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Abstract.  Soil disturbance induced by installation of mandrel driven vertical drains decreases the in situ 
horizontal hydraulic conductivity of the soil in the vicinity of the drains, decelerating the consolidation rate. 
According to available literature, several different profiles for the hydraulic conductivity variation with the 
radial distance from the vertical drain, influencing the excess pore water pressure dissipation rate, have been 
identified. In addition, it is well known that the visco-plastic properties of the soil also influence the excess 
pore water pressure dissipation rate and consequently the settlement rate. In this study, a numerical solution 
adopting an elastic visco-plastic model with nonlinear creep function incorporated in the consolidation 
equations has been developed to investigate the effects of disturbed zone properties on the time dependent 
behaviour of soft soil deposits improved with vertical drains and preloading. The employed elastic 
visco-plastic model is based on the framework of the modified Cam-Clay model capturing soil creep during 
excess pore water pressure dissipation. Besides, nonlinear variations of creep coefficient with stress and time 
and permeability variations during the consolidation process are considered. The predicted results have been 
compared with Väsby test fill measurements. According to the results, different variations of the hydraulic 
conductivity profile in the disturbed zone result in varying excess pore water pressure dissipation rate and 
consequently varying the effective vertical stresses in the soil profile. Thus, the creep coefficient and the 
creep strain limit are notably influenced resulting in significant changes in the predicted settlement rate. 
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1. Introduction 
 

The population growth, the urbanisation development and as a result the infrastructure 

progression such as highways, railways and ports have increased the need of appropriate ground 

for living and development more than ever. Consequently, many other land sources even with poor 

bearing capacity such as the waterside areas alongside lakes, rivers, and marine shores are being 

contemplated by developers. The prevalent soils in these areas, considered as soft soils, are 
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characterised by the low shear strength, the high compressibility, and the low hydraulic 

conductivity. One of the main challenges of clients and designers is minimising the future 

maintenance costs associated with the long-term performance of structures constructed on soft 

soils. For example, investigating the long-term behaviour (e.g., settlement and lateral deformation) 

of soft soils under highway or railway embankments is a challenging task for geotechnical 

engineers. In addition, soft soils may significantly change performance of superstructures while 

subjected to earthquakes due to large foundation deformations (e.g., Fatahi and Tabatabaiefar 2014, 

Hokmabadi et al. 2014a, b, Tabatabaiefar et al. 2013a, b, Tabatabaifar and Fatahi 2014). 

Post-construction deformation of soft soils including clays, silts and peats, may be extreme 

during the life time of the structure. Therefore, in order to minimise the post-construction 

settlement and improve the bearing capacity and the shear strength of the soft soil deposits, various 

methods such as soil cementation, addition of fibre (Fatahi et al. 2013) or preloading combined 

with vertical drains may be used. Preloading comprises of applying a load, equal to or greater than 

the entire load of a planned structure, over the site earlier than constructing the structure. 

Preloading, which is commonly an earth fill, applies compression to the underlying soil, which is 

being partially or fully removed while the required settlement has taken place. 

Prefabricated vertical drains (PVDs) are installed using closed end mandrels. Mandrel insertion 

causes soil disturbance in the vicinity of the drain. The disturbed zone around the vertical drain 

possessing reduced hydraulic conductivity in the horizontal direction, can remarkably affect the 

excess pore water pressure dissipation rate and the creep coefficient (Holtz and Holm 1973, Lo 

and Mesri 1994, Bergado et al. 1991, Sharma and Xiao 2000, Basu and Prezzi 2007, Walker and 

Indraratna 2006, Parsa-Pajouh et al. 2014). 

Numerous studies have been carried out to investigate the consolidation of saturated and 

unsaturated soils (Ho et al. 2014, Qin et al. 2014). The mechanical response of soft soils such as 

inelastic behaviour under loading is significantly influenced by clay, the major composition of soft 

soils, which has sophisticated mineralogical composition and structure (Shen et al. 2012, Nguyen 

et al. 2014). Creep (time dependant viscous behaviour of soil) is a significant part of the soft soil 

settlement which may cause substantial deformation in the long-term. Creep deformation may be 

considered as destruction or adjustment of the soil structure under a constant effective stress. The 

explanation of the mechanism of creep settlement based on the clay mineralogy as well as the 

deformation of both macro and microstructures of soils can be relevant to employ for settlement 

prediction. In the macroscopic view, creep deformation is the result of the rearrangement or 

adjustment of soil structural to reach a new equilibrium under an applied stress. In the microscopic 

level, creep deformation is described as the deformation of microstructure (clay minerals and 

absorbed water layer) due to the drainage pore fluid in micropores, or due to the structural 

viscosity of pore fluids (Mitchell 1956, Bjerrum 1967, Le et al. 2012, Azari et al. 2014, Le et al. 

2015). By and large, viscous creep is an area that has been ignored even in the most recent 

constitutive and numerical models used to simulate consolidation of soft soils with both vertical 

and radial drainage (e.g., Bergado et al. 1992, Hird et al. 1992, Hong and Shang 1998, Indraratna 

et al. 2005, Xie et al. 2012). 

Mesri and Feng (1991) proposed a creep ratio concept to simulate the behaviour of preloaded 

soft soils. Furthermore, Mesri (1986) interpreted post-surcharge compression behaviour of soft 

soils in relationship with the compression index. Although the creep ratio concept is practical, it 

has some limitations including lack of excess pore water pressure simulation, difficulties with 

numerical calculations, while considering the nonlinear variation of permeability with void ratio 

influencing the excess pore water pressure dissipation rate. Furthermore, Mesri et al. (1975) 
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Numerical analysis of vertical drains accelerated consolidation 

reported the compression index, used in the creep ratio concept, as a function of the vertical 

effective stress during consolidation process which results in difficulties in determining the 

compression index. 

Barron (1948) and Hansbo (1981) developed theoretical studies on soil disturbance with the 

assumption of a radial flow of water into the drain. Their solutions can be applied to estimate the 

degree of consolidation as a function of time. A vertical drain with a circular cross-section is 

considered in those formulations. Barron (1948) obtained the solution based on the Terzaghi- 

Rendulic theory of radial consolidation (Terzaghi 1925, Rendulic 1935, 1936), whereas Hansbo 

(1981) obtained the solution based on the continuity of flow and Darcy’s law. The solution 

obtained by Hansbo (1981) matches closely the Barron (1948) solution and is broadly used in 

practice. Walker and Indraratna (2006) presented an axisymmetric drain radial consolidation 

equation based on parabolic reduction pattern in the permeability toward the drain. The calculation 

procedure similar to Hansbo (1981) axisymmetric solution was adopted with modification, in 

order to incorporate the decay of permeability in the disturbed zone. Hansbo’s (1981) equations 

calculate the settlement based on the vertical effective stress values at a given time, and as a result, 

it cannot capture the effects of time dependant viscous behaviour of the soil. Moreover, although 

the real soft soil properties keep changing during the consolidation process, Walker and Indraratna 

(2006) assumed that soil parameters (e.g., soil permeability, vertical coefficient of consolidation in 

intact and disturbed zones, and coefficient of volume compressibility in intact and disturbed zones) 

stay constant during the consolidation process. Basu et al. (2006, 2010) developed analytical 

solutions for consolidation of soft soils improved by vertical drains, considering both disturbed 

and transition zones using a methodology similar to that of Hansbo (1981). Although they 

considered five different patterns for hydraulic conductivity variations in disturbed zone to obtain 

the analytical solutions, the time dependant viscous behaviour of soft soils was not considered. 

Furthermore, results were normalized by the final settlement when the excess pore water pressure 

is equal to zero. It should be mentioned that since creep occurs concurrently with the excess pore 

water pressure dissipation process, considering identical final settlements for all five different 

situations may not be accurate. Zhu and Yin (2000) combined the continuity and the constitutive 

effective stress-strain equations to simulate the deformation of soft soils improved with vertical 

drains. Their proposed simplified finite element method has been efficient for the consolidation 

analysis of soils with vertical drain and preloading. That simplified method formulation can be 

applied to layered soil, time-dependent loading, capturing the disturbance effect and inelastic 

stress-strain behaviour. They employed the conventional consolidation theory developed by 

Terzaghi (1941) and Barron (1948) and therefore neglected viscous/creep behaviour of the soil 

during the consolidation process (Zhu and Yin 2000). Nash and Ryde (2001) developed a one 

dimensional finite difference consolidation analysis which is capable of considering multi-layer 

soil profile, disturbed zone, and permeability variation based on void ratio. They applied the 

original elastic visco-plastic proposed by Yin (1990) for the finite different solution and 

consequently ignored the creep strain limit and nonlinearity of creep coefficient. 

Based on the available literature, there is a lack of consideration with respect to the combined 

effects of the hydraulic conductivity profile in disturbed zone and the nonlinear visco-plastic 

behaviour of soil influencing the creep parameters and settlement rate and consequently 

deformation of soft soils improved using vertical drains (Zhu and Yin 2000, Walker and Indraratna 

2006, Basu et al. 2006, 2010). According to the fact that different hydraulic conductivities in the 

disturbed zone may result in different settlement, consolidation and creep coefficients at any given 

time in the soil profile, effects of the hydraulic conductivity variations in the disturbed zone on the 
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settlement prediction should be evaluated more carefully. 

In this paper, the elastic visco-plastic model, considering a nonlinear creep function and creep 

strain limit, developed by Yin and Graham (1989), is incorporated in the consolidation equation to 

investigate the effects of soil disturbance induced by the installation of prefabricated vertical 

drains (PVDs) on time dependant performance of soft soil deposits. Finite difference formulations 

for fully coupled one dimensional axisymmetric consolidation are adopted to model the time 

dependent behaviour of the soft soil combining both vertical and radial drainage, and variations of 

the settlement and the excess pore water pressures of the ground with time are reported. Different 

possible variations of the horizontal permeability in the disturbed zone and nonlinear variations of 

the permeability with void ratio changes in combination with the soil creep are considered. The 

effects of different hydraulic conductivity profiles on settlement, the excess pore water pressure 

dissipation rate, the creep coefficient, and the creep strain limit are investigated and discussed for 

Väsby test fill, built in Sweden, with settlement data available for 20 years, as a case study. 

 

 

2. Elastic visco-plastic behaviour of soils 
 

Different approaches have been proposed to estimate the time dependant deformation of soft 

soils. In general, researchers suggest two broad concepts: (i) although creep occurs during the 

excess pore water pressure dissipation (known as primary consolidation process), the void ratio 

when the excess pore water pressure has fully dissipated at the end of primary consolidation (eEOP) 

is unique for thin and thick samples and all the subsequent calculations are based on this 

assumption (Hypothesis A) (e.g., Ladd 1973, Ladd et al. 1977, Mesri 2001, Mesri and Feng 1991, 

Mesri et al. 1994); and (ii) considering the fact that primary consolidation consists of creep 

deformation, which is increasing with time, the value of eEOP for thin and thick soil samples cannot 

be unique and the equations should embrace the results of this assumption (Hypothesis B) (e.g., 

Suklje 1957, Barden 1965, 1969, Bjerrum 1967, Yin and Graham 1989, 1994). In Hypothesis A, 

soil settlement is divided into two parts, primary consolidation (during dissipation of excess pore 

water pressure) followed by the secondary compression (while the remaining excess pore water 

pressure left is insignificant). However, in Hypothesis B, soil settlement is estimated using an 

elastic visco-plastic constitutive model simulating creep deformation and excess pore water 

pressure dissipation simultaneously and continuously. 

Bjerrum (1967) represented a relationship between the applied stresses, compression and time, 

by a system of lines, while each line being a representative of a unique relationship between stress, 

strain and time. Time line system concept of Bjerrum (1967) was adopted by Yin (1990) assuming 

that time lines are lines with the same values of “equivalent times” (te). However, as explained by 

Yin (1999), unlike Bjerrum’s (1967) concept, each time line can be correlated to a unique creep 

coefficient and it is not necessarily equal to the loading duration. The time line concept comprises 

an instant time line, a reference time line, a limit time line, and a set of equivalent time lines. Fig. 

1 depicts schematic fitting curves for instant, reference, equivalent, and limit time lines. 

As described by Yin and Graham (1989), the instant time line defines the elastic-plastic 

settlement and is correlated to the normal consolidation line. Nevertheless, instant compression is 

expressed by Yin (1990) as time independent elastic compression. As explained by Yin et al. 

(2002), the normal consolidation or overconsolidation lines are often generated by the standard 

oedometer tests which may include creep deformation (while excess pore water pressure is being 

dissipated) since the consecutive loadings in the tests are generally kept constant for 24 hours. As 
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FIG. 1. Schematic fitting curves for instant, reference, equivalent and limit time lines  

(after Yin and Graham, 1994)  
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Fig. 1 Schematic fitting curves for instant, reference, equivalent and limit time lines 

 

 
a result, the true instant line should be obtained by reloading/unloading tests. The instant time line 

fitting equation can be defined as follows 
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where, σ′u is a unit stress, 
e
z  is the vertical strain at stress level σ′z, 

e
z0  is the vertical strain at σ′z = 

σ′u, and k / v is a material parameter describing the elastic stiffness of the soil, in which v is the 

specific volume (v = 1 + e0), and e0 is the initial void ratio. 

Yin and Graham (1989) proposed their original elastic visco-plastic model assuming the creep 

coefficient is constant. However, according to the field measurements and laboratory test results 

(e.g., Yin 1999, Mesri 2001, Yin et al. 2002) the relationship between the strain (or void ratio) and 

logarithm of time is not linear. Consequently, in order to simulate the behaviour of soft soils more 

accurately, Yin (1999) proposed a modified creep function incorporating a nonlinear creep 

coefficient and the creep strain limit. 

The authors believe that there is an absolute minimum value for the volume of solid in a soil 

element while no void exists within that soil element. As expressed by Mitchell (1956), regardless 

of the pressure or initial orientation, void ratio for a particular soil can reach to a minimum value. 

It means that the soil structure cannot deform forever. Thus, the deformation of soils under a 

particular applied pressure must cease after a finite period that can be counted in years or decades, 

meaning that there is a finite strain. The compression may end under the final effective stress that 

the ultimate equilibrium inside the soil structure is reached or when no void and fluid exist inside 

the clay particles. Obviously, creep strain limit measurement is not an easy task since it is not 

feasible to carry out the tests for infinity duration. Hence, it can be assumed that the limit strain 

can be reached when the volume of voids within the soil approaches zero under the applied stress 

at the infinity time. Yin et al. (2002) proposed that the creep strain limit may be estimated based 

on the initial void ratio as follows 
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0
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where, 
limit
cr  is the creep strain limit and e0 is the initial soil void ratio. 

However, the authors believe that Eq. (2) is an overestimation of the creep strain limit since the 

term e0 / 1 + e0 consists of the conventional consolidation volume change due to hydrodynamic 

excess pore water pressure dissipation as well as the creep. As a result, the soil void ratio at a 

certain effective stress on the reference time line should be used to define the creep strain limit for 

a particular applied effective stress as follows 
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where, eref is the void ratio at effective stress equal to σ′z on the reference time line, εz is the soil 

vertical strain, σ′z0 is a material property, and ez is the void ratio at a particular applied effective 

stress. 

As stated by Yin and Graham (1989), the equivalent time line by some means is comparable to 

the equivalent pressure defined in the critical state soil mechanics. The equivalent time (te) is 

referred to the time that young clay needs to wait after instantaneous loading along the reference 

line (λ line) to get to the required future state point condition. The time needed for soil to creep 

from the reference time line to a state point under the same effective stress is defined by Yin 

(1999) as the equivalent time (te). As explained by Yin et al. (2002), an equivalent time (te can be 

defined as a function of the state point (σ′z, εz), as follows 
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where, t0, ,0

v


 ,
v


 and 

ep
z0  are curve-fitting parameter related to the choice of the reference time 

line, the initial creep coefficient, the elastic-plastic stiffness of the soil, and the vertical strain at σ′z 

= σ′z0, respectively. 

Equivalent times above and below the reference time line are negative and positive, 
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respectively, as shown in Fig. 1. In overconsolidated range, equivalent time is a function of the 

consolidation ratio, however, in normally consolidation range and multistage loading tests (i.e., 

constant load increment), the equivalent time is usually equal to the duration of the load increment 

(Yin and Graham 1994). According to Yin et al. (2002), the vertical creep compression strain 

)( vp
z  can be calculated by the following equation 
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where, 
v


 is the creep coefficient, and 

v

0
 is the initial value of 

v


 at te = 0. 

Yin (1990) defined the reference time line as the line with the equivalent time equal to zero (te 

= 0). The reference line can be used to calculate the equivalent time, and reasonably can be taken 

as the line with no excess pore water pressure or at “some other time” to calculate the creep strains 

(Yin 1990). As explained by Yin and Graham (1994), in time independent soils, while viscosity of 

the soil is equal to zero, the reference time line is the elastic-plastic line. The fitting function for 

the reference time line can be presented as 
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As suggested by Yin and Graham (1994), a unique limit time line in the space of (σ′z, εz) exists 

for both viscous and non-viscous soils. They expressed the limit time line as the line which has te = 

∞ and the creep coefficient of zero. Behaviour of the soil beyond the limit time line is time 

independent. It is believed that the creep straining will finally terminate after very long time 

(infinity) when the soil particles occupy a fixed volume. The fitting function for the limit time line 

is as follows 
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where, 
limit
z  is the strain limit, and 

ep
z0  is the initial strain on the reference time line. 

According to Yin et al. (2002), considering and combining Eqs. (1) to (9), the elastic visco- 

plastic model to predict the time dependant behaviour of soft soils can be obtained using Eqs. (10) 

and (11) 
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where 
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Eqs. (10a) and (10b) represent the soil behaviour transition from heavily over-consolidated to 

lightly over-consolidated and finally normally consolidated situation. Eq. (10a) denotes the 

situation where the soil is heavily over-consolidated and as a result, the viscous creep component 

is insignificant, while Eq. (10b) denotes the situation where the soil is lightly over-consolidated or 

normally consolidated and consequently, the behaviour is a function of effective stress and time 

(Fig. 1). It should be noted that the above mentioned equations are in 1-D platform and can be 

used for one dimensional consolidation. Further explanation regarding equations in 3-D can be 

found in Yin et al. (2002). 
 

 

3. Soil disturbance induced during vertical drains installation 
 

As mentioned earlier, prefabricated vertical drains are installed using: mandrel, disturbing the 

soil around the drain to a certain extent, and resulting in the reduction of the horizontal soil 

permeability in this region (Fig. 2). The extent of the soil hydraulic conductivity changes in the 

disturbed zone versus the distance from the vertical drain has not been identified with certainty and 

so far there is no comprehensive or standard method for measuring these characteristics.  

According to field and laboratory observations (e.g., Bergado et al. 1991, Madhav et al. 1993, 
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Fig. 2 Schematic 3D-axisymetric consolidation 
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FIG. 2. Cross section of the disturbed zone surrounding a vertical drain, (a) two zones  

hypothesis, (b) three zones hypothesis  
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FIG. 2. Cross section of the disturbed zone surrounding a vertical drain, (a) two zones  

hypothesis, (b) three zones hypothesis  
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Fig. 3 Cross section of the disturbed zone surrounding a vertical drain: (a) two zones hypothesis; 

(b) three zones hypothesis 

 

 

Indrarantna and Redana 1998b, Hird and Moseley 2000), the soil hydraulic conductivity varies 

with radial distance away from the vertical drain. Although some efforts have been made to 

simulate a gradual variation of the hydraulic conductivity with radius (Madlav et al. 1993, Chai et 

al. 1997, Hawlader et al. 2002), it has never been a straight forward task to quantify the disturbing 

effects (Hansbo 1997). In general, to characterise the disturbed zone, two major parameters 

including the permeability (k′r), and the extent (rd) of the disturbed zone are proposed. Bergado et 

al. (1991) stated that the vertical drains installation procedure, mandrel specifications and the type 

of soil are the key factors influencing the disturbed zone characteristics. According to Barron 

(1948), inserting and withdrawing cased holes, which are back filled, would distort and remould 
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Table 1 Various available permeability variation equations 

Case Suggested equations for permeability in disturbed zone Reference 

Case A k′r (r) = k′z (r) = αkh 
Barron (1948) 

Holtz and Holm (1973) 

Case B k′r (r) = k′z (r) = kr 
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the soil in the vicinity of the vertical drain. In general, researchers suggest two broad concepts to 

determine the characteristics of the soil surrounding the drain: (i) two zones hypothesis, consisting 

of the intact zone surrounding the disturbed zone adjacent to the vertical drain; and (ii) three zones 

hypothesis, comprised of the undisturbed zone surrounding the transition zone and the smear zone 

in the immediate vicinity of the vertical drain. 

Based on the available literature (e.g., Barron 1948, Onoue et al. 1991, Madhav et al. 1993, 

Walker and Indraratna 2006, Basu et al. 2006, Rujikiatkamjorn and Indraratna 2009), various 

patterns have been proposed for the initial hydraulic conductivity of the soil in the disturbed region 

(Fig. 3). 

According to most researchers (e.g., Barron 1948, Holtz and Holm 1973, Hansbo 1981, 

Jamiolkowski et al. 1983, Chai and Miura 1999), the soil inside the disturbed zone is 

entirelyremoulded, causing an initial constant hydraulic conductivity which is smaller than the 

undisturbed horizontal hydraulic conductivity (Fig. 3(a), Case A). As stated by Rujikiatkamjorn 
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and Indraratna (2009), the initial hydraulic conductivity of the disturbed zone may have a linear 

variation with the radial distance (Fig. 3(a), Case B), while a parabolic distribution of the 

permeability in the disturbed region was proposed by Walker and Indraratna (2006) (Fig. 3(a), 

Case C). Madhav et al. (1993) proposed a constant hydraulic conductivity which is smaller than 

the undisturbed hydraulic conductivity in the smear zone and a linear hydraulic conductivity 

variation in the transition zone (Fig. 3(b), Case D). Onoue et al. (1991) proposed bilinear variation 

for the hydraulic conductivity, assuming permeability is changing linearly in the smear and the 

transition zones (Fig. 3(b), Case E). Furthermore, Basu et al. (2006) assumed that the horizontal 

hydraulic conductivity is constant in the smear zone and proposed bilinear variation of the 

permeability in the transition zone (Fig. 3(b), Case F). Table 1 summarises various available 

permeability variation equations for disturbed zone corresponding to different patterns presented in 

Fig. 3. 

 

 

4. Finite difference solution of axisymmetric consolidation equation 
  

Barron (1948) proposed the governing equation for estimation of one dimensional axisym- 

metric consolidation deformation of a saturated soil considering both vertical and horizontal 

drainage as shown in Eq. (12). The assumptions to obtain this equation are: (i) the soil is 

completely saturated; (ii) water and soil particles are incompressible; (iii) Darcy’s law is valid; and 

(iv) strains are small. Obviously, when the soil consists of horizontal layers with thickness (or the 

length of vertical drains) of much lesser than the dimensions of the preloading area, or for the 

points located at the centre of the embankment, the average strain or deformation of the soil can be 

calculated using 1D (vertical) assumption reasonably accurate. 
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where, εz and σz are the vertical strain and total stress, respectively, kr and kz are the coefficients of 

permeability in horizontal and vertical directions, respectively, γw is the unit weight of water, u is 

the excess pore water pressure at time t, and r and z are the radial and vertical coordinates, 

respectively. 

As shown in Eq. (12), the hydraulic conductivity profile in the vicinity of the drain (kr) is one 

of the key parameters influencing the consolidation rate and consequently the required preloading 

time which should be considered for ground improvement projects influencing the post- 

construction settlement of infrastructure. 

Eqs. (10)-(12) and the effective stress concept of Terzaghi can be combined to predict the time 

dependent behaviour of the soil inside and outside of the disturbed zone (Eqs. (13) and (14)). 

Furthermore, defining equations based on the effective stresses in combination with the 

consolidation theory (Eq. (12)) facilitates to embrace the effects of excess pore water pressure on 

the settlement rate, while considering elastic visco-plastic behaviour of soils. It can be noted that 

the term 
t

z




 captures both time dependant loading and unloading processes (i.e., staged 

construction). 
 

For the disturbed zone 
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(1) when (σz′, εz) is below the limit time line 
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(2) when (σz′, εz) is above the limit time line 
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For the intact zone 

(1) when (σz′, εz) is below the limit time lined 
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(2) when (σz′, εz) is above the limit time line 
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where, σz is the total vertical stress, )(rkr
  and )(rkz

  are the horizontal and vertical coefficients of 

permeability in the disturbed zone, respectively, and kr and kz are the horizontal and vertical 

coefficients of permeability in the intact zone, respectively. Referring to previous studies (e.g., 

Hansbo 1987, Bergado et al. 1991, Indraratna and Redana 1998a), horizontal and vertical 

permeability coefficients in the disturbed zone can be assumed equal (i.e., )()( rkrk rz
 ). 

Eqs. (13) and (14) are nonlinear partial differential equations simulating the consolidation 

process considering combined vertical and horizontal drainage conditions. The Crank-Nicholson 

finite difference scheme can be applied to solve these governing equations. Crank and Nicolson 

(1947) proposed a method that decreases the total volume of calculation, while the partial 

differential equation is being satisfied at the midpoint and is based on the trapezoidal rule in time. 

In this method, two steps are being used in partial differentials of pore water pressure over distance 

to stabilise the process more rapidly. Eqs. (15)-(22) are obtained after applying the Crank- 

Nicholson finite difference scheme to Eqs. (13) and (14). 

For disturbed zone when (σz′, εz) is below the limit time line 
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For disturbed zone when (σz′, εz) is above the limit time line 
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For intact zone when (σz′, εz) is below the limit time line 
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For intact zone when (σz′, εz) is above the limit time line 
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where 
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where, the subscripts i and j represent the horizontal and vertical node coordinates as i = 1, 2, 3,…, 

m and j = 1, 2, 3,…, n, respectively. Δz and Δr, are the mesh size in vertical and horizontal 

directions and Δt is the time step, as shown in Fig. 4. 

As the numerical solutions for the partial differential equations are obtained using advanced 

matrix handling facilities in MATLAB software, the coordinates begin with 1 instead of 0 for the 

programming simplification. Permeability changes are taken into consideration as a function of 

void ratio changes. In other words, the slope of the straight line in e ‒ log k space (permeability 

change index, ck) is considered to calculate the permeability coefficient at each time step based on 

changes in the void ratio, as presented in Eq. (23). 

 

 

3D-axisymetric consolidation  
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FIG. 4. (a) Location of finite difference nodes at any given time; (b) time steps  
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FIG. 4. (a) Location of finite difference nodes at any given time; (b) time steps  
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Fig. 4 (a) Location of finite difference nodes at any given time; (b) time steps 
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tjiktji eck ,,,,log                              (23) 

 

To model the elastic visco-plastic behaviour of the soft soil, two different boundary conditions, 

which are the most frequent situations, are taken into consideration. Fig. 5(a) represents the 

situation when soft soil layer is sandwiched between two permeable layers at the top and bottom. 

Fig. 5(b) represents the situation when soft soil layer is surrounded by impervious layer at the 

bottom and highly permeable layer (drainage blanket) at the top. 

The following boundary conditions (Eqs. (24) and (25)) can be applied for two-way drainage 

(Fig. 5(a)) and one-way drainage (Fig. 5(b)) conditions, respectively. 

One-way drainage system 
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Two-way drainage system 
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Using the initial and boundary conditions and Eqs. (15)-(23), a system of equations involving 

tridiagonal square matrix is formed to obtain excess pore water pressures and strains. The average 

time dependant settlement in the influence area of a drain (r = R) at the top of the soil layer (z = 0) 

for a specific soil thickness (z = H) is given by 
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                 (a)                      (b) 

FIG. 5. Boundary conditions for (a) soil layer surrounded by two permeable layers  

(drains) at the top and bottom; (b) soil layer surrounded by impervious layer at the  

bottom and highly permeable layer (drainage blanket) at the top  
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                 (a)                      (b) 

FIG. 5. Boundary conditions for (a) soil layer surrounded by two permeable layers  

(drains) at the top and bottom; (b) soil layer surrounded by impervious layer at the  

bottom and highly permeable layer (drainage blanket) at the top  
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Fig. 5 Boundary conditions for (a) soil layer surrounded by two permeable layers (drains) at the top 

and bottom; (b) soil layer surrounded by impervious layer at the bottom and highly permeable 

layer (drainage blanket) at the top 
 

201



 

 

 

 

 

 

Babak Azari, Behzad Fatahi and Hadi Khabbaz 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Start 

Calculate limit time line (       
     ) & creep strain limit (        

       (Equations 3 and 9) 

Calculate        
 (Equation 20) Calculate      (Equation 4) 

Calculate void ratio (e) Calculate effective vertical stress (        ) 

Calculate permeability 

(Equation 23) 

If      
      

(Figure 1 and Equation 9) 

Yes 

Calculate           
(Equation 19) 

No 

Calculate        (Equations 15 to 23) 

Calculate vertical strain (       ) (Equations 10 and 11) 

If           
(       is the maximum 

calculation time) 

No 

Yes 

Calculate Settlement (Equation 27) 

End 

Read soil parameters 

(  , OCR,    ,    ,   ,  ,   , and   ) 

 

Read boundary conditions 

                             ) 

(Equations 24 or 25) 

 

           
         

Print the results 

 

 

Fig. 6 Flowchart of the numerical analysis of vertical drains accelerated consolidation 
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Applying finite difference method to Eq. (26) provides the following equation to estimate 

settlement at time t. 


 


m
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n

j

zt tjiR
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S

1 1
,,

                           (27) 

 

where, the subscripts i and j represent the horizontal and vertical node coordinates. 

Numerical solutions of Eqs. (15)-(23) are programmed in MATLAB for solution by a 

micro-computer. Fig. 6 depicts the flowchart of main steps in the numerical analysis. 

 

 

5. Väsby test fill case study 
 

The Swedish Geotechnical Institute (SGI) had designed and built Väsby test fill near Uplands 

Väsby village, 30 km north of Stockholm on the east cost of Sweden to study the long-term 

behaviour of Swedish clays and the suitability of the site for construction of an airport. Three test 

fills including one with vertical drains and two without vertical drains were built in Väsby area. 

The test fill with vertical drains has been selected to be discussed in this study. 

As reported by Chang (1969, 1981), work on the test fill with vertical drains, which measured 

30 ×  30 m, was begun in 1945. The clay layer (Väsby post glacial clay) underlying this area was 

nearly 10 m thick. Prefabricated vertical drains installation depth and spacing were 5 m and 0.7 m, 

respectively. Settlement monitoring devices were established at the surface of the scraped ground 

and at the depths of 3.8 m and 5 m (see Fig. 7). Settlement markers consisted of a vertical steel rod, 

19 mm in diameter, with a screw plate at its lower end. The gravel fill, with the unit weight of 17 

kN/m3, was located to the height of 2.5 m on the top of the soft clay. A 0.8-m layer of gravel fill 

was removed half a year (i.e., 182 days) after completion of the surcharge placement. 
 

 

+1.7 (after surcharge removal) 

vertical drains accelerated consolidation  

  

  

  

FIG. 7. Soil profile beneath the Väsby test fill   

Data obtained from Chang (1969) and (1981) 

SP1 

30 m 

North South 

0.0 

-11.2 

-14.2 
Bedrock 

Glacial varved clay 

   
                
                 

 

Väsby post glacial clay 

Fill material (         ) 

-3.8 

SP3 
-5.0 

-12.2 

-9.8 

0.0 

Scale 

0 m 10 

SP2 

+2.5 (before surcharge removal) 

PVDs 

 

Fig. 7 Soil profile beneath the Väsby test fill 
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FIG. 8(a). Consolidation tests results on Väsby post glacial clay samples for vertical  

stresses between 5 and 45kPa  
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FIG. 8(b). Consolidation tests results on Väsby post glacial clay samples for vertical  
stresses between 45 and 160kPa  
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(b) 

Fig. 8 (a) Consolidation tests results on Väsby post glacial clay samples for vertical stresses 

between 5 and 45 kPa; (b) Consolidation tests results on Väsby post glacial clay samples 

for vertical stresses between 45 and 160 kPa 
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FIG. 9. Time dependant stress-vertical strain relationship for Väsby post glacial clay  
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Fig. 9 Time dependant stress-vertical strain relationship for Väsby post glacial clay 

 
Table 2 Adopted soil properties for Väsby post glacial clay 

κ / v λ / v t0 (s) σ′z0 (kPa) Ck kr0 (m/s) e0 γ (kN/m3) 

0.0281 0.388 12000 35 0.785 7.2 × 10-10 2.95 13.1‒4.5 

 
Table 3 Fitting parameters for disturbed zone permeability profile for Cases A-F 

α β1 β2 rd (m) rs (m) rp (m) 

0.25 0.6 0.75 0.15 0.05 0.1 
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FIG. 10. Changes of 𝝍𝟎 𝒗  versus vertical effective stress  
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Fig. 10 Changes of ψ0 / v versus vertical effective stress 
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FIG. 11. Permeability changes versus void ratio  

         

                           
                           
                              

 

 

Fig. 11 Permeability changes versus void ratio 

 

  

  

FIG. 12. Variations of initial permeability profile for Cases A to F  
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Fig. 12 Variations of initial permeability profile for Cases A to F 

 

 

Referring to Fig. 10, in this case study, 
v

0
 can be calculated as a function of the vertical 

effective stress for Väsby post glacial clay deposit   .0688.0log0155.00








 z

v



 

Permeability of the soil at each loading stage in the oedometer test has been calculated using kr = 

Cvmvγw. For this purpose, Casagrande method (Casagrande and Fadum 1940) has been used to 

obtain the coefficient of the consolidation (Cv). Fig. 11 illustrates variation of the permeability 

coefficient with the void ratio for the undisturbed sample of Väsby Post glacial clay deposit 

adopted in this study. To investigate the influence of the permeability variation pattern in the 
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disturbed zone on the numerical predictions, all the permeability profiles as reported in Fig. 3 have 

been considered. Table 3 and Fig. 12 summarise the adopted parameters and pattern to simulate 

different permeability profiles in the disturbed zone. 

Soil deformation during consolidation greatly depends on the initial state (t = 0) and boundary 

conditions. The thickness of the simulated soil deposit, which has overconsolidation ratio of 1.22 

to 1.27, with both radial and vertical drainage systems is 5m with a drainage blanket on top (refer 

to Eq. (24) and Fig. 6). Time steps are assumed to be one tenth of a day with a total of 75000 steps, 

representing 20 years. Initial values of the excess pore water pressures (ui), vertical effective 

stresses (σ′zi), and vertical strains (εzi) are assumed to be 0, (γsat – γw)z, and 0, respectively. 

 

 

6. Results and discussion 
 

Fig. 13 shows the excess pore water pressure predictions at the depth of 2.6 m and in the 

middle of two vertical drains for different soil hydraulic conductivity profiles including Cases A to 

F. Comparing Figs. 12 and 13, it is evident that a lower average permeability in the disturbed zone 

results in a slower excess pore water pressure dissipation rate. For example, Cases A and C with 

lowest and highest average disturbed zone permeability  , A
ave

D
ave

F
ave

B
ave

E
ave

C
ave kkkkkk   

result in the highest and lowest remaining excess pore water pressures during the consolidation 

process, respectively. In addition, Cases D and F with comparable disturbed zone permeability 

values (see Fig. 12) demonstrate similar pattern of excess pore water pressure dissipation. As 

shown in Fig. 13, while the test embankment is being built, the excess pore water pressure keeps 

increasing and reaches its maximum value after 25 days, irrespective of the choice of the disturbed 

zone permeability profile. However, it can be observed that the maximum excess pore water 

pressure significantly depends on the choice of the permeability variation in the disturbed zone. As 

expected, the higher the average disturbed zone permeability is, the lower the maximum values of 

excess pore water pressure in the soil profile will be. For example, the maximum predicted excess 

pore water pressure values for Cases A to F, occurring at the end of fill placement period, are 36.5 

kPa, 32.1 kPa, 27.9 kPa, 35.2 kPa, 30.7 kPa, and 34.9 kPa, respectively. In other words, Case A 

with constant initial disturbed zone permeability overestimates the maximum excess pore water 

pressure by 31% in comparison to Case C. In addition, as illustrated in Fig. 13, there is a rapid 

decrease in the excess pore water pressure induced by the partial removal of the fill material. This 

immediate reduction in the excess pore water pressure is approximately 13.5 kPa equal to the 

removal of 0.8 m of the gravel fill material with the unit weight of 17 kN/m3. Since the remaining 

excess pore water pressures in the soil deposit at the time of partial removal of the embankment 

are less than the removed fill material, negative excess pore water pressures are generated. Soon 

after completion of the unloading, the excess pore water pressures increase aiming to reach 

equilibrium followed by dissipation. 

Fig. 14 shows the variations of excess pore water pressure with time for Case A. Obviously, 

excess pore water pressure is inversely related to radius. As explained earlier, during the 

construction of the embankment, excess pore water pressure increases and reaches its maximum 

value (i.e., 25 days) and then starts decreasing. Fig. 15 shows the comparison between excess pore 

water pressure values just before unloading for Cases A to F at the depth of 2.6 m. Obviously, 

excess pore water pressure is directly related to the distance from the vertical drain. In addition, 

the lower the average disturbed zone permeability is the higher the value of excess pore water 

pressure value in soil profile will be. For example, Case A with lower initial average permeability 
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shows 43% less excess pore water pressure in comparison to Case C, which has the highest initial 

average permeability. 
 

 

  

   

FIG. 13. Excess pore water pressure values predicted by developed code versus time for  

Cases A to F  
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Fig. 13 Excess pore water pressure values predicted by developed code versus time for Cases A to F 

 
  

   

FIG. 14. Variations of excess pore water pressure with time for Case A  
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Fig. 14 Variations of excess pore water pressure with time for Case A 
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FIG. 15. Variations of the excess pore water pressure values just before unloading  

(𝐭 = 𝟏𝟖𝟐 𝐝𝐚𝐲𝐬) for Cases A to F  
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Fig. 15 Variations of the excess pore water pressure values just before unloading (t = 182 days) 

for Cases A to F 

 

  

  

  

FIG. 16. Predicted creep coefficient (𝛙 𝐯 ) values versus time for Cases A to F  
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Fig. 16 Predicted creep coefficient (ψ / v) values versus time for Cases A to F 

 

 
Fig. 16 depicts creep coefficient (ψ / v) variation with time at depth of 2.6 m in the middle of 

two vertical drains. Evidently, the creep coefficient changes with both time and choice of the 

disturbed zone permeability profile. For instant, the creep coefficient drops from 0.0505 to 0.0423 

(16.2% reduction) between 10 days and 100 days, respectively (Case A). Since creep coefficient 

(ψ / v) is inversely related to the effective vertical stress (σ′z) as shown in Fig. 10, lower effective 
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vertical stresses (or higher excess pore water pressures) cause higher creep coefficients. For 

example, as reported in Fig. 16, Case A (the lowest averaged permeability in the disturbed zone) 

and Case C (the highest average permeability in the disturbed zone) (Fig. 12), result in the highest 

and the lowest creep coefficients (ψ / v), respectively. As shown in Fig. 16, for the reported cases, 

influence of time on the creep coefficient is more pronounced than the effect of choice of disturbed 

zone permeability profile. Moreover, as observed in Fig. 16, there is a slight increase in the creep 

coefficient due to the partial removal of the fill material followed by a marginal increase with time, 

similar to the excess pore water pressure dissipation pattern reported in Fig. 13. 

Fig. 17 shows variations of the predicted creep strain limit with time and choice of the 

disturbed zone permeability profile. Evidently, variations of the creep strain limit with time are 

more notable than with the permeability profile. For example, there is 67% reduction in the creep 

strain limit (from 2.33 to 0.77) from 10 days to 100 days (Case A), while this reduction is only up 

to 7.7% due to the choice of the permeability profile. Since, similar to the creep coefficient, the 

creep strain limit is also inversely related to the effective vertical stress (see Eqs. (3) and (4)), the 

lower equivalent permeability in the disturbed zone (resulting in a higher excess pore water 

pressures) leads to higher creep strain limit at any given time. In addition, unloading due to the 

partial removal of the embankment contributes to a slight increase in the creep strain limit 

followed by a gradual decrease similar to the creep coefficient variations. 

Referring to Fig. 13, due to the simultaneous and professional increase in the total stresses and 

excess pore water pressures keep in the early stages of loading, the effective vertical stresses 

remain nearly unchanged. Thus, the creeps limit strain and the creep coefficient (Figs. 16 and 17), 

which are inversely proportional to the effective vertical stresses, remain unchanged in the early 

stages of loading. 

Figs. 18 and 19 present the comparison between the predicted time dependent settlement and 

the field measurements for depths of 5 m and 3.8 m, respectively. To calculate the reported field 

 

 

  

  

  

FIG. 17. Creep strain limit values predicted by the developed code versus time for Cases  

A to F  
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Fig. 17 Creep strain limit values predicted by the developed code versus time for Cases A to F 
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settlement values, the in situ settlement records at the settlement plate SP1 (located at the ground 

surface) and settlement plate SP2 (located at the depth of 5 m) were subtracted from the settlement 

records SP3 located 5 m deep (see Fig. 7). Numerical results show although settlement predictions 

converge after very long time (infinity), there are significant differences due to the choice of 

permeability variations in the disturbed zone. The predicted ground surface settlements just before 

the partial removal of the embankment for Cases A to F are 501 mm, 618 mm, 733 mm, 541 mm, 

659 mm, and 552 mm, respectively, while, the in situ measurement is 545 mm. In other words, 

there is up to 46% difference in the predicted settlement after 182 days (just before unloading) due 

to the variation in the permeability profile in the disturbed zone. This difference for the settlement 

at depth 3.8 m (SP2-SP3) is 55%. Based on the settlement predictions and measurements reported 

in Figs. 18 and 19, although the settlement rate decreases significantly after unloading, settlement 

continues increasing due to visco-plastic deformation of the soil while insignificant excess pore 

water pressures are remaining. Comparing the measurements and predictions reported in Figs. 18 

and 19 for this particular case study, numerical analysis predictions adopting Cases E and B with 

bilinear or linear variation profile of the initial permeability in the disturbed zone with radius, are 

in a reasonable agreement with the field measurements particularly after unloading. 

Assuming the post construction settlement being the settlement occurring after the partial 

removal of the embankment, Fig. 20 shows the post construction settlement for 20 years. 

Evidently, the post construction settlement, which is mainly due to the viscous creep deformation, 

is influenced significantly by the permeability variations in the disturbed zone. 

Fig. 21 shows the required time to achieve 500 m of the ground surface settlement for all cases. 

Evidently, numerical results show that Case C with the highest average initial disturbed zone 

permeability needs 61% less time to achieve 500 mm settlement compared to Case A with the 

lowest average initial disturbed zone permeability. Consequently, selecting the permeability 

profile affects the decision of the proper time to remove the embankment considerably. 
 

 

  

  

FIG. 18. Comparison of the settlement predictions for Cases A to F and the field  

measurements at the ground surface  
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Fig. 18 Comparison of the settlement predictions for Cases A to F and the field measurements at the 

ground surface 
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FIG. 19. Comparison between the settlement predictions for Cases A to F and the field  

measurements at 3.8m depth  
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Fig. 19 Comparison between the settlement predictions for Cases A to F and the field measurements 

at 3.8 m depth 

 

  

  

FIG. 20. Comparison between post construction settlement prediction for Cases A to F  

and the field measurement at the ground surface  
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Fig. 20 Comparison between post construction settlement prediction for Cases A to F and the field 

measurement at the ground surface 

 

 

Figs. 22 and 23 show the variations of permeability profile with time adopting Case A as the 

initial permeability profile. It can be concluded that the permeability coefficient, the permeability 

ratio 








 

r

r

k

k
 and the permeability variation pattern change with time. Obviously, the excess pore 

water pressure dissipation rate and consequently the void ratio reduction rate, while the excess 

pore water pressure in dissipating, decrease with the radius (distance from the vertical drain). 
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FIG. 21. The required time to achieve 500mm of settlement for Cases A to F at the  

ground surface  
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Fig. 21 The required time to achieve 500 mm of settlement for Cases A to F at the ground surface 

 

  

   

FIG. 22. Variations of permeability profile versus time for Case A  
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Fig. 22 Variations of permeability profile versus time for Case A 

 

 

Therefore, the permeability decreases with time, while increases with radius. Thus, the pattern 

of the soil hydraulic conductivity variations does not keep similar to the initial pattern, in the 

process of consolidation and continuous ground settlement. For example, as Figs. 22 and 23 

illustrate, although the uniform initial permeability coefficient and ratio were assumed for the 

disturbed zone, non-uniform/nonlinear variation exists during the consolidation process. 

According to Fig. 23 within the disturbed zone, while the excess pore water pressure is dissipating,  
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FIG. 23. Variations of permeability ratio with time in disturbed zone for Case A  
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Fig. 23 Variations of permeability ratio with time in disturbed zone for Case A 

 

 
the permeability ratio is decreasing following a direct relationship with radius. After excess pore 

water pressure dissipation, the void ratio reduction rate slows down (Fig. 16) and consequently, 

the permeability ratio starts increasing (Fig. 23). 

 

 

7. Conclusions 
 

Installation of vertical drains induces soil disturbance decreasing the in situ horizontal 

hydraulic conductivity in the vicinity of drains. The soil disturbance causes a slower rate of excess 

pore water pressure dissipation than what would be expected in the absence of the disturbance. 

Assessing the degree of change in the hydraulic conductivity in the disturbed zone to be used in 

the design procedure is a challenging task. According to available literature, six possible profiles 

of the initial hydraulic conductivity in the disturbed zone (Cases A, B, C, D, E, F) have been 

considered in this study. A numerical finite difference solution adopting an elastic visco-plastic 

model with nonlinear creep function incorporated in the consolidation equations has been 

developed to investigate the effects of soil disturbance on time dependant behaviour of soft soil 

deposits including vertical drains and preloading. The applied elastic visco-plastic model is based 

on the framework of modified Cam-Clay and nonlinear variations of the creep coefficient with the 

effective stress and time inclusion. In formulating the finite difference procedure, the Crank- 

Nicholson scheme has been used. In this method, two steps have been used in partial differentials 

of pore water pressure over distance to stabilise the process quicker. The developed numerical 

model considers the combined effects of soil creep, disturbed zone properties surrounding the 

vertical drains and nonlinear permeability variations during the consolidation process. Laboratory 

and field measurements from Väsby test fill including soft soil deposit improved with 

prefabricated vertical drains and preloading with staged loading and unloading process have been 

discussed and compared with the numerical predictions in this study. 
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Different initial hydraulic conductivity profiles in the disturbed zone result in various values of 

excess pore water pressure and effective vertical stresses at any given time in the soil profile. 

Consequently, the induced changes in the vertical effective stresses not only influence the 

consolidation process but also influence the creep coefficient and the creep strain limit resulting in 

different settlement rates at any given time. Therefore, selection of the initial hydraulic 

conductivity in the disturbed zone has a significant effect on choosing unloading time and thus on 

the post construction settlement. It is noted that since permeability is a function of void ratio, the 

assumed initial hydraulic conductivity profile does not stay the same during the consolidation 

process. In other words, permeability ratio and its variation pattern in the disturbed zone is 

significantly time dependant. It is worthy of note that, the creep coefficient and creep strain limit, 

regardless of initial hydraulic conductivity selection, change during loading and unloading and 

also while excess pore water pressure dissipation. Creep coefficient and creep strain limit are 

functions of the effective vertical stress and time. Consequently, during loading and unloading and 

while excess pore water pressure dissipation period, the effective vertical stress changes result in 

creep coefficient and creep strain limit variations. 

The numerical results show that the proposed finite difference procedure incorporating elastic 

visco-plastic soil behaviour is appropriate for the consolidation analysis of preloading with vertical 

drains. The proposed solution can readily be used for layered soil deposits, time dependent loading 

and unloading, while considering combined effects of soil disturbance effects and visco-plastic 

behaviour. 
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Numerical analysis of vertical drains accelerated consolidation 

Nomenclature 
 

Cc  conventional compression index 

Cr  conventional recompression index (unloading and reloading data) 

ck  permeability change index 

cv  coefficient of consolidation 

e0  initial void ratio 

eref  void ratio at effective stress equal to σ′z on reference time line 

ez  void ratio for a particular applied effective stress σ′z 

eEOP  void ratio when the excess pore water pressure has fully dissipated 

i  horizontal node coordinator 

j  vertical node coordinator 

k0  initial permeability 

kA
ave  average disturbed zone permeability for Case A 

kB
ave  average disturbed zone permeability for Case B 

kC
ave  average disturbed zone permeability for Case C 

kD
ave  average disturbed zone permeability for Case D 

kE
ave  average disturbed zone permeability for Case E 

kF
ave  average disturbed zone permeability for Case F 

k′r (r)  coefficients of permeability for horizontal direction for disturbed zone 

k′z (r)  coefficients of permeability for vertical direction for disturbed zone 

kr  coefficients of permeability for horizontal direction for intact zone 

kz  coefficients of permeability for vertical direction for intact zone 

H  layer depth 

r  radial coordinate 

rd  disturbed zone radius 

rp  partial disturbed zone radius 

rs  smear zone radius 

R  disturbed zone radius 

St  average total settlement 

t  time 

t0  curve-fitting parameter related to the choice of reference time line 
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te  equivalent time 

ttotal  maximum calculation time 

u  excess pore water pressure 

v  specific volume (1 + e) 

z  vertical coordinate 

α  permeability ratio parameter 

β1  permeability ratio parameter 

β2  permeability ratio parameter 

γsat  saturated unit weight of soil 

γw  unit weight of water 

Δr  radial distance increment 

Δt  time step 

Δz  vertical distance increment 

εz  soil vertical strain 

ε e
z  vertical strain at stress level σ′z 

ε e
z0  vertical strain at σ′z = σ′u 

ep

z
   reference time line strain 

ep

z0
   vertical strain at σ′z = σ′z0 

limit

cr
   creep strain limit 

limit

z
   strain limit 

vp

z
   creep compression strain 

v

k
  material parameter describing the elastic stiffness of the soil 

v


  material property describing the elastic-plastic stiffness of the soil 

σ′u  unit stress 

σ′z0  material property 

v

0


  initial creep coefficient 
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