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1. Introduction 
 

Corrosion of steel reinforcing bars embedded in 

concrete beams and girders has been the cause of severe 

structural damages and of high costs in repair and 

maintenance. Several researchers investigated the harmful 

effects of corrosion on Reinforced Concrete (RC) structural 

members and especially on their durability properties (Zeris 

et al. 2014, Bousias et al. 2004). Because of that, there has 

been recent interest in the potential use of new reinforcing 

composite materials that can prevent or minimize corrosion-

related issues and can be used efficiently for repair or/and 

strengthening of RC structures (Tan 2002, Vougioukas et 

al. 2005, Bouguerra et al. 2011, Kang and Ary 2012, Fang 

et al. 2016, Tsonos 2009, Ha et al. 2013, Liang et al. 

2017a). The application of Fibre-Reinforced-Polymer (FRP) 

bars is a promising alternative to conventional steel 

longitudinal reinforcing bars in concrete members. FRP 

stirrups have also been used as transverse reinforcement in 

shear critical concrete beams and special shear models have 

been developed (El-Sayed and Soudki 2011, Oller et al. 

2015, Said et al. 2016, Johnson and Sheikh 2016). 

FRPs exhibit high tensile strength, excellent corrosion 

resistance, non-magnetization properties, light weight and 

reliable durability. However, the most commonly used FRP 

materials demonstrate some shortcomings with regards to 

steel reinforcement. They have relatively lower modulus of 
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elasticity, high cost and non-yielding characteristics 

(Konsta-Gdoutos and Karayannis 1998, Chalioris et al. 

2016, Liang et al. 2016, Ghatefar et al. 2017). Nevertheless, 

a newly developed glass FRP bar has recently been 

addressed and experimentally investigated by Ju et al. 

(2017). This advanced glass FRP bar was fabricated by 

thermosetting a braided pultrusion process to form the outer 

fibre ribs and proved to overcome the lower modulus of 

elasticity and bond strength compared to a steel bar. 

Further, wider and deeper cracks coupled with the 

relatively low strength and stiffness of FRP materials in the 

transverse direction result in a questionable contribution of 

the tensional longitudinal FRP bars as dowel action to the 

shear capacity of concrete beams compared to the 

contribution of steel bars. Tureyen and Frosch (2002), El-

Sayed et al. (2006) observed that the shear strength of FRP 

reinforced beams without transverse reinforcement is 

proportional to the axial stiffness of the longitudinal FRP 

bars and depends on their material properties, but their 

contribution as dowel action to the shear capacity of the 

tested beams is lower than that of steel bars. However, 

recent tests in concrete slabs with carbon and glass FRP 

bars revealed that the composite bars delayed the load level 

at which cover spalling occurred in the FRP - concrete 

which resulted in a greater-than-expected contribution of 

dowel action with FRP reinforcement (Abdul-Salam et al. 

2016). Nevertheless, the overall shear capacity of concrete 

beams with FRP bars and stirrups is considered to be lower 

than that of conventionally steel RC beams since the shear 

resisting components of the members with FRPs found to 

be lower in comparison to the members with steel 

reinforcement (Oller et al. 2015, Marí et al. 2014). 

Several experimental studies have been reported in the 

literature to investigate the flexural behaviour of concrete 
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beams reinforced with FPR bars (Masmoudi et al. 1998, 

Toutanji and Saafi 2000, Rafi et al. 2008, Shin et al. 2009, 

Barris et al. 2009, Lee and Kim 2012, Refai et al. 2015, 

Zhang et al. 2015, Ovitigala et al. 2016, Goldston et al 

2016, 2017, Liang et al. 2017b, Elgabbas et al. 2017). 

Provisions for the design and construction of concrete 

structures reinforced with FRP bars are also available (ACI 

440.1R-15 2015, CSA S806-12 2002, Fib bulletin 40 2007, 

CNR-DT 203 2007). The estimation of the ultimate flexural 

strength of RC beams with tensional FRP bars is usually 

based on the strain compatibility, the internal force 

equilibrium and the governed failure mode. Ashour (2006) 

developed a simplified analytical method to calculate the 

flexural capacity of concrete beams reinforced with FRP 

tensional and compressional longitudinal bars. Further, 

based on test results, Saikia et al. (2007) proposed an 

analytical model for the evaluation of the ultimate strength 

of concrete beams reinforced with glass FRP bars by a 

cross-sectional analysis that takes into account the critical 

slip between the composite bar and the concrete. Torres et 

al. (2012) developed a methodology to determine the 

flexural capacity of sections with FRP bars by utilizing the 

general parabolic-rectangular diagram for concrete in 

compression according to the Eurocode 2 (2004) and by 

using non-dimensional equations that have been derived 

independently of the characteristics of concrete and FRP 

reinforcement. 

The analytical work of Zadeh and Nanni (2013) 

highlighted the lack of ductility occurred in concrete beams 

reinforced with FRP bars due to the brittle FRP rupture 

failure mode and specially modified strength reduction 

factors along with design provisions have been 

recommended to ensure a reliability level for use in FRP 

design guidelines for shear and flexure. Recently, an 

alternative reinforcement technique has experimentally and 

analytically been investigated in order to improve flexural 

ductility and at the same time retain the high strength 

feature of the FRP bars by using the hybrid combination of 

steel and FRP longitudinal reinforcement (Lau and Pam 

2010, Shraideh and Aboutaha 2013, El-Helou and Aboutaha 

2015, Bencardino et al. 2016, Qin et al. 2017, Bui et al. 

2017). Further, the beneficial re-centering capabilities of 

super-elastic Shape Memory Alloys (SMA) in RC members 

have been used to develop a new mechanical-adhesive type 

coupler for splicing FRP to SMA bars (Alam et al. 2010). 

The aforementioned literature review reveals that 

although there are several experimental and analytical 

contributions on the investigation of the flexural or/and the 

shear response of concrete members reinforced with FRP 

bars, the combined investigation of the flexural and the 

shear strength is rather limited. In this study a numerical 

approach for the evaluation of the flexural and the shear 

strength of slender concrete beams reinforced with 

longitudinal FRP bars and consequently for the prediction 

of the expected failure mode is proposed. A test program of 

two concrete beams with various ratios of carbon FRP bars 

as tensional reinforcement subjected to monotonic loading 

and failed under flexure and shear is also included herein. 
The proposed flexural analysis is based on the design 

provisions of ACI 440.1R-15 (2015) which have properly 
been modified in order to develop general charts that  

 
(a) Design chart for εfu=0.0138 and for various concrete 

grades 

 
(b) General design chart for various FRP materials 

Fig. 1 Design charts for concrete beams reinforced with 

FRP bars 

 

 

facilitate calculations. Further, the calculation of the shear 

strength is achieved using the theoretical considerations 

proposed by Oller et al. (2015), Marí et al. (2014, 2015) 

which have properly been combined for the purposes of this 

study. Equations with feasible software implementation are 

derived and thorough computation flow chart is provided. A 

typical numerical example for the calculation of the flexural 

and the shear strength is also included for demonstration. 

The validity of the analytical approach is checked through 

extensive comparisons between analytical predictions and 

test data of 138 concrete beams with various types of FRP 

bars, which failed under different modes compiled from the 

present study and 13 existing experimental works of the 

literature. From these comparisons it is observed that the 

developed approach predicts with satisfactory accuracy the 

ultimate load-bearing capacity and the expected failure 

mode for the majority of the examined cases. 

 

 

2. Analytical approach 
 

The aim of the proposed analytical approach is to 

calculate the ultimate loading bearing capacity of a concrete 

beam reinforced with longitudinal FRP bars and to predict 
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the expected failure mode based on the flexural and the 

shear strength. Thus, two different models are adopted, 

properly modified and combined. 

 
2.1 Flexural strength 
 
It is known that common design guidelines and 

provisions provided in Reinforced Concrete Codes for steel 

reinforcing bars cannot be used directly for concrete 

members reinforced with FRP bars due to inherent 

differences in surface deformations, mechanical properties 

and failure characteristics. In this study, an easy-to-apply 

procedure has been developed for flexural concrete beams 

reinforced with FRP bars based on the design guidelines of 

ACI 440.1R-15 (2015). The aim of the proposed method is 

to facilitate calculations through the use of specially 

developed general charts. 

These charts are illustrated in Figs. 1 and 2 for the 

purpose of (i) design and (ii) analysis (without safety 

factors), respectively, of concrete sections reinforced with 

FRP bars subjected to bending. The values of the bending 

moment and the reinforcement ratio in the charts are non-

dimensional so that they can be used in sections with 

various geometrical properties, concrete grade and FRP 

properties such as ultimate tensile strength, ultimate tensile 

strain and modulus of elasticity. 

In the vertical axes of these charts the values of (i) the 

non-dimensional design bending moment, μfd,β1 (Fig. 1) and 

(ii) the non-dimensional flexural capacity, μf (Fig. 2) 

depend on the geometry of the cross-section and the 

concrete grade of a beam and can be calculated as follows 

, 1 2

1

Ed
fd

c

M

bd f



 (1a) 

and 

2

f

f

c

M

bd f
  (1b) 

where MEd is the design value of the applied bending 

moment; and Mf is the flexural capacity without safety 

factors. 

Further, in the horizontal axes of these charts the use of 

the following special non-dimensional variables is 

proposed: 

(i) In Fig. 1 the non-dimensional design ratio, rρ,d, is 

defined as the ratio of the FRP reinforcement ratio, ρf, to 

the design balanced ratio, ρfb,d, divided by the design 

tensile strain of FRP bar, εfu, and 

(ii) in Fig. 2 the non-dimensional ratio, rρ, is defined as 

the ratio of the FRP reinforcement ratio, ρf, to the 

balanced ratio, ρfb, divided by the guaranteed ultimate 

tensile strain, ε
*
fu 

,

,

f

d

fb d fu

r 



 
 (2a) 

and 

*

f

fb fu

r 



 
 (2b) 

 

 
(a) Chart for ε

*
fu=0.0138 (for all concrete grades) 

 
(b) General chart for various FRP materials 

Fig. 2 Charts for the evaluation of the flexural capacity of 

concrete beams reinforced with FRP bars (without safety 

factors) 

 

 

where the tensional reinforcement ratio, ρf, and the balanced 

FRP reinforcement ratio, ρfb,d for design and ρfb for analysis 

(without safety factors), can be calculated as follows 

f

f

A

bd
  (3) 

, 10.85
f cc

fb d

fu f c fu

Ef

f E f





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
 (4a) 

* *

f cc
fb

fu f c fu

Ef

f E f








 (4b) 

The curves illustrated in Fig. 1(a) were plotted for 

various concrete grades (from 20 to 60 MPa) and for 

specific (typical) material properties of the FRP bars: 

ffu=f
 *

fu=1800 MPa and εfu=ε
*

fu=0.0138. From the comparison 

of these curves it is obvious that the influence of the 

concrete grade is insignificant since the differences between 

the design curves in Fig. 1(a) for concrete grades from 20 to 

60 MPa can be considered as negligible. This is due to the 

use of the non-dimensional variables in the specially developed 

charts. In Fig. 2(a) there is only one curve, common for all 

concrete grades since the reduction factors are omitted. 
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The developed general charts for (i) design (Fig. 1(b)) 

and (ii) analysis without safety factors (Fig. 2(b)) include a 

series of curves based on the value of εfu and ε
*
fu, 

respectively. They can be used for various material 

properties of the composite reinforcing bars since εfu and ε
*
fu 

depend on the ultimate tensile strength and the modulus of 

elasticity of the FRP bars, as explained below. According to 

the provisions of ACI 440.1R-15, the balanced 

reinforcement ratio depends only on the properties of the 

concrete and the FRP bars (see also Eqs. 2(a) and (b)) and it 

has an important role for the estimation of the expected 

failure mode. Hence, taking the ratio of the reinforcement 

ratio, ρf, to the balanced ratio, ρfb, divided by the design 

tensile strain of the FRP, εfu, for design purposes or by the 

guaranteed ultimate tensile strain, ε
*

fu, for analysis, the 

tensile strength and the modulus of elasticity of the selected 

FRP material are taken into account and the charts in Figs. 

1(b) and 2(b) can be used for various FRP material 

properties 

*

* fu

fu

f

f

E
  (5) 

*

fu E fuC   (6) 

In this way, based on the calculated design tensile strain 

of the selected FRP bar, εfu, the appropriate curve of the 

design general chart (Fig. 1(b)) is chosen and in conjunction 

with the value of the non-dimensional design bending 

moment, μfd,β1, using expression (1a) on the vertical axis of 

Fig. 1(b) the non-dimensional design ratio, rρ,d, on the 

horizontal axis can be determined. Consequently, the 

required reinforcement ratio of the examined beam can be 

calculated using expression (2a). 

Likewise, the flexural strength of a beam can be 

estimated using the general chart of Fig. 2(b). Based on the 

provided reinforcement ratio of the FRP bars, the non-

dimensional ratio, rρ (Eq. (2b)) on the horizontal axis can be 

calculated and in conjunction with the selected curve of the 

general chart, the value of the non-dimensional flexural 

capacity, μf, on the vertical axis in Fig. 2(b) can be estimate. 

The flexural strength, Mf, of the examined beam is then 

calculated using expression (1b). 

 
 
2.2 Shear strength 
 
For the evaluation of the shear capacity of the beams 

reinforced with longitudinal FRP bars with or without steel 

stirrups a combination of three theoretical considerations 

proposed by Oller et al. (2015) and Marí et al. (2014, 2015) 

has been adopted. It is noted that these models concern (i) 

concrete beams reinforced with FRP bars and FRP stirrups 

(Oller et al. 2015), (ii) concrete beams reinforced only with 

longitudinal FRP bars without transverse shear 

reinforcement (Marí et al. 2014) and (iii) conventionally 

RC beams with steel bars and steel stirrups (Marí et al. 

2015). Fig. 3 demonstrates the shear transfer mechanisms in 

concrete beams reinforced with longitudinal FRP bars and 

conventional steel stirrups. It can be considered that the 

shear forces are resisted by the contribution of the un-

cracked concrete chord, Vc, the transverse shear steel 

reinforcement crossing the critical diagonal crack, Vs, the 

tensile stresses transferred along the crack, Vw, depending 

on its width, and the shear transferred by the longitudinal 

FRP reinforcement, Vℓ. Therefore, the calculation of the 

ultimate shear strength, Vf, is achieved using the sum 

f c w sV V V V V     (7) 

- Contribution of the un-cracked concrete chord, Vc 

 

 * *

1.072 0.01

0.903 0.26 0.012 0.1325

c e
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V

f bd

  

    
 

 
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 (8) 

where ζ is the size effect coefficient: ζ=1.2–0.2 a≥0.65 (ɑ is 

the shear span in m) according to Zararis and Papadakis 

(2001); ξ is the neutral axis depth ratio and μ
*
 is the non-

dimensional moment calculated by the expressions 

2
1 1e f

e f

c

d

 
     

 
 

  
 

 (9) 

* w s
w s

ct ct

V V

f bd f bd
       (10) 

where μ is the non-dimensional cracking moment of the 

section where the critical shear crack initiates and is taken 

conservatively equal to 0.2 (Oller et al. 2015, Marí et al. 

 

Fig. 3 Shear transfer mechanisms 
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2015); βs=0.85/2 since the shear force component of the 

steel reinforcement should be taken in the middle of the 

horizontal projection of the critical shear crack (see also 

Fig. 3, Marí et al. 2015) and βw (Oller et al. 2015) 

2

0.85 0.5 cot

cos

w

w

c

d








 (11) 

where cw is the vertical projection of the crack length where 

the tensile stresses are extended (see also Fig. 3, Oller et al. 

2015, Marí et al. 2015) 

  , 2sin
ct u

w

r

c d c 





 (12) 

The ultimate tensile strain of concrete, εct,u, is calculated 

according to Oller et al. (2015) and Marí et al. (2015) as 

, 2

2
1

f cct
ct u

c ct m

G Ef

E f s

 
  

 

  (13) 

where smθ is the average crack spacing of the inclined 

cracks (Oller et al. 2015) 

cos
2

m

d c
s


   (14) 

- Shear force resisted along the critical crack, Vw 

(present study, Oller et al. 2015, Marí et al. 2015, Said et 

al. 2016) 
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(15) 

where: 
0.18 0.32

max0.028f cG f d  (N/mm) is the fracture 

energy of concrete. 

It is noted that the modulus of elasticity of the FRP bars 

is considerably lower than that of the steel bars. Said et al. 

(2016) observed that the strain of the tensional longitudinal 

FRP reinforcement, εr, when shear failure occurred were 

about 30 to 63% of the ultimate tensile strain, ε
*

fu, of the 

FRP bars. Therefore, in the present study the strain of the 

tensional longitudinal FRP reinforcement, εr, at shear 

failure is taken equal to 0.01. 

- Contribution of the steel transverse reinforcement, Vs 

(Marí et al. 2015) 

0.85s sw ywV f bd   (16) 

- Contribution of the longitudinal reinforcement, Vℓ 

(Oller et al. 2015, Marí et al. 2015) 
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 (17) 

Nevertheless, according to Oller et al. (2015) the 

contribution of the longitudinal FRP bars as dowel action to 

the ultimate shear strength is insignificant. Thus, to simplify 

the formulation of the ultimate shear strength the dowel 

action effect of the FRP bars could be neglected (Vℓ =0). It 

is also noted that the rather complex expressions (7)-(17) 

for practising engineers could further be simplified by 

estimating the value of μ* (and Vc) using available test data. 

 
2.3 Flow chart and formulation 
 
Figs. 4(a) and 4(b) demonstrate the flow chart of the 

calculation procedure according to the proposed 

methodology. As it is observed, after the estimation of the 

flexural capacity, Mf, and the shear strength, Vf, of the 

examined beam by using the proposed analytical models, 

the total strength, 
,

M

f calcP and
,

V

f calcP , which correspond to 

the flexural capacity, Mf, and shear strength, Vf, 

respectively, can be calculated as follows 

,

2

a


fM

f calc

M
P  (18) 

, 2V

f calc fP V  (19) 

It is obvious that expressions (18) and (19) can be 

applied only for beams with symmetrical concentrated point 

loads and for different loading conditions (such as beams 

with distributed loads) the relationships between Mf, Vf and 

Pf should be different. Nevertheless, in every case the shear 

span also expresses the ratio of the applied bending moment 

to the corresponding shear force: a = Mf / Vf. 

Thus, the ultimate strength of the examined beam is 

 , , ,min ,M V

tot calc f calc f calcP P P  (20) 

This way, the predicted failure mode of the beam can be 

estimated by comparing the calculated strengths due to 

flexure and shear, ,

M

f calcP  and ,

V

f calcP , respectively (see 

also Fig. 4(b)): 

- If , ,

M V

f calc f calcP P  the expected failure mode is flexural 

with FRP rupture or concrete crushing. 

- If , ,

M V

f calc f calcP P  the failure is governed by shear. 

 
 
3. Experimental investigation 

 
3.1 Test program 
 
Two (2) RC beams with rectangular cross-section were 

designed and tested under four-point monotonic loading in 

order to acquire their experimental behaviour. The codified 

names of the examined beams are “F5.5” and “F10”. The 

beams have the same dimensions, the same high 

compressional steel reinforcement ratio in order to avoid 

premature failure of the compression zone of concrete and 

the same ratio of transverse reinforcement. Their total 

length is 2.7 m, the width to height ratio is b/h=200/250 

mm, the effective depth is d=200 mm (see also Fig. 5), the 

shear span is a=1 m and the shear span-to-depth ratio is 

equal to a/d=5 (typical slender beams). 

The compressional reinforcement consists of common  
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Fig. 4(a) Flow chart of the calculation procedure for concrete beams with longitudinal FRP bars – Part A 
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deformed steel bars of diameter 14 mm (414 top) and the 

transverse shear reinforcement includes mild steel closed 

stirrups of diameter 6 mm spacing at 200 mm (6/200 

mm). The ratio of the provided stirrups is low and rather 

 

 

 

inadequate in order to examine the case of prevailing shear 

failure. The yield tensile strength of the deformed steel bars 

and the mild steel stirrups are 550 MPa and 310 MPa, 

respectively. 

 

Fig. 4(b) Flow chart of the calculation procedure for concrete beams with longitudinal FRP bars – Part B 

 

Fig. 5 Geometry and reinforcement details of the tested beams (dimensions in mm) 
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Fig. 6 Test rig and instrumentation 

 

 

The tensional reinforcement of the beams “F5.5” and 

“F10” consists of two carbon FRP bars of diameter 5.5 mm 

(2HD5.5) and 10 mm (2HD10), respectively. The 

geometrical and the reinforcement characteristics of the 

beams are shown in Fig. 5 and Table 1a. 

The diameter and the amount of the FRP bars were 

chosen according to the design guidelines of ACI 440.1R-

15 (2015). The tensional reinforcement ratio, ρf, and the 

balanced FRP reinforcement ratio, ρfb,d, for design can be 

calculated using expressions (3) and (4a). The predicted 

failure mode can be determined by comparing the FRP 

tensional reinforcement ratio, ρf, to the design balanced FRP 

reinforcement ratio, ρfb,d : If ρf <ρfb,d, the beam is considered 

as under-reinforced and FRP rupture failure mode governs. 

Otherwise, if ρf >ρfb,d, the beam is considered as over-

reinforced and the failure is expected to occur due to 

concrete crushing. The reinforcement ratio of the FRP bars 

of the beams “F5.5” and “F10” is 0.12 % and 0.39 %, 

respectively; whereas the design balanced reinforcement 

ratio is 0.21 %. Thus, according to ACI 440.1R-15 (2015) 

the tested beams “F5.5” is alleged as under-reinforced 

against flexure and the expected failure mode is flexural 

with FRP rupture. On the contrary, the beam “F10” is over-

reinforced against flexure in the tensional zone, highly steel 

reinforced in the compression zone and slightly steel 

reinforced against shear, thus, shear failure due to concrete 

diagonal tension is expected. 

The used carbon FRP bars (HD5.5 and HD10) were 

produced by the pultrusion process of the fibres according 

to the specifications of the manufacturer. The nominal 

ultimate tensile strength, ffu, and the elastic modulus, Ef, of 

carbon FRP bars are 1.8 GPa and 130 GPa, respectively. 

Standard concrete cylinders of 150300 mm were tested by 

compression and splitting tests at the day of the tests. The 

mean values of the cylinder compressive strength and the 

splitting tensile strength of the used concrete of all beams 

are 29.1 MPa and 2.42 MPa, respectively. The maximum 

aggregate size of concrete is 16 mm. 

A typical four-point bending scheme and setup is 

adopted for the monotonic loading of the RC beams, as 

presented in Fig. 6. Tested beams were simply edge-

supported on a rigid laboratory frame using roller supports 

2.25 m apart. The imposed load was applied in two points 

250 mm apart in the mid-span of the beams (four points 

 
(a) Applied load vs mid-span deflection curves 

 
(b) “F5.5”: Beam with FRP bars 5.5 mm (flexural failure 

due to FRP rupture) 

 
(c) “F10”: Beam with FRP bars 10 mm (shear failure) 

Fig. 7 Experimental behaviour of the tested beams and 

photographs at failure 

 

 

loading). The width of the supporting and the loading plates 

is 30 mm. The length of the shear span of the beams is a=1 

m and the span-to-depth ratio is a/d=5 (typical slender 

beam). 

The imposed load was consistently increased with low 

rate using a pinned-end actuator and was measured by a 

load cell with accuracy equal to 0.05 kN. The deflections of 

the tested beams were recorded using measurements of six 

Linear Variable Differential Transducers (LVDTs). Two of 

the installed LVDTs were placed at the mid-span of the 

beams (one at the front side and one at the back side to 

increase accuracy), one at the middle of the left shear span, 

one at the middle of the left shear span and two at the 

supports (see also Fig. 6). This way, the net deflections at 

the mid-span and at the middle of the left-span and of the 

right-span of the beams were accurately estimated. 

The experimental behaviour of the tested beams is 

demonstrated in Fig. 7(a) in terms of the applied load versus 

mid-span deflection curves. It is observed that the 

experimental curves demonstrate significant fluctuations 

with sudden-rapid reduction of the applied load after each 

crack formation and subsequent increases until the next 

crack (“saw-tooth shaped” response curves). In particular 
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when the applied moment initially reached the cracking 

strength, a first flexural crack appeared at the region of the 

constant maximum moment or nearby this region. Then, the 

applied load reduced instantly. As the test proceeded the 

applied load increased with decreased stiffness as indicated 

from the reduced slope of the curves presented in Fig. 7(a). 

Whenever a subsequent new crack appeared, the load 

rapidly reduced and the already existing cracks closed. It is 

stressed that similar behaviour has also been observed in the 

monotonic tests of concrete beams with glass FRP bars in 

the recent studies of Goldston et al. (2016, 2017). 

The typical failure modes of the tested beams “F5.5” 

with 2HD5.5 and “F10” with 2HD10 carbon FRP bars are 

illustrated in Fig. 7(b) and (c), respectively. Fig. 7(b) 

illustrates the cracking pattern at failure of the under-

reinforced beam “F5.5”. It is observed that only a few deep 

and wide flexure cracks were formed. The beam failed due 

to the rupture of the carbon fibres of the FRP bars (HD5.5), 

as it was designed and expected according to ACI 440.1R-

15 (2015). Fig. 7(c) presents the cracking pattern at failure 

of the over-reinforced beam “F10” and concrete crushing 

instead of FRP rupture is expected according to ACI 

440.1R-15 (2015). As it is illustrated in Fig. 7(c), the 

observed failure of the beam “F10” is governed by shear 

due to the low ratio of the shear reinforcement and the 

highly reinforced compression zone. Therefore, at high 

level of the applied load some of the initially formed 

flexural cracks gradually demonstrated a shear-diagonal 

character. As the applied load further increased a dowel 

action of the FRP bars has also been developed and the 

critical diagonal crack became wider. Consequently, as high 

vertical tensile stresses develop in the surrounding concrete 

at the level of the longitudinal bars, concrete cover spalling 

failure along the FRP bars has been occurred. Eventually, 

due to the low ratio of the shear reinforcement and the 

relatively low strength, diameter and stiffness of the FRP 

bars in the transverse direction, typical shear failure due to 

concrete diagonal tensional failure finally occurred. From 

the cracking patterns of beams “F5.5” and “F10” illustrated 

in Fig. 7 (b) and (c), respectively, only a few concrete 

cracks are observed. Further, the critical shear crack in 

beam “F10” is very close to the imposed load point. These 

observations indicate the poor bonding properties of the 

used FRP bars. A summary of the experimental results of 

the beams is also given in Table 1a. 

 
3.2 Experimental database 
 
The proposed analytical approach described in the flow 

chart in Figs. 4(a) and 4(b) has been applied to 138 typical 
slender beams with a/d>2.5 in order to establish the validity 
of the developed methodology. The database of the 
experimental information is compiled from 13 existing 
works of the literature (Masmoudi et al. 1998, Toutanji and 
Saafi 2000, Yost et al. 2001, Ashour 2006, Rafi et al. 2008, 
Shin et al. 2009, Barris et al. 2009, Lee and Kim et al. 
2012, Kim and Jang 2013, Refai et al. 2015, Zhang et al. 
2015, Ovitigala et al. 2016, Elgabbas et al. 2017). All these 
tests are beam specimens subjected to monotonic loading 
using a four-point bending scheme. The used database 
includes under- and over-reinforced beams with four 

different types of FRP bars (bars made of Aramid, Basalt, 
Carbon or Glass fibres). It is noted that the shear-dominated 
beams (Yost et al. 2001, Ashour et al. 2006, Kim and Jang 
2013) have no transverse reinforcement. 

Tables 1 a-f present the geometrical, the mechanical and 

the reinforcement characteristics along with the 

experimental data of the tested beams selected from the 

literature, as well as the calculations derived from the 

proposed analytical approach. These calculations are: 

 The non-dimensional ratio, rρ, and the calculated 

flexural strength, Mf,prop, as derived from expressions 

(2b) and (1b), respectively, according to the proposed 

general chart in Fig. 2(b). 

 The calculated shear strength, Vf,prop, as derived from 

expression (7) according the proposed model. 

 The calculated total strength, P
M

f,calc and P
V

f,calc, which 

correspond to the calculated flexural, Mf,prop, and shear 

strength, Vf,prop, respectively, according to the proposed 

methodology. 

 The ratio of the ultimate experimental applied load, 

Ptot,exp, to the calculated one, Ptot,calc, in order to check 

the accuracy of the developed methodology. 

 The predicted failure mode based on the proposed 

procedure shown in the flow chart of Figs. 4(a) and 4(b) 

compared to the experimentally observed failure mode. 

 
3.3 Comparisons between test and analytical results 
 
From the comparison between the experimental data and 

the analytically predicted ultimate strength and failure 

mode, as they derived from the proposed procedure, it is 

concluded that in the majority of the examined cases a good 

agreement is achieved (see also Tables 1 a-f). Only in 5 

from the 138 examined beams (or in a 4 % of the total) 

there is a rather significant discrepancy between the 

experimental and the calculated ultimate strength of the 

beam specimens and only in 7 of them there is a difference 

between the experimentally observed and the predicted 

failure mode. It is stressed that all three different failure 

modes; (i) concrete crushing, (ii) FRP rupture or (iii) shear 

failure can be predicted using the proposed analytical 

approach. 
Further, in Fig. 8 the analytical predictions of the 

ultimate strength calculated from the proposed 
methodology, Ptot,calc, are illustrated versus the 
corresponding strength derived from the tests, Ptot,exp, for all 
the 138 examined beams. A satisfactory accuracy is 
confirmed since the mean value of the ratio Ptot,exp/Ptot,calc is 
1.028 with standard deviation 12.7%. Especially, for the 
examined beams predicted to fail in flexure the mean value 
of Ptot,exp/Ptot,calc is 1.034 with standard deviation 13.4%, 
whereas for the beams predicted to fail in shear the mean 
value of this ratio is 1.020 with standard deviation 11.7%. 

 

 

4. Numerical example 
 

The flexural and the shear strength of the shear-

dominated beam “F10” (present study) are calculated. The 

geometrical and reinforcement characteristics of the 

examined beam are shown in Fig. 5. 
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Fig. 8 Experimental data versus analytical results from 138 

beams of the present study and the literature 

 
 
4.1 Flexural strength 
 
- Data of the beam “F10” (present study): The 

examined beam specimen has rectangular cross-section with 

dimensions b/h=200/250 mm, effective depth d=200 mm 

and two tensional carbon FRP bars of diameter 10 mm 

(Af=157 mm
2
) with guaranteed ultimate flexural strength 

f
 *

fu=1800 MPa and modulus of elasticity Ef=130 GPa (see 

also Fig. 5). The measured mean concrete cylinder 

compressive strength is fc=29.1 MPa. 

- Ultimate tensile strain of the provided FRP bars: 
*

*

6

1800
1.38 %

130 10

fu

fu

f

f

E
  


  

- Reinforcement ratio of the provided FRP bars, ρf,prov, 

and balanced ratio, ρfb: They are calculated using 

expressions (3) and (4a), respectively: 

,

,
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- Non-dimensional ratio, rρ: It is calculated using 

expression (2b): 

*

0.00393
99

0.00288 0.0138

f

fb fu

r   






 
 

- Non-dimensional flexural capacity, μf, using the 

developed general chart: According to the material 

properties of the provided FRP bars (ε
*

fu=1.38%) the 

appropriate curve of the develop general chart (Fig. 2(b)) is 

chosen and in conjunction with the non-dimensional ratio 

(rρ=99) on the horizontal axis it is concluded that the non-

dimensional flexural capacity, μf, on the vertical axis is 

equal to μf=0.183. The procedure is also illustrated with 

details in Fig. 9. 

 

Fig. 9 Evaluation of the flexural capacity of the examined 

beam (without safety factors) 

 

 

- Flexural capacity, Mf : It is calculated using expression 

(1b): 
2

2 60.183 200 200 29.1 10 42.6 kNm

f f c
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M bd f

M 

 
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- Total strength in terms of applied load,
,

M

f calcP , which 

corresponds to the flexural capacity, Mf : It is calculated 

using expression (18): 

,

2 2 42.6
85.2 kN

a 1
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fM
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M
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4.2 Shear strength 
 
- Data of the shear-dominated beam”F10” (present 

study): The examined beam has cross-sectional dimensions 

b/h=200/250 mm, effective depth d=200 mm and two 

tensional carbon FRP bars of diameter 10 mm (Af=157 

mm
2
) with guaranteed ultimate flexural strength f 

*
fu=1800 

MPa and elastic modulus Ef=130 GPa. Mild steel closed 

stirrups of diameter 6 mm spacing at 200 mm (6/200 mm) 

with yield tensile strength fyw=310 MPa consist the steel 

transverse reinforcement. The mean concrete cylinder 

compressive strength is fc=29.1 MPa, the splitting tensile 

strength is fct,spl=2.42 MPa and the concrete maximum 

aggregate size is dmax=16 mm. The shear span is a=1 m (see 

also Fig. 5). 

- Mechanical properties of concrete: Tensile concrete 

strength, fct, elastic modulus, Ec, and fracture of energy, Gf : 
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- Characteristics of the longitudinal and the shear 

transverse reinforcement: The longitudinal FRP bars ratio, 

ρf, and the steel stirrups ratio, ρsw, are: 
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- Shear force resisted along the critical crack, Vw: 
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- Contribution of the transverse reinforcement (steel 

stirrups) to the shear strength, Vs: 
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- Contribution of the un-cracked concrete chord to the 

shear strength, Vc: 
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- Contribution of the longitudinal FRP bars to the shear 

strength, Vℓ: 
2
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Note: The calculated value of Vℓ is very low and confirms 

the consideration of Oller et al. (2015) that the contribution 

of the longitudinal FRP bars as dowel action to the shear 

strength is insignificant and, therefore, it can be neglected. 

- Ultimate shear strength, Vf : 
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f c w s
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- Total strength in terms of applied load,
,

V

f calcP , which 

corresponds to the shear strength, Vf : 

, 2 2 40.8 81.6 kNV

f calc fP V     

 
4.3 Ultimate strength and predicted failure mode 
 
- According to the proposed methodology the ultimate 

strength of the beam “F10” is: 

   , , ,min , min 86.1, 81.6 81.6 kNM V

tot calc f calc f calcP P P    

The experimental ultimate strength of the beam “F10” is 

Ptot,exp=83.0 kN (see Table 1a), which is very close to the 

calculated one. Further, typical shear failure due to concrete 

diagonal tensional failure occurred, as it is correctly 

predicted by the proposed analysis. 
 

 

5. Conclusions 
 

The flexural/shear capacity and the expected failure 

mode of concrete beams with longitudinal FRP bars, with or 

without transverse shear reinforcement are evaluated using 

a feasible and easy-to-apply analytical approach. Specially 

developed general charts that adopt the design provisions of 
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ACI 440.1R-15 are used for the calculation of the flexural 

strength. These charts include non-dimensional variables in 

order to provide hand calculations and to be applied in 

sections with various geometrical properties, concrete grade 

and FRP properties. A shear model that combines three 

established theoretical considerations is also proposed. A 

unified flexural/shear computational approach that enables 

software implementation is developed and experimentally 

verified. Two slender RC beams with carbon FRP bars and 

low ratio of transverse shear reinforcement have been tested 

in four-point bending load. The under-reinforced beam 

against flexure failed due to FRP rupture in the tensional 

zone, whereas the over-reinforced one exhibited brittle 

shear failure due to concrete diagonal tension. Further, the 

validity of the proposed analytical method is thoroughly 

verified by comparisons between analytical predictions and 

test data of 138 concrete beams with various types of FRP 

bars, which failed under different modes compiled from the 

present study and 13 existing experimental works of the 

literature. From these comparisons it is observed that the 

developed approach predicts with satisfactory accuracy the 

ultimate load-bearing capacity and the expected failure 

mode for the majority of the examined cases. 
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Notations 
 
a shear span of the beam, mm. 

αe modular ratio equal to Ef /Ec. 

Af area of the tensional longitudinal FRP reinforcement, 

mm
2
. 

Asw area of the steel transverse reinforcement, mm
2
. 

b, h width and height (or overall depth) of the cross-

section of the beam, mm. 

c neutral axis depth, mm. 

CE environmental reduction factor for various fiber type 

and exposure conditions. 

d effective depth of the cross-section of the beam, mm. 

dmax maximum aggregate size, mm. 

a/d shear span-to-depth ratio. 

Ec modulus of elasticity of concrete, GPa. 

Ef guaranteed modulus of elasticity of FRP, MPa. 

fc cylinder compressive strength of concrete, MPa. 

fct uniaxial tensile strength of concrete, MPa. 

fct,spl splitting tensile strength of concrete, MPa. 

ffu design tensile strength of FRP, considering 

reductions for service environment, equal to CE× f
 *

fu, 

MPa. 

f
 *

fu guaranteed ultimate tensile strength of FRP bar, 

MPa. 

fyw yield tensile strength of the transverse steel 

reinforcement, MPa. 

Gf fracture of energy of concrete, N/mm. 

MEd design value of the externally applied bending 

moment, kNm. 

Mexp experimental flexural strength, kNm. 

Mf or Mf,prop flexural capacity calculated according to the 

proposed methodology, kNm. 

P
M

f,calc calculated total strength, which corresponds to the 

flexural capacity calculated according to the 

proposed methodology, kN. 

P
V

f,calc calculated total strength, which corresponds to the 

shear strength calculated according to the proposed 
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methodology, kN. 

Ptot,calc calculated ultimate strength, kN. 

Ptot,exp ultimate experimental applied load, kN. 

rρ,d non-dimensional design ratio of the FRP 

reinforcement ratio, ρf, to the design balanced ratio, 

ρfb,d, divided by the design tensile strain of FRP bar, 

εfu. 

rρ non-dimensional ratio of the FRP reinforcement 

ratio, ρf, to the balanced ratio, ρfb, divided by the 

guaranteed ultimate tensile strain of FRP bar, ε
*
fu. 

s uniform spacing of the shear reinforcement, mm. 

smθ average crack spacing of the inclined cracks, mm. 

Vc contribution to the shear strength of the un-cracked 

concrete chord of a beam without shear 

reinforcement, kN. 

Vexp experimental shear strength, kN. 

Vℓ contribution to the shear strength of the longitudinal 

reinforcement, kN. 

Vf or Vf,prop ultimate shear strength calculated according 

to the proposed methodology, kN. 

Vs contribution to the shear strength of the transverse 

reinforcement, kN. 

Vw shear force resisted along the critical crack, kN. 

β1 reduction factor of the concrete compressive strength 

taken as 0.85 for concrete strength up to 28 MPa; for 

strength above 28 MPa β1 is reduced continuously at 

a rate of 0.05 per each 7 MPa in excess of 28 MPa, 

but is not taken less than 0.65. 

βs coefficient for the evaluation of the lever arm of the 

shear force at the transverse stirrups along the 

critical crack equal to 0.85/2. 

βw coefficient for the evaluation of the lever arm of the 

residual shear force resisted along the critical crack. 

εc maximum compressive strain of concrete taken equal 

to 3‰. 

εct,u ultimate tensile strain of concrete. 

εfu design tensile strain of FRP bar equal to CE×ε
*
fu. 

ε
*

fu guaranteed ultimate tensile strain of FRP bar equal to 

f
 *

fu /Ef. 

εr strain of the tensional longitudinal FRP 

reinforcement when shear failure occurs. 

θ inclination angle of the critical shear crack, 
o
. 

μf value of the non-dimensional flexural capacity. 

μfd,β1 value of the non-dimensional design bending 

moment. 

ξ neutral axis depth ratio equal to c/d 

ρf tensional longitudinal FRP reinforcement ratio equal 

to Af /bd, %. 

ρfb,d FRP reinforcement design ratio producing balanced 

strain conditions, %. 

ρfb FRP reinforcement ratio producing balanced strain 

conditions for analysis, %. 

ρsw steel transverse reinforcement ratio equal to Asw/bs, 

%. 

f diameter of the tensional longitudinal FRP 

reinforcement, mm. 

s diameter of the steel transverse reinforcement, mm. 
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