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Abstract. Shale gas formations exhibit strong mechanical and strength anisotropies. Thus, it is necessary
to study the effect of anisotropy on the hydraulic fracture initiation pressure. The calculation model for the
in-situ stress of the bedding formation is improved according to the effective stress theory. An analytical
model of the stresses around wellbore in shale gas reservoirs, in consideration of stratum dip direction, dip
angle, and in-situ stress azimuth, has been built. Besides, this work established a calculation model for the
stress around the perforation holes. In combination with the tensile failure criterion, a prediction model for
the hydraulic fracture initiation pressure in the shale gas reservoirs is put forward. The error between the
prediction result and the measured value for the shale gas reservoir in the southern Sichuan Province is only
3.5%. Specifically, effects of factors including elasticity modulus, Poisson’s ratio, in-situ stress ratio, tensile
strength, perforation angle (the angle between perforation direction and the maximum principal stress) of
anisotropic formations on hydraulic fracture initiation pressure have been investigated. The perforation angle
has the largest effect on the fracture initiation pressure, followed by the in-situ stress ratio, ratio of tensile
strength to pore pressure, and the anisotropy ratio of elasticity moduli as the last. The effect of the anisotropy
ratio of the Poisson’s ratio on the fracture initiation pressure can be ignored. This study provides a reference
for the hydraulic fracturing design in shale gas wells.
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1. Introduction

Nowadays, it has been difficult for conventional resources to meet the oil and gas demand and
shale reservoirs have been extensively arousing the public attention as a typical unconventional
resource (Bowker 2003). Compared to conventional reservoirs, the porosity and permeability of
shale gas reservoirs are very low, with gas being stored in both adsorbed and free state in the
organic rich rock. Based on the estimation of the US Energy Information Administration (EIA),
the geological reserve of shale gas is up to 623 trillion cubic meters and the recoverable reserve is
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up to 163 trillion cubic meters, indicating a prosperous development prospect (EIA 2011).

Generally, all shale gas reservoirs need fracturing treatment to achieve commercial production
due to its ultra-low permeability and various gas occurrence states, except that a minority with
existing fracture-developed zones may have a high natural production capacity (Mathews et al.
2007). The stress around the shale gas well also differs from that of the homogeneous sandstone
reservoir due to the severe anisotropy. Lekhnitskii (1981) established the mechanical foundation of
anisotropic formations. Amadei (1983) calculated the stress distributions around various types of
wells in formations with different magnitude of anisotropy based on the plane strain assumption.
The analytical solutions derived by Amadei (1983), including three coordination systems (in-situ
stress, well-hole, and stratum), are very complex and seldom applied. Aadney and hegskole (1987)
computed the stress field around the wellbore in transverse isotropic media, and set up the collapse
pressure model and fracture initiation pressure model of the borehole wall in anisotropic strata
utilizing the anisotropic elastomer model proposed by Lekhnitskii (1981). He suggested that the
zero tensile strength and the tensile strength of rock without cracks should be separately
substituted into the fracture initiation pressure models to solve for the upper and lower bounds of
the fracture initiation pressure of the borehole wall. Ong (1994) added the non-linear and porous
media effects into the model of Aadney and hegskole (1987). Later, Ong and Roegiers (1995)
presented the fracture initiation model for directional openhole wells in anisotropic formations.
Suarez-Rivera et al. (2009) predicted the fracture initiation pressure of the wall of the shale well
using anisotropic failure criterion given by Pariseau (1968). Suarez-Rivera et al. (2006) and Khan
et al. (2011) calculated the stress distribution around the horizontal well in anisotropic formations
and studied the effect of anisotropy factors on shale fracture initiation pressure based on the failure
criterion proposed by Jaeger and Cook (1979).

In previous studies, some scholars have established or improved the models of fracture
initiation pressure for the directional wells in bedding formations, but few scholars have studied
the prediction model for that of the perforated well. These studies focused on the anisotropy of the
shale strength and all of the in-situ stress is treated as occurred in a homogeneous isotropic body.
Apparently, this is unreasonable for the transverse isotropic body of shale and the conventional
model for in-situ stress is no longer applicable to the shale formations due to the difference
between the elastic parameters perpendicular to and parallel to the direction of bedding plane. In
response to these restrictions, Wang et al. (1999) proposed a model for transverse isotropic body,
which improved the in-situ stress calculation in bedding formation, by taking the effective stress
and stratum dipping into consideration. In this paper, a hydraulic fracture initiation pressure model
was established upon the calculation of the stress around the perforation in shale gas wells. Their
case study of the model in the shale gas reservoir in southern Sichuan Province further verified the
effect of the shale strength parameters and in-situ stress on the fracture initiation pressure.

2. Prediction model of fracture initiation pressure in anisotropic shale
2.1 Calculation model for in-situ stress in bedding formation

Currently, the quantitative studies mostly deal with homogeneous and isotropic formations,
where the prediction models for in-situ stress, such as Terzaghi model, Anderson model and
“Six-Five” model and “Seven-Five” model proposed by Huang and Zhuang (1986), are
widely-used. However, the shale formation is a type of transverse isotropic body and it is
obviously unreasonable to apply the homogeneous model to evaluate the wellbore stability
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problem. Thiercelin and Plumb (1994) discussed the calculation model for the linear elastic in-situ
stress of transverse isotropic strata considering the effects of overlying stratum pressure and
tectonic stress. Prioul er al. (2011) gave a theoretical expression regarding the effects of stratum
uplift, pore pressure, and tectonic pressure levels on the horizontal in-situ stress. Based on the
structural mechanical principles of the composite material, Wang and Li (1999) proposed a
calculation model for in-situ stress in transverse isotropic strata under different bedding
occurrences.

It is opined that, excluding any abnormal high pressure caused by tectonic movement, the
tectonic movement and shale anisotropy only affect the frame stress but will not affect the pore
pressure. Besides, according to the effective stress theory of porous media, and referring to
Wang’s and Huang’s Models, the above two factors and the Biot’s coefficient are selected as the
weight values of the effective stress and pore pressure, respectively. Then stratum dipping is
integrated to calculate the horizontal principal stress

oy = {& + A:|(O'V —aP,)cos B, + (o, —abP,)sin B, cos(a, —w,) +aP,
’ 6]

E | .
o, = [ﬁ + B:|(O'V —aP,)cos f. + (o, —aP,)sin B, sin(a, — ®,) + aP,

where, A and B are tectonic stress coefficients, £, E,, v and v, are elastic parameters of the
transverse isotropic body, @, and f, are the dip direction and dip angle of the bedding plane, oy is
the vertical stress, a is the effective stress coefficient, P, is the pore pressure, and w, is the
maximum horizontal principal stress orientation.

2.2 Analytical model for stresses around wellbore in anisotropic shale reservoirs

In general, a horizontal section or high-inclination section is drilled in the shale formation and
the calculation model for stresses around wellbore is shown in Fig. 1. Fig. 2 presents the
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Fig. 1 Calculation model for stresses around wellbore in shale formation
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Fig. 2 Corresponding relationship between local coordinate system and geomagnetic coordinate system

coordinate transform relationship in the stresses analysis of shale borehole wall: (1) geomagnetic
coordinate system [X Y Z] (X, Y and Z correspond to the due east, due north, and the
magneticdipole directions respectively); (2) well coordinate system [x y z], 5, is the well deviation
angle and a is the well azimuth angle; (3) in-situ stress system [X; Y, Z/], X, Y, and Z; correspond
to the three primary stresses, oy, g, and o,; and the orientation of maximum horizontal in-situ
stress is W; (4) bedding plane coordinate system [s ¢ #n].

Within the in-situ stress coordinate system, the original stress state is

oy, 0 0
[o]=[ 0 o, 0 )
0 0 o

Based on the transformation relations among coordinate systems, the transformation matrix
between the in-situ stress coordinate system and the well coordinate system is

cos ff,cosa’ cosf,sina’ —sin g,
[L]=] -sina’ cosa’ 0 3)
sin f#,cosa’ sin B, sina’  cosf3,

where, o' = W — a,
In the well coordinate system, the initial stress state is

O-xx O_xy O-xz O_H

T
o, 0, 0,|=[L] o [L] 4)
O zy O o,

Without considering the gravity, the stresses around wellbore in the rectangular coordinate
system of well should meet the equilibrium differential equation
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The strain component is independent of z in accordance with the plane strain principles in the
broad sense. Then, the consistent equation can be expressed as

628x + azgy _ azyxy
oy? ox? Ox0y

ayxz aj/yz

=0 6
oy Oox ©)

2 2 2
88226 6‘228 £,

=0
o> ox® Oxdy

Under the small deformation conditions, the geometric equation is
1
& = 5(%,.1 + ”.f,i) (7)

where, is ¢; ; the strain component of the stratum, u;; and u; ; are displacement components,
respectively.
Based on the Biot effective stress theory, the following can be obtained (Zhu et al. 2013a)

O'i']- =0, — aPpé‘ij ®)

where, ¢'; is the effective stress component, and J;; is the Kronecker symbol (when i = j, §; = 1;
otherwise, J; = 0).

Shale is characteristic of transverse isotropy and its constitutive equation can be expressed with
the modified Hooke’s law (Sayers 2005)

o) =Dye, ©)

J
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where, E, is the elasticity modulus in the perpendicular direction; E, is the elasticity modulus in
the horizontal direction; v, is the Poisson’s ratio of the horizontal strain when vertical strain is
applied; v, is the Poisson’s ratio of the horizontal strain when horizontal normal strain is applied;
G, is the shear modulus in the vertical plane; G}, is the shear modulus in the horizontal plane. Only
five of the six elastic parameters above are independent (E,, Ej, v,, and G,), as can either be
obtained by a core mechanical test directly or a acoustic wave test indirectly (Sinha et al. 2006,
Walsh et al. 2007). It is isotropic in the horizontal direction, G, and G, are

1 2(+v,)

11

G, £ (11)
L A I (12)
Gh Eh Ev v

The elasticity matrix given above is defined in the local coordinate system in the bedding plane,
whereas in the wellbore stability analysis, the stress and deformation occur under the well
coordinate system. Therefore, the elasticity matrix under the bedding plane coordinate system
needs to be transformed into the well coordinate system.

Based on the transformation relationship among coordinate systems given in Fig. 1, the
elasticity matrix D under the well coordinate system is

D=gD.q (13)
[ cos? y 0 sin® y 0 —2sinycosy 0 |
0 1 0 0 0 0
q= siny 0 cos’ y 0 2sin y cosy 0 (14)
0 0 0 cosy 0 sin y
sinycosy 0 —sinycosy 0 cos’y—sin’y 0
L 0 0 0 —siny 0 cosy |
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where, y is the included angle between the normal direction of the bedding plane and the well axis.
Based on the solutions to the anisotropic plane problem by Lekhnitskii (1981), Amadei (1983),

Aadngy and hegskole (1987) and Ong (1994), the analytical model for the stresses around
wellbore in the bedding shale reservoir is obtained by superimposing the far field in-situ stress and
the stress arising from the boundary conditions of the well and borehole wall.
0, = 0,0+ 2Re| 1 gl(2) + 120 (2)

{ @i(z)) + (05(22)}
Ty = —ZRC{ ﬂ1¢{(zl)+ﬂz¢£(zz)}

{ H3p3(23 )}
T =70~ 2Re{ 0l(2;)]

o, = —2Re{a31[uf¢1'(zl>+u§¢;(z2)]+a32[¢z’(z1>+¢'<z2>]} s,

o,=0,,+2Re

V

(15)
T.=7.0t2Re

The expression of the variable z; is: z; = x + 1y (k= 1, 2, 3) and the analytical function ¢ (z;) is
determined by the boundary conditions. On the borehole wall x = R cos 6, y = R sin 6, according to
the study by Lekhnistskii, the partial derivative of the analytical function around the borehole wall
is (Ong 1994)

1
’ — E! _ D!
#(z) 2A(4, cos@ —sin 0)( = )
1
'(2,) = D' —E' 16
$(2,) 2A(,uzcosé’—sin6?)( 1) (16)
1
! — F! _
#5(23) 2A(1, c0s 0 —sin0) (F'rt, — )

where
A==
D'=(P,~0c,,)cosO~t,,sind—i(P, -0, ,)sinf—ir,, ,cosd (17)

r_ . . . .
E'=—(P,-0,,)sinb -7, ,cos0-i(P, -0, ,)cos0—it,, ,sind

F'=-1_,cos0—1_,sin@+ir_,sind—ir_,cosé

where, o, 0,, 0., Ty, T,- and 7, are the components of the stresses around wellbore, MPa; a,, 0,0,
0-0, Try,0, Tx-0 and 7, are the far field in-situ stress around the wellbore, MPa; P, is the pressure of
the fluid column in the wellbore, MPa; y; is the characteristic root of the characteristic equation
corresponding to the equation of strain compatibility; as;, a3, and as; are the elements in the
flexibility coefficient matrix A. The model can be used to solve for the stress distribution around
wellbore in anisotropic strata with any well deviation angle, well azimuth angle, principal stress
field, stratum dip angle, etc.

The stresses around wellbore in isotropic and transverse isotropic strata are compared with the
input parameters in Table 1. The former is calculated using Zhu et al.”s model (2013a). As can be
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Table 1 Input parameters and values

Isotropic strata Transverse isotropy
P, (MPa) 32 0. (MPa) 66 P, (MPa) 32 0. (MPa) 66
0y (°) 0 E, (GPa) 12 0y (°) 0 E, (GPa) 36
By (°) 45 E, (GPa) 12 By (°) 45 E, (GPa) 12
W (°) 45 v 0.25 W (°) 45 v 0.125
o (MPa) 55 v, 0.25 o (MPa) 55 v, 0.25
on (MPa) 46.2 R (m) 0.108 on (MPa) 46.2 R (m) 0.108

O
-

O O

35 40 45 50 55 50 35 40 45 50 55 50 a4 6 -4 2 0 2 4 6 8
Isotropic Strata (MPa) Transverse Strata (MPa) Percentage error (%)

Fig. 3 Comparison of radial stresses around wellbore in isotropic and transverse isotropic strata
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Fig. 4 Comparison of circumferential stresses around wellbore in isotropic and transverse isotropic strata

seen in Figs. 3 and 4, the mechanical anisotropy of strata, i.e., the anisotropy of stratum elasticity
modulus and Poisson’s ratio has a significant effect on the stresses distribution around wellbore.
Thus, the isotropic model, disregarding the anisotropy of stratum elasticity modulus and Poisson’s
ratio, is inaccurate for the stress calculation in shale gas reservoirs.

2.3 Model of stress around perforation

For an isotropic formation, the perforation is assumed as a cylindrical micro-hole perpendicular
to the borehole axis, the stresses around which can be treated as a plane problem (Fig. 5) (Zhu et al.
2013Db). The fracture initiation pressure from Hossain’s model has a relative error of less than 2%
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compared with the value obtained by micro-fracture test (Hossain et al. 2000). The stress
distribution around the perforation tunnel is expressed as (Fallahzadeh et al. 2010)

o, =P

oy =0, +0,-2(0,—0,)cos(20') - 40, sin(26") - P
ol =0, —v[2(c. - 0,)c0s20' + 40, sin20']
(18)

! —_
0.y =0

! —_—
o, =0

r ’ : : '
Og,y =20,,c080'—20,_ sinsind

where, 0y, 0,6, 0,., and o, are the components of stresses around wellbore in the cylindrical
coordinate system; o)., o, 0%, O}, 0% and oy are the stress distribution around the perforation in
the cylindrical coordinate system, and &' is the circumferential angle of the perforation.

In anisotropic reservoirs, the inclination angle between the perforation and the geodetic
coordinate is 7/2 — a, with the perforation angle of 6. The anisotropic flexibility coefficient matrix
of the stratum [A4] is first transformed into the perforation coordinate system by that of the stratum
[45] in the perforation coordinate system; then the six stress components at the intersection of the
perforation and wellbore are used as the original in-situ stress to calculate the stress components
around the perforation. It is assumed that the stress fields of adjacent perforations do not interfere
with each other. The 7, 6, and z stresses on the borehole wall in anisotropic strata are assigned to
the z', @' and ' stresses in the perforation cylindrical coordinate system, respectively, and then the
original in-situ stress around the perforation can be expressed as o, = 0., 09 =04, 0,=0,, Gy =0y,

Wellbore axial stress

O-Z

B -
"4 /?’/: y
: A

<Y
Gg N } (Tg
Wellbore 2 T
- -~ |~ - ]

Perforation tunnel

Fig. 5 Geometric model of a perforated wellbore and redistributed stress system
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Wellbore

Perforation

Fig. 6 Model of stresses around perforation

o,»=0, and 6,9 =0,5, shown in Fig. 6. Based on the stress field around the perforation, which is
reckoned as a small open hole, the stress around it can be obtained.

2.4 Criteria for hydraulic fracture initiation pressure

Hossain et al. (2000) had proved that given the constant in-situ stresses, the hydraulic fracture
initiation pressure based on the tensile stress criterion is more accurate than other models. The
plane of fracture initiation is not exactly along the perforation axis, deviating by an angle of .
According to the LEFM theory, the hydraulic fracture initiates when the maximum principal stress
in the S direction exceeds the rock tensile strength, which is (Weng 1993)

o(B)=-5, (19)

In the previous section, stress distributions around wellbore surface and the perforation hole
have been calculated. The three principal stresses around the perforation holes are

2
! ’ ’ ’
o +o, o —o),
oy =—2 g +\/[ z ej +O':9r22 (20)

Calculating these three stresses at any angle €', if the formation maximum effective stress
equals the rock tension strength, the hydraulic fracture initiates.

o3 (0) P, =-S5, 1)

where P, is the formation pore pressure. Angle f can be used to choose the best perforation
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orientation in order to lessen the near-wellbore fracture tortuosity, consequently decreasing the risk
of screening out (Fallahzadeh ef al. 2010)

!
20y,

p= 0.5tan™! (22)

’ '
Oy —O0,

3. Field application

The shale gas formation in southern Sichuan Province possesses a good layered structure, with
a gradual inclination of less than 5° (Fig. 7). The scanning electron microscope (SEM) image
shows that the shale sample contains many micro-cracks which are unanimously oriented (Fig. §;
Yan et al. 2013). Under deep burial, the shale composition and structure change with significant

- T T ol

Fig. 7 Photo of Sichuan gas shale

Fig. 8 SEM image of Sichuan shale
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variation at the bedding planes, presenting a characteristic of transverse isotropy. The effective
porosity of the reservoir is about 2%—5% and its permeability is around 200 nd.

Experiments were conducted for the core sample of the formation on the rock strength
apparatus (Zhu et al. 2012). The experimental procedures are: (1) Core a cylindrical specimen with
the diameter of 25mm and length of 50mm from the formation core sample, as shown in Fig. 9,
and place it into a sealing bore after both the ends of the specimen are well ground; (2) The sealing
bore containing the specimen is then put into a high-pressure autoclave, which is equipped with a
data acquisition system; (3) The liquid in the high-pressure autoclave is steadily pressurized to the
designed value to simulate a uniform confining pressure; (4) Afterwards, the axial strain is exerted
progressively at a constant speed until the rock specimen fails. The experimental data are collected
and analyzed. To study the effect of the weak bedding plane on the shale strength, different angles
(?) between core axis and the normal direction of bedding plane are selected, which are 0°, 15°,
30°, 45°, 60°, 75° and 90° respectively.

Shale presents significant strength anisotropy, which varies with the included angle between
the direction of the maximum horizontal principal stress and the normal direction of the bedding
plane. The shale strength reached the maximum when the principal stress is perpendicular to the
bedding plane. While, the compressive strength reduces to the minimum when the included angle
is around 50° (Fig. 10). The typical radial and axial strains of the core are depicted in Fig. 11, with

Fig. 9 Coring along different included angles with respect to the normal direction of the bedding
plane

N
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(=]

N
)
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—_

W
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Triaxial strength (MPa

0 15 30 45 60 75 90
¥ ()
Fig. 10 Relationship between triaxial strength and the included angle ¥
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Fig. 11 Radial strain (left) and axial strain (right) of shale (¥ = 0)

the maximum radial strain of 0.68%. The brittle failure of the core sample indicates the hard brittle
characteristics of the shale gas formation. The vertical elasticity modulus of the reservoir is 30
GPa, and the transverse elasticity modulus is 33 GPa, with the same Poisson’s ratio of 0.15. The
uniaxial strength is 132.3 MPa and the tensile strength is 15.6 MPa.

The maximum horizontal principal stress of the reservoir is 35 MPa, the minimum is 15 MPa,
the vertical stress is 21 MPa, and the pore pressure is 7.8 MPa. The wellbore diameter of a certain
vertical well from the shale gas reservoir in the southern Sichuan Province is 215.9 mm; oriented
perforating was performed along the direction of maximum horizontal principal stress. The
perforation diameter is 16 mm and the density is 40 perforations/m. The reservoir properties are
substituted into the prediction model of the fracture initiation pressure for anisotropic reservoirs.
The fracture initiation pressure computed with the Matlab codes of the prediction model here is 20
MPa. Fig. 12 presents the test curves for micro-fracture test, where the actual bottom hole pressure
is 20.7 MPa when fracture initiation occurred. The error between the predicted result and the
measured value is only 3.5%.

—o— Predicted pressure
— Treating pressure
—— Actual bottom hole pressure

Pressure (MPa)

0 5 10 15 20 25 30 35 40 45
Micro-fracture test (min)

Fig. 12 Micro-fracture test curve
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4. Analysis of parametric sensitivity

The anisotropy ratio k of the elasticity moduli is defined as

k=E,/E, (23)
The anisotropy ratio k' of the Poisson’s ratio is defined as

K'=v,/v, (24)
The in-situ stress ratio » is defined as

n=o,/0, (25)

Taking the shale gas reservoir in southern Sichuan Province as an example, the effects of the
anisotropy of the elasticity moduli, the anisotropy of Poisson’s ratio, in-situ stress ratio,
perforation orientation, and tensile strength of shale on the stress distribution around the wellbore
and fracture initiation pressure have been studied.

4.1 Effect of anisotropy on stress around borehole wall

It is assumed that both the well deviation angle and azimuth angle are 45°, and the stratum dip
angle and strike angle are 0°. Other parameters are kept constant when the effect of a certain
parameter is being studied.

As shown in Figs. 13-15, both the radial and axial stresses of the borehole wall reach the
minimum when the perforation angle € equals 0° or 180°, and the radial stress turns to be tensile.
On the contrary, at the perforation angle of 90°, both of them achieve the maximum. The
maximum value of the radial stress increases while the minim value decreases with the increasing
anisotropy ratio of the elasticity moduli, the anisotropy ratio of Poisson’s ratio, and the in-situ
stress ratio. The maximum radial stresses at the anisotropy ratios of the elasticity moduli £ = 2.5
and £ = 1.5 are 5.1 MPa and 15.4 MPa greater than that at £ = 1, respectively (Fig. 13). The
anisotropy ratio of Poisson’s ratio has little effect on the radial stress and a minor effect on the
axial stress of the borehole wall. The maximum axial stress at £’ = 1.5 is just 1.1 MPa greater than

55 ¢ 35 -

o k=1.00

——k=1.25

k=1.00
——k=1.25 33
k=150
% k=1.75
s k=200
s k=225

o k=25

45+

Axial stress (Mpa)
58]
O

Radial stress (Mpa)

45 60 75 90 105 120 135 130 0 15 30 45 60 75 90 105 120 135 150 165 180

Perforationangle 6 (°) Perforationangle 6 (° )

Fig. 13 Effect of the anisotropy ratio of elasticity moduli on stress around borehole wall
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Fig. 14 Effect of anisotropy of Poisson’s ratio on stresses around wellbore
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Fig. 15 Effect of principal stress ratio on stresses around wellbore

that at &' = 1 (Fig. 14). The maximum radial stress at the in-situ stress ratio of n = 1.5 is 11.6 MPa
greater than that at n = 1.5 (Fig. 15). It is thus clear that the in-situ stress ratio has the most
substantial effect on the stress of the borehole wall, followed by the anisotropy ratio of the
elasticity moduli, with the anisotropy ratio of the Poisson’s ratio the least.

4.2 Effect of perforation angle on fracture initiation pressure

A horizontal well drilled in the direction of the minimum horizontal principal stress is used as
an example to discuss the effect of perforation angle on fracture initiation pressure. As shown in
Fig. 16, at a constant anisotropy ratio of the elasticity moduli, the fracture initiation pressure
increases with the perforation angle. The fracture initiation pressure reaches the minimum at the
perforation angle of 0°, and attains the maximum when the perforation angle is 90°. The maximum
difference between the maximum and minimum initiation pressure is 14.1 MPa with the
anisotropy ratio of the elasticity moduli of 3. At the same perforation angle, the initiation pressure
slightly decreases with the increasing anisotropy ratio of the elasticity moduli. The effect of the
perforation angle is greater than that of the anisotropy ratio of the elasticity moduli on the fracture
initiation pressure. The effect of the perforation angle in isotropic formation on the fracture
initiation pressure is the same as that in the anisotropic formation. However, the effect of the
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Fig. 17 Effect of the anisotropy ratio of Poisson’s ratio on the fracture initiation pressure

elasticity moduli is entirely different, in that the elasticity moduli of the isotropic formation have
little effect on the fracture initiation pressure.

4.3 Effect of the anisotropy ratio of poisson’s ratio on the fracture initiation pressure

Oriented perforating is performed for a horizontal well drilled along the minimum horizontal
principal stress, which is used for the case study here. As shown in Fig. 17, the effect of the
anisotropy ratio of the Poisson’s ratio on the fracture initiation pressure can be ignored, due to the
fact that it is far smaller than that of the anisotropy ratio of the elasticity moduli on the fracture
initiation pressure.

4.4 Effect of principal stress ratio on the fracture initiation pressure
As shown in Fig. 18, for a horizontal well drilled along the minimum primary stress direction

with oriented perforation, the fracture initiation pressure increases with the increasing principal
stress ratio when k is between 1.0-2.0 and # is less than 1.1. As n exceeds 1.1, the fracture initiation
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pressure decreases with the increasing principal stress ratio. The fracture initiation pressure
decreased with the increase of the in-situ stress ratio when the anisotropy ratio of the elasticity
moduli is greater than 2.0. The maximum decrease of the fracture initiation pressure is 1.8 MPa
when the anisotropy ratio of the elasticity moduli is 3.0. The effect of the in-situ stress ratio on the
fracture initiation pressure is greater than the effect of the anisotropy ratio of the elasticity moduli
on the fracture initiation pressure.

4.5 Effect of ratio of tensile strength to pore pressure on fracture initiation pressure

As shown in Fig. 19, for a horizontal well drilled along the minimum primary stress direction
with oriented perforation, the fracture initiation pressure increased linearly with the increasing
ratio of the tensile strength to the pore pressure. At a constant ratio, the fracture initiation pressure
decreases with the increasing anisotropy ratio of the elasticity moduli. The minimum decrease of
the fracture initiation pressure is approximately 2.65 MPa when the ratio is 1. Hence, the effect of
the ratio of the tensile strength to the pore pressure on the fracture initiation pressure in anisotropic
reservoirs cannot be ignored.
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5. Conclusions

(1) The mechanical anisotropy of the formation exhibits an important effect on the stress
distribution around the well in the shale gas reservoirs. Thus, the formation anisotropy
should be taken into consideration while calculating the hydraulic fracture initiation
pressure.

(2) On the basis of the elastic mechanics theory, a prediction model for hydraulic fracture
initiation pressure in the anisotropic reservoir is established by combining the failure
criterion of tensile stress. This model can be used to solve for the fracture initiation
pressure with any stratum dip angle, dip direction, principal stress orientation, well
deviation angle and azimuth angle. The error of the prediction result for the shale gas
reservoir in the southern Sichuan Province from the measured value is only 3.5%.

(3) The fracture initiation pressure of anisotropic formation increases with the increase of the
perforation angle, the ratio of the tensile strength to the pore pressure; while decreases
with the increasing in-situ stress ratio and the anisotropy ratio of the elasticity moduli. The
perforation angle has the largest effect on the fracture initiation pressure, followed by the
in-situ stress ratio, ratio of tensile strength to pore pressure, and the anisotropy ratio of
elasticity moduli as the last. The effect of the anisotropy ratio of the Poisson’s ratio on the
fracture initiation pressure can be neglected.
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Appendix

Based on the solutions to the anisotropic plane problem provided by Lekhnitskii (1981),
Amadei (1983), Aadnoy (1987) and Ong (1994), the stress distribution model around the wellbore
in anisotropic formations have been established. As shown in Fig. A1, the following assumptions
are made:

(D The formation is considered as a linear elastic, continuous, and homogeneous anisotropic
body, which needs 21 elastic parameters for the mathematical description. In case that not
all of these parameters can be obtained, this model is simplified as orthotropic or transverse
isotropic body.

(@ The length of the wellbore is assumed as infinite, along which the strain is zero, i.e., the
stress distribution around the wellbore in the anisotropic formation is approximated as a
plane strain problem.

(1) Governing equation

Neglecting the gravity, the stress in the wellbore coordinates should satisfy the equilibrium
differential equation

oo, N or,, Ot _0
ox oy oz
or,, 0o, Ort,
Lr—2L+—E=0 (A.1)
Ox oy 0z
07e , 07, 0o, _ 0
Ox oy oz

Fig. A1 Wellbore coordinates of anisotropic formation
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Applying the generalized Hook’s law, the constitutive equation for the anisotropic equation is

xx a A Qz Ay Qs A | Oy

vy Ay Ay Ay Ay Qys Gys || O,

Ayy Gy Gan Gy Gre  Q o

31 3 A3 4y G35 Ay z
e (A.2)

Vyz gy Qg Qg3 Qg g5 Gy | Ty

Y x as; dsy Qs3 sy Ass Asg | Ty

Vxy g Qg Qg3 gy Qg5 Qoo \ Ty

If it is written in the matrix form, we have

{e} =[4l{c} (A.3)

where, strain tensor {e} = {&, &, & &. &: &y T, [A4] is the flexibility coefficient matrix for
anisotropic formation, [4] = a;; (i, j = 1~6); the stress tensor {c} = {0 0, 0. 0. 0. 0y} T

Based on the plain strain conditions and the constitutive equation, as &, = 0, g, can be expressed
with

1
o, = T (@310, + 4300, + a3y T, + a35T,, + U367 ) (A4)
33

In the generalized plane strain theory, strain components are independent of z. Thus, the
consistency equations are

82£x azgv azyxy
=+ — =
ot ax' oxdy

o

—agyxz -TE=0 (A.5)
X

o’c, 0, 0,

o o - Ox0y B

(2) General solution to the plain strain problem of anisotropic formation

There exist functions F (x, y) and vy (x, y) satisfying

2 2 2
O°F 0 0
0.=0%. 0,200 =il =W T @y
’ ’ Ox0Oy Oy ox

First substituting Eqs. (A.3) and (A.4) into Eq. (A.6), and then taking the results into the
consistency Eq. (A.5), the Beltrami-Michell equation can be obtained
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LF+Ly=0
{4 14 (A7)

LF+ Ly =0

where L,, L; and L, are the second order, third order and fourth order differential operators, as are
denoted by

=g lop ﬂssa;
R e R (A8
Li=pn 644 VA E ey Ly
where f;; is the reduced tensor of strain coefficient
By =a;,——22B (,j=1,2,4,5,6) (A.9)

as3
Solving Eq. (A.53), a sixth order differential equation is attained
(L,L,—L})F =0 (A.10)
The characteristic equation corresponding to Eq. (A.56) is

L)Ly (1)~ I3 (1) =0 (A1)

where
(1) = Bystt® =2 Busht + P
L) = Bist® = (Bg + Bso i” + (Bos + g )t = P (A.12)
L(u)= Bupt* =2B6t* + (25 + By i = 2 Bosht + Py

There are six characteristic roots for Eq. (A.11) u (k = 1~6); w1, 1 and p are the three of them,
while 4, i and 45 are the corresponding conjugate roots. A, 4, and A; are defined as

]3(ﬂ1) p _13(/“2) y3 I3(ﬂ3) (A.13)

ll:_[z(/ll)’ ) 12(/12),

Lekhnitskii (1981) presented the general expressions for F (x, y) and vy (x, )
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F=2Re{F(z,)+ F,(2,)+ F (2 )}
(A.14)
y =2Re{},F(z,)+ A, F; (2, )+ Fi(z3)/ 44 }
where Re is the real part of the expression in the braces; F(z;)(k = 1, 2, 3) is the function of the

complex variable, z, = x + u; y; x and y are the coordinates of the stress, strain, and displacement to
be solved. Meanwhile, Lekhnitskii defined three analytical functions ¢ of z

4(z)=F(z) b(z)=Flz) 6(z)=F@)/4 (A.15)

Combining Egs. (A.5), (A.13) and (A.14), the expressions for stress components around the
wellbore are

0y = 2ReYH(z)+ 12042+ At (2, )
0,4 = 2Relf(z)+ 4i(2,) + 4 (= )}

Cyu = 2ReY (2 + i(2)+ Autidi(=:)]
F = 2Relin iz )+ s (2)+ 1 )|
7.0 = 2Re{Ad(2)+ i (2,) + (2 )}

O.n= _(aalo'x,h T a30, ), T AT T 35T, + 36T )/a33

(A.16)

where oy, 0y4, 0=, Tuy > Tuzp and 7, are the stress components induced by the boundary conditions
of the borehole and borehole wall.

(3) Analytical model of stress around wellbore in anisotropic formation

The boundary condition on the borehole wall is

_Gx_y+7’—xv@_§x
d. “ds
dy dx
7 4o = A.17
Y ds " ds éy ( )
_T\tzﬂ—i_rvzﬁ:gz
“ds o ds

where &, ¢, and ¢ are external stress components in the x, y and z directions exerted on the
borehole wall. Substituting Eq. (A.5) into Eq. (A.17), the boundary condition can be written as
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i a_F ﬂ_ﬁ_ 0 8F dx .
oy\ oy Jds ox 6y ds !
0 (aFjdy 0 (8Fjdx
_ — =] — |— = 5
oy\ox )ds ox\ox )ds 7

oy dy Oy dx _

oy ds ox ds -

Integrating Eq. (A.18) from S =0 gives
=[-cds+c,

= jo— £,ds +C,

y = J:_ c.ds+ G

By differentiating Eq. (A.19), the combination of Egs. (A.15) and (A.19) yields

oF
5 B ZRC{;UI(/)I (2) + 1,05 (2,) + A 11505 (23) J. oxds

8§ _2Re{¢1(zl)+¢2(22)+ﬂg¢3(z3) jé:)ds

v =2Re{d(2) + o (22) + 3 (2)} = E.ds

(A.18)

(A.19)

(A.20)

Substituting Eq. (A.20) into Eq. (A.14), the stress distribution around the wellbore in
anisotropic formation can be achieved. For the plane strain problem, the boundary conditions

generated from in-situ stress field ;0 (i, = x, y, z) on the borehole wall are
£eo =g c0s(ii,x)+ 7., cos(ii, )
&,0 =Ty 0c08(ii,x)+ 0, cos(ii, y)
Eo = Taeg€08(1, )+ 7,5 cos(7i, )
cos(i, x) = —dy/ds
{cos(ﬁ,y) = dx/ds

x=~Rcos@, y=Rsinf, ds=RdO

(A.21)

(A.22)

(A.23)
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where 7 is the borehole radius. Substituting Eqs. (A.22) and (A.23) into Eq. (A.21) yields
fx,o ==0,9 cosd — T0 siné
$,0="TyoC080 -0, ,sind (A.24)

5250 =—T,,(COS 0— 7,810 o

Similarly, the boundary conditions induced by the drilling fluid column are: o,y = 6, = p.,, and
7:)cy,O = 7:yz,O = sz,O = 0

&w=-Dp,c080, &  =-p sind, & =0 (A.25)

Since the boundary conditions generated from in-situ stress field o (i, j = x, y, z) are opposite
to the wellbore coordinate directions, thus they should be transformed by multiplying -1. Then the
boundary conditions induced by the in-situ stress and drilling fluid column can be expressed as

.= (O‘on —pw)cosé’ +7,,,8in6
é:,V =Ty0 cosd + (O-y,O —Pw )Sin o (A26)

§. =7, 9c080+7, ,sind

Substituting Eq. (A.26) into Eq. (A.20) and applying the Fourier series expansion

0

2 Re{/uﬂjl (Zl ) + 1@, (Zz ) + iz ¢y (23 )}= Z (ameimg + ;me‘i’"e) = Z ¥ Re;me—imé’)

1 m=1

2Re{¢1(zl)+¢2(zz)+ﬂg¢3 Z3 Z(b "’ + bye” "7 = Z(ZReb e ™) (A.27)

m=1

2Re{ﬂ1¢1(zl)+/lz¢2 Zz +¢3 Z3 } Z(cme . e—ime) :Z(ZRezme—imQ)

m=1

and
‘71 = R[iz-xy,o - (o-y,O - pw)]/z

bl R[Txv 0 i(ax,O - pw)]/2
(A.28)

El :R(T _isz,O)/z

yz,0

a,=b,=c, =0, m>2

m

Lekhnitskii (1981) put forward the expression for conformal transformation
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Ze 1zipe, i 1103
R™ 2 2 7,

zy=x+uy, k=1,2,3

where x and y is the coordinates of the stress point to be solved. It is known that

2
Zr Zk 2
+ -1-
R (R) Hi

On the borehole wall

z, = R(cos@ + y; sin 6), nk:ei‘g, k=1,2,3

Assuming that
be(2) =D A" k=123

Substituting Eqgs. (A.28)~(A.33) into Eq. (A.27), we have

M8

1
¢1(Zl)_Z

[( _/1/13/13);"1 ( _I)Zm+’1( - )21’7_”1

3

o0

h.(e, =§2[W3 0 Jam + (1= 24 Vo + 25 (s = 1) 1"

D> | —
MS o

¢3(Z3):

[(:Ul/iz — oy Jam + (A =2, o + 25 lul)c'”}'fm

1

3
I

where

A=p,— 1y +ﬂzﬂe(ﬂ1 _ﬂ3)+ﬂqﬂs(ﬂ3 _ﬂz)

Differentiating Eq. (A.35) and combining Eq. (A.28) with Eq. (A.31) gives

(A.29)

(A.30)

(A31)

(A.32)

(A.33)

(A.35)



Hydraulic fracture initiation pressure of anisotropic shale gas reservoirs

1 @ (1, — Ay A y)+ By (A = 1)+ &5 (114

1.€.,

1

2
4
2A771\/(R]) —1-uf

+ (Txy,O - iax,O + ipw)(ﬂ“Zﬂﬁ - 1)+ 23 (Tyz,O - isz,O)(/u3 - :u2 )]

[(l Ty0 =00+ D) et = 2520 15)

#(z) =~

1

2
zZ
ZAUZ\/(RZJ ~1- 115

_iax,O +ipw)(1 _/11]’3)-’_ (Tyz,O _isz,O)ﬂﬁ(:ul —/13 )]

[ iTyo— 0,0t Pw)(ﬂqﬂz‘ﬂs - /11)

$(2,) =~

+ (Txy,O

1

2
4
2A773\/(I§j —1-u
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_/12)]

_ﬂ3)] (A.36)

1 [al(M ﬂzﬂﬂ)*’b(’?ﬂ /12)-1-01( M)]

(A.37)

Therefore, the circumferential stress can be calculated by superposing the stresses induced from
far field in-situ stress and the boundary conditions of both the wellbore and borehole wall, with the

following equation
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0, =0,0%0,;, =00t 2Re{,u #(2)+ 158(2,) + iz, )}
0,=0,0+0,,=0,,%+ 2Re{¢1'(zl )+ # (Zz)+ 4,0, (23 )}
Z-xy = z-xy,O + 2—xy,h = z-xy,O - ZRE{,U Zl + /u2¢2 (ZZ)+ /13#3 ¢3 (Z3 )}

(A.38)
sz = sz,O + sz,h = sz,O + ZRe{/‘Lllul ¢1 Zl + ]“2/u2¢2 (ZZ)+ /u3 ¢3 (Z3 )}

T =00t T n =00~ 2Re{/’t1¢1'(21 ) + 4,8, (Zz)"' ¢, (Z3 )}

0,=0.0%t0,;,=0.0— (‘1310' pt a0, g T a3yT g 35T+ AseT,, h)/a33

This model can be used to solve the fracture initiation pressure problems with any wellbore
deviation and azimuth, in-situ stress field, stratum dip angle, and dip direction in anisotropic
formations.





