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Abstract.  The skin friction of a pile foundation is important and essential for its design and analysis. More 
attention has been given to the softening behaviour of skin friction of a pile. In this study, to investigate the 
load-transfer mechanism in such a case, an analytical solution using a nonlinear softening model was 
derived. Subsequently, a load test on the pile was performed to verify the newly developed analytical 
solution. The comparison between the analytical solution and test results showed a good agreement in terms 
of the axial force of the pile and the stress-strain relationship of the pile-soil interface. The softening 
behaviour of the skin friction can be simulated well when the pile is subjected to large loads; however, such 
behaviour is generally ignored by most existing analytical solutions. Finally, the effects of the initial shear 
modulus and the ratio of the residual skin friction to peak skin friction on the load-settlement curve of a pile 
were investigated by a parametric analysis. 
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1. Introduction 
 

Pile foundations are required to support large loads from superstructures when shallow 
foundations are inadequate. The applied loads on a pile are counterbalanced by skin friction along 
the pile and the bearing resistance at the pile toe. The skin friction is mobilised when the pile 
moves downward relative to its surrounding soils, whereas the toe bearing is determined by the 
difference between the applied loads and the resistance from the skin friction. In other words, toe 
bearing is affected by the mobilization of skin friction (Madhav et al. 2009). Methods used to 
determine skin friction and toe bearing of a pile for engineering designs are mostly empirical and 
semi-theoretical. For example, empirical factors are used to estimate the resistance from skin 
friction (Poulos 1988). Regarding toe resistance, a coefficient (0.0372 for driven piles and 0.0465 
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for jacked piles) that was proposed by Vesic (1961) has been used to compute the resistance from 
the toe bearing and the settlement at the toe. Moreover, the Young’s modulus, which is should be a 
material constant for a pile, is generally modified for design based on energy-corrected standard 
penetration tests (Mayne and Harris 1993). However, most empirical methods generally ignore the 
mechanism of load-transfer in piles, which is strongly associated with pile-soil interactions (Haigh 
and Madabhushi 2011). Hence, a proper model for pile-soil interactions is required to describe the 
behaviour of a pile. 

To study the load-transfer mechanism in a pile, a simple linear model (Chow 1986) was first 
proposed for analytical analysis. This model can successfully describe the elastic behaviour of a 
pile. To simulate non-linear behaviour of a pile, the elastic-perfectly plastic model (Zhou 1991, 
Matyas and Santamarina 1994) was proposed, which assumed that the mobilized skin friction (or 
resistance) is constant even as the strain (or deformation) of the pile-soil interface increases in the 
plastic region. In other words, the influence of plastic deformation on skin friction is not 
considered in such a model. To account for the contribution of plastic deformation to the skin 
friction, a hybrid model (Zhu and Chang 2002) and a hyperbolic function model (Kim et al. 1999, 
Cao et al. 2014) were proposed. In these models, skin friction increases with plastic deformation at 
a pile-soil interface at a reduced rate, e.g., a hyperbolic relationship is used for this case. These 
models are only applicable in situations where the soil that surrounds a pile exhibits strain- 
hardening behaviour. However, over-consolidated clays or dense sands surrounding a pile may 
exhibit strain-softening behaviour, which has been reported by many researchers (Reese et al. 
2006, Zou et al. 2010). In such situations, the bearing resistance of a pile might decrease with the 
plastic deformation of a pile-soil interface. As a result, the axial bearing capacity of the pile might 
be overestimated. Hence, greater attention has been given to the softening behaviour of the 
pile-soil interface. Liu et al. (2004) and Yao et al. (2012) used a tri-line model to describe the 
softening behaviour. In this model, the relationship between the skin friction of a pile and pile-soil 
relative displacement is simplified as a poly-line composed of three straight lines. However, a 
pile-soil interface generally exhibits a highly nonlinear behaviour. Hence, more advanced models 
should be used. 

In this study, a softening model of the pile-soil interface is used to derive an analytical solution 
to investigate the load-transfer mechanism of a single pile under axial loading. Subsequently, a 
pile load test was performed to verify the newly developed analytical solution. Finally, a 
parametric analysis was performed to investigate the effects of the initial shear modulus and the 
ratio of the residual skin friction to the peak skin friction on the load-settlement curve of a pile. 

 
 

2. Mechanism of the pile-soil interaction 
 
2.1 Relationship between pile strain and pile-soil interface strain 
 
To maintain displacement consistency at the pile-soil interface, it is assumed that 

 
)()( zz ip                                  (1) 

 
where ωp (z) and ωi (z) are the settlement of the pile and pile-soil interface at a depth z, respectively. 
The settlement of a pile consists of the settlement of the sub-soil layer under the pile, ωpb, and the 
deformation of a pile segment below depth z, ωpd 
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)()( zz pdpbp                               (2) 
 

From Eqs. (1) and (2), we can obtain 
 

)()( zz ipdpb                               (3) 
 

In Eq. (3) ωpb is independent of depth z, whereas both ωpd (z) and ωi (z) are a function of z. The 
shear strain of pile-soil interface is defined as 
 

dz

zd i )(                                (4) 

 
By differentiating Eq. (3), the relationship between the strain of pile (εp) and the shear strain at 

a pile-soil interface can be obtained 
 p                                (5) 

 
2.2 Relationship between the skin friction and shear strain at the pile-soil interface 
 
A softening model that was proposed by Zheng et al. (2003), which was originally used to 

describe soil behaviour, was modified to simulate the softening behaviour at the pile-soil interface 
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where τ is the skin friction at the pile-soil interface; τm is the maximum skin friction; and a, b and c 
are parameters calibrated by experimental data. Fig. 1 schematically shows the stress-strain curve, 
where 1 / a is the initial slope of the curve. The maximum stress ratio is 1 / 4(b − c), and hence, it is 
required that 1 / 4(b − c) = 1. At the maximum stress ratio, the corresponding strain is (– a) / (b − 
0.5), beyond which the softening behaviour dominates. The residual stress ratio is c / b

2 when ε 
approaches infinity. 

 
 

Fig. 1 Softening model of the pile-soil interface 
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It is assumed that the maximum shear stress τm can be determined from the following equation 
 

ixm  tan                              (7) 
 
where σx is the lateral earth pressure and φi is the friction angle of the pile-soil interface. This 
interface angle is affected by many factors, e.g., soil properties, pile properties and pile installation 
method. For simplicity, an empirical equation proposed by Randolph and Wroth (1980) is used 
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where φs is the friction angle of the soil. It is also assumed that the soil surrounding the pile is 
uniform and hence the lateral earth pressure is 
 

osx zK                                (9) 
 
where γ′s is the effective unit weight of the soil, and Ko is the coefficient of the earth pressure at 
rest. For normally consolidated soils, Kon is determined by Jaky (1948) 
 

sonK sin1                            (10) 
 

According to Mayne and Kulhawy (1982), the coefficient of earth pressure at rest for over- 
consolidated soils is 

)sin()( sOCRKK onoo
                          (11) 

 
where OCR is the over-consolidation ratio. Combining Eqs. (10) and (11) yields the coefficient of 
earth pressure at rest for both normally consolidated and over-consolidated soils 
 

)sin())(sin1( sOCRK so
                        (12) 

 
Substituting Eqs. (7), (9) and (12) into Eq. (6) yields 
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                 (13) 

 
2.3 Governing equation for single pile under axial loading 
 
As shown in Fig. 2, the force equilibrium along the single pile yields 

 
)()()()( zdPzPdzzCzP ppppp                        (14) 

 
where Pp (z) is the axial force of the pile at depth z; τp (z) is the skin friction of the pile at depth z; 
Cp is the circumference of the pile. For a circular pile, Cp = 2πrp. Then, the above equation is 
written as 
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Fig. 2 Load-transfer model of a pile 
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Assuming the deformation of the pile is elastic, the relationship between the axial force and its 
strain is expressed as 

pp

p
p AE

zP )(
                              (16) 

 

where Ep is elastic modulus of the pile and Ap is the cross-section area of the pile. For a circular 
pile, Ap = πrp

2 
Combining Eqs. (15) and (16) yields 
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Substituting Eqs. (5) and (13) into the above equation yields 
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where A = .
))(sin1)(tan( )sin(
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 Solving Eq. (18) gives the following results 
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where M is an integral constant, which can be obtained by the following boundary condition 
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The integral constant is obtained as follows 
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Then, the relationship between the pile strain and depth is obtained 
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Combining Eqs. (13) and (22) yields the relationship between τ / τm and z. Settlement at the top 

of the pile, ωpt, consists of the deformation of the entire pile ωpd and the settlement at the pile toe 
ωpb 

pbpdpt                                (23) 
 

where 
L

ppd dz
0
  and L is the length of the pile. Based on the Boussinesq solution 

(Timoshenko and Goodier 1951), ωpb is calculated as follows 
 

bbpb Pn                                 (24) 

 
where Pb is the load at the pile toe; and nb = η(1 − vb) / 4rpGb and η are empirical parameters of the 
pile toe displacement. η is generally a value within 0.5 to 1 (Xiao et al. 2003), and hence, a value 
of 0.75 was chosen in this study. vb and Gb are Poisson’s ratio and the shear modulus of the soil at 
the pile toe, respectively. 

 
 

3. Verification of the proposed model 
 
3.1 Field pile load test 
 
A field pile load test on a single pile was conducted to verify the derived analytical solution. 

Fig. 3 shows its schematic diagram and a photograph of the set-up for the pile load test. The loads 
were applied on a loading frame attached to the pile by using a hydraulic jack against a reaction  
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(a) Schematic diagram (b) Photograph 

Fig. 3 Set-up for the pile load test 
 
 

beam. 
In the field test, the surface ground was relatively flat, and no surcharge was applied. The 

ground water table was located near ground surface. The pile consisted of C30 concrete, where the 
compressive strength of the concrete was 30 MPa. The length of pile was 45 m with a diameter of 
1.5 m. First, the pile was driven to the desired depth. Then, loads were applied incrementally from 
1,500 kN to 16,000 kN. The quick-maintained-load method was used for the field test. A load 
increment of 1,500 kN was applied approximately every 2.5 min. Subsurface soil exploration was 
performed near the test pile, and hence, the geotechnical properties of the soils surrounding the 
pile were obtained. The soil strata were relatively uniform and consisted of a clay layer that 
exhibited a relatively high density and a high plasticity. 

 
 

 

Fig. 4 Calibration of the softening model of the pile-soil interface 
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Table 1 Parameters for the analytical solution 

Pile-soil interaction Surrounding soil Pile-toe soil Pile 

a b c γ′s φs OCR Es v L rp Ep 

0.00006 0.3176 0.0676 8 kN/m3 20° 1.5 24 MPa 0.3 45 m 0.75 m 10 GPa

 
 
Load cells and strain gauges were installed along the pile at 7 depths (5.0 m, 12.8 m, 18.8 m, 

24.8 m, 31.0 m, 36.0 m, 41.0 m). At each depth, four load cells and four strain gauges were used to 
measure the axial force and strain of the pile. At the pile toe, two load cells were installed to 
measure the toe resistance of the pile. Based on the measurement of the axial force along the pile, 
the skin friction was calculated using Eq. (15). 

 
3.2 Calibration of the softening model for the pile-soil interface 
 
Fig. 4 shows the measured shear strain of the pile and skin friction for the pile-soil interface. 

Based on these field test results, Eq. (6) was calibrated. Using the least squares integral method, a, 
b and c were determined to be 0.00006, 0.3176 and 0.0676, respectively. It should be noted that 
the reduction after the peak value can be described by the softening model. Other parameters used 
in the analytical solution are summarised in Table 1. 
 

3.3 Axial force of the pile 
 
Fig. 5 shows the comparison between the axial forces of the pile obtained from the measured 

and analytical results. Five step loads from 1,500 kN to 16,000 kN were chosen to verify the 
softening model. Good agreement was obtained for the softening model under these five loads. 
The axial force equals the applied load when the depth is zero. The axial force decreases as the 
depth increases. Within a depth of 7 m, the axial force only slightly changes, possibly due to the 
small lateral earth pressure acting on the pile. When the depth is greater than 7 m, the axial force 

 
 

 

Fig. 5 Axial force profiles at different applied loads 

776



 
 
 
 
 
 

An analytical analysis of a single axially-loaded pile using a nonlinear softening model 

 

 

Fig. 6 Normalized skin friction profiles at different applied loads 
 
 
rapidly decreases, which suggests that skin friction works effectively. For different applied loads, 
the axial force profiles exhibit a similar trend. 

 
3.4 Normalised skin friction profile 
 
Fig. 6 shows the normalised skin friction (τ / τm) profiles for different applied loads. When the 

load is small (i.e., 1,500 kN), τ / τm is approximately 0.7 at the top of the pile and then decreases to 
zero at a depth of 30 m. When the load increases to 4,500 kN, a similar change in τ / τm with depth 
is observed. The depth at which τ / τm equals zero increases with the applied load. When the load is 
9,000 kN, τ / τm within a depth of 25 m is almost 1.0, which indicates that the skin friction is fully 
mobilised, i.e., reaches its peak skin friction. At the pile toe, τ / τm is still zero, which indicates that 
the toe bearing is not yet mobilised. When the load is 16,000 kN, τ / τm within a depth of 25 m 
decreases to approximately 0.9, which indicates that the pile-soil interface softens. This behaviour 
is generally ignored by most existing analytical solutions. τ / τm within a depth from 25 to 40 m 
reaches 1.0, at which the peak skin friction is mobilised. At the pile toe, τ / τm increases to 0.53, 
which indicates that the toe resistance begins to play an important role in the pile resistance. 
 
 
4. Parametric analysis 
 

4.1 Effect of the initial shear modulus 
 
As showed in Fig. 1, the initial slope of the shear strain-stress curve or the initial shear modulus 

of the pile-soil interface is determined by the value of parameter a. Fig. 7 shows the total skin 
friction- and load-settlement curves obtained from the newly developed analytical solution using 
different values of a (i.e., 0.00006, 0.00012, 0.00018 and 0.00024) with c / b

2 = 0.69. At the 
beginning, the settlement at the pile top almost linearly increases with the applied load until the 
load reaches a threshold value, Pt. The Pt is defined as the load where the total skin friction begins 
to deviate from the applied load. Below Pt, the total friction is equal to the applied load, which 
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Fig. 7 Effect of the initial shear modulus on the total skin friction- and load-settlement curves 
with c / b

2 = 0.69 
 
 

suggests that the initial pile resistance is mainly attributed to the skin friction. As expected, the 
higher the value of a, the lower the initial shear modulus and thus the larger the slope of 
load-settlement curve. However, Pt decreases with an increased value of a. When a equals 0.00006, 
Pt is approximately 14,000 kN. When a reaches 0.00024, Pt decreases to 3,700 kN, only 
approximately 26% of the case with a = 0.00006. Beyond Pt, the settlement increases at an 
accelerated rate; however, the rate decreases with the value of a, exhibiting an opposite behaviour 
with the case below Pt. The total skin friction-settlement curves tend to converge into a vertical 
asymptotic line. This observation is because the curves have the same value of c / b

2, which 
controls the residual skin friction and hence the ultimate total skin resistance. In other words, the 
value of a primarily controls the curvature of the total skin friction- and load-settlement curves. It 
should be noted that only the total skin friction-settlement curve with a = 0.00006 shows slightly 
softening behaviour. It may be due to a relatively high value of c / b

2. 
 
4.2 Effect of the ratio of residual to peak skin frictions 
 
As shown in Fig. 1, the residual stress ratio is c / b

2, where its value indicates the degree of 
softening. A lower value of c / b

2 indicates a stronger softening behaviour. Five values of c / b
2 (i.e., 

0.2, 0.4, 0.6, 0.8, 1.0) were used to compute the total skin friction- and load-settlement curves 
(with a = 0.00006), and the results are shown in Fig. 8. It should be noted that when c / b

2 = 1.0 
(i.e., residual skin friction equals the peak skin friction), the model retrogresses into a hardening 
model. Similar to Fig. 7, the curves in Fig. 8 illustrate that the settlement increases with load 
initially at an almost constant rate until Pt is reached and then the increasing rate rises up 
dramatically. The initial segment of the five load-settlement curves appears to be independent of 
the ratio of the residual to peak skin frictions. Moreover, the value of Pt seems not to be affected 
by c / b

2. As the value of c / b
2 decreases, the total skin friction-settlement curve shows more 

obvious softening behaviour, i.e., total skin friction may decrease with further increase in 
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Fig. 8 Effect of the ratio of the residual skin friction to peak skin friction on total skin friction- 
and load-settlement curves with a = 0.00006 

 
 

settlement at pile top. If the allowable settlement is set at 3% of the pile diameter (i.e., 45 mm) 
(Muni 2001), the allowable load capacity with c / b

2 = 0.2 is 15,652 kN and the corresponding total 
skin friction is 14,203 kN. As c / b

2 increases to 1.0, the allowable load capacity is 17,104 kN and 
the corresponding total skin friction is 15,667 kN. Thereby, the decrease in load capacity is 1,452 
kN as c / b

2 decreases from 1.0 to 0.2, which is very close to that in total friction (i.e., 1,464 kN). 
This comparison indicates that although the same peak skin friction is used, the load capacity of 
the pile is reduced by 8.5% as c / b

2 decreases from 1.0 to 0.2.The decrease of load capacity is 
mainly attributed to the loss of total skin friction, clearly reflecting the softening behaviour of the 
pile-soil interface. Therefore, the softening behaviour of the pile-soil interface cannot be ignored 
during design; otherwise, the pile load capacity will be over-estimated. 

 
 

5. Conclusions 
 
A nonlinear softening model of the pile-soil interface is used to derive an analytical solution for 

a single pile under axial loading. Hence, the analytical solution was verified by the results from a 
field pile load test, and a parametric analysis was further conducted. The following conclusions 
can be drawn from this study: 

 

 The analytical solution was verified by its good agreement between the analytical solution 
and test results regarding the pile axial force and stress-strain relationship of the pile-soil 
interface. The softening behaviour of the skin friction could be simulated well when the pile 
is subjected to large loads. 

 The value of a primarily controls the initial segment of the load-settlement curves and Pt, 
whereas the ultimate load is determined by the value of c / b

2. Pt is the threshold value of the 
load at which the friction begins to be inconsistent with the applied load. Below Pt the 
applied load at the top only transfers into the skin friction, otherwise into the skin friction 
and toe resistance. 
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 If softening behaviour of the pile-soil interface is ignored, the axial load capacity of a single 
pile will be over-estimated. 
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