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Crack initiation and fragmentation processes in pre-cracked rock-like materials
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Abstract. This paper focuses on the cracking and fragmentation process in rock materials containing a pair of non-parallel
flaws, which are through the specimen thickness, under vertical compression. Several numerical experiments are conducted with
varying flaw arrangements that affect the initiation and tensile wing cracks, shear crack growth, and crack coalescing behaviors.
To obtain realistic numerical results, a parallelized peridynamics formulation coupled with a finite element method, which is
able to capture arbitrarily occurring cracks, is employed. From previous studies, crack initiation and propagation of tensile wing
cracks, horsetail cracks, and anti-wing cracks are well understood along with the coalescence between two parallel flaws. In this
study, the coalescence behaviors, their fragmentation sequences, and the role of an x-shaped shear band in rock material
containing two non-parallel flaws are discussed in detail on the basis of simulation results strongly correlated with previous
experimental results. Firstly, crack initiation and propagation of tensile wing cracks and shear cracks between non-parallel flaws
are investigated in time-history and then sequential coalescing behavior is analyzed. Secondly, under the effect of varying
inclination angles of two non-parallel flaws and overlapping ratios between a pair of non-parallel flaws, the cracking patterns
including crack coalescence, fragmentation, and x-shaped shear band are investigated. These numerical results, which are in
good agreement with reported physical test results, are expected to provide insightful information of the fracture mechanism of

rock with non-parallel flaws.
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1. Introduction

Since rock material has numerous non-persistent
discontinuities including voids, holes, joints, and flaws, the
discontinuities in rock material under stresses initiate
propagation and coalescence with other growing flaws. This
coalescence plays a critical role in undermining the strength
of rock material, thereby causing deformation and
subsequent failure. To investigate how newly growing
cracks, such as tensile wing cracks or secondary shear
cracks, initiate and propagate, numerous experiments on
rock material containing a single flaw (a flaw is referred to
as a pre-existing open crack) under compression have been
carried out. For further study based on the general crack
patterns of a single flaw, coalescence development
sequences between a pair of flaws or among multiple flaws
in rock materials have been analyzed through a number of
physical experiments.

Types of fracturing patterns in specimens with a single
flaw are observed under the effect of the flaw inclination
angles. The initiation position of tensile wing cracks is
shifted by changing the flaw angles (Wong 2008). The
tensile wing crack initiates from the middle of the flaw
surface when the flaw is aligned horizontally. However,
with increasing angles, the initiation position is shifted to
the flaw tips. Moreover, many researchers have listed crack
types according to the different crack trajectories and the

*Corresponding author, Professor
E-mail: j.hong@Xkaist.ac.kr

Copyright © 2018 Techno-Press, Ltd.
http://www.techno-press.org/?journal=gae&subpage=7

crack initiation mechanisms, such as tensile or shear modes,
with varying flaw angles (Wong and Einstein 2009a). In
addition, various patterns of shear cracks such as shear
zones (Lajtai 1974), inclined/normal shear fractures, and
anti-wing cracks (Wong et al. 2006) have been reported.
After tensile wing cracks occur, shear cracks initiate at the
flaw tips and develop an x-shaped shear band around each
flaw tip at failure (Huang et al. 1990 and Chen et al. 1995).
This x-shaped band results from the growth of horsetail
cracks and anti-wing cracks that initiate at both tips of the
flaw and subsequently propagate outwardly.

To investigate the effect of flaw arrangement on
fracturing patterns, types of coalescing patterns in terms of
the crack types (shear/tension crack, internal wing crack,
and internal shear crack) and the coalescence crack surfaces
(rough with crushed surface and clean with smooth surface)
are categorized (Ko and Einstein 2006). In addition, various
crack coalescence types between two parallel flaws are
observed with respect to their overlapping ratio (Lee et al.
2017b). When the overlapping ratio is approximately zero,
as illustrated in Fig. 1(a), an isolated crack segment occurs
in the bridging region between two flaws and it is linked
through two horsetail cracks emanating from the inner flaw
tips (Shen et al. 1995). Moreover, the bridging angle
between two flaws is approximately vertical, the relative
sliding fracture surface induces tensile wing cracks to
initiate at the flaw tips, and then the tensile wing cracks link
the inner tips of two adjacent flaws (Cao et al. 2015). In an
arrangement that is partially overlapped, an isolated, central
fragmentation occurs in the bridging region between two
inner tips of the flaws (Mughieda and Alzo’ubi 2004). As
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Fig. 1 Schematic illustration of coalescence types
between two flaws with respect to their overlapping
ratios, modified from Park and Bobet (2010) and Sagon
and Bobet (2002) where internal tensile wing crack
(ITWC), external tensile wing crack (ETWC), horsetail
crack (HTC), isolated tensile crack segment (ITCS), and
anti-wing crack (AWC) are described

the overlapping ratio of two flaws increases, as depicted in
Figs. 1(b) and 1(c), each internal tensile wing crack initiates
at the flaw surface normal to the tip of its opposite flaw
(Lee et al. 2017b, Park and Bobet 2010, Sagong and Bobet
2002, Wong and Einstein 2009b, Cheng et al. 2015). This
causes a fragmentation that is surrounded by these internal
tensile wing cracks, as in Figs. 1(b) and 1(c), but the
fragmentation ceases to deform in the bridging region even
with further loading (Bobet and Einstein 1998, Cao et al.
2015). However, other cracks including horsetail cracks or
anti-wing cracks initiate around flaw tips and then
propagate in a sudden and unstable manner, leading to
failure of the specimens, as illustrated in Fig.1d (Park and
Bobet 2010). In a substantially overlapped arrangement,
coalescence is formed through internal tensile wing cracks
or a combination of horsetail cracks and an isolated tensile
crack segment (Yang et al. 2012). As shown in Fig. 1(e), an
isolated tensile crack occurs in a bridging region and then
links in an unstable manner with shear cracks. In the
specimens with more than two flaws, coalescence generally
occurs between two relatively adjacent flaws and its
patterns are consistent with those of flaw pairs (Sagong and
Bobet 2002, Cao et al. 2015, Park and Bobet 2010, Lee et
al. 2017c, Wong et al. 2001, Zhou et al. 2014, Park and
Bobet 2009, Yang et al. 2012, Feng et al. 2009).

To complement these physical test results and enhance
the understanding of the coalescence process between or

among flaws, numerous numerical simulations have been
carried out. The rock failure process analysis code (RFPA
2D) captured the initiation and growth of tensile wing
cracks (Tang and Kou 1998), and reproduced the
coalescence of tensile wing cracks caused by tensile mode,
shear mode, or mixed mode. The method also showed the
failure mechanism and four types of crack coalescence
modes in rock material containing three flaws (Tang et al.
2001). The same method reproduced the crack evolution of
a single flaw, three flaws, and multiple flaws (Wong et al.
2002). RFPA 2D reasonably captured the general patterns of
tensile wing cracks initiating at the flaw tips and the
coalescence among three and multiple flaws. The bonded
particle model (BPM) reproduced that secondary cracks
initiate under tensile stresses, and then under shear forces
crack surfaces become rough and unclean (Manouchehrian
and Marji 2012, Manouchehrian et al. 2014, Zhang and
Wong 2013). The numerical method indicated that tensile
wing cracks initiate at the flaw tips induced by tensile
stresses and propagate upwards until secondary cracks
occur under tensile stresses and then under shear forces
soon. AUTODYN predicted the coalescence development
in rock material with two flaws under the effect of flaw
arrangements (Li and Wong 2014). With this method it was
also observed that most of the cracks causing coalescence
initiate at or around the flaw tips while the cracks inducing
coalescence initiate at a point on the flaw surface in
arrangements where two flaws are very close and
substantially overlapped. The numerical manifold method
(NMM) investigated the effects of pre-existing micro-crack
length, inclination angle, and separation distance on the
dynamic mechanical properties of rock (Wu and Wong
2014). The particle flow code (PFC) indicated the crack
growth process along with parallel bond force field in rock
material and also identified that crack coalescence results
from the bond force affected by the crack initiation (Tian
and Yang 2017). The method reproduced coalescence
development sequences between two parallel flaws whose
ligament angles were varied (Sarfarazi and Haeri 2016,
Haeri et al. 2017). A numerical simulation using the general
particle dynamics (GPD) captured coalescence development
sequences in rock material with four flaws (Zhou et al.
2015). The method showed that the coalescence formed by
tensile wing cracks is a relatively smooth path and that pure
shear coalescence is created by coplanar or quasi-coplanar
cracks (referred to as horsetail cracks in this paper). It also
reproduced that the shear band or zone is caused by oblique
secondary cracks (as anti-wing cracks).

These physical and numerical experiments have been
conducted to study crack patterns or crack coalescence of a
single, two flaws, or multiple flaws in rock materials under
compression. The effect of flaw inclination angles and the
effect of the flaw arrangements and their overlapping ratios
have been investigated in detail. However, these
experiments are confined to the arrangement of parallel
flaws. Investigation of fracturing patterns in more
complicated flaw geometries (Li and Wong 2014) such as
coalescence among non-parallel open flaws would thus be
useful. In this light, the present paper focuses on crack
growth and coalescence between two non-parallel open
flaws with the help of peridynamics. To understand



Crack initiation and fragmentation processes in pre-cracked rock-like materials 1049

Fig. 2 Sketches of the physically observed coalescing
patterns between two non-parallel flaws of which the
inclination angles of the lower flaw increase with an
interval of 15° from 30° to 90°, modified from Lee and
Jeon (2011). (a) 30°, (b) 45°, (c) 60°, (d) 75°, and (e) 90°.
The numbers indicate types of newly creating cracks: An
internal tensile wing crack (1) and an external tensile
wing crack (2) both initiate from the upper flaw, while an
internal tensile wing crack (3) and an external tensile
wing crack (4) initiate from the lower flaw.

deformation and progressive failure, including crack
coalescence development sequences and shear crack
behaviors between two non-parallel flaws, the effect of both
the overlapping ratio of two flaws and the inclination angles
of two non-parallel flaws on cracking development process
is discussed in detail. The numerical results are expected to
enhance the understanding of the crack evolution and
coalescing process in rock material with two non-parallel
flaws.

2. Coalescence processes between two non-parallel
flaws

2.1 Brief description of experimental results

General coalescence patterns between two non-parallel
flaws in rock material under a vertical load are described in
Fig. 2, where internal tensile wing cracks play a central role
in the coalescence development sequences. They performed
physical experiments on rock material with two non-parallel
flaws whose geometry varied as the inclination angle of the
lower flaw () increased with an interval of 15° from 30° to
90°, as described in Fig. 2. As shown in Fig. 2(a), the
external tensile wing crack (2) initiates from the middle of
the upper flaw whose inclination angle is 0°, and it then
propagates parallel to the direction of vertical loading.
Generally, the external tensile wing crack emanating from
the upper surface at or near the middle of the upper flaw
proceeds vertically as in Figs. 2(a)-2(e). However, unlike
the propagation path of the tensile wing crack initiating
from the lower surface of the horizontal flaw, the internal
tensile wing crack (1) initiating from the upper flaw
propagates vertically but curves towards the left tip of the
lower flaw under the interaction effect between two flaws.
In addition, the internal tensile wing crack (3) occurs at the
middle upper surface of or at the left tip of the lower flaw
and propagates towards the right tip of the upper flaw,
thereby leading to coalescence. Interestingly, each of the
two internal tensile wing cracks coalesces with the other

flaw, forming a fragmentation that is not damaged even
with further loading, as shown in Figs. 2(a)-2(d).

The test results present general coalescence patterns
with varying inclination angles of the lower flaw. However,
the results do not take into account the coalescence
development sequences between two non-parallel flaws or
the initiation and propagation of shear cracks and wing
cracks under their corresponding interaction effect. This
study, through the help of parallelized peridynamics (Lee et
al. 2017a), discusses the coalescing processes of cracks and
the initiation position of tensile wing cracks and shear
cracks, including horsetail cracks and anti-wing cracks,
under the interaction effect of other growing cracks.

2.2 Overview of peridynamic formulation

In this study, the parallelized peridynamic code coupled
with the finite element method, which shows a good ability
to realistically represent fracturing behaviors in rock
material in Refs. (Lee et al. 20173, b, 20164, Lee and Hong
2016b), is used. The numerical method is described in detail
by Lee et al (2017a) and Liu and Hong (20123, b, c), and an
overview of its essential features is briefly introduced as
follow.

For reformulation of the classical continuum model
where partial differential equations are used, the
peridynamic equation at the reference configuration of
position x at a time t is expressed as (Silling 2000, Silling
and Askari 2005)

[f(.&)dV, = pii(x.1) ~b(x,1). 0

In Eq.(1), If (m,&) is a pairwise force vector in terms

of the relative displacement vector (n=u(X,t) —u(x,t))
between two points and the relative position vector (
& =x"—Xx), along with an infinitesimal volume interacting

with a particle at x' expressed as dV, and a prescribed
body force vector expressed as b . The spherical subregion
(Hy) where neighboring particles interact with a particle
positioned at X is controlled by a variable called horizon
(6), which expresses the nonlocal interaction size.
Therefore, when the relative position vector (&) is within the
horizon, the pairwise force vector exists. In addition, the
relative bond stretch between two particles in Eq.(2)
determines whether the pairwise force exerts within the
horizon

[REREEE
smg)=——7——" (2)
H

If the bond stretch between two particles (s) is shorter
than the critical bond stretch (sg) in Eq. (3), the stretch is
proportional to the pairwise bond force. The horizon (5)
represents the size of the nonlocal interaction. The critical
bond stretch is obtained from the energy release rate (Gy),
which is the energy per unit fracture area required to break
all the bonds connecting two hemispheres of a body (Silling
and Askari 2005) with the micro-modulus function (c).
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When the relative stretch is larger than the critical
stretch, the bond connecting two particles is broken, leading
to a softening material response and subsequently a
sequential failure of interacting bonds; it then occurs as a
surface crack induced through the coalescence of broken
bonds. From the start of crack nucleation, the number of
negligible pairwise forces among particles increases with
further loading, thereby promoting crack growth.

=Ny,

piii = > f(n'.&)V, +b!, @)

=l

where ii; denotes the acceleration of node i at time t,
the total number of

f(n',&) the pairwise force, Ny

nodes within the horizon (o) of node i, and b} the body
force at time t. For the temporal integration to update
positions, velocities, and accelerations, the velocity-Verlet
scheme (Ercolessi 1997) is used.

Fint _ Z Finte) _ Ze“ K®y® (5)

e

For the efficiency of numerical simulation, a CT-
coupling scheme was suggested by Liu and Hong (2012c),
where the internal forces ( F™) exerted on finite element
nodes are obtained from Eg. (5) in which K®© is the

element stiffness matrix and U® is the nodal
displacement vector. The motion equation of a finite
element node is expressed as

MU =F"-F", (6)

where M, is the lumped mass for the node i, fJi is the

acceleration vector field, and F™ and F™ are the

external and internal force vectors of node I, respectively.
To couple the finite element (FE) subregion and the
peridynamic (PD) subregion, an overlapping interface was
introduced, as demonstrated in Fig. 3.

For the calculation of the coupling force that is
subsequently distributed onto the FE nodes, the interacting
forces between the PD nodes that are embedded in this
overlapped region and the PD nodes in the PD subregion
within the horizon size are expressed as the coupling force.
To distribute the coupling force onto the FE nodes within
the overlapped region between two distinct FE and PD
subregions, as illustrated in Fig. 3, the coupling force is
obtained from

£ =g (& m)f*, i=1234, ™

where ¥ is the coupling force, @ is the shape function,

and (&.,M.) is the natural coordinates of the projection of
an overlapped nodes, which are all on the overlapped
region. Hence, the internal force associated with node i of

the overlapped region is expressed as

Iiiint _ Fiint +ficp =|:Z K(€)u(e):| +ficp' (8)
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Fig. 3 Sketch of CT-coupling scheme.
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Fig. 4 Schematic illustrations of a specimen containing
two non-parallel flaws. (a) flaw geometry in rock
material and (b) a PD region where fracturing patterns
are to be observed is modeled in all simulations. (c) to (e)
are magnified snapshots of two non-parallel flaws in a
specimen, (c) varying inclination angles («) of the lower
flaw, (d) varying positions (A, B, C, D, E) of the left tip
of the lower flaw and (e) varying inclination angles of
both the upper flaw (£)and the lower flaw (a)
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Fig. 5 Coalescence development sequences between two non-parallel flaws with varying inclination angles of the lower
flaw (&) ranging from 30° to 75°. From (a) to (d) a=30°, (e) to (h) a=45°, (i) to (m) a=60°and (n) to (g) a=75°. The first
column (a, e, i, and m) is captured at 32MPa, the second column (b, f, j, and n) at 40 MPa, the third column (c, g, k, and
0) at 48 MPa, and the fourth column (d, h, | and p) at 56 MPa. Each damage map for all specimens is captured at the

middle of the specimen along the vertical direction

2.3 Numerical procedure

Parallelized peridynamic code coupled with a finite
element method has been used to analyze crack growth and
coalescence in rock material (Lee et al. 2017h, Lee et al.
2017a, Lee and Hong 20164, Ha et al. 2015). In this model,
neighboring nodes within the horizon of a central node are
connected through a bond. If the relative derivative of the
bond distance between two nodes is beyond the critical
bond stretch, the bond between nodes is broken and no
longer sustains a load. This leads to softening material
responses of rock, subsequently causing the bonds between
a node and its neighboring nodes to be sequentially broken.
As a crack initiates and then propagates, the number of
broken bonds between a node and a neighboring node
within the horizon also increases, which leads to crack
growth (Ha et al. 2015). Peridynamics shows a good
capacity to capture arbitrarily occurring cracks without
prior knowledge or help of other mathematical methods.

This research focuses on crack growth and coalescence
between two non-parallel flaws with the help of parallelized
peridynamics code coupled with a finite element while
comparing physical test results.

The numerical models employed in this paper are pre-
cracked rectangular prismatic specimens whose dimensions
are 120 mm in height, 60 mm in width, and 30 mm in depth
and which contain two non-parallel open-through flaws that
are 20 mm in length and 1 mm in width, as illustrated in
Fig. 4. The geometry of the numerical specimen conducted
by peridynamics corresponds with the geometry of the
physical specimens. The variable 2a denotes the length of a
flaw (20 mm) and 2b is the bridging distance between two
flaws and is half the flaw length, or 10 mm. The specimen
material which has a Young’s modulus of 49.0 GPa, a
Poisson’s ratio of 0.25, an energy release rate of 71 J/m?
and density of 2700 Kg/m® (Wong 2008, Lee et al. 2017b,
Ha et al. 2015). With the CT-coupling scheme, as illustrated
in Fig. 3, the specimen is partitioned into one peridynamic
(PD) region and one finite element (FE) region surrounding
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the PD region, which is set to 60 mm in height, 60 mm in
width, and 30 mm in depth, as shown in Fig. 4(c). Through
simulations, the numerical results are based on uniform
grids with 0.25 mm, which produces about 6,301,897
nodes. The convergence value, or the ratio of the horizon to
the grid spacing, (Ha and Bobaru 2011) is 4, the micro-
modulus ¢ is 2.17x102N/m®, and the critical bond stretch s,
is 1.10x10°. To lessen the computational burden,
parallelized peridynamic code coupled with a finite element
method (Lee et al. 2017a) is executed, which makes the
computation time until failure 30 times faster than when the
sequential code is performed, on a multi-core system based
on a Dual Intel ® Xeron(R) CPU E5-2687 v2 @ 3.40 GHz
with 64 GB RAM with 32 threads. The load gradually
increases until failure at a loading rate that is within the
range of low loading rates recommended by Ref. (Li and
Wong 2012) and numerically confirmed by Refs. (Ha et al.
2015, Lee et al. 2017b, Zhang and Wong 2013). A uniform
time-step is set as t=0.1 ps while the damage data are
produced every t=2 ps.

2.4 Crack coalescence development sequence and
subsequent fragmentation

To compare and complement the physical test results,
numerical experiments on nine specimens with a non-
parallel flaw geometry, where the inclination angle of the
lower flaw (o) increases, as presented in Fig. 4(c), with an
interval of 15° from -30° to 90° are carried out.
Coalescence development sequences in four specimens are
observed in Fig. 5. At the bar scale in Figs. 5-12, the value
of 1.0 denotes that all neighbors exceed the critical bond
stretch sg, which means all bonds are broken. However, if
some neighbors are below the critical bond stretch, the
value is between 0.0 and 1.0. At the initial stages the
internal tensile wing crack (ITWC) initiates from the lower
surface near the middle of the upper surface earlier than
other cracks. As the inclination angle of the lower flaw
increases, the internal tensile wing crack (ITWC) of the
upper flaw occurs later.

As for coalescence, the internal tensile wing crack
(ITWC) of the upper flaw initiates and propagates towards
the left tip of the lower flaw. While the ITWC grows, the
external tensile wing crack (ETWC) initiating from the
upper surface at the middle of the upper flaw initiates
upwards. As the load increases, the ITWC bridges the lower
surface of its upper flaw and the left tip of the lower flaw,
showing the first coalescence in specimens. For the second
coalescence, the ITWC initiates near the upper surface of
the lower flaw in Fig. 5(b) or at the left tip of the lower flaw
in Figs. 5(f), 5(j), and 5(0). The ITWC propagates, to some
extent, perpendicular to the surface of the lower flaw (Figs.
5(b), 5(f), 5(k), and 5(0)) and then approaches the right tip
of the upper flaw (Figs. 5(d), 5(h), and 5(I)), making the
second coalescence. Surrounded by two coalescences (one
is made by the ITWC of the upper flaw and the other is
formed by the ITWC of the lower flaw), a fragmentation is
formed in Figs. 5(d), 5(h), and 5(I), which was also
observed in the results of physical experiments shown in
Fig. 2. The fragmentation becomes slightly damaged even
with further loading, while increasing loading induces
initiation and propagation of other shear cracks. As the
inclination angle of the lower angle increases, the initiation

0
25 20 45 10 5 0 5 10 15 20 25
30

= ()

;

25 20 45 10 5 0 5 10 15 20 25

25 20 45 10 5 0 5 10 15 20 25

Fig. 6 Coalescence and an x-shaped shear band shear that
shear cracks induce. (a) the inclination angle of the lower
flaw is a=-30° and is captured at 67.2 MPa, (b) a=-15°
and 56 MPa, (¢) a=15°and 56 MPa, (d) «=30° and 67.2
MPa, (e) a=45° and 75.2 MPa, (f) a=60° and 86.4 MPa,
(9) a=75°and 84.8 MPa and (h) ¢=90° and 84.8 MPa

position of the internal tensile wing crack shifts from the
middle of the lower flaw to the left tip of the lower flaw,
leading to a smaller area of fragmentation in Figs. 5(d),
5(h), 5(1), and 5(p) as well as in Figs. 2(a), 2(b), and 2(d).
The inclination angle of the lower flaw influences the
temporal sequence of initiation and propagation of tensile
wing cracks and the fragmentation shape surrounded by two
ITWCs.

2.5 Initiation and propagation of shear cracks and an
x-shaped shear band

While each ITWC coalesces with the tips of the other
flaw and forms a fragmentation, some shear cracks initiate
at the outer tips of two non-parallel flaws, the left tip of the
upper flaw and the right of the lower flaw. The initiation of
a shear crack retards the growth of the tensile wing crack at
the same position where the shear crack and tensile wing
crack initiate. Therefore, as the load increases, the
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fragmentation made through two internal tensile wing
cracks undergoes no further damage. At the left tip of a
single flaw, a horsetail crack (HTC) initiates and propagates
upwards while at the same tip an anti-wing crack (AWC)
initiates and propagates downwards (Bobet 2000 and Wong
2008). In addition, at the right of a single flaw, a horsetail
crack (HTC) initiates and propagates downwards while an
anti-wing crack (AWC) proceeds upwards in the opposite
direction of tensile wing crack propagation. As shown in
Fig. 6(a), an ITWC initiates from the lower surface near the
middle of the upper flaw and approaches the upper surface
near the left tip of the lower flaw. Another ITWC initiates
from the upper surface near the right tip of the lower flaw
and reaches the right tip of the upper flaw. These
coalescences form a fragmentation in the bridging region
between two non-parallel flaws through tensile wing cracks
(TWC), which is clearly shown in Figs. 6(a)-6(g). While the
fragmentation occurs, ETWGCs initiating both from the right
tip of the upper flaw and from the left tip of the lower flaw
reach the boundaries of a specimen. During the propagation
of ETWCs, each HTC initiates from the left tip of the upper
flaw and from the right tip of the lower flaw (in Fig. 6(a))
and then propagates in an unstable and fast manner, thereby
reaching the boundary of a specimen.

Furthermore, each AWC initiates from the same position
where its corresponding HTC occurs and propagates
relatively faster than other cracks. Through the propagation
of HTCs and AWCs initiating from the left tip of the upper
flaw and from the right tip of the lower flaw, an x-shaped
shear band is formed, as shown in Fig. 6(h). With further
loading, this x-shaped shear band is numerically observed
in all specimens as well as in physical tests.

2.6 Comparison of fracturing patterns

In rock material containing two non-parallel flaws under
uniaxial compression, an external tensile wing crack
generally initiates at or near the middle of the upper surface
of the upper flaw because the upper flaw is aligned
horizontally. In physical tests in Figs. 7(a)-7(c), the ETWC
emanates from around the middle of the upper flaw surface
and then propagates vertically towards the top edge of a
specimen, which has been observed in many tests (Ha et al.
2015 and Wong 2008). Before the ETWC grows, internal
tensile wing cracks initiate around the middle of the lower
surface of the upper flaw.

The ITWC initiating from the upper flaw approaches the
left tip of the lower flaw while the ITWC initiating from the
lower flaw reaches the right tip of the upper flaw, then
showing a fragmentation circumscribed by two ITWCs.
This fragmentation is physically observed in Figs. 7(a),
7(b), and 7(d) and is also numerically confirmed in Figs.
7(e) to 7(h). The fragmentation area becomes smaller as the
inclination angle of the lower flaw increases, which is due
to the shift of the initiation position at which ITWC initiates
from the upper surface of the lower flaw. In Figs. 7(a) and
7(e), the ITWC initiates at the middle of the upper surface
of the lower flaw whose inclination angle is o =30°, but
with the other inclination angles the initiation position is
shifted to the left tip of the lower flaw. Another ETWC
initiates from the right tip of the lower flaw and reaches the
bottom of the specimen. As for shear cracks, the shear

Fig. 7 Crack propagation and coalescence between two
non-parallel flaws in rock material. The upper row (a) to
(d) is from Lee and Jeon (2011). (a) and (e) are fracturing
patterns with a lower flaw of ¢=30° (b) and (f) are
fracturing patterns with the lower flaw of a=45°, (c) and
(9) are fracturing patterns with a lower flaw of «=60°,
and (d) and (h) are fracturing patterns with a lower flaw
of a=75°. (e) captured at 64 MPa, (f) at 80 MPa, (g) at
86.4 MPa, and (h) at 86.4 MPa

cracks in general initiate at the outer flaw tips, including the
left tip of the upper flaw and the right tip of the lower flaw.
From the left tip of the upper flaw, two types of shear
cracks initiate; a HTC propagates upwards earlier than an
AWC propagates downwards. Similarly, at the right tip of
the lower flaw, a HTC propagates downwards as the ETWC
does, while an AWC with further loading propagates
upwards in the opposite direction of the ETWC at the right
tip of the lower flaw. As the load increases, the shear cracks
emanating from the left tip of the upper flaw reach the top
and bottom of the specimen, showing half of the x-shaped
band. At the right tip of the lower flaw, the HTC simply
reaches the bottom of the specimen, but the AWC in most
cases propagates in a relatively fast and unstable manner
upwards and its path then becomes broader, which is
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Fig. 8 Coalescing pattern with varying overlapping ratios between two non-parallel flaws, which is all captured at 56
MPa. The first row (a to €) is for the inclination angle of the lower flaw «=15°, the second row (f to j) is for a=30°,
and the third row (k to o) is for a=45°. As for overlapping ratios, the first column is for the raio of 1.00; the second
column is for 0.75; the third column is for 0.50; the fourth column is for 0.25; and the fifth column is for 0.00
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Fig. 9 Coalescing pattern with varying inclination angles of the upper flaw with an interval of 15° from $=0° to
S=60°, which is captured in all specimens at 56 MPa. As for the inclination angle of the upper flaw, the first column is
for 5=0°, the second is for f=15°, the third is for f=30°, the fourth is for f=45°, the fifth is for $=60°. Also, for the
inclination angle of the lower flaw, the first row (a to e) is for a=15°, the second row (f to j) is for «=30°, and the third
row (k to o) is for a =45°

3

subsequently under the interaction effect. Fig. 7(f) shows propagates towards the right tip of the upper flaw, thereby
that one branch emanates from the main AWC and leading to coalescence through a shear crack. Similarly, the
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coalescence caused through an AWC forms the second
fragmentation, which is then deformed with further loading
due to the swelling of the AWC in Fig. 7(g). These
fracturing patterns were captured in physical tests, as shown
in Figs. 7(b), 7(c), and 7(d). As observed in Fig. 7, the
numerical simulations, through the help of the parallelized
peridynamics coupled with a finite element method, have a
good capability of capturing coalescence development
sequences and show high fidelity to the physical tests. This
numerical method is useful to predict fracturing patterns in
complex flaw geometries such as a pair of non-parallel
flaws.

3. Crack coalescence and fragmentation

Although there has been strong interest in coalescence
between or among non-parallel flaws in rock material, there
has been relatively little study of other critical factors, such
as the overlapping ratio between two adjacent non-parallel
flaws or non-parallel flaws whose inclination angles are
varied. In response, under the effect of various effects, the
coalescence created through tensile wing cracks is
discussed in detail in this paper. In addition, the role shear
cracks play in coalescing processes between two non-
parallel flaws is investigated.

3.1 Overlapping ratios between non-parallel flaws

The effect of overlapping ratio on coalescing patterns
between or among parallel flaws has been extensively
studied, but fracturing patterns in non-parallel flaws under
the overlapping effect have not been thoroughly parsed
through physical tests. To describe the influence of the
overlapping ratios between adjacent flaws on coalescence
development, five different positions (A, B, C, D, and E)
where the left tip of the lower flaw is located are set, as
illustrated in Fig. 4(d). By changing these positions, the
overlapping ratio with respect to the length of the upper
horizontal flaw decreases from 1.00 at A to 0.00 at E with
an interval 0.25; for example, the value 1.00 means that the
lower flaw is fully overlapped with respect to the upper
flaw length. As for the case where the lower flaw is fully
overlapped, as in Figs. 8(a), 8(f), and 8(k), an ITWC
initiates at the left tip of the lower flaw earlier than other
cracks. An ETWC then initiates not at but near the right tip
of the lower flaw due to the low inclination angle of the
flaw, 15°. The ITWC propagates in the direction above 50°
with respect to a horizontal line and subsequently coalesces
with a shear crack that suddenly initiates from the left tip of
the upper flaw. Because the coalescence is created through
the linkage of an ITWC and a shear crack, the coalescence
becomes more unstable and deformed with further loading,
thereby severely damaging the specimen.

The ETWC emanating from the lower flaw propagates
towards the bottom of the specimen as does the tensile wing
crack (TWC) of a single flaw without any interacting effect
between two flaws (Bobet 2000, Wong 2008, Ha et al.
2015). Similarly, another ETWC initiates around the middle
of the upper surface of the upper flaw and then propagates
upwards. As the load increases, shear cracks initiate from

both tips of each flaw, and some of them coalesce with the
right tip of the upper flaw and the right tip of the lower
flaw, showing one fragmentation surrounded by the left and
right coalescences. This is discussed in detail later. For
cracking patterns in the first row for 15° with varying
overlapping ratios, the initiation position of the internal
tensile wing crack emanating from the upper flaw is shifted
from the left tip of the upper flaw in Fig. 8(b) to around the
middle of the lower surface of the upper flaw in Fig. 8(e),
which is also observed in the second and third rows.
Without the effect of the inclination angle of the flaw, the
initiation position is shifted solely under the effect of
overlapping ratios between two flaws. Another ITWC
initiates at the left tip of the lower flaw in the case of a fully
overlapped flaw geometry, including Figs. 8(a), 8(f), and
8(k), in part due to the adjacent distance between two flaws.
However, with the overlapping ratio decreasing from 0.75
to 0.25, as described in Fig. 4(d), the ITWC initiates from
the upper surface of the lower flaw, and it propagates nearly
perpendicular to the lower flaw surface. For the initiation
position of the ITWC of the lower flaw, as the ratio
decreases from 0.75 to 0.25, or from Fig. 8(b)-8(d), the
initiation position is shifted from near the right tip of the
lower flaw to near the left tip of the flaw. In Fig. 8(b) and
Fig. 8(c), the ITWC reaches the right tip of the upper flaw,
leading to coalescence. However, in Fig. 8(d) and Fig. 8(e),
an isolated tensile crack segment (ITCS) suddenly occurs in
the bridging area between two flaws, then linking the two
flaws, while the ITWC initiating from the lower flaw joins
the existing coalescence in Fig. 8(d) or propagates upwards
without any interaction in Fig. 8(e). As the overlapping ratio
decreases, the fragmentation area circumscribed by two
coalescences also becomes smaller. In the case where the
overlapping ratio is 1.00, or corresponding with the first
column in Fig. 8, the fragmentation is made through the
linkage of two coalescences induced by shear cracks,
although the ITWC initiating from the left tip of the lower
flaw approaches the left tip of its opposite flaw. For the
overlapping ratios of 0.75 and 0.50, the fragmentation is
created by two coalescences, both of which are formed by
corresponding internal tensile wing cracks. For the ratio of
0.25 or the fourth column, an ITCS occurs in the bridging
region between two flaws, leading to coalescence, along
with other coalescences by tensile wing cracks.
Furthermore, in the case of the ratio of 0.00, or
corresponding with the fifth column in Fig. 8, fragmentation
is not observed, but the coalescence by the sudden growth
of an isolated crack segment becomes wider with further
loading. Therefore, it is observed that the overlapping ratio
between two non-parallel flaws influences crack modes for
fragmentation and it subsequently changes the overall
fracturing patterns in specimens.

3.2 Inclination angles of the upper and lower flaws

To investigate cracking behaviors in more complex flaw
geometries, the upper flaw is rotated at the center of the
flaw anticlockwise with an interval of 15° from p=0° to
S=60°, along with changing inclination angles of the lower
flaw ( a=15°, a=30°, and a=45° clockwise). As observed in
the first row in Fig. 9, interestingly the initiation position at
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which an ITWC occurs is shifted from the middle of the
upper surface of the lower flaw in Fig. 9(a) to near the left
tip of the flaw in Fig. 9(d), and then to the left tip of the
flaw in Fig. 9(e). However, the initiation position of the
lower flaw whose inclination angle is set to 45° remains at
the left tip of the lower flaw even with increasing
inclination angles of the upper flaw. As the inclination angle
of the lower flaw increases (see each column downwards),
the fragmentation area becomes smaller, which is due to the
shift of the initiation position of the ITWC originating from
the lower flaw. For another ITWC emanating from the
lower surface of the upper flaw, its initiation position is
shifted from the middle of the lower surface of the upper
flaw in the first column in Fig. 9 to at the left tip of the
upper flaw (from the third column to the fifth column in
Fig. 9), which is due to the increasing inclination angle of
the upper flaw from £=0° to f=60°. When the inclination
angle is steeper, the initiation position tends to be located at
the flaw tip. This shifting behavior is also observed in the
second row and the third row, irrespective of the different
inclination angles of the lower flaw (¢=30° and a=45°). As
for the ETWC originating from the lower flaw, it initiates
near the right tip of the lower flaw when the flaw is rotated
15° clockwise, while the inclination angle increases, the
ETWC initiates at the right tip of the lower flaw, which is
little affected by the interaction effect of the two flaws, as in
the case of a single flaw (Bobet 2000, Wong 2008 and Ha et
al. 2015). Each of the ETWC propagates downwards and
then reaches the bottom of the specimen. In addition,
another ETWC initiates from the right tip of the upper flaw,
which is captured in all specimens from Fig. 9(a)-9(0); this
means that little interacting effect between two non-parallel
flaws exerts outside the bridging region between two flaws.

As the load increases, deformation becomes evident at
the outer tip of the flaws, such as at the left tip of the upper
flaw and at the right tip of the lower flaw. Each horsetail
crack (HTC) initiates at the outer flaw tips and then
propagates upwards from the right tip of the upper flaw or
propagates downwards from the left tip of the lower flaw.
Following the initiation of the HTC, anti-wing cracks
(AWCs) initiate and propagate, yet in the opposite direction
to the propagation of HTCs. With further loading, the
deformation in fragmentation circumscribed by two
coalescences remains but shear cracks grow in a fast and
unstable manner, leading to specimen failure. Therefore,
under the effect of two non-parallel flaws whose inclination
angles are varied, the initiation position of the ITWC is also
observed to be shifted. Furthermore, formed through the
linkage of two coalescences that are induced by ITWCs,
fragmentation remains constant even with further loading
until other shear cracks promote specimen failure.
Interestingly, the initiation position of the ETWC is at the
right tip of the upper flaw or the lower flaw in all
specimens, except in Figs. 9(f) and 9(k). Moreover, the
ETWCs are little affected by the interaction between two
non-parallel flaws.

4. X-shaped shear band

After crack coalescence and fragmentation are formed

(2)

30
25 20 45 40 5 0 5 10 15 20 25
30

« !

30
25 20 45 0 5 0 5 10 15 20 25
30

25 2 -5 10 5 0 5 10 15 20 25

Fig. 10 Damage (the first row) and its corresponding
strain energy distribution (the second row) with further
loading in the flaw geometry in which both the initiation
angle of the upper flaw is set to f=0° and the overlapping
ratio is also set to 0.50 with varying inclination angles of
the lower flaw. (a) and (e) is captured at 72 MPa for -
a=30°, (b) and (f) is at 83.2 MPa for a=45°, (c) and (g) is
at 88 MPa for a=60° and (d) and (h) is at 86.4 MPa for
=90

by the occurrence of tensile wing cracks and shear cracks, a
damage pattern, an x-shaped shear band (Huang et al. 1990,
Chen et al. 1995), is observed with further loading,
regardless of the effects of inclination angles and
overlapping ratios mentioned in sections 2 and 3. As shown
in Fig.10, the first row shows the damage caused by both
tensile wing cracks (TWCs) and other shear cracks
including HTCs and AWCs, while the second row shows
the strain energy distribution along the newly growing
cracks. As discussed in Section 3 earlier, by changing the
inclination angles of the lower flaw with the horizontal
upper flaw, various coalescences are formed, and
corresponding shear fractures following coalescence are
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Fig. 11 Damage (the first row) and its corresponding
strain energy distribution (the second row) with further
loading in various flaw geometries. (a) and (e) are
captured at 80 MPa for the flaw geometry where the
overlapping ratio is 1.00 and the inclination angle of the
lower flaw is a=15°, (b) and (f) are captured at 80 MPa
for the overlapping ratio of 0.75 and the inclination of the
lower flaw of ¢=30°, (c) and (g) are captured at 88 MPa
for the overlapping ratio of 0.50, the inclination angle of
the upper flaw of p=15° and the inclination angle of the
lower flaw of a=60°, (d) and (h) are captured at 104 MPa
for the overlapping ratio of 0.50, the inclination angle of
the upper flaw of f=60° and the inclination angle of the
lower flaw of a=45°
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shown. In Fig. 10(a), fragmentation, created by two
coalescences formed by two internal tensile wing cracks, is
formed, and thereafter the TWCs and the fragmentation are
retarded by growing shear cracks. With further loading,
further damage in the bridging region between two non-
parallel flaws does not take place, while damage outside the
bridging region becomes more severe, which is due to the
growth of shear cracks. Fig. 10(e) shows that crack damage

ceases to progress between two flaws, but at the outmost
flaw tips (left tip of the upper flaw and right tip of the lower
flaw) fracturing happens in a fast and unstable manner,
showing an x-shaped shear band (yellow colored). For the
second column, the first fragmentation is made through two
internal tensile wing cracks and the secondary
fragmentation is created by an AWC initiating at the right
tip of the lower flaw, or at the outmost flaw tip.

Unlike the fragmentation due to the linkage of TWCs,
the fragmentation by shear cracks such as AWCs is more
severe as the load increases. At the outmost flaw tip, or at
the left tip of the upper flaw, a HTC emanating from the
upper flaw surface and an AWC (TsS mode) (Yin et al.
2014) emanating from the lower flaw surface respectively
reach the top and bottom of the specimen. In Fig. 10(f), it is
observed that the energy concentrates obviously at two
outmost flaw tips and at the second fragmentation.
Similarly, in the third column in Fig. 10, two types of
fragmentations are observed, and energy also concentrates
at the outmost flaw tips and at the fragmentation caused by
an AWC (Ts mode) (Yin et al. 2014), initiating at some
distance from the right tip of the upper flaw. From the
outmost flaw tip, an AWC initiates and coalesces with the
opposite flaw, leading to a fragmentation, at the right tip of
the lower flaw in the second column and at the right tip of
the upper flaw in the third column. However, in the case
where the lower flaw is vertically aligned, TWCs initiate at
the middle of the upper flaw and reach the top and bottom
of the specimen. Subsequently, at the left and right tip of the
horizontal upper flaw, shear cracks initiate and then form an
x-shaped shear band, which is evident in Fig. 10(h).

The first and second columns in Fig. 11 describe
fragmentation modes and shear cracking patterns under the
influence of the overlapping ratio. In the case of a fully
overlapped flaw geometry, one fragmentation is formed
both by an ITWC initiating from the left tip of the lower
flaw and by an anti-wing crack from right tip of the upper
flaw, since the outmost flaw tips correspond to two tips of
each flaw. In fact, the ITWC propagates towards the left tip
of the upper flaw and then coalesces with a HTC initiating
from the right tip of the upper flaw. Each ETWC inside two
flaws propagates under no interaction effect and then
reaches the edge of the specimen. With further loading the
shear cracks initiating from outmost flaw tips grow, leading
to an x-shaped shear band, as captured in Fig. 13(e). For the
overlapping ratio of 0.75, or the second column in Fig. 11,
the ITWC initiates near the left tip of the upper flaw, and it
reaches the left tip of the lower flaw. Another ITWC
initiates at the left tip of the lower flaw and approaches the
middle of the upper flaw, forming the first fragmentation.
With further loading, an AWC (Ts mode) initiates at a
distance from the left tip of the lower flaw and coalesces
with a shear crack initiating from the right tip of the upper
flaw, thereby creating the second fragmentation. Energy
concentration is distinct at three points where shear cracks
flourish, later forming a general x-shaped shear band. When
two non-parallel flaws are rotated individually, more
complicated fracturing patterns are observed as seen in the
third and the fourth columns in Fig. 11. However, one
fragmentation is formed through the ITWCs in the bridging
region between two flaws, and outside the bridging region
shear cracks propagate upwards or downwards, forming an
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x-shaped shear band. Through numerous simulations,
general features in cracking patterns are well observed even
in complex flaw arrangements. Typically, fragmentation can
be created by ITWCs, and subsequent fragmentation, or
secondary fragmentation, can be made by shear cracks. In
addition, damage outside the bridging region between two
flaws becomes more severe with further loading, thereby
forming an x-shaped shear band.

5. Conclusions

In this paper, deformation and progressive failures, such
as crack initiation, coalescence, fragmentation, and x-
shaped shear band, are observed along with the occurrence
of tensile wing cracks and shear cracks, or horsetail cracks
and anti-wing cracks with varying inclination angles and
overlapping ratios between a flaw pair. Showing good
fidelity to physical test results, the parallelized
peridynamics coupled with a finite element method presents
insightful information about the cracking behavior and the
cracking mechanism in complex flaw geometry such as
non-parallel flaws. From the numerical results, the
following conclusions can be drawn.

(1) The initiation position at which an internal tensile
wing crack occurs can be shifted under the effect of the
overlapping ratio as well as under the effect of the
inclination angle of flaws. This shift of the initiation
position plays a critical role in the first coalescence
formation.

(2) Each internal tensile wing crack creates coalescence
by reaching its opposite flaw; the coalescence then leads to
the first fragmentation. The fragmentation is, in most cases,
located inside the bridging region between two flaws and
undergoes no further deformation even with further loading.

(3) Secondary fragmentation occurs through the growth
of shear cracks, most of which are anti-wing cracks
initiating from the outmost flaw tip. Unlike the first
fragmentation, the damage from the secondary
fragmentation is increased with further loading because it is
substantially affected by shear cracks.

(4) As the load increases, the extent of damage inside
the bridging region between two non-parallel flaws is
minimal while that of damage outside the region becomes
Very severe.

(5) During processes such as the coalescence, the first
fragmentation, and the secondary fragmentation, shear
cracks initiate at the outmost flaw tips and then propagate
upwards and downwards. This causes the formation of an x-
shaped shear band, thereby leading to specimen failure.
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