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Abstract.  A two new high-order shear deformation theory for bending analysis is presented for a simply 

supported, functionally graded plate with porosities resting on an elastic foundation. This porosities may 

possibly occur inside the functionally graded materials (FGMs) during their fabrication, while material 

properties varying to a simple power-law distribution along the thickness direction. Unlike other theories, 

there are only four unknown functions involved, as compared to five in other shear deformation theories. 

The theories presented are variationally consistent and strongly similar to the classical plate theory in many 

aspects. It does not require the shear correction factor, and gives rise to the transverse shear stress variation 

so that the transverse shear stresses vary parabolically across the thickness to satisfy free surface conditions 

for the shear stress. It is established that the volume fraction of porosity significantly affect the mechanical 

behavior of thick function ally graded plates. The validity of the two new theories is shown by comparing 

the present results with other higher-order theories. The influence of material parameter, the volume fraction 

of porosity and the thickness ratio on the behavior mechanical P-FGM plate are represented by numerical 

examples. 
  

Keywords:  functionally graded material; higher-order theory; volume fraction of porosity; Winkler-

Pasternak elastic foundation  

 

 

1. Introduction 
 

An ideal material combines the best properties of metals and ceramics-the toughness, electrical 

conductivity, and machinability of metals, and the low density, high strength, high stiffness, and 

temperature resistance of ceramics. Graded materials are also required to adhere two different 

materials in structures subjected to different loading environments (Chakraborty 2003). The 

functionally graded materials (FGMs) (Koizumi 1993, Suresh 1998), a new generation of 

advanced inhomogeneous composite materials first proposed for thermal barriers (Koizumi 1997), 

have been increasingly applied for modern engineering structures in the extremely high 

temperature environment. Plates supported by elastic foundations have been widely adopted by 

many researchers to model various engineering problems during the past decades. To describe 
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the interactions of the plate and foundation as more appropriate as possible, scientists have 

proposed various kinds of foundation models (Kerr 1964). 

The simplest model for the elastic foundation is the Winkler model, which regards the 

foundation as a series of separated springs without coupling effects between each other, resulting 

in the disadvantage of discontinuous deflection on the interacted surface of the plate. This was 

later improved by Pasternak (Pasternak 1954) who took account of the interactions between the 

separated springs in the Winkler model by introducing a new dependent parameter. From then on, 

the Pasternak model was widely used to describe the mechanical behavior of structure-foundation 

interactions (Xiang 1994, Zhou 2004, Ait Amar 2015, Bellifa 2015, Gafour 2015, Baghdadi 2015, 

Naceri 2012, Mantari 2014). As the application of FGMs increases, new methodologies have to be 

developed to characterize them, and to design and analyze structural components made of these 

materials. The literature on the response of FGM plates resting on the elastic foundations to 

mechanical and other loadings are limited. Zenkour (2010) studied the effect of the Hygro-thermo-

mechanical on FGM plates resting on elastic foundations, the elastic coefficients, thermal 

coefficient and moisture expansion coefficient of the plate are assumed to be graded in the 

thickness direction. Shen (2010) has analyzed a nonlinear bending for of FGM plates subjected to 

combined loading and resting on elastic foundations. Pradhan (2009) studied the thermo-

mechanical vibration of functionally graded (FG) beams and functionally graded sandwich under 

variable elastic foundations using differential quadrature method. Meksi et al. (2015) proposed a 

simple shear deformation theory based on neutral surface position for functionally graded plates 

resting on Pasternak elastic foundations. However, in FGM fabrication, micro voids or porosities 

can occur within the materials during the process of sintering. This is because of the large 

difference in solidification temperatures between materials constituents (Zhu et al. 2001, Abdelhak 

2015, Bourada 2015, Hamidi 2015, Boumia 2014, Bouazza 2015, Bensatallah 2016, Zidour 2014, 

Mahi 2015). Wattanasakulpong et al. (2012) also gave the discussion on porosities happening 

inside FGM samples fabricated by a multi-step sequential in filtration technique. Therefore, it is 

important to take into account the porosity effect when designing FGM structures subjected to 

dynamic loadings. 

In this study, a two new refined theory for bending analysis of simply supported FGM plates 

with considering porosities that may possibly occur inside the functionally graded materials 

(FGMs) during their fabrication and resting on the elastic foundations are proposed. The plates are 

made of an isotropic material with material properties varying in the thickness direction only. 

Numerical examples are presented to illustrate the accuracy and efficiency of the two present 

theories and the influence of material parameter, the volume fraction of porosity and the thickness 

ratio on the behavior mechanical FGM plate. 

 

 

 
Fig. 1 Geometry and coordinates of considered FG plate which is resting on elastic foundation 
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2. Mathematical model and governing equations 
 

2.1 Geometrical configuration 
 

In the present study, a functionally graded simply supported rectangular plate which has the 

uniform thickness, the length a, and the width b is considered (Fig. 1). It is assumed to be rested 

on a Winkler-Pasternak type elastic foundation with the Winkler stiffness of k0 and shear stiffness 

of k1. 

 
2.2 Material properties 

 

A FG plate made from a mixture of two material phases, for example, a metal and a ceramic. 

The material properties of FG plates are assumed to vary continuously through the thickness of the 

plate. In this investigation, the imperfect plate is assumed to have porosities spreading within the 

thickness due to defect during production. Consider an imperfect FGM with a porosity volume 

fraction, α(α<<1), distributed evenly among the metal and ceramic, the modified rule of mixture 

proposed by Wattanasakulpong and Ungbhakorn (2014) is used as 
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Now, the total volume fraction of the metal and ceramic is: Vm+Vc=1, and the power law of 

volume fraction of the ceramic is described as 
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Hence, all properties of the imperfect FGM can be written as 
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It is noted that the positive real number k (0≤P<∞) is the power law or volume fraction index, 

and z is the distance from the mid-plane of the FG plate. The FG plate becomes a fully ceramic 

plate when k is set to zero and fully metal for large value of k. 

Thus, the Young’s modulus (E) and material density (ρ) equations of the imperfect FGM plate 

can be expressed as 
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However, Poisson’s ratio (ν) is assumed to be constant. The material properties of a perfect FG 

plate can be obtained when α is set to zero. 

 

2.3 Fundamental formulations  
 
2.3.1 Higher-order plate theory  
Basic assumptions for the displacement field of the plate are given as below 

 

(5) 
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Where u, v, w are displacements in the x, y, z directions, u0, v0 and w0 are midplane 

displacements, and θx and θy are the rotations of normal’s to the midplane about the y and x axes, 

respectively. ψ(z) represents shape function determining the distribution of the transverse shear 

strains and stresses along the thickness. The displacement field of the classical thin plate theory 

(CPT) is obtained easily by setting ψ(z)=0. The displacement of the first-order shear deformation 

plate theory (FSDPT) is obtained by setting ψ(z)=z. Also, the displacement of parabolic shear 

deformation plate theory of Reddy (1984) is obtained by setting 
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In addition, the exponential shear deformation plate theory of Karama (2003) is obtained by 

setting 
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2.3.2 Present refined sinusoidal shear deformation plate theory 
Unlike the other theories, the number of unknown functions involved in the two present refined 

plate theory is only four, as against five in case of other shear deformation theories (Reddy 1984, 

Karama et al. 2003). The theory presented is variationally consistent, does not require shear 

correction factor, and gives rise to transverse shear stress variation such that the transverse shear 

stresses vary parabolically across the thickness satisfying shear stress free surface conditions. 

 
Basic assumptions 
Assumptions of the present refined plate theory are as follows: 

• The displacements are small in comparison with the plate thickness and, therefore, strains 

involved are infinitesimal. 

• The transverse displacement W includes two components of bending wb, and shear ws. These 

components are functions of coordinates x, y, and time t only. 
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(7a) 

• The transverse normal stress σz is negligible in comparison with in-plane stresses σx and σy. 

• The displacements U in x direction and V in y direction consist of extension, bending, and 

shear components. 
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(7b) 

The shear components us and vs give rise, in conjunction with ws, to the parabolic variations of 

shear strains γxz, γyz and hence to shear stresses τxz, τyz through the thickness of the plate in such a 

way that shear stresses τxz, τyz are zero at the top and bottom faces of the plate. Consequently, the 

expression for us and vs can be given as 
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Displacement fields and strains 
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 The assumed displacement field is as follows 
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Where u0 and v0 are the mid-plane displacements of the plate in the x and y direction, 

respectively; wb and ws are the bending and shear components of transverse displacement, 

respectively, while f(z) represents shape functions determining the distribution of the transverse 

shear strains and stresses along the thickness and is given as 

Theory 01 (Benferhat et al. 2015) 
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Theory 02 (Daouadji et al. 2012) 
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It should be noted that unlike the first-order shear deformation theory, this theories does not 

require shear correction factors. The kinematic relations can be obtained as follows 
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For elastic and isotropic FGMs, the constitutive relations can be written as 
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Where (σχ, τy, τχy, τχz, τyz) and (εχ, εy, γχy, γχz, γyz) are the stress and strain components, respectively. 

Stiffness coefficients, Qij can be expressed as 
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 2.3.3 Governing equations and boundary conditions 
 The principle of virtual work in the present case yields 
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Where Ω is the top surface and q is is the applied transverse load. By substituting Eqs. (10) and 

(12) into Eq. (14) and integrating through the thickness of the plate, Eq. (14) can be rewritten as 
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Where the stress resultants N, M, and S are defined by 
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Substituting Eq. (12) into Eq. (16) and integrating through the thickness of the plate, the stress 

resultants are given as 
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Where Aij, Bij, etc., are the plate stiffness, defined by 
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(21d) 

Since the bottom surface of the plate is subjected to the action of the Winkler-Pasternak elastic 

foundation, the action-deflection relation at the bottom surface of the model is expressed as 

wkwkfe
2

10   (22) 

Where fe is the density of reaction force of the foundation. If the foundation is modeled as a 

linear Winkler foundation, the coefficient k1 in Eq. (22) is zero. 

 

 
3. Navier solution for simply supported rectangular plates 
 

Rectangular plates are generally classified in accordance with the used type support. 

We are here concerned with the analytical solutions of Eqs. (21a)-(21d) for the simply 

supported FG plate. The following boundary conditions are imposed at the side edges. 
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To solve this problem, Navier assumed that the transverse mechanical and temperature loads, q 

in the form of a double trigonometric series as 
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Where λ=mπ/a and μ=nπb m and n are mode numbers. For the case of a sinusoidal distributed 

load, we have: m=n=1 and q11=q0 

)sin()sin(),( 0 yxqyxq   (25) 

q0 represents the intensity of the load at the plate center. Following the Navier solution 

procedure, we assume the following solution form for u, v, wb, ws that satisfies the boundary 

conditions, The displacement functions that satisfy the equations of boundary conditions Eq. (26) 

are selected as the following Fourier series 
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Where Umn, Vmn, Wbmn, and Wsmn are arbitrary parameters to be determined subjected to the 

condition that the solution in Eq. (26) satisfies governing Eq. (21). Eq. (26) reduces the governing 

equations for flexural analysis to the following form 
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And (c) is the symmetric matrix given by 
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4. Results and discussion 

 
In numerical analysis, dimensionless deflection and stresses of simply supported perfect and 

imperfect FG Plates resting on the foundations elastic are evaluated. The FG plate is taken to be 

made of aluminum and alumina with the following material properties 

Ceramic (Pc: Alumina, Al2O3): Ec=380 Gpa; v=0.3; ρ=2702 kg/m
3
 

Metal (Pm: Aluminium, Al): Em=70 Gpa; v=0.3; ρ=5700 kg/m3 

And their properties change through the thickness of the plate according to power-law. The 

bottom surfaces of the FG plate are aluminum rich, whereas the top surfaces of the FG plate are 

alumina rich.  

For convenience, the following dimensionless form is used 
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To validate accuracy of the two refined plate theory, the comparisons between the present 

results and the available results obtained by Kobayashi et al. (1989), Lam et al. (2000), Benyoucef 

et al. (2008), Karama (2003), Zenkour (2006), and Reddy (1984). The two present solutions are 

realized for a square plate on a Winkler Foundation while Winkler modulus is considered to vary 

from 1 to 5
4 
in Table 1. It is to be noted that the present results of the Deflection compare very well 

with the other theories solution for perfect FG plate (α=0) and takes larger values for the imperfect 

FG plate (α=0.1 and α=0.2). This is expected because the imperfect FG plate is the one with the 

lowest stiffness and the perfect FG plate is the one with the highest stiffness. 

 

 
Table 1 Effect of volume fraction of porosity on the deflection of a uniformly loaded simply supported 

homogeneous square plate on a Winkler foundation 

K0 

Dw(0.5a, 0.5a)/qa
4
.10

3
 

Kobayashi 

(1989) 

Lam 

(2000) 

Benyoucef 

(2010) 
Present Theory 1 Present Theory 2 

α=0 α=0 α=0 

α=0  

(Benferhat 

2015) 

α=0.1 α=0.2 

α=0  

(Daouadji 

2012) 

α=0.1 α=0.2 

1 4.052 4.053 4.053 4.053803 4.308226 4.596725 4.053804 4.308228 4.596726 

3
4
 3.347 3.349 3.348 3.348534 3.520069 3.710100 3.348535 3.520070 3.710101 

5
4
 1.506 1.507 1.506 1.506099 1.537886 1.570776 1.506098 1.537886 1.570776 
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Table 2 Effect of volume fraction of porosity on the center deflections of a uniformly loaded simply 

supported homogeneous square plate (a/h=100) on Winkler-Pasternak foundation 

K0 K1 

Dw(0.5a, 0.5a)/qa
4
.10

3
 

Lam (2000) Present Theory 1 Present Theory 2 

α=0 
α=0  

(Benferhat 2015) 
α=0.1 α=0.2 

α=0  

(Daouadji 2012) 
α=0.1 α=0.2 

1 

1 3.853 3.855024 4.084390 4.342776 3.855024 4.084391 4.342777 

3
4
 0.763 0.762973 0.7708801 0.7789082 0.7629731 0.7708801 0.7789082 

5
4
 0.115 0.115304 0.1154558 0.1156074 0.1153043 0.1154558 0.1156074 

3
4
 

1 3.210 3.210791 3.368101 3.541586 3.210791 3.368102 3.541587 

3
4
 0.732 0.731729 0.7389251 0.7462183 0.7317292 0.7389251 0.7462184 

5
4
 0.115 0.114524 0.1146730 0.1148219 0.1145241 0.1146730 0.1148219 

5
4
 

1 1.476 1.476523 1.507000 1.538500 1.476523 1.507001 1.53850 

3
4
 0.570 0.570364 0.5743668 0.5783767 0.5703637 0.5743668 0.5783767 

5
4
 0.109 0.109471 0.1096031 0.1097352 0.1094709 0.1096031 0.1097352 

 

 

The center deflections of a uniformly loaded simply supported homogeneous perfect and 

imperfect square plate resting on elastic foundations with different values of K0 and K1 are 

computed in Table 2. It can be seen that the center deflections of this study show a satisfied 

agreement with those obtained by Lam et al. (2000) for the perfect FG square plates with various 

values of K0 and K1. In addition the comparisons show that the effect of the porosity on the center 

deflections of FG plates with two different type of porosity. The results reveal that center 

deflections results increase as the volume fraction of porosity (a) increases. In Table 3, the effects 

of volume fraction of porosity, side-to-thickness ratio and elastic foundation parameters on the 

dimensionless center deflection and stresses of anisotropic square plate with or without the 

porosity is given. It is clear that with increasing of the side-to thickness ratio a/h the center 

deflection w decrease and the stresses increase. However, the center deflection w increase and the 

stresses decrease with the existence of the porosity (α=0.1 and α=0.2). As observed in these results 

there is a very good agreement between the two present new trigonometric shear deformation plate 
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Fig. 2 Effect of volume fraction of porosity on the dimensionless center deflection versus side-to-

thickness ratio a/h of an FGM square plate on elastic foundations 
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Table 3 Effect of side-to-thickness ratio and elastic foundation parameters on the dimensionless deflection 

and stresses of an isotropic square perfect and imperfect FGM plate 

a/h K0 K1 Theories α w σx τxy τxz 

10 100 10 

Karama (2003) α=0 0.1638744 1.105538 0.3911440 0.1405294 

Zenkour (2006) α=0 0.1638971 1.104803 0.3911620 0.1362969 

Reddy (1984) α=0 0.1639048 1.104109 0.3912240 0.1320798 

Present Theory 1 

α=0  

(Benferhat 2015) 
0.1638971 1.1048037 0.3911618 0.1362969 

α=0.1 0.1694520 1.074615 0.3804734 0.1325727 

α=0.2 0.1753967 1.042309 0.3690352 0.1285871 

Present Theory 2 

α=0 (Daouadji 2012) 0.1639008 1.104590 0.3911785 0.1351198 

α=0.1 0.1694558 1.074406 0.3804895 0.1314277 

α=0.2 0.1754005 1.042106 0.3690505 0.1274765 

50 100 10 

Karama (2003) α=0 0.1591473 5.599530 2.008916 0.1439351 

Zenkour (2006) α=0 0.1591483 5.599378 2.008920 0.1395914 

Reddy (1984) α=0 0.1591486 5.599238 2.008934 0.1352572 

Present Theory 1 

α=0 

(Benferhat 2015) 
0.1591482 5.5993809 2.0089210 0.1395915 

α=0.1 0.1646725 5.450695 1.955576 0.1358847 

α=0.2 0.1705942 5.291317 1.898395 0.1319115 

Present Theory 2 

α=0 (Daouadji 2012) 0.1591483 5.599337 2.008924 0.1383820 

α=0.1 0.1646727 5.450653 1.955579 0.1347075 

α=0.2 0.1705944 5.291275 1.898398 0.1307686 

100 100 10 

Karama (2003) α=0 0.1589959 11.20366 4.021240 0.1440442 

Zenkour (2006) α=0 0.1589961 11.20359 4.021243 0.1396969 

Reddy (1984) α=0 0.1589962 11.20353 4.021248 0.1353590 

Present Theory 1 

α=0 

(Benferhat 2015) 
0.1589961 11.2035895 4.0212443 0.1396969 

α=0.1 0.1645193 10.90636 3.914564 0.1359909 

α=0.2 0.1704401 10.58775 3.800205 0.1320181 

Present Theory 2 

α=0 (Daouadji 2012) 0.1589961 11.20356 4.021246 0.1384865 

α=0.1 0.1645194 10.90634 3.914565 0.1348126 

α=0.2 0.1704402 10.58773 3.800207 0.1308742 

 

 

theory and other higher order plate theories. 

Fig. 2 depicts the variation of the dimensionless center deflection w  through side-to-thickness 

ratio with the variations of the volume fraction exponent (ceramic, P=2 and metal) and the volume 

fraction of the porosity (α=0.1 and α=0.2). It is seen that the results are the maximum for the metal 

and for the imperfect plates and the minimum for the ceramic and the perfect plates. This is 

expected because the imperfect metallic plate is the one with the lowest stiffness and the perfect 

ceramic plate is the one with the highest stiffness. 

Fig. 3 show the variation of the In-plane longitudinal stress x  through the thickness and from 
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Fig. 3 Effect of volume fraction of porosity on the in-plane longitudinal stress through the 

thickness of an FGM plate 
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Fig. 4 Effect of volume fraction of porosity on the transversal shear stress through-the thickness 
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Fig. 5 Effect of volume fraction of porosity on the longitudinal tangential stress through-the thickness 

of an FGM plate 

 

 

the aspect ratio a/b of a perfect and imperfect FG plates on elastic foundations based on the present 

plate theory. The volume fraction exponent of the FG plate in taken as P=2. It’s clear that the 

stresses are tensile at the top surface and compressive at the bottom surface and take the minimum 

values for the imperfect FG plate. Figs. 4 and 5 contains the plots of the transversal shear stress 

xz  and the longitudinal tangential stress xy  through-the thickness with the different values of the 
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aspect and side-to-thickness ratio, respectively.  

As illustrated in Fig. 4, the distributions of the transversal shear stress xz  are not parabolic and 

decreases gradually with increasing of the volume fraction of the porosity and the aspect ratio. 

Contrary to the in-plane longitudinal normal stress x , the magnitude of the tangential stress xy  

is maximum at points on the bottom and top surfaces of the FGM plate and it can be seen that xy  

take the minimum value for the FG plate with increasing of the volume fraction of the porosity. 

 

 

5. Conclusions 
 

The effect of the porosity on the bending analysis for the advanced composite plate resting on 

the elastic foundations is presented. Parametric study in this analysis is being carried out. These 

parameters include (i) power-law index, (ii) the aspect ratio, (iii) side-to-thickness ratio, (iv) 

variable Winkler foundation modulus, (v) two-parameter elastic foundation modulus and (vi) the 

volume fraction of the porosity.  

Present results for the perfect FG plate with Winkler and two-parameter elastic foundations 

based on the two present plate theories do agree with those reported in the literature. The modified 

rule of mixture covering porosity phases is used to describe and approximate material properties of 

the imperfect FG plates. The influence of the porosities on the dimensionless center deflection and 

stresses is then discussed. It’s to be noted that with increasing of the volume fraction of the 

porosity the dimensionless center deflection increase and the stresses decrease. All comparison 

studies demonstrate that the present solution is highly efficient for the exact analysis of the 

bending of FG plates. In conclusion, it can be said that the two proposed theories are accurate and 

simple in solving the analysis of FG plates on the elastic foundations.  
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