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Abstract. It is now widely accepted that the resulting displacement field within elastic, inhomogeneous,
anisotropic solids subjected to equipartitioned, uniform illumination from uncorrelated sources, has
intensities that follow diffusion-like equations. Typically, coda waves are invoked to illustrate this concept.
These waves arrive later as a consequence of multiple scattering and appear at “the tail” (coda, in Latin)
of seismograms and are usually considered an example of diffuse field. It has been demonstrated that the
average correlations of motions within a diffuse field, in frequency domain, is proportional to the
imaginary part of Green’s function tensor. If only one station is available, the average autocorrelation is
equal to the average squared amplitudes or the average power spectrum and this gives the Green’s
function at the source itself. Several works address this point from theoretical and experimental point of
view. However, a complete and explicit analytical description is lacking. In this work we study
analytically some properties of the Green’s function, specifically the imaginary part of Green’s function
for 2D antiplane problems. This choice is guided by the fact that these scalar problems have a closed
analytical solution (Kausel 2006). We assume the diffusiveness of the field and explore its analytical
consequences.
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1. Introduction

Coda waves, the long lasting vibrations from earthquakes are a clear evidence of multiple

scattering within the Earth. They sample the medium around the recording station. For this reason

coda waves are relevant in seismology and earthquake engineering. Various scattering formulations

have been developed in order to explain the wave propagation in the heterogeneous earth (Sato and

Fehler 1998). An equipartitioned diffuse field may exist in a given region if the net flux of energy
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is null. This condition is approximately met by coda waves as they continue ringing for a duration

which is much longer than the source-station travel time. In fact, due to multiple scattering, coda

waves arrive at a given site from different directions and sample the medium more or less uniformly

around a recording station. These facts also apply to seismic noise.

There is growing interest in exploiting the information included in ambient seismic vibrations.

These are used for the characterization of urban areas in seismic hazard studies (e.g. Pitilakis et al.

2011) and for the identification of dynamic properties in a variety of systems like bridges (e.g. Ali

and Okabayashi 2011). If the illumination is uniform; that is to say, the sources of vibration are

random and uncorrelated (multiple scattering due to complexity of systems contribute to achieve

this) we can have realizations of diffuse fields. In that case, the available energy is equally

distributed, in fixed average amounts, among all the possible states of the system. This is one way

to formulate the equipartition principle. These ideas from thermodynamics have been introduced

into room acoustics and elastic wave propagation by Weaver (1982). 

The system’s response to an impulsive unit load or Green’s function can be retrieved from

average cross correlations of recorded motions of a diffuse field (Campillo 2006, Sánchez-Sesma

and Campillo 2006, Snieder et al. 2006, Wapenaar et al. 2007, Sánchez-Sesma et al. 2006). The

pioneering studies of Aki (1957) and Aki and Chouet (1975) contributed to the understanding of

coda waves and seismic noise.

Formal identities between the Green’s function and correlations of the diffuse field for general

inhomogeneous media have been established (Weaver and Lobkis 2004). In fact, the result for the

homogeneous case (Sánchez-Sesma and Campillo 2006) also emerged for a homogeneous medium

with a circular cylindrical elastic inclusion (Sánchez-Sesma et al. 2006, Pérez-Ruiz et al. 2008).

This result was extended for elastic inhomogeneous media (Sánchez-Sesma et al. 2008) and has

been used to explain numerically the coda of Green’s functions (Sato 2010). 

In this communication we consider some 2D scalar problems that have complete analytical

solutions. This is not always the case and it is remarkable because considerable insight can be

gained from these canonical cases. For a single receiver we compute the autocorrelation which is

proportional to the energy density at a given point. Thus, we explore the consequences of assuming

both source and receiver at the same point. In this case the imaginary part of the Green’s function at

the source itself is finite because the singularity is restricted to the real part. Moreover, the

imaginary part of Green’s function is proportional to the energy injected into the medium by the

unit harmonic load (Sánchez-Sesma et al. 2008). 

The direct knowledge of the Green’s function may allow establishing the energy density of a

diffuse seismic field. In seismology and engineering it is of interest having a theoretical

interpretation of autocorrelations. In fact, it has been shown that nearby boundaries or

heterogeneities induce fluctuations of energy densities in both space and frequency (Sánchez-Sesma

et al. 2008).

2. Representation theorem of the correlation type

Consider an elastic, inhomogeneous, anisotropic domain V bounded by the surface Γ. Starting
from the classical Betti-Rayleigh reciprocity identity, also known as the Somigliana’s representation

theorem (Sánchez-Sesma et al. 2008), it is possible to obtain a correlation type representation

theorem
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(1)

where Gmn(xA, xB) = displacement at xA in direction m produced by a unit harmonic point force

acting at xB in direction n (this is the Green’s function), the points xA and xB are located in V, Tim(x,

xA) = traction at point x in direction i, associated to the unit vector ni(x), produced by the unit

harmonic point force in direction m acting at point xA (this is the traction Green’s function). In this

identity, the imaginary part of the Green’s tensor between points xA and xB is expressed in terms of

boundary sources. The symbol * represents the complex conjugate, i is the imaginary unit and Im

expresses the imaginary part. The dependence on angular frequency ω, of the Green’s functions is

understood and is omitted henceforth. For antiplane problems the subscripts for both displacements

and tractions and for the associated Green’s functions are restricted to be the value 2.

This representation theorem was presented before (Wapenaar 2004, van Manen et al. 2006) with a

somewhat different notation. The equation is implicit in the treatment by Weaver and Lobkis (2004).

3. Retrieval of the Green’s function from correlations

The field within V can be represented, as in Sánchez-Sesma and Campillo (1991), by the elastic

radiation of force densities φi(ξ) acting along its boundary Γ

(2)

where um(x) = displacement associated to the direction m at point x. It is usual to define a diffuse

field in terms of given force densities such that their average along Γ is null; here we represent the
average with brackets, thus φi(ξ) = 0, and assume that φi(ξ) and φj(ξ) are uncorrelated. As a

consequence of these assumptions we have (see Wapenaar 2004)

(3)

where F2 is the spectral density of the excitation and δij is the Kronecker symbol (δij = 1 if i = j or

δij = 0 if  i ≠ j).

The average cross correlation of motion at points xA and xB is then given by

(4)

Therefore

(5)

3.1 Far field approximation for Green’s tensor

From the exact expressions for Green’s tensors for 2D (see Sánchez-Sesma and Campillo 2006),

their far field asymptotic representations, for both displacements and tractions, in a homogeneous,

2iIm Gmn xA xB,( )[ ] Gmi xA ξ,( )Tin

*
ξ xB,( ) Gni

*
xB ξ,( )Tim ξ xA,( )–{ }dΓξ

Γ
∫–=

um x( ) Gmi x ξ,( )φi ξ( )dΓξ
Γ
∫=

φi ξ( )φj

*
ζ( )〈 〉 F

2
δijδ ξ ζ–( )=

um xA( )un

*
xB( )〈 〉 Gmi xA ξ,( )Gnj

*
xB ζ,( ) φi ξ( )φj

*
ζ( )〈 〉dΓξdΓζ

Γ
∫∫=

um xA( )un

*
xB( )〈 〉 F

2
Gmi xA ξ,( )Gni

*
xB ξ,( )dΓξ

Γ
∫=
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isotropic, elastic medium are given by

  and (6)

(7)

respectively. In these equations rA and rB are the distances between the point ξ, at the boundary Γ,
and the points xA and xB, respectively. As the distances are very large, we assumed the unit vector

nj at the surface Γ to be equal for both points. q = ω/α and k = ω/β, are the wavenumbers, ω =

angular frequency, α and β are the P and S wavespeeds, respectively. These expressions have an

interesting form: the product f1(qrA)nmni is a tensor that represents the longitudinal part of the

motion while  f2(krA)(δmi − nmni) accounts for the transverse part. In Eq. (7) the tractions at ξ are

formed by the sum of the paraxial radiation boundary conditions for P and S waves, respectively.

Paraxial means that it is locally assumed 1D wave propagation along the radiated field.

The radial functions f1 and f2 in 2D are cylindrical functions and are given by

 and (8)

here (·) = Hankel’s function of zero order and the second kind, ρ = mass density, and rA =

distance between ξ and xA.

The tractions at point ξ on Γ for a unit point load in the direction ni applied at point xB can be

written using the paraxial boundary conditions for both longitudinal and transverse components as

(9)

Therefore, Eq. (1) can be written as

(10)

The resulting Green’s tensors, at the boundary, share the asymptotic properties of functions f1 and

f2 as defined in Eqs. (6)-(8).

From Eqs. (5) and (10), taking into account Eqs. (6)-(8) it is possible to write

(11)

for 2D. Es = ρω2S2, which represents the average energy density and S2 = average spectral density of

the plane shear waves of the isotropic background. k = ω/β is the shear wavenumber associated to

ES. Eq. (11) is the analytical consequence of the representation theorem Eq. (1) and has been

verified for the full space (Sánchez-Sesma and Campillo 2006) and an elastic inclusion embedded in

an elastic space (Sánchez-Sesma et al. 2006).

Gmi xA ξ,( ) f1 qrA( )nmni f2 krA( ) δmi nmni–( )+≈

Tin ξ xB,( ) iωρ α f1 qrB( )ninn β f2 krB( ) δin ninn–( )+[ ]≈

f1 qrA( ) 1

4iρα
2

--------------H0

2( )
qrA( )= f2 krA( ) 1

4iρβ
2

--------------H0

2( )
krA( )=

H0

2( )

Tin ξ xB,( ) iωρ αGjn ξ xB,( )njni βGjn ξ xB,( ) δji njni–( )+( )=–≈

iωρ αnjni β δji njni–( )+( )Gnj xB ξ,( )–

Im Gmn xA xB,( )[ ] ωρ αninj β δij ninj–( )+( )Gmi xA ξ,( )Gnj

*
xB ξ,( )dΓξ

Γ
∫–=

ui xA( )uj

*
xB( )〈 〉 4ESk
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Im Gij xA xB,( )[ ]–=
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4. Energy densities in 2D antiplane cases

The aim of this writing is to explore the consequences of the theory when source and receiver

coincide. To this end, we assume that xA = xB and consider some 2D(x, z) antiplane problems (Eq.

(11) with i = j = 2) i.e., the propagation of shear waves polarized in the horizontal plane (SH waves).

The forcing and the motion are restricted to be in the y direction denoted with the index 2 in the

equations. For the elastic problem, the average energy density can be expressed as twice the average

kinetic energy to account for the strain energy.

In what follows we compute the theoretical energy density at the surface of an elastic layer. To

this end let us rewrite Eq. (11)

(12)

While the first equality is clear because the energy density at xA is proportional to the average of

the squared spectral density, the last term is proportional to the work done by the harmonic unit line

load acting at xA. For a homogeneous full space Im[G22(xA, xA)] ≡ −1/4µ, µ = shear modulus, and

E(xA) ≡ ES showing the consistency of the formulation. In what follows, we compute the antiplane

Green’s functions at the source for a half-space with free surface and a layer with different

boundary conditions in order to assess the expected normalized energy density at given locations.

4.1  2D half-space. Antiplane SH problem.

For a half-space, the Green’s function can be obtained easily by superimposing the mirror image

of the reflection, these boundary reflections take into account the waves generated by the condition

imposed by the free-stress surface (see Kausel 2006)

(13)

where (·) is the cylindrical Hankel’s function of zero order and second kind. This function can

be expressed as (·) = J0(·) − iY0(·), where J0(·) and Y0(·) are the Bessel’s functions of zero order

of first and second kind. r is the distance between the source and the receiver and r' is the distance

between the image source and receiver. If no attenuation is considered, the imaginary part of the

Green’s function is given by

(14)

At the source r = 0 and r' = 2z. According to Eq. (12) the energy density is proportional to the

imaginary part of the Green’s function at the source point. We have only SH waves, thus we define

the reference energy E∞ = ρω2S2 = Εs. Recalling that J0(0) = 1, we can write

(15)

This expression gives the energy density as a function of both frequency and depth. At the surface

the energy density is constant and twice the value of the infinite space. In Fig. 1 we depict the ratio

E(kz)/E∞ against kz, a normalized depth because k = 2π/Λ with Λ = wave-length of shear waves. In

E xA( ) ρω
2

u2 xA( )u2

*
xA( )〈 〉 4µES Im G22 xA xA,( )[ ]–= =

G22 xA xB,( ) 1

4iµ
-------- H0

2( )
kr( ) H0

2( )
kr′( )+{ }=

H0

2( )

H0

2( )

Im G22 xA xB,( )[ ] 1–

4µ
------ J0 kr( ) J0 kr′( )+( )=

E z ω,( ) E∞ 1 J0 2kz( )+( )=
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any event, the ratio depicted in Fig. 1 makes clear frequency dependent fluctuations with depth. The

negative sign is included in the normalization. The reference energy E∞ is the energy density in the

2D deep space. This is to say, where no energy amplification due to the presence of the free surface

is observed.

4.2  2D layer. Antiplane SH waves

The energy variation of a diffuse elastic field at the surface of a 2D layer with thickness h is now

studied. Consider first the problem that both layer boundaries are stress-free. We use again the

images method, as in the half-space but now with infinite images to include all the reflections. The

contribution to the imaginary part of Green function at source of the waves emitted is Im[1/(2iµ)

H0
(2)(0)] = Re[−(1/2µ)H0

(2)(0)] = −(1/2µ)J0(0) = −1/2µ, where Re[·] stands for the real part. This

should be interpreted as the limit when the distance to observer tends to zero (see Snieder et al.

2009). The contributions of the reflections can be obtained by adding them all, each one with a free

surface factor of two. Therefore, we can write

(16)

where τ = 2h/β is the travel time for a single reflection. This expression was expressed using the

Neumann factors (εn = 1 for n = 0 and εn = 2 for n > 0). Here n represents the natural numbers. This

infinite sum is expressed with reciprocal square roots (Gradshteyn and Ryzhik 1994)

(17)

Im G22 0 0,( )[ ] Re
1–

2µ
------ H0

2( )
0( ) 2H0

2( )
ωτ( ) 2H0

2( )
2ωτ( ) …+ + +( ) Re

1–

2µ
------ εnH0

2( )
nωτ( )

n 0=

∞

∑= =

Im G22 0 0,( )[ ] 1

2µπ
----------Re

εn

fτ( )2 n
2

–

------------------------- −
n 0=

m

∑–

2i π/2Y0 0( ) C– log
fτ

2
----–

1

n
---

n 1=

m

∑
1

n
2

fτ( )2–

-------------------------
1

n
---–⎝ ⎠

⎛ ⎞
n m 1+=

∞

∑–+
⎝ ⎠
⎜ ⎟
⎛ ⎞

=

Fig. 1 Normalized energy density for a diffuse SH wave field in a 2D half-space
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where f = ω /2π is the frequency, m a natural number such that τ f − 1 < m < τ f, and C is the Euler

constant. When no attenuation is taken into account, the second term inside the bracket is

suppressed and the sum becomes finite. Damped media are treated with µ* = µ(1 + i/Q). The

advantage of Eq. 17 is its faster convergence than Eq. 16 and the fact that the resonant frequencies

n/τ of our free-free layer are explicit. Fig. 2 depicts the normalized energy density at the top of the

layer for β = 1 and h = 1. The case of Q = 50 is also shown. Only the first five peaks are depicted.

All the peaks of the undamped case are infinite. But, with the exception of the peak at the origin,

which corresponds to the rigid body motion of the layer, all the other peaks are integrable.

Consider now that the layer is fixed at the depth h. The Green’s function must thus be null at the

bottom (this is the so called Dirichlet’s boundary condition). Using the method of images, as

previously, we can write

Fig. 2 Energy density at the origin, −µτ Im[G22(0, 0)], against frequency in Hz. Results for a layer with stress-
free boundary conditions without damping (solid line) and for Q = 50 (dashed line) are presented

Fig. 3 Energy density at the origin, −µτ Im[G22(0, 0)], against frequency in Hz. Results for a layer with stress-
free and fixed boundary conditions without damping (solid line) and for Q = 50 (dashed line) are presented
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(18a)

where again τ = 2h/β is the travel time for a single reflection. Because of the boundary condition at

bottom there is a sign change for each reflection. The reflections are added and each appears with

the free-stress surface factor of two. Using the Neumann factors (εn = 1 for n = 0 and εn = 2 for

n > 0) it is possible to write

(18b)

The sum is transformed as before (see Gradshteyn and Ryzhik 1994)

(19)

where m verifies τ f − 1/2 < m < τ f + 1/2. These two conditions are depicted in Fig. 3, one without

attenuation and the other with Q = 50. The first five peaks can be seen at the resonant frequencies

(n − 1/2)/τ of the free-fixed layer. It is also clear that the frequency of the first peak is a cut-off

frequency. For this we understand (putting aside the singularity of the real part) that lateral energy

radiation is null for frequencies smaller than the cut-off one. In fact, for the rigid bottom all the

modes are not propagating for these frequencies.

5. The time domain counterparts

Having the imaginary part of Green’s function at the source we also have a description of the

energy that is injected into the medium. For a homogeneous full space we have

(20)

where sgn ω = +1 if ω > 0 and sgn ω = −1 if ω < 0.

It is possible to show that

(21)

which can be regarded as a particular case of

(22)
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Eq. (21) exhibits the radiation into the medium composed of causal and anti-causal emission

seismograms. On the other hand, for τ > 0, Eq. (22) includes both causal and anti-causal seismograms,

too.

From Eq. (16) and neglecting damping we have for the free-free layer.

(23)

here τ = 2h/β. The time domain response, also called pseudo reflection seismogram, can be

computed using Eq. (22) and is given by

       (24)

This result shows the emergence of reflections at times t = nτ = 2nh/β as it is shown in Fig. 4.

There is other interesting fact that can be seen if we consider Eq. (17) without damping

(25)

From Eqs. (24) and (25) we see a remarkable fact: the functional form of both the imaginary part

of Green’s function and the reflection seismograms is the same.

Now consider Eq. (18) and neglect damping. Then we have for our free-fixed layer.

(26)

Im G22 0 0 ω;,( )[ ] 1–

2µ
------ εnJ0 ωnτ( )sgnω

n 0=

∞
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∞–

∞

∫
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2

nτ( )2–

-------------------------sgnt
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∞
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m 0=

∞

∑=
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2µ
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m 0=

∞

∑=

Fig. 4 Pseudo reflection seismogram for the free-free layer. Reflections at times t = 2nh/β = nτ (τ = 2s) are
observed
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which can be expressed as

(27)

The pseudo-reflection seismogram, can be computed from Eqs. (26) and (22). It is given by

(28)

This result shows both the emergence of reflections at times t = nτ = 2nh/β and the changes in

polarity as it is depicted in Fig. 5 for positive times.

5. Discussion

In practical cases we do not have explicit expressions for the imaginary part of Green’s function,

instead we may have data. If the data displays stability and the average converges it is very likely

that it converges to the imaginary part of the Green’s function.

From Eq. (12) we propose to normalize the autocorrelations in such a way that the average is

performed for windows in time, each with equal energy in the selected frequency band 

(29)

Therefore, save for a multiplicative constant, the normalized autocorrelation in frequency domain

may reveal resonant frequencies, amplification patterns and pseudo reflection seismograms that may

give clues to uncover the medium geometry or properties.

Im G22 0 0 ω;,( )[ ] 1–

2µπτ
-------------

2H  f m 1/2+( )/τ–( )
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2

m 1/2+( )2/τ2
–

----------------------------------------------------sgnf
m 0=

∞

∑=

1

2π
------ iIm G22 0 0 ω;,( )[ ]exp iω t( )dω

∞–

∞

∫
1

2πµ
---------- εn 1–( )n H t nτ–( )

t
2

nτ( )2–

-------------------------sgnt
n 0=

∞
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Im G22 x x ω;,( )[ ] 1–

4µ
------

Ω u2 x ω;( ) 2

u2 x ϖ;( ) 2
dϖ

Ω
∫
----------------------------------〈 〉=

Fig. 5 Pseudo reflection seismogram for the free-fixed layer. Reflections at times t = 2nh/β = nτ (τ = 2s) and
changes in polarity are also seen
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6. Conclusions

In these work several properties of Green’s functions are examined. Theoretical pseudo-reflection

seismograms are obtained. We found functional forms of both the imaginary part of Green’s

function (in frequency) and the reflection seismograms (in time) that are remarkably similar.

The precise knowledge of Green’s function in realistic cases cannot always be achieved. However,

by means of measurements of ambient vibrations it is possible to generate reasonable realizations

(say proxies) of the imaginary part of Green’s functions with its properties (dispersion of surface

waves, resonances and pseudo reflection seismograms).

At a given location in which ambient seismic vibrations exist, that can be regarded as realizations

of a diffuse field, the average normalized autocorrelations, in frequency domain, is a measure of

energy density, at least the relative frequency variations of such measurement are preserved.

From these results we can also point out that the diffuse field assumption may be helpful to

generate spectral ratios in terms of the imaginary part of Green’s function when both source and

receiver coincide.
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