governing equations were derived by principle of minimum potential energy. The first order shear
deformation theory was used for the composite face sheets and for the core while assuming a polynomial
description of the displacement fields. Also, the in-plane hoop stresses of the core were considered. In order
to assure accuracy of the present formulations, convergence of the results was examined. Effects of types of
boundary conditions, types of applied loads, conical angles and fiber angles on bending analysis of truncated
conical composite sandwich panels were studied. As, there is no research on higher order bending analysis
of conical sandwich panels with flexible cores, the results were validated by ABAQUS FE code. The present
approach can be linked with the standard optimization programs and it can be used in the iteration process of
the structural optimization. The proposed approach facilitates investigation of the effect of physical and
geometrical parameters on the bending response of sandwich composite structures.

Keywords: static; truncated conical sandwich panels; improved higher order sandwich panel theory;
point load; uniform distributed load on a patch

1. Introduction

Sandwich structures, owing to their high strength and stiffness and low weight and durability,
are widely used in many engineering applications. These structures generally consist of two stiff
face sheets and a soft core, which are bonded together. The advantages of this construction method
are used to obtain the plates with high bending stiffness characteristics and extremely low weight.

Conical sandwich shells are often used as transition elements between cylinders of different
diameters and/or end closures and sometimes as stand-alone components in various engineering
applications such as tanks and pressure vessels, missiles and spacecraft, submarines, nuclear
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reactors, jet nozzles and other civil, chemical, mechanical, marine and aerospace engineering
structures (Sofiyev 2011).

Based on Love's first-approximation shell theory, free vibration analysis of conical and
cylindrical shells with various boundary conditions was performed by Wilkins ef al. (1970). In
their theory, transverse shear strain was not ignored. Using the finite deformation theory, Struk
(1984) studied the buckling analysis of shallow open conical sandwich shells under uniform
external pressure. Ren-huai and Jun (1995) performed non-linear free vibration analysis of shallow
conical sandwich shells. They studied the effects of geometrical and physical parameters on free
vibration response of shallow sandwich shell. In their theory the core and face sheets are
transversely incompressible. Bardell et al. (1999) investigated a finite element vibration analysis
of conical sandwich panels with different types of boundary conditions. They assumed that the
core and face sheets were transversely incompressible. They also ignored the transverse shear
strains in the face sheets. For bending analysis of sandwich structures, higher order sandwich panel
theory was developed by Frostig and Shenar (1995), who considered two types of computational
models in order to express the governing equations of the core. The second model assumed a
polynomial description of the displacement fields in the core that was based on the displacement
fields of the first model. Their theory did not impose any restrictions on the distribution of
deformation through the core thickness. The improved higher order sandwich plate theory
(IHSAPT), applying the first-order shear deformation theory for the face sheets, was introduced by
Malekzadeh et al. (2005). Zhong and Reimerdes (2007) used a higher order theory and studied
buckling analysis of cylindrical and conical sandwich shells with flexible core. Thermal and
mechanical buckling of FG truncated conical shells based on the first-order shell theory and the
Sanders nonlinear kinematics equations was done by Naj et al. (2008). Free vibration and buckling
analyses of truncated conical shells with non-homogeneous material properties under uniform
lateral and hydrostatic pressure were also done by Sofiyev et al. (2009). Biglari and Jafari (2010)
presented a complex three layer theory for free vibration and bending analysis of open single
curved sandwich structures. In their model, they used Donell's theory for the face sheets. Zhen and
Wanji (2010) applied a C’-type higher order equivalent single layer theory and investigated
bending analysis of laminated composite and sandwich plates subjected to thermal and mechanical
loads. Continuity conditions of transverse shear stresses at interfaces and conditions of zero
transverse shear stresses on the upper and lower surfaces were also considered. Bending analysis
of laminated composite plates under bi-sinusoidal loading using an equivalent single layer plate
theory was done by Stiirzenbecher and Hofstetter (2011). In their theory, transverse shear strains
jumped at layer interfaces; but, transverse shear stresses were continuous and normal stress was
ignored. Sofiyev (2011) studied non-linear buckling behavior of FG truncated conical shells
subjected to a uniform axial compressive load based on 3D FEM. Bending analysis of FG conical
panels was carried out by Aghdam et al. (2011), who used first-order shear deformation theory.
Nedelcu (2011) investigated buckling behavior of isotropic conical shells under axial compression
using generalized beam theory. Free vibration analysis of FG conical shell using meshless method
and first-order shear deformation shell theory was done by Zhao and Liew (2011). Stiirzenbecher
et al. (2012) investigated bending analysis of sandwich panels with different core geometries
including corrugated, honeycomb and X cores by neglecting transverse shear strains of the face
sheets. Classical and first-order shear deformation theories were employed for the face sheets and
core, respectively. Bich et al. (2012) studied linear buckling of FG truncated conical panels
subjected to axial compression, external pressure and combination of these loads using the
classical thin shell theory. Abediokhchi et al. (2013) investigated bending analysis of FG conical
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panels under transverse compression using first-order shear deformation theory and generalized
differential quadrature method. The literature survey revealed that most of the researches have
been performed on bending analysis of flat and curved composite sandwich panels and very little
work has been carried out in the field of sandwich conical shells, most of which deal with buckling
and vibration of isotropic, laminate and functionally graded (FG) conical shells. Therefore, there is
no research on higher order bending analysis of conical sandwich panels with flexible cores. In
addition, in these studies, the sandwich structures have been subjected to simple loadings while, in
this paper, sandwich structures were subjected to multiple loading conditions including point load,
uniform distributed load on a patch, harmonic and uniform distributed loads which were imposed
on the top and/or bottom face sheets of the sandwich structure. Also, in this paper, using an
improved higher order sandwich panel theory (Malekzadeh et al. 2005) and second computational
model of Frostig (2004), bending analysis of conical composite sandwich panels was investigated.
Also, the in-plane circumferential hoop stresses of the core were considered. Analytical solution of
the displacement field of the core in terms of polynomials with unknown coefficients was
presented according to the second computational model by Frostig and Thomsen (2004). Moreover,
simply supported and fully clamped boundary conditions were considered. In order to assure
accuracy of the present formulations, convergence of the results was examined in detail. Since
there was few research on static bending analysis of a composite conical sandwich panel, to
validate the obtained results, a conical sandwich panel was modeled in ABAQUS FE code and the
results obtained from analytical formulations and FE code were compared with each other. Finally,
effects of types of boundary conditions, types of applied loads, conical angles and fiber angles on
static bending analysis of the truncated conical composite sandwich panels were studied.

2. Theoretical formulation
2.1 Basic assumptions

Consider a conical composite sandwich panel which is composed of two composite laminated
face sheets. Thickness of the top face sheet, bottom face sheet and core is 4, 4, and 4., respectively,
in which indices ¢ and b refer to the top and bottom face sheets of the conical sandwich panel,
respectively, as shown in Fig. 1. The assumption used in the present analysis is small deformation
of linearly elastic materials. Conical apex angle is 2¢ or 2a.

Top :
face sheet ’/\

Core .,
Bottom

Fig. 1 Composite conical sandwich panel with laminated face sheets along with coordinates and
dimensions of the panel
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2.2 Kinematic relations

Base on the first shear deformation theory, the displacements u, v and w of the face sheets in
the x, 6 and z (thickness) directions are expressed through the following relations (Reddy 2004)

u;(x,2,0) = ul(x,0,t) + zy' (x,0)
vi(x,2,0) =v)(x,0,0) + zy j(x,0);  (i=1,b) (1)
wi(x,z,0) = w)(x,0)

where y! and ), are rotation components of the transverse normal along x and 6-axes of the
mid-surface of the top and bottom face-sheets. Also, u) and v} are displacement components in
the x and 6 directions, respectively, and wj is vertical deflection of the top and bottom face-sheets.
Z; is vertical coordinate of the face-sheets which is measured upward from the mid-plane of the
face-sheets (see Fig. 1). Kinematic equations for the strains in the face sheets are as follows (Qatu
2004)

g)ix = géxx +ZiKAi'x > 8;49 = g(iﬂﬁ +Zi Ké@’gziz = 0 (2)
7;9 :28;9 :g(;xg +ZiK)i6’ j/jcz :28:.'2 :géxz ’}/;z :28;2 :géﬁz 5 (l:tﬂb)
where
o wjeos@) wsing) v auy  vpsing)
Coe =5 2%00 = + + > €00 T4 - >
ox R(x)080 R(x) R(x) ox R(x)068 R(x)
.o, ow), .V cos(d) .
& =—4WY., &, = +y, ——— ;o (=t,b 3
Oxz ax l//x 00z Ri (_X,') a H l/IHA Rl ()C) A ( ) ( )
K. :a'//x,K;e: o, & :a'//a n oy, Ve sin(g)
ox R(x)00 - ox R (x)o0 R (x)
and
R (x) =R, +xsin(@); (i=t,b) 4)

The displacements fields are based on model II of Frostig (Frostig and Thomsen 2004) for the
core and take a cubic pattern for the in-plane displacements and a quadratic one for the vertical
displacement

u, (x,0,z)=uy(x,0)+z.u; (x,0)+zu; (x,0)+zu; (x,0)
vc(x,B,z):(1+RZ( ))vg(x,6)+zcvf(x,6)+zfv§(x,0)+zjv§(x,@) (5)
X

w, (x,0,z)=w (x,0)+zw; (x,0)+zw;(x,0)

where u; and v, (k =0, 1, 2, 3) are unknowns of the in-plane displacements of the core,
respectively, and w; (k= 0, 1, 2) are unknowns of its vertical displacements. R. (x) is the radius
of curvature of the core in 8-z plane that varies with x

R (x)=R_, +x sin(¢) (6)

Kinematic relations of the core for a conical sandwich panel are
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. Ou. . 1 ov, w.  u.0a,
Ex =2 > €00 = + + >
ox (1+z/R.(x))\ a,080 R.(x) a,0x

. . Ov, 1 Ou, voa, . . Ow. Ou,
}/XB = 28)(9 = ' + - + < 2 j/xz = 28)(2 = < + 2 (7)
ox (I+z/R.(x))\ a,080 a,0x ox Oz
. . 1 ow, v, ov,
Ve =264 =

a,(1+z/R.(x)) 00 R *(x)(1+z/R.(x)) oz
where

a,=R,(x)=R,,+xsin(¢) ; (i =t,b,c) (8)

2.3 Governing equations

The equilibrium equations for the face sheets and core are derived using principle of minimum
potential energy
oll=06U +oW,, =0 ©)

where 0U and 6W,,, denote variations of strain energy and potential energy due to the applied loads,
respectively. Also, J denotes the variation operator.

The first variation of the internal potential energy for a composite conical sandwich panel
including the top and bottom face sheets and core is

8U = z[ [(0 821, + bty + iy + Ti07L + r;;z%)dm]
i=t,b v, (1 0)
+ ({05856, + 05055, + 05.08E + 75,875y + LSV + T0V AV,
Vi

The variation of the external work is sum of the applied loads on the top and bottom face sheets

ht t _ hh b
W —!{—(l+2Rt(x))q,Wo+(l 2Rb(x))qh5w)0]d"4 (11

Using the principle of minimum potential energy (Egs. (9)-(11)) and kinematic relations (Eqs.
(1)-(8)), the governing equations can be obtained as

t N . t
aN""+(N’“ N%)Sln(¢)+ Ny +£M“ +—2 2sin(¢)M§xx+iMc +

Ox R, (x) R(x)ox, K ™ R (x)h] g
Rc (x)h: 3xx RC ()C)]’lcz 200 RC ()C)h: 360 Rc (x)hf 20x,0 (12)
4 e A 1200

2xz

Wwa,a —E Iz _E
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ON® (N’ —N°)si ON?
h

ox R, (x) R,(x)dx, K> TR n
4 . . 2 4
h—351n(¢)M3xx -‘rmexﬁ R(x )hz ———5sin(@)M,, + R (x )h3 ———sin(@)My,, - (13)
4 . 4 .. 12 M
WMBH):,H _ﬁMlxz +— h3 2xz = 0
Ny + ONug + Q- cos(g) + 2 M0 +L3M3699 0 +%M2Cx9 x
ox  R(x)ox, R.(x) R (x)h, R,(x)hA TR ’
4 A 4 2 A
———sin(MS , +—M: sin ——sin(@)M5, + 14
R ( )h2 (¢) 2)(6' hC 3x0,x ( )h3 (¢) 3‘CH ] ()C)hcz (¢) 20x ( )
2 4 . 12 .
———sin(@)M; M, + o——M S ——M =0
RC (x)h3 (¢) 39x RC (x)hcz 20z RC (x)hj 36z hcz 10z h; 20z
aNfe GNSH n Q;z cos(¢p) N aNfe " GNSH + Q;z cos(¢) t 2 Me 2 e
2 200, 6 2 2x0,x
ox R, (x)ox, R, (x) ox R, (x)ox, R, (x) R h; h;
¢ 4 4 2
_WMMM R OR ————sin($)M;,, WSIHW)M w0 T —M;y, +Wsm(¢)M 200 (15)
Ty 2 4 4, 12 .
- sin(p)M;, +—M;, — M, ——M S +—M:5 =0
Rc (x)h3 (¢) 39x RC (x)hcz 20z Rc (x)hf 30z hLz 10z hf 20z
aQ)trz aQz;z + aQ\tcz Sln(¢) _ N;H COS(¢) _R_ZL' _iMc _;Mc
xR (x)ox, ox R(x) h K ° R(h
2 ) 1 ) 1 2
M, +— M ——sin(p M’ +—M; _ +———sin(@)Ms 16
Rc (x)hcz 200 hc 1xz,x R ( )h (¢) lxz hcz 2xz,x Rc (x)h2 (¢) 2xz ( )
— M —M; 1+ ! =
Rh 10:0 T R hz 20,6 —( 2R (x))qt

6Q\lf)z anz + 6Q\lf)z Sll’l(¢) _ Ngﬁ COS(¢) +R_ZC+ 1 Mc 2 Mc
200

& R,(x)ox, ox R(x) h Rh " RR
14 1 . 2 1.
h_Mlxz x h_zMz - R (x)h Sln(¢)M1xz h Msz,x + WSIH(¢)M2)¢Z - h Mlﬁz ] (17)
c c c 2 c ;l c c
— M5, ,+(1- —Lt)gq, =0
> 20-0 T ( 2R, (x))qb
oM'! oM'! M! —M) )si h h,
= + xe + ( = 69 ) Sln(¢) - Qiz - _;M;XX X 2 Sln(¢)M2Vx
Ox R (x)ox, R (x) ok R (x)h;
2ht c 2hr : c ht c 2hr c th 6ht *c
- h_3M3xx,x - WSIH(¢)M3,U - W 261,9 R h3 M39x 0 Ml)cz h_3M2xz (18)

‘ h,
+R (x)h sin(@)M 5, WSIH(¢)M399_0
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oM’ oMl (M’ —M})si h B
x x6 + ( XX 00 ) Sln(¢) — sz + _bMZCxx ¥ —Sln(¢)M2xx

+
ox  R,(x)ox, R, (x) h’ R (x)h’
2h . 2h, h . 2h . 2h .. Oh .
h_ijS:cx x WSIH(¢)M3W R 22 M29x,9 _R—];}Mﬁiﬁxﬁ hzb MIAZ h3b MzYZ - (19)
h,
—r —sm M:, =0
R (x )h2 in(p)M R (o (DM 3,
6M; oM ! ZM; sin(¢) h, . 2h, . h, .
£+ L —+ ? Qez —2M299,9 - —3M399,9 - _2M2x6,x
ox R, (x)0x, R, (x) R, (x)h; R (x)h; h;
2h, . 2ht . . 2ht v 6ht ‘e
R e )hz ————sin(¢)M;,, — h: M3x9,x _Wsm(¢)M3xa +— hc M. + h3 —M,,. (20)
2ht . c
W in(¢)M ;,, —WSIH(@MMX =0
oM, oM},  2M’,sin(¢) h, . 2h, . h .
+ + Qaz —2 2000 5 3 M0 T3 sza x
ox R, (x)0x, R, (x) R (x)h; R (x)h; h;
Zh 2h, h 2h
+———sin(¢g)M S bRy S S E— b M ———v M (21
R ( )hz (¢) 2x0 hc 3x60,x RC(X)hC (¢) 3x6’ R (x)hz 20z RC(X)hCz 30z ( )
2h 6h *e
hzb Mlaz th 2w T 7 R (x )h2 sin(@)M 5, WSIH(@M}W =0
c . . 1 . 4 45in| . 4 . 8
XX,X + Sln(¢)Nxx,x NH)» 9 2 2xx,x - (¢3 2% 2 20x,0 +_2M1xz
R (x) R h; R.(x)h R hc h. (22)
. 4
- sin(@)N,, + ————sin(@)M,
R (P)Nyy + 7R () (DM =
c Sln(¢) c *c 4 c 4 Sln(¢) c 1 c 4 c
1xx,x + Ml‘a - xz __2M3xx x 2 M}xx Mlﬁx,ﬁ _—2M39x,9
12 % s1n(¢) 4sm(¢)
2 —M,, - 100 + M3y =0
h R.(x) h R_(x)
1 . . 1. . 4 4 . 1 c
mNaa,a + Ny, + c )Sln(¢)Nxe _WMZW,H _WMsaa,a +R—(X)M|xa,x
4 4 4 . 1 . . 1
—EMM,X —m in($)M;,, WMM,X + R sin(¢) N, + : )Sm(¢)M1m o
4 4 4 4
+ NS —— —————si M, ———M;, ———— M
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8 e 12 - 1 xe
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1 . *e 4 . . 1 . . 4 . .
mee,y — 1V, _WMSW,H +M1x9,x + ) sin(@)M;, _m51n(¢)M3x9 25)
12

1 4 1 .
~ M, A ——sin(p)M, —————sin(G)M, +—— M, ——— M, +— M =0
hz 3x0,x R (_X,') (¢) 16x thC (x) (¢) 30x Rc (x) 10z RC (x)hcz 30z hcz 20z

c c

c + Sln(¢) N c + 1 8 c 1 c 4 c 4 c

NS j4—M ——— NG+ —— -
Xz ,x RC (x ) Xz RC (x ) . 0z ,0 h 2 z Rc (x ) 06 RC (x )hcz 200 hcz 2xz ,x
_ 4 sin(g) 4

MS —— 2 M, =
hcz RC (x) 2xz RC (x )hcz 20z ,0

(26)

c

where stress resultants per unit length can be defined. They were shown in appendix A. Also using
the principle of minimum potential energy (Egs. (9)-(11)) and kinematic relations (Egs. (1)-(8)),
the boundary conditions equations can be obtained. The simply supported geometrical and
physical boundary conditions for a truncated conical shell at the edges x = 0, a of the top, bottom
face-sheets and the core are

N =0oru;=0,N!,=00rv;=0,M! =0o0ry. =0,M!,=0 or y, =0,
QL. =00rw,=0,M;_=00rw,=0, N =0oru,=0,M;_ =0 oruf =0,
M; =0oru;=0,M;_ =0o0ru;=0,  N,,=00rv,=0,M;,=00rv; =0,

3xx Ix6

M; ,=0o0rv, =0,M; ,=00rv,=0, N, =00rw,=0 ; i =t,b.

27

3. Analytical solution

The displacement field based on double Fourier series for a conical composite sandwich panel
with simply supported boundary conditions at the top and bottom face-sheets was assumed to be in
the following form

[ul(x,0) ] U/ cos(a,x)cos(nb) |
v (x,0) vy sin(a,x)sin(né)
wi(x,0) W, sin(a, x)cos(nd)
/(x,0 = = | W/ cos(a x)cos(nd
%.( e PO N () ‘ n0) » (k=0,1,2,3), (1=0,1,2) (28)
v, (x,0)| Soma| Yy, sin(a, x)sin(nd)
u,(x,6) U, cos(a,x)cos(nd)
v, (x,0) Ve sin(a, x)sin(né)
| w, (x,0) | LW siD(@, X) cOS(RO) |
where U, Vs Wi Y2 W4, U, Ve, and W, are Fourier coefficients and m and

n are half wave numbers along x and 6 directions, respectively. The above double Fourier series
functions can satisfy simply supported boundary condition on all edges for a conical composite
sandwich panel. However, when all edges are clamped, only the function cosa,x in the above
series expansions must be replaced with sina,,x.
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In Egs. (16)-(17), the static loads (g, (j = ¢, b)) normal to the top and/or the bottom face sheets
of a conical composite sandwich are assumed to be represented by series expansion as follows

q;(x,0)=> > q, sin(a,x)cos(nd) ; j =t,b (29)

m=1n=0

Where g,,, is Fourier coefficient that is dependent on types of loads. Fourier coefficient for the

uniform distributed load on the top and/or bottom face sheets of the conical sandwich panel can be
obtained as follows

L2x
CI‘,f;o=LJ‘J.qJ (x,0)(sina,,x )dxd 6
7L g% " ~ o
5 Loz where ¢, (x,0)=q,;j =t.b =
q;, =—j'[qj (x,0)(sina,x )(cosnf)dxd 6
7Ly "
9o = or m =1,3,5,...
" omrx
4no=0  for m =2,4,6,..

q. =0 for n >0

For the point load acting on an arbitrary point (x;, 8;) can be determined as follows
: 1 L2x
Do ZZZ'_L'[ j q,(x,0)(sina,x )dxd 6

) b whereg, (x,0) =¢,0(x —x,)5(0-6,);j =t,b =
D Z_LI I q,(x,0)(sina,x )(cosnd)dxd &
2 0

€2))

i _ 4
= sin(a, x
Tmo 7LR (@,x.)

. 2
q.. = el ——sin(a,,x, )cos(nd.) for n>0
LR

For the uniform static load distributed on the patch with length 2L, (R(6,—6,)=2L,)) and width
2L, (R(x,—x1)=2L,)), the applied load was assumed to be only in the radial direction over a small

rectangular area (2L, x 2L,) and other external excitations were neglected. Constant Fourier
coefficients ¢/ could be determined as follows

X, 6,

q’, =7z_L;[ !:q x 49)(s1na x)dxd€

Ny where ¢, (x,0)=q,; j =t.b=
q;, Z—I jqj x,0)(sina, x )(cosn®)dxd 0
x1 G (32)

Do = 9 ~[cos(a,,x ) —cos(a,,x,)](6, —6))
miw

, 2q,
q), =—5[cos(a, x,)—cos(a,x,)](sin(nb,) —sin(n,)) for n >0
mnrx’
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For the harmonic load on the top and/or bottom face sheets, they can be determined as follows

L2x

Do ZL”% (x,0)(sina, x )dxd 6
Lo where ¢, (x,0)=gq, (sin%x}(cos@) =t,b =

gl = JJ x,0)(sina,x )(cosn8)dxd 0 (33)
00

qm0:0, m=1,n=0
q;:l" =q0’ m =1’n=1

Therefore, the governing equation of motion to the static bending analysis of conical composite
sandwich panel can be written as follows

[K]te} = 0} o
{C} {UOmn > Omn ’VOmn ’V0mn ’WOmn ’WOmn s l//xmn s y/xmn ’l//ﬁmn ’l/lﬁmn ’UOmn ’VOmn ’Ulmn ’Vlmn ’WOmn } (34)
{0} =10,0,0,0,—¢"  ,¢".,0,0,0,0,0,0,0,0,0}"

where some coefficients of stiffness matrix [K] (15m(rn+1)) X (15m(n+ 1)) are given in Appendix
B which for SS B.C. and [Q] is (15 m (n + 1)) % (1) vector of the arbitrary static force or forces.

4. Results and discussion

In this section, some examples are considered and the obtained results are validated and
discussed. In order to demonstrate their capability in predicting static bending analysis of a
composite conical sandwich panel, some examples are presented. Since there has been no research
on static bending analysis of a composite conical sandwich panel for validating the obtained
results, a conical sandwich panel was modeled in ABAQUS FE code and the results obtained from
analytical formulations and FE code were compared with each other. The agreement between the
results was very good.

Example 1.
Static bending analysis of a composite conical sandwich panel with SS and CC B.Cs.

In this example static bending of a composite conical sandwich panel was studied. Properties of
the conical structure are given in Table 1. It is assumed that static load (go) was uniformly applied
to the area (UAL) (4 = 2L, x 2L,, Ly = L, = L/8), uniformly (UDL) and harmonically (SSL)
distributed loads on the top (outer) face sheet of the sandwich structure. In Table 2, convergence of

Table 1 Material properties of a conical composite sandwich panel

Foam core Composite face sheets
E\=E,=F;=0.1036 GPa, E; =131 GPa, E, =10.34 GPa,
G12 G13 G23 0.05 GPa G12 = G13 =6.895 GPa, G23 =6.205 GPa,

v=0.036, p = 130 kg/m’ vip=0.22, p = 1627kg/m’

Geometrical properties: hA./h = 0.88, R,y = 10k, L =R, [0 90 0/ core /0 90 0], ¢ = 30°
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Table 2 Convergence of dimensionless deflection at the center of top face sheet of a composite conical
sandwich panel subjected to the UDL, SSL and UAL on the top face sheet

w' =100W,h°E,, /(q,R})

Convergence (m = n) S.S. Boundary conditions C.C. Boundary conditions
3 3.8795 5.6458 3.3204 5.3371 5.7150 1.9690
5 3.7891 5.6550 3.3873 5.8505 5.6392 3.8058
9 3.5693 5.6685 3.3922 6.1208 5.5724 5.6741
13 3.6217 5.6822 3.4411 6.2079 5.5632 6.2193
15 3.6131 5.6887 3.4643 6.2467 5.5664 6.3258
17 3.6129 5.6889 3.4645 6.2469 5.5665 6.3259

Table 3 Comparing dimensionless central deflection of a composite conical sandwich panel subjected to the

area load (UAL)
w' =100Wh’E,, /(q,R}), Lsin(p)=0.5R,, ¢=30"
B.Cs. Present model ABAQUS Maximum error (%)
S.S. 3.6129 3.3683 6.77
C.C. 6.2469 6.0192 3.64
U, Magnitude

+7.914e-04
+5.281e-04
+2.647a-04
+1.33Ba-06

OC8: bend-pl-conissl-ssrec.odb  Absqus/Standard 6.9-1  Fri Feb 18 13:00:33 Iran Standard Time 2011

\ll Step: Step-1
X Ingrement 1 Step Time = 1.000
rimary Var: U, Magnitude
Deformed Var: U Deformation Seale Factor: +3.3692401

Fig. 2 The 3D view of the deflection of a composite conical sandwich panel with S.S. B.Cs.
subjected to area load

the dimensionless central deflection for both boundary conditions is presented. In this example, 30
MPa was considered for values of all the applied loads. It can be seen from Table 2, central
deflection for all the applied loads converged after 225 expressions (m = n = 15).

In Table 3, results of the presented formulations are validated using results of ABAQUS
analysis. In this study, composite conical sandwich panel with foam core was meshed using SC8R
elements. In the finite element model presented in this study, the motion of the face sheet is related
to the motion of the core through constraint equations utilizing the concept of slave and master



1344 Keramat Malekzadeh Fard

nodes. The finite element model is capable of taking transverse flexibility into consideration. In
particular, certain boundary conditions which may not be studied analytically can be studied using
the present finite element model. This table showed little difference between the results and the
presented formulations was in very good agreement with FE results. The 3D view of deflection of
a conical structure subjected to the area load obtained from ABAQUS code for simply supported
boundary conditions (S.S. B.Cs.) is presented in Fig. 2. Also, 3D view of the dimensionless
deflection of a composite conical sandwich structure subjected to the area and harmonic loads for
S.S. B.Cs. is given in Fig 3. These results obtained from the present analytical solution.

Example 2.
Effect of conical angle on static response of a composite conical sandwich panel

In this example, effect of conical angle on the static response of a composite conical sandwich
panel subjected to uniformly (UDL) and harmonically (SSL) distributed loads with S.S. and C.C.
B.Cs. was investigated. Mechanical and geometrical properties of the composite conical sandwich
panel are given in Table 4. Variations of the face sheet deflections with conical angles for a
composite conical sandwich panel subjected to SSL and UDL with S.S. B.Cs. at (x, 6, z;) = (L/2, 0,
hi/2), (i = t, b) are presented in Fig. 4. With increasing the conical angle, the dimensionless
deflections of the top (outer) and bottom (inner) face sheets in all the cases increased and, in all the
cases, increasing rates of deflection were approximately equal, as shown in Fig. 4. Moreover, for
both load conditions, the top and bottom face sheet deflections subjected to SSL were higher than

038

08
06

0.5

Maximum Dimensionless deflection
Maximum dimensionless deflection
i
(=]
1

0 . ; 0.4 ) 0.5 . 0.4
0.5 0.2 ) 5 o=
¥ (m) 10 x (m) sk =l x(m)

(a) UAL, S.S. B.Cs. (b) SSL, S.S. B.Cs.

Fig. 3 The 3D view of the dimensionless deflection of a composite conical sandwich panel with
S.S. B.Cs. subjected to the area and the harmonic loads (Sinusoidal load)

Table 4 Mechanical and geometrical properties of a conical composite sandwich panel

Foam core E,=E,=E;=0.1036 GPa, G| = G5 = G; = 0.05 GPa, v = 0.036, p = 130 kb/m’
Composite E, =131 GPa, E, = 10.34 GPa, G}, = G3 = 6.895 GPa,
face sheets Gy3;=6.205 GPa, v, =0.22, p = 1627 kb/m’

Geometry h/h=0.88, Ry =10k, L=R.,[0900/core/ 090 0]
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-e— Top face sheet -UDL

15k Bottom face sheet-UDL
—0--Top face sheet-SSL
4 Bottom face sheet -SSL
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Fig. 4 Variation of the dimensionless face sheet deflections with the conical angles for UDL and

SSL loads at (x, 6, z) = (L/2, 0, h/2), (i = ¢, b)

60
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those subjected to UDL. The dimensionless deflection at the center of the bottom face sheet was
lower than that at the center of the top face sheet because, in the current method, flexibility of the

core was modeled and caused deflections of the top and bottom face sheets to be different.

Variations of the transverse normal stress of the core with the conical angle for a composite
conical sandwich panel subjected to SSL and UDL with S.S. B.Cs. at (x, 6, z.) = (L/2, 0, h./2) are
presented in Fig. 5. This figure shows that increasing the conical angle caused those values of the
transverse normal stresses of the core in both cases to increase. Also, increasing rate of this value

for SSL was much higher than that for UDL.

i S p—— [y —— ——l___ - ‘
48} ~=-a_ 7
~
501 Sso B
~\
u
ol -®-SS B.Cs.-UDL i
—e—SS B.Cs.-SSL

62 |
_6 | | | | | | | | |

10 15 20 25 30 35 40 45 50 55 60

Conical Angle (Degree)

Fig. 5 Variation of transverse normal stress of the core with the conical angles at (x, 6, z.) = (L/2,

0, 1./2) for UD and SS loads (go = 100 N)
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Te
-40r | == Top face sheet-SS B.Cs.-SSL Noge,
=e— Bottom face sheet-SS B.Cs.-SSL \"{',{.

_50 1 1 1 1 1 1 1 1 1
10 15 20 25 30 35 40 45 50 55 60

Conical Angle (Degree)

Fig. 6 Variation of transverse shear stress of the face sheets with the conical angles at (x, 6, z;) =
(L/2,0, h/2), (i=t, b) for UDL and SSL loads (go = 100 N)

Variations of the transverse shear stress of the top and bottom face sheets (o,,) with the conical
angles for a composite conical sandwich panel subjected to SSL and UDL with S.S. B.Cs. at (x, 6,
z)=(L/2,0, h/2), (i = t, b) are presented in Fig. 6. As is obvious in this figure, with increasing the
conical angle, values of the transverse shear stresses of the face sheets in all the cases were
increased. Unlike the transverse normal stress of the core and deflection of the face sheets in Figs.
5 and 4, values of the transverse shear stresses of the face sheets subjected to UDL for all conical
angles were much higher than those subjected to SSL. Also, Fig. 6 shows that increasing rate of
transverse shear stress of the face sheets with the conical angle for a composite conical sandwich
panel subjected to UDL was much higher than that subjected to SSL.

Example 3:
Effect of fiber angle on static response of a composite conical sandwich panel

In this example, effect of the fiber angle on the static response of a composite conical sandwich
panel subjected to uniformly (UDL) distributed load with SS and C.C. B.Cs. was investigated.
Mechanical and geometrical properties of the composite conical sandwich panel are given in Table
5. Variations of the face sheet deflections with the fiber angles for a composite conical sandwich
panel subjected to UDL with SS and C.C. B.Cs. at (x, 6, z;) = (L/2, 0, hi/2), (i = t, b) are presented
in Fig. 7. With increasing the fiber angle, values of the dimensionless deflections of the top and
bottom face sheets in all the cases decreased and, in the all cases, decreasing rates of deflection
were approximately equal, as demonstrated in Fig. 7.

Table 5 Material properties of a conical composite sandwich panel

Foam core E\=E,=E;=0.1036 GPa, G|, = G153 = Gy3 = 0.05 GPa, v=0.036, p = 130 kg/m3

E1 =131 GPa, Ez =10.34 GPa, G]g = G13 =6.895 GPa,
Gy3 = 6.205 GPa, v, = 0.22, p = 1627 kg/m’

Geometry h/h=0.88,0=30,R1=10h,L=R., [-008/core/H0-0]

Composite face sheets
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Fig. 7 Variation of dimensionless deflections of the top (outer) and the bottom (inner) face sheet with
the fiber angles at (x, 6, z;) = (L/2, 0, h./2), (i = t, b) for SS and CC B.Cs. (go = 100 N)

Furthermore, for both boundary conditions, value of the dimensionless deflection at the center
of the bottom face sheet was lower than that at the center of the top face sheet, for the same
above-mentioned reason. Variations of the shear stress of the top and bottom face sheets (o) with
the fiber angles for a composite conical sandwich panel subjected to UDL with S.S. and C.C. B.Cs.
at (x, 8, z;) = (L/2, 0, h/2), (i = t, b) are presented in Fig. 8. This figure shows that, with increasing
fiber angle, variations of the shear stresses (o.) for the top face sheet were much higher than those
for the bottom face sheet and, for all fiber angles except 0 degree, values of the shear stresses (0,4)
for the top face sheet were much higher than those for the bottom face sheet. Also, Fig. 8 shows
that maximum values of the shear stresses (o,9) for the top face sheet for both boundary conditions
occurred in approximately 45 degrees of fiber angle.

"z\ ++ Top face sheet-SS B.Cs.
2000 A, .
AN == Bottom face sheet-SS B.Cs.
\% 30001 ”':,’\\ =%=Top face sheet-CC B.Cs. i
bc!é "‘.r\ =&+ Bottom face sheet-CC B.Cs.
N,
-40001 NN o
..'1'.\.. “““ ‘a‘*
-5000f Mo a e
o ST -
_6000 1 1 1 1 1
0 10 20 30 40 50 60
Fiber Angle (Degree)

Fig. 8 Variation of g,y at (x, 6, z;) = (L/2, 0, h./2), (i = t, b) with the fiber angles for SS and CC
B.Cs. (¢o =100 N)
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Fig. 9 Variation of gy at (x, 6, z;) = (L/2, 0, h./2), (i = ¢, b) with the fiber angles for SS and CC
B.Cs. (¢o =100 N)

Variations of the tangential stress of the top and bottom face sheets (gyy) with the fiber angles
for a composite conical sandwich panel subjected to UDL with S.S. and C.C. B.Cs at (x, 6, z;) =
(L2, 0, h/2), (i =t, b) are presented in Fig. 9. Like Fig. 8, Fig. 9 shows that, with increasing the
fiber angle, variations of the tangential stress and their values for the top face sheet were much
higher than those for the bottom face sheets.

Example 4: Variations of the normal, circumferential and transverse shear stresses and
strains through thickness of the core of a truncated conical sandwich panel under a
concentrated load

In this example, variations of the normal, circumferential and transverse shear stresses and
strains through the thickness direction (along z axis) of the core were studied. The bending
analysis of a conical sandwich panel subjected to concentrated load on the top (outer) face sheet
with S.S. and C.C. B.Cs. was investigated. Mechanical and geometrical properties of the panel
were given in Table 5. The magnitude of concentrated load is 30000 N at point (x, 6, z,) = (L/2, 0,
h/2). Variations of the normal (o,,) and transverse shear (o,,) stresses along the thickness direction
of the core at (x, ) = (L/4, 0) were presented in Fig. 10. This figure shows that, variations of the
normal and transverse shear stresses along the thickness direction (z axis) of core for C.C. B.Cs.
are a little different. They have nonlinear patterns. It can be observed from this figure that the
magnitude of transverse shear (o,.) stress is more than the magnitude of normal (o,,) stress in the
core and this is a direct consequence of the low shear modulus of the soft core.

Fig. 11 shows variations of the normal (e,,) and circumferential (¢gy) strains along z axis in the
core under a concentrated load with S.S. B.Cs. at (x, 8) = (L/4, 0). They have nonlinear patterns.

The results of the presented formulations are validated using results of ABAQUS analysis. In
this figure both results of the present analytical and finite element ABAQUS methods were
compared with each other. This Figure showed little difference between the results and the
presented formulation was in very good agreement with F.E. results. It can be observed from Fig.
11 that the absolute magnitude of circumferential strain is more than the magnitude of normal
strain.
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Fig. 10 Variation of the normal and transverse shear stresses along the thickness direction (z axis) of
sandwich panel under a concentrated load with C.C. B.Cs. at (x, 8) = (L/4, 0) (go = 30000 N)
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Fig. 11 Variation of the normal (e,,) and circumferential (e4y) strains along the thickness direction (z axis) of
sandwich panel under a concentrated load with S.S. B.Cs. at (x, 8) = (L/4, 0) (g, = 30000 N)

Variations of the circumferential (o) and transverse normal (o.,) stresses through the thickness
direction of the core under a concentrated load with S.S. and C.C. B.Cs. at (x, 6) = (L/4, 0) were
presented in Figs. 12 and 13, respectively.

It can be seen from these figures that the circumferential and transverse normal stresses in the
core of conical sandwich panel with S.S. B.Cs. are a little more than those with C.C. B.Cs.. Fig. 12
shows that, the circumferential stress along z axis of the core from the bottom (inner) to the top
(outer) interfaces decreases for both boundary conditions while in Fig. 13, the transverse normal
stress along z axis of the core from the inner to the outer interfaces increases for both boundary
conditions. In Fig. 12 both results of the present analytical and finite element ABAQUS methods
were compared with each other. This Figure showed little difference between the results.
Therefore, the presented formulation was in very good agreement with F.E. results.
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Fig. 12 Variation of oy along the thickness direction (z axis) of a sandwich panel under a
concentrated load with SS and C.C. B.Cs. at (x, 8) = (L/4, 0) (go = 30000 N)
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Fig. 13 Variation of 0., along the core thickness direction (z axis) of a sandwich panel under a
concentrated load with SS and C.C. B.Cs. at (x, 6) = (L/4, 0) (go = 30000 N)

5. Conclusions

In this study, bending analysis of a composite conical sandwich panel subjected to various
types of applied static loads with S.S. and C.C. B.C.s. was studied. Using the improved higher
order sandwich plate theory (IHSAPT) based on the three layers model, the governing equations
on the composite conical sandwich panel were derived based on the principle of minimum
potential energy. To validate the obtained results, a conical sandwich panel was modeled in
ABAQUS F.E. code and the results obtained from analytical formulations and F.E. code were
compared with each other. The agreement between these results was very good. Effect of types of
boundary conditions, types of applied loads, conical angles and fiber angles on the static bending
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analysis of truncated conical composite sandwich panels were also studied in detail. The above
analysis is quite general and valid for any type of core, any type of boundary conditions, as well as
for the cases where the conditions at the top (outer) face sheet are different from those at the
bottom (inner) one along the same edge. Similarly, loading may be of any type, distributed or
localized. The thickness of the top (outer) face sheet may be different from that of the bottom
(inner) face sheet. Transverse shear and rotary inertia effects of face sheets have been taken into
consideration.

With increasing the conical angle from 10 to 60 degrees, the dimensionless deflections of the
top (outer) and bottom (inner) face sheets in all the cases increased and, in all the cases, increasing
rates of deflection were approximately equal. The results show that with increasing the conical
angle from 10 to 60 degrees, the magnitudes of the transverse normal stresses in the core increase
about 20 percent. The results show that, the circumferential stress along z axis of the core from the
inner to the outer interfaces decreases for both simply supported and fully clamped boundary
conditions while the transverse normal stress along z axis of the core from the inner to the outer
interfaces increases for both boundary conditions. Also, the results show that, with increasing fiber
angle, variations of the shear stresses (a,4) for the outer face sheet were much higher than those for
the inner face sheet and, for all fiber angles except 0 degree, values of the shear stresses (o,4) for
the outer face sheet were much higher than those for the inner face sheet. With increasing the fiber
angle, variations of the circumferential stress and their values for the outer face sheet were much
higher than those for the inner face sheets. Nowadays, in order to optimum design of structures,
engineers usually try to minimize the weight and the cost functions and maximize the structural
strength function (fitness function) with optimum selecting of the design parameters. Using
standard optimization programs like the commercial Genetic algorithm software, one can optimize
the design parameters. The present approach can be linked with the standard optimization
programs and it can be used in the iteration process of the structural optimization. The proposed
approach facilitates investigation of the effect of physical and geometrical parameters on the
bending response of sandwich composite structures.
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Appendix A: Stress resultants per unit length
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Appendix B: Some coefficients of stiffness matrix
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Lq R(x) 1 R (x) Ly R(x)
L sin(a,, x )sin(a,x Esin(a,, x cos(a,x 2 Lsin(e,, x Ycos(ar, x
T, EJ- ( )sin(a,x ) 7T5:£J‘ ( )cos( )d T_;I ( ) (a,x)
L1 R (x) L3 R(x) L R (x)
L cos(er, x )sin(a,x % cos(e,x sin(a,x Lsin(er, x Yecos(ar, x
T7:£_|. (m ) (‘p)dx,TngJ. ( ) ( ) EJ (m 3 (p)
LY R(x) L) R(x) L1 R(x)
Lsin(e,x )sin(er, x Lcos(e, x)sin(e, x Lsin(a, x)sin(e, x
TIO:EI (@, 3 @, )dx,Tu:EJ‘ (@, ‘) @, )dx,Tl‘—Ej (@, 4) (@, )dx,
Ll R(x) L R3(x) e R*(x)
% cos(a,,x smaf). Lcos(a x)cos(a, x % cos(a, x cos(a,x
TH:EJ ( ) ( )dx,T14:£J ( m 3 ( P )dv'ﬁTlf‘sz. ( 4) ( )dl,
* R (x) L1 R(x) B R*(x)
- 2 j. sin(a,, v yeos(a,x )
g R*(x) o
Lsin(er, x )sin(a, x Lsin(a,,x )sin(a, x L cos(a,,x )sin(a, x
T}f :gj ( m ) ( P )dx,T4i :Ej ( m ) ( P )dx,T”:EJ. ( m ) ( P )dx,z
Ly R (x) Ly 11(\) L3 R, (x)

L
j cos(@,,x )cos(a,x )dx = Jsin(am x)sin(@,x )dx = E 3 J. cos(n ) cos(g@)dx = jsin(ﬁ O)sin(g O)dx = .
0 0





