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Abstract. We review a series of crack problems arising in the general deformations of a linearly elastic
solid (Mode-I, Mode-11 and Mode-III crack) and, perhaps more significantly, when the contribution of
surface effects are taken into account. The surface mechanics are incorporated using the continuum based
surface/interface model of Gurtin and Murdoch. We show that the deformations of an elastic solid
containing a single crack can be decoupled into in-plane (Mode-I and Mode-II crack) and anti-plane
(Mode-III crack) parts, even when the surface mechanics is introduced. In particular, it is shown that, in
contrast to classical fracture mechanics (where surface effects are neglected), the incorporation of surface
elasticity leads to the more accurate description of a finite stress at the crack tip. In addition, the
corresponding stress fields exhibit strong dependency on the size of crack.

Keywords: surface elasticity; mode-I, II, III; plane deformations; anti-plane deformations; crack tip
analysis; complete exact solution; Cauchy singular integro-differential equations.

1. Introduction

The analysis of stresses in the general region of a crack tip is of fundamental importance in the
understanding of failure and in the general deformation analysis of engineering materials. In
macroscopic models, the stresses at the crack tip are found to be infinite (England 1971, Sih 1965)
reflecting the fact that the crack front is usually taken to be perfectly sharp. In fact, an infinitely
sharp crack in a continuum is a mathematical abstraction since, in reality, most crack tips are, in
fact, blunt, with a radius of convergence of the order compatible with the nanoscale. This suggests
that a more accurate analysis of the region in the vicinity of a crack tip can be achieved at the
nanoscale. In the context of a continuum model this means the incorporation of surface effects into
the model of deformation.

One of the most important and accessible continuum models incorporates the effects of surface
mechanics using the surface elasticity model of Gurtin and Murdoch (Gurtin and Murdoch 1975,
Gurtin et al. 1998). In this model, a surface is regarded as a thin elastic membrane perfectly bonded
to the bulk solid. The additional surface stress contributed by the surface mechanics leads to highly
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unusual and nonstandard boundary conditions on the surface of the bulk solid. Consequently, the
corresponding boundary value problems are not accommodated by existing classical theories and
pose challenges not encountered previously in similar mathematical analyses. Nonetheless, the
Gurtin-Murdoch assumptions have been used successfully in a number of studies in nano-composite
mechanics (see, for example, Tian and Rajapakse (2007), Sharma and Ganti (2004), Duan et al.
(2005), Cammarata (1997), Miller and Sheny (2000)).

In this summarized paper, we have re-addressed results first presented in Kim et al. (2009), Kim
et al. (2010a), Kim ef al. (2010b), since some of details and concepts in there are not sufficiently
clear or heavily omitted which may hinder general readers from understanding of the material.
Especially, we demonstrate that the deformations of an elastic solid containing a single crack can be
decoupled into in-plane and anti-plane parts, even when the surface mechanics is incorporated. It is
also shown that, in the case where in-plane deformations are considered (Mode-1 and Mode-11
crack), the surface stress o, gives rise to residual stresses in which case the corresponding stress
field can no longer be zero even when all external loads are removed. Throughout the analysis, we
maintain the assumption of a sharp crack and demonstrate how the incorporation of surface elasticity
eliminates the stress singularity at the (infinitely sharp) crack tip. Surface effects are integrated using
the Gurtin-Murdoch surface elasticity model with the crack occupying a finite region of the x-axis. In
results, it is shown that, in contrast to classical fracture mechanics (where surface effects are
neglected), the incorporation of surface elasticity leads to the more accurate description of a finite
stress at the crack tip. We also demonstrate that the corresponding stress distributions derived from
our analysis show clear signs of size dependency and do indeed reduce to classical solutions
(England 1971, Sih 1965 and Muskhelishvili 1953), when the surface effects approach zero.

Throughout the paper, we make use of a number of well-established symbols and conventions.
Thus, unless otherwise stated, Greek and Latin subscripts take the values 1, 3 and 1, 2, 3
respectively, summation over repeated subscripts is understood, (x, z) and (x, ), z) are generic points
in the (x, z)-plane and R3, respectively. Finally, we note that the notation (x, z) and (x, y, z) may also
be replaced by (x,,x;) and (x|, x,, x5), respectively, when the reference is made to {ei}?: | » the
standard basis for R3.

2. Surface equation

It is well-known that in the absence of body forces, the equilibrium and constitutive relations
describing the deformation of a linearly elastic, homogeneous and isotropic (bulk) solid are given by

B

Oij,j

B 1
= 07 O-Ij = }“é‘ljglj + 2Iugij, glj = E(ui,j + uj,l) (1)
where A and u are the Lame constants of the material O'fj- and ¢; the components of the stress (bulk)
. . wih .

and strain tensors, respectively and u, denotes the i component of the displacement vector
u = un, +vn, +wny in R® In addition, (),; denotes differentiation with respect to x; and &, are
the kronecker delta. Although Eq. (1) remains true in the bulk material, equilibrium and constitutive
relations on the surface are now described by the equations (see Gurtin and Murdoch 1975, Gurtin
et al. 1998 and Ru 2010) for detailed derivations)

(dl'VSCTS)a = CTZ/nj _fa' (2)
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Here the index “s” denotes the corresponding quantity resulting from the effects of surface
elasticity, div, is surface divergence, f, is applied traction on the surface and »; denotes the i
component of the unit normal vector n = n,e; to the surface, where {ei}?: , » the standard basis for
R®. The mean curvature of the surface is characterized by k,; and Vv is the surface Laplacian of
normal deflection v, when v is a component of a vector va normal to the surface. Finally, o, is the
surface tension.

Remark 1.

It should be noted here that the expressions of constitutive relations for the surface stresses
depend on the choice of different mathematical and physical assumptions describing the general
behavior of the surface. More precisely, the surface stresses (o° ) can be determined by the relations

s or’
Ga'/i’ = 0 5aﬂ+

where I' is the surface energy defined on the initial (Lagrangian) surface area. Currently, a number
theories with different versions are available in literatures (see, for example, Gurtin and Murdoch
1975, Gurtin ef al. 1998 and Ru 2010, Ogden et al. 1997) within this subject. In the presentment
manuscript, we have adopted the following expression for the surface energy originally suggested in
(Ru 2010)

[ = 0,1+ 8) + 3A(8) + Ho(Epip) + 0,5(V,vm) - (V,vm)

The above expression is motivated by the well-known von Karman’s large-deflection theory of
elastic thin shells that the normal deflection (out-plane component) #, = v is dominated over other
two tangential (in-plane) displacement components (u, = u, u; = w) of the surface, especially
when the initial curvatures vanishes (see more detailed descriptions in (Ru 2010)).

2.1 Equilibrium conditions on the crack surface: decomposition theory

We consider deformations of a linearly elastic and homogeneous isotropic solid occupying a
region R® with generators parallel to the z-axis of a rectangular Cartesian coordinate system. We
assume that a cross-section of the crack occupies the region [—a, a], a € R of the x-axis as shown in
the Fig. 1. Within the present setting, the Egs. (2)-(3) can now be re-written as

O-;x, X + O-;z, z + [Gf)] =0 (5)
d;x, X + d;:, z + [Gf;] =0 (6)
2 2
By _ v v
lo),] = _Gog - C’o; @)



126 Chun Il Kim

“ f, = O0(for traction — free boundary condition), k. = k.. = 0(for flat crack face)

Here the unit normal vector n is defined in such a way that it points from the “— side to “+” side
2 2
(see Fig. 1) and Vf is a surface gradient defined as Vf = 8—2 + 8—2 . Finally, [¥]=(*)" — (*)* denotes
ox~ 0Oz

ek s 9%

the jump of the corresponding quantity across a surface (here “in” and “ouf” refer, respectively,
to the inside and outside of the body). Then, it can be readily verified that the above Eqs. (5)-(7) for
three dimensional solid can be decomposed into two independent parts (i.e. in-plane components
(u, v) and out-plane component (w)). In the case where an isotropic elastic medium undergoes in-
plane deformations, the displacement vector # with component (u, v, w) admits

u = u(x,y),v =v(xy),w=0 ®
and for the anti-plane shear deformation case, the displacement vector # now satisfies
2 2
w=w(x,y),u=v=0,a—v;+avf=0 9
X~ 0y

Apply Egs. (8)-(9) on Egs. (5)-(7) independently, we obtain the following equilibrium conditions
on the crack surface for the in-plane deformation case (Mode-1 & Mode-II crack)

G +lon] =0 (10)
B 82

[ny] - _00_‘2) an
ox

and for the anti-plane deformation case (Mode-III crack)
R A (12)

Clearly, the deformations of an elastic solid with a single crack can be decoupled into in-plane
and anti-plane parts, even when the surface mechanics is incorporated.

3. Crack problem with surface elasticity

In the above section, we have shown that the corresponding crack problem can be decomposed
into two parts (in-plane and anti-plane deformations) under the condition that the displacement
vector u# is independent of variable “z” (either plane-strain or plane-stress assumption) which is
most commonly adopted treatment in solving engineering problems of this kind. We now examine

each problem and see how the surface effects alter the original stress field.
3.1 A traction-free mode-Ill crack problem with surface effects

Again in anti-plane shear deformation, the displacement vector u with components (x, v, w)
satisfies

2 2
u=v=0w-= w(x,y),a—2+avf
ox~ 0y

=0
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Fig. 1 Schematics of the problem
Then from Eq. (1), the strain components are now given by
b = M(Q+ Q) - dow o 1(0v, Ow)_ low (13)
2\0z Ox 2 0x 2\0z 0Oy 20y
(c’:‘(}/ = g‘(‘( = g}/}/ = g... = 0
From Eq. (13), the stress components can be written as
z b yz Yz ay
Oy = O = 0y = 0. =0 (14

In addition, the relations between surface and body (bulk) stresses can be derived from Eq. (4) with
successive use of Egs. (13)-(14) as

O-iz = 2(/15_00)8):2 = £ Gong O-;z = 2(/15_ O-o)gyz = £ 000)/‘2 (15)
H H
It should be noted here that for a cohere interface, the interfacial strains are equal to those in the
adjoined bulk material, i.e. €. = &, and 8;2 =&,

Since w (x, y) is a harmonic function, we denote by w(x, y) its conjugate harmonic function.
Introducing the complex variable z = x + iy, we can now write

w = Re[Q(2)], Q(z) = w(x,y) +iy(x,y) 16)

where Q(z) is an analytic function of z in the plane S'U'S™ = S outside the crack (see Fig. 1.).
From Eq. (16), we then have that
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Fig. 2 Equilibrium on upper crack face under anti-plane shear motion

dQ(z) _
dz

- () = W—ig—j - (oemio) (17)

and

0.

- %i[Q’(z)—KTZ)], o, = S10'(2) + Q)] (18)

Now, in view of Eq. (12), the boundary conditions on the upper and bottom crack faces are given
by (see Fig. 2.)

oo,

%{ + (crf,:)+ = 0 on the upper face (19)

0. | 5o

8_); —(0,.) = 0 on the bottom face (20)
where, subscripts “+” and “—” denotes the upper (y > 0) and lower (y<0) side of the crack,

respectively.

It is clear from Eqgs. (19)-(20) that surface stress o, does not contribute the boundary condition
for Mode-1ll crack case. From Egs. (15) and (18)-(20), the surface condition on either side of the
crack [-a <x < a], (y = £ 0) can be formulated as follows

%i[Q’(z) 0] = —’%’[Q"(z) +Q"(2)] on the upper face 1)

S

%i[Q'(Z) - Q'—(Z)]f = ’L%[Q"(z) +Q"(z)] on the lower face. (22)

In anti-plane deformations (Mode-1lI crack), it is clear that w =—w" (the right side of Egs. (21)-(22)).
Therefore, adding Egs. (21) and (22) yields

%"([9'(2)—6@)]* +H[QE) - @] ) = (i - )N Q(2) -Q(2)) (23)

" Q(z) = Q'(z) ony = £0
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Since we have assumed uniform remote stress crfz = 0,,, we necessarily have that

Q'(2)+Q'(z) = 0,Q'(z) = -Q'(2) (24)

Consequently, from Egs. (23)-(24), we derive the following Hilbert-problem in terms of the
derivatives of the unknown function (z) defined by Eq. (15) as

Hi(Q(2) +Q'(2)) = (4 -0,)(Q"(2) -Q"(2)) (25)

Next, if we express the unknown Q'(z) as a Cauchy integral (Muskhelishvili 1953), noting the
requirement that the stresses be bounded at the crack tips, we have that

o) = Dy Lo
@ 21'72'L,t—zdtJr i[o-yZ] (26)
nzy = L e O 4 - [AOT 10 (f) 1@
@) 2i7z'-[a(t_ )2dt |:I—Z:| 2175-[ Zlﬂ-[t Zdt @7)

where,

iy = @) -Q@), fla) = fl-a) =

Finally, from Eqgs. (25)-(27), we obtain the following first-order Cauchy singular integro-differential
equation for the unknown f(¢), ¢ € [a, —a]

H +(I{(t3 dt+2[0;2] = _(ﬂé’_ao)fr(to)’ _a<t,<a
w-at—1,

fla) = f(=a) = 0 (28)
The solution of the above equation can be numerically found via Chebychev polynomials and the
collocation method (see more details in Kim et al. (2009), Kim et al. (2010a), Kim et al. (2010b)

and Chakrabarti (1999)). In addition, the numerical method guarantees rapid convergence (see
Fig. 3).

Convergence of the Method f(t)
5 T T T T T T I 1| I
: : : : : : Classical Result

——N=1 -1
—ememes NEAT
——N=37 1
---== N=107

----------------------------------

f(t)

Fig. 3 Convergence of the method with respect to number of iteration (V)
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3.2 A traction-free plane-strain crack problem (Mode-I & Mode-Il) with surface effects

For the in-plane deformations, the displacement vector # with component u, v, w satisfies (see
Eq. (8)

u = u(x,y),v=v(xy,w =20

In the absence of body forces, the corresponding governing equations of two-dimensional
elasticity are described by (England 1971)

2u(u+iv) = kQ(z) —zQ'(2) — 0(2) (29)
0,0, = Q'(2)+Q'(2) +2Q"(2) + @' (2) (30)

Here Q(z) and w(z) are analytic functions of the complex variable z = x + iy in the cut plane
S"US = S outside the crack (see. Fig. 1) and « is defined as

o= A3

Tt 3 —4 v (for plane-strain)

where v is Poisson’s ratio taking values in the range 0 < v <1/2. Since the displacements and
stresses are continuous across y = 0, x > |a| (outside the crack), from Eq. (30), following (England
1971), we can define an analytic function also analytic in the whole plane cut along L = —a <x <a by

Q) -zQ'(2) - @' (2) = 0(z) (31)

Therefore, Eqs. (29)-(30) can be re-written with the aid of Eq. (31) as
2u(u+iv) = kQ(z2) - QE)—(2 - 2)Q'(z) + 6(2) (32)
0,,—io, = Q'(2) +Q'(2) +(z-2)Q"(2) - 0(2) (33)

From Egs. (10) and (11), we obtain
o'y
2

B . B _ .8
[Gy,\f_ lo-xy] - lo—xx,x_ O,
Ox

o (34)
Under the assumption &, = &, (coherent interface), Eq. (4) can now be re-written with the use of
Egs. (1) and (8) as

O-.ix = 0, + 2/“(/15 - 0) Exx + (/IS + O-U)gxx

In addition, with the aid of Eq. (1), the surface stress now can be expressed explicitly in terms of
displacements (bulk)

8(00 +Q2u' -0, + /1“)?) .
s X s s 6 u
= =2(u —o,+ 1)y— 35
O x o (1 —o, )8x2 (35)
Finally, by substituting Eq. (35) into Eq. (34) and applying Eq. (33), we derive the equilibrium
conditions on the upper and bottom crack faces as (see Fig. 4.)

2 2
Q') +Q'(z) -0'(z) = (crfy— iquf = iJoa—Lzl - 008—‘2) , on the upper face (36)

' ox Ox
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Fig. 4 Equilibrium on upper crack face under in-plane deformations

2 2
Q) +Q() -0'(2) = (—idh) = =is, 2%+ 5,2, on the bottom face  (37)
ox ox

where, J,=24'—o,+ A’ and Q'(zZ) = Q'(z) ,z =z ony = £0.

Remark 2.

It is obvious from Egs. (36)-(37) and Fig. 4. that, different from the Mode-III crack case, surface
stress 0, does indeed alter the equilibrium condition. Therefore, the residual stress is induced by
the non-zero surface stress ¢, , and the corresponding stress field (residual) can no longer be zero
even when all external loads are removed. The result further suggests that the complete solution of
the present problem is actually composed of two separate stress fields (the residual stress induced
by surface tension and another induced by the external loading). In this study, we limit our attention
only to the stress field induced by the external loading (when the external loading is set to zero, the
solution reduces to the zero solution). The main motivation for doing so is to be able to draw direct
comparison with the analogous results from the linear elastic fracture mechanics. An analysis of the
separate problem concerning the stress field induced by the surface tension can be found in, for
example, author’s reference (Wu 1999, Wu and Wang 2000), where it is stated that, depending on
the particular description of the crack tip adopted, stress singularity may occur (infinite stress at the
crack tip).

Now, adding and subtracting Eqs. (36) and (37) yields

2+ 2 - 2+ 2 -
[0'G) -0y 1 = (T + 24 ) - oS4 + 2% (39)
Ox Ox Ox Ox
2+ 2 - 2+ 2 -
RO -0 122G -0y 1= i,(T5-T) -6 (T5 -2 o)
Ox Ox Ox Ox
In addition, from Eq. (32), we have that
azu _j’_ ‘azv — 1 ” "{(= = T "{(=
—ti—) = —[xkQ"(z2)-Q"(2)-(z—-2)Q""(z2) + 8" (2)] (40)
ox~  Ox 2u
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Therefore, by applying the relations Q"(z)" = Q"(z) ,z = z on y = 0, we have

2 + 2 — 7+ 2 _
(B2 ) +i( 25+ 25 )] = S DIQTE) + QG +(07() 07 )]
0x ox ox ox (41)

82u+ 62u7 P 62V+ 82‘; _ 1 " + " - " + " -
(T5-25) (0525 = Ll D@ 2@ 1-107@) -0"e) I

Consequently, Egs. (38)-(39) takes the following forms with the use of Eqs. (41)-(42)

[0'(z) -0'(2) 1= ;i;Re[(zc— D{Q"(2) +Q"(2) }+{0"(z) +0"(z) }]

—Zfi;lm[(x— D{Q"(2) +Q"(z) }+{0"(z) +0"(2) }] (43)

[2Q'(z) - 0'(2) 1+[2Q'(z) -0'(z) 1= ;i;Re[(ﬁ N{Q"(2) -Q"(z) }—{0"(2) 0" (2) }]

—;;Tm[(KJr D{Q"(2) -Q"(2) } - 10"(2) -0"(2) }] (44

Next, if we express the unknowns Q'(z) and 6'(z) as Cauchy integral (similar to those in
Mode-III case) with given the behavior of 6'(z) (England 1971), we have that

(s Faf(n) +ig(t)
Q'(z) = 217[.[0 — dt+ﬂ[ —ioy]

(o) - [HOI0, [f(t)+lg(r)}”’+_ JLOE@, - L fO+ig@y,
a (t—z)2 t—z 2irx 2irx t—z (45)
where, f(1) +ig(t) = Q'(z) -Q'(z) , fla) = f(-a) = g(-a) = g(a) = 0
iy = L paa) +ip0)
o' 2i7l"|la t—z dt
or(c) = [ HOIB0 - O TBOT L @ OFOy - L O 0,
_a (t—z)2 t—z . 2irm t—z 2ir t—z (46)

Finally, from Eqgs. (43)-(44), we derive the following coupled first-order Cauchy singular integro-
differential equations for the unknowns f{(¢), g(¢), a(¢) and B(t),t € [—a, a] via successive use of
Egs. (45)-(46) and by separating the real and imaginary part of the corresponding terms in Eqs. (43)-(44)

- (x—1) paf’(0) 1 pacd (D)
a(t,) = 2/1[ j(,t_t dt + ;,L,:dt (47)
2 #a f(t o 1 #a t _ 0 ,
;Iaff—zod’”%—;rfaf’_—; = L )~ @) (48)
= Go[k=Dpeg'@ 44 L e f O
IB(tO) 2 |: /4 J.—al‘—f di+ ﬁj.—at—t dt (49)
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Fig. 5 Stress convergence in Mode-1 case

al—t,

2 agr L[ B = e g0 - £0)) (50)

The above series of equations can be numerically solved using analogous method as adopted in
Mode-III crack analysis, yet more comprehensive style (Kim et al. 2010a). The method ensures fast
convergence for this case as well (within 30 iterations (&), see, for example, the results in Fig. 5).

4. Results and discussions

In this section, the numerical solution of Eqs. (28, for Mode-1ll crack) and (47-50, for Mode-1 &
I crack) is performed for a range of surface parameters. The listed values are estimated properties
of “GaN” obtained from the work of Sharma in (Sharma and Ganti 2004). GaN is composed of a
mixture of nitrified aluminum (Al), gallium (Ga) and indium (In) and used in the manufacture of a
semiconductor.

i = 161.73[J/m*], o, = 1.3[J/m*],J, = 400[J/m’], u = 168[Gpa] (51)

l)

In addition, the following surface parameters (dimensionless) are introduced throughout the analysis

S, : .1 <0.05, for Mode-I crack (axial tension)
2au
J, .
S, = :0. 2 , for Mode-II crack (in-plane shear)
2ap
s, = £92:0.001 < S, <0.1, for Mode-III crack (out-plane shear) (52)

au
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Mode-I crack

Stress distribution along the real axis (Mode I) Stress VS Surface effect Mode | (at the crack tip)
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Fig. 6 (a) Stress distribution (Mode-I) with respect to surface parameter (S,;), when O';}/ u = 0.3, (b) Stress
(Mode-1, at the crack tip) versus surface effect, when o,,/x = 0.3

Mode-II crack

Stress distribution along the real axis (Mode Il) Stress VS Surface effect Mode Il (at the crack tip)
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Fig. 7 (a) Stress distribution (Mode-II) with respect to surface parameter (S.»), when o,,/u = 0.3, (b) Stress
(Mode-II, at the crack tip) versus surface effect, when o, /u = 0.3

The estimated stress distributions (along x-axis) for each case are presented through Figs. 6(a)-8(a).
It can be seen from Figs. 6(a)-8(a) that the obtained solutions in Mode-1, 11 and 11l case reduce to
those of the classical case when the surface effects become negligible. Further, we found that, in
plane-strain case (Mode-1 and Mode-11), the general solution for the mixed mode problem (Mode-1
+ Mode-1l, in this case, tension and in-plane shear are applied on the remote boundary
simultaneously) reduces to those of the Mode-I and Mode-II case, separately, even with the
incorporation of the surface effects (see, the compatible results from the linear elastic fracture
mechanics, (England 1971) and (Muskhelishvili 1953)). Finally, Figs. 6(b)-8(b) display the relation
between crack tip stresses and the surface effects for Mode-I, 1I and III cases, respectively. The
results clearly indicate that the surface effects can effectively reduce the corresponding stress at the
crack tip. Further, the surface parameters (see, Eq. (52)) are controlled by variations of the crack
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Mode-III crack
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Fig. 8 (a) Stress distribution (Mode-III) with respect to surface parameter (S.), when o;,/u = 0.1, (b) Stress
(Mode-111, at the crack tip) versus surface effect, when o-i, /u = 0.1

0'w=ho_
S«— —> S<— R \Ure
O xx _>O-xx O xx
t O-rr
«— —> OR «—

Fig. 9 Schematic of crack tip region and surrounding surface layer

size, the present results also indicate that the corresponding stresses exhibit strong dependency on
crack size. In fact, size dependency of the stress fields are the dominant phenomena in study of
sufficiently small scale structures such as in micro and nano sized structures (see, for example,
(Tian and Rajapakse 2007) and (Wang and Wang 2006)).

Remark 3.

We have estimated the thickness of the surface layer surrounding the crack via appropriate
balance equation given by (see Fig. 9.)

Using the values of ¢, and o,, obtained above yields

56.62[J/ m*] = h x 0.6577 x 168 x 10°[N/ m*], h=0.5124 x 10~°[m]

This is indeed consistent with the results in the literature (see, for example Suzuki et al. (2008),
Sugiyama et al. (2010)) that the thickness (/%) of the ‘surface layer’ is reported as being in the range
of a half to a few nanometers. Varying the material properties and the distribution of the estimated
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stresses as we approach the crack tip, continues to yields results consistent with the results reported
independently in the literature.

5. Conclusions

In this summarized paper, we have reviewed the general deformations of a linearly elastic solid in
the case where a Mode-1, Mode-11 or Mode-11l crack is present and, especially, when the surface
effects are incorporated into the system of analysis. Throughout the rigorous derivation, we show
that the deformations of an elastic solid containing a single crack can be decoupled into in-plane
and anti-plane parts, even when the surface mechanics is incorporated. We also demonstrate that, in
the case where in-plane deformations are considered (Mode-1 and Mode-11 crack), the surface stress
o, gives rise to residual stresses in which case the corresponding stress field can no longer be zero
even when all external loads are removed. This also may result in stress singularity at the crack tips
depending on the particular description of the crack tip adopted. As we mentioned previously, in the
present study, we exclude this situation in an attempt to draw direct comparison with the analogous
results from the linear elastic fracture mechanics. In results, it is shown that, in contrast to classical
fracture mechanics (where surface effects are neglected), the incorporation of surface elasticity leads
to the more accurate situation of a finite stress at the crack tip. It should be noted here that finite
stresses at the crack tip can also be achieved using other ‘means’, for example, by directly
considering molecular interactions near the crack tip (see (Philip 2009) and the references therein),
yet, eventually, they share the same idea: the incorporation of the role of surfaces into analysis.

Finally, we demonstrate that the corresponding stress distributions derived from our analysis show
clear signs of size dependency and do indeed reduce to classical solutions, when the surface effects
approach zero. Although, in the summary, we deliberately omitted details of numerical analysis of
the system of integro-differential equations, this does not necessarily mean that the corresponding
analysis is not of interest or important. One reason for doing so is that the author would like to put
more attention on formatting governing equation in which the effects of surface mechanics is
incorporated and examining basic rules from the classical mechanics (for example, decomposition
theory) within the current problem setting. Comprehensive details of the corresponding numerical
analysis are available in Kim et al. (2009), Kim et al. (2010a), Kim et al. (2010b).

Acknowledgments

This work was supported by the Natural Sciences and Engineering Research Council of Canada
and the Alberta Ingenuity Fund (Nanotechnology). The author would like to acknowledge the
numerous useful discussions with professor. Peter Schiavone and Chong-Qing Ru. Also, the author
would like to dedicate the manuscript to the memory of his grandmother, Gyeseon Son
(1925~2010).

References

Cammarata, R.C. (1997), “Surface and interface stress effects on interfacial and nanostructured materials”, Mater:



An analysis of an elastic solid incorporating a crack under the influences of surface effects in plane & anti-plane deformations 137

Sci. Eng. A, 237(2), 180-184.

Chakrabarti, A. (1999), “Numerical solution of a singular integro-differential equation”, ZAMM Z. Agnew. Math.
Mech., 79(4), 233-241.

Duan, HL., Wang, J., Huang, Z.P. and Karhaloo, B.L. (2005), “Size-dependent effective elastic constants of
solids containing nano-inhomogeneities with interface stress”, J. Mech. Phys. Solids, 53(7), 1574-1596.

England, A.H. (1971), Complex variable methods in elasticity, John Wiley & Sons Ltd. London.

Gurtin, M.E. and Murdoch, A.L (1975), “A continuum theory of elastic material surfaces”, Arch. Ration. Mech.
An., 57(4), 291-323.

Gurtin, M.E., Weissmuller, J. and Larche, F. (1998), “A general theory of curved deformable interface in solids
at equilibrium”, Philos. Mag. A., 78(5), 1093-1109.

Kim, C.I,, Schiavone, P. and Ru, C.Q. (2009), “Analysis of a mode-III crack in the presence of surface elasticity
and a prescribed non-uniform surface traction”, ZAMP. Z. Angew. Math. Phys. (DOI 10.1007/s00033-009-
0021-3)

Kim, C.I., Schiavone, P. and Ru, C.Q. (2010a), “Analysis of plane-strain crack problems (Mode-1 & Mode-II) in
the presence of surface elasticity”, J. Elasticity. (DOI 10.1007/s10659-010-9287-0)

Kim, C.I, Schiavone, P. and Ru, C.Q. (2010b), “The effects of surface elasticity on an elastic solid with mode-
III crack: complete solution”, J. Appl. Mech. - ASME, 77(2), 021011(1-7).

Miller, R.E. and Sheny, V.B. (2000), “Size-dependent elastic properties of nanosized structural elements”,
Nanotechnology, 11(3), 139-147.

Muskhelishvili, N.I. (1953), Some basic problems of the mathematical theory of elasticity, P. Noordhof,
Groningen, The Netherlands.

Ogden, R.W., Steigmann, D.J. and Haughton, D.M. (1997), “Effect of elastic surface coating on the finite
deformation and bifurcation of a pressurized circular annulus”, J. Elasticity, 47(2), 121-145.

Philip, P. (2009), “A quasistatic crack propagation model allowing for cohesive forces and crack reversibility”,
Interact. Multiscale Mech., 2(1), 31-44,

Ru, C.Q. (2010), “Simple geometrical explanation of Gurtin-Murdoch model of surface elasticity with
clarification of its related versions”, Sci. China, 53(3), 536-544.

Sharma, P. and Ganti, S. (2004), “Size-dependent Eshelby's tensor for embedded nano-inclusions incorporating
surface/interface engergies”, J. Appl. Mech. - ASME, 71(5), 663-671.

Sih, G.C. (1965), “Boundary problems for longitudinal shear cracks”, Develop. Theor. Appl. Mech., 2, 117-130.

Sugiyama, A., Taguchi, Y., Nagaoka, S. and Nakajima, A. (2010), “Size-dependent magnetic properties of naked
and ligand-capped nickel nanoparticles”, Chem. Phys. Lett., 485, 129-132,

Suzuki, T., Endo, H. and Shibayama, M. (2008), “Analysis of surface structure and hydrogen/deuterium
exchange of colloidal silica suspension by contrast-variation small-angle neutron scattering”, Langmuir, 24,
4537-4543.

Tian, L. and Rajapakse, R.K.N.D. (2007), “Analytical solution of size-dependent elastic field of a nano-scale
circular inhomogeneity”, J. Appl. Mech. - ASME, 74(3), 568-574.

Wang, GF. and Wang, T.J. (2006), “Deformation around nanosized elliptical hole with surface effect”, Appl.
Phys. lett., 89, 161901.

Wu, C.H. (1999), “The effect of surface stress on the configurational equilibrium of voids and cracks”, J. Mech.
Phys. Solids, 47, 2469-2492.

Wu, C.H. and Wang, M.L. (2000), “The effect of crack-tip point loads on fracture”, J. Mech. Phys. Solids, 48,
2283-2296.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




