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1. Introduction 
 

The addition of short discontinuous steel fibres in 

concrete as mass reinforcement has long been recognized 

that enhances the inherent limitations of concrete such as 

the inadequate tensile stress-strain behaviour and the lack of 

post-cracking ductility. Steel fibre-reinforced concrete or 

else Steel Fibrous Concrete (SFC) exhibits ameliorated 

mechanical characteristics and increased fracture energy 

dissipation capacity. Fibrous concrete members demonstrate 

increased deformation capabilities and pseudo-ductile 

behaviour due to the gradual debonding procedure of the 

individual, randomly oriented steel fibres that bridge the 

developed cracks (Aslani and Nejadi 2012, Spinella et al. 

2012, Chalioris 2013a, Fu et al. 2014, Aslani et al. 2014). 

Steel fibres was found to be a promising non-

conventional reinforcement in shear-critical beams due to 

the advantageous cracking performance of SFC which, 

under specific circumstances, alters the brittle shear failures 

to ductile flexural ones. Thus, the potential partial or total 

replacement of common steel stirrups with steel fibres, 

especially in cases where design criteria recommend high 

transverse steel ratio that leads to short stirrup spacing has 

been investigated (Greenough and Nehdi 2008, Chalioris 

and Sfiri 2011, Spinella et al. 2010, Colajanni et al. 2012, 

Spinella 2013, Chalioris 2013b, Cuenca et al. 2015, Jain 

and Singh 2016). The incorporation of steel fibres into 

shear-critical concrete beam-column joints subjected to 

reversal loading for the enhancement of the entire structural 
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response has also been addressed and broadened the 

application of SFC to seismically vulnerable members 

(Tsonos 2009a, 2009b, Abbas et al. 2014, Campione 2015). 

The favourable influence of steel fibres on the bending 

strength and overall flexural behaviour of SFC members 

with or without conventional longitudinal reinforcement has 

long been acknowledged. Results of several experimental 

studies revealed that the flexural resistance, ductility, 

stiffness and energy absorption capacity of SFC beams is 

considerably increased with an increase of fibre content 

(Kotsovos et al. 2007, Soulioti et al. 2011, Amato et al. 

2011, Kara and Dundar 2012, Zeris et al. 2009, Nehdi et al. 

2015). Analytical models have also been developed to 

estimate the flexural strength of concrete beams reinforced 

with common steel reinforcing bars and steel fibres. 

Generally, these methods ignore the contribution of the steel 

fibres in compression and evaluate the supplementary 

tensile strength of the fibrous concrete as an extra flexural 

strength component that is added to the strength of the 

tensional steel bars (Barros and Figueiras 1999, Amato et 

al. 2011, Chalioris 2013a, Abbas et al. 2014, Singh 2015, 

2016). Further, the relevant and well-known Code 

provisions of the Italian Norm (CNR 2007), RILEM reports 

(RILEM TC 162-TDF, 2003) and TR63 guidelines (TR63 

2007) for the design of SFC members under bending 

moment adopt simple compressive and tensile stress-strain 

laws in order to simplify computations and to provide hand 

calculations. Only a few flexural models take into account 

the ameliorated stress-strain behaviour of SFC under 

compression (Campione and Mangiavillano 2008, 

Campione 2015). 

In this study a new numerical approach for the 

evaluation of the flexural capacity and the ductile response 

of SFC cross-sections is proposed. Equations with feasible 
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software implementation are derived. The developed model 

calculates the resisting bending moment versus curvature 

curve of a SFC structural member with arbitrary cross-

sectional geometry, with or without conventional steel 

longitudinal reinforcing bars. Sectional analysis under 

bending moment and axial force is achieved using refined 

and verified non-linear laws for SFC that include softening 

response under compression and tension. The adopted 

constitutive stress-strain relationship for SFC under 

compression is derived using test results from an 

experimental program of 27 compressive tests and an 

existing database. The total database includes 125 stress-

strain curves and 257 strength values providing the overall 

compressive behaviour of SFC mixtures with various 

concrete strengths, types and volume fractions of steel 

fibres. Special tri-linear and linear-exponential stress-strain 

laws with post-cracking softening part for SFC under 

tension that are based on experimental observations and 

existing empirical considerations are also employed. 

The validity of the proposed model is checked through 

extensive comparisons between analytical predictions and 

test data of 42 SFC beam specimens. From these 

comparisons, it is observed that the developed approach 

predicts accurately the flexural capacity and ductility, and 

yields well-fitted bending moment versus curvature 

analytical curves to the corresponding test data. Further, it 

provides rational and more accurate results concerning the 

compressive and the tensile response of SFC mixtures, and 

the curvature ductility, the resisting bending moment and 

the curvature at ultimate of SFC cross-sections with regards 

to the predictions of existing models. 

 

 

2. Compressive behaviour of steel fibrous concrete 
 

It is known that the compressive behaviour of SFC is 

influenced by the properties of its constituent materials and 

especially by the volume fraction, the aspect ratio and the 

bond characteristics of the steel fibres added (Ashour et al. 

2000, Wang et al. 2010, Marar et al. 2011). Although for 

small amounts of steel fibres the compressive strength is 

negligibly increased, the post-peak compressive behaviour 

seems to be improved exhibiting a noticeable post-cracking 

ductility response. Several models and analytical 

relationships have been proposed in the literature to 

simulate the stress-strain behaviour of fibrous concrete 

under compression (Nataraja et al. 1999, Unal et al. 2007, 

Oliveira Júnior et al. 2010, Cagatay and Dincer 2011, 

Pawade et al. 2011, Aslani and Natoori 2013). Most of them 

are based on test data regression analysis in order to 

estimate a factor that considers the influence of fibres and 

depends on many parameters. They are usually valid for 

fibrous concrete mixtures with specific properties (short-

ranged of concrete strength and amount or type of fibres) 

and predict the entire pre-peak and post-peak compressive 

response. 

The compressive model suggested in this study utilizes 

empirical formulas derived from test results of a broad 

range of parametrical studies and is applicable to the 

analysis and design of SFC members. A recent experimental 

program of 27 compressive tests that enrich the existing 

database from the literature (125 stress-strain curve and 257 

strength values) providing the entire stress-strain behaviour 

of SFC mixtures with various concrete strengths, types and 

volume fractions of steel fibres is also included (Chalioris 

and Liotoglou 2015). Typical test results of this 

experimental program are presented in Fig. 1 in terms of 

compressive stress-strain curves for several amounts of 

fibres. Cylinders with dimensions of diameter/height = 

150/300 mm were cast from the plain concrete batches to be 

used as reference specimens and from the batches of each 

SFC mixture. The specimens were tested 28 days after 

casting under uniaxial compression using a universal testing 

machine with a maximum capacity of 3000 kN and under 

displacement control mode at a constant rate of stain (about 

2 mm per min). Before performing the test, a layer of 

special cement was applied on the top and bottom surface of 

the specimens, to ensure the flatness of their surface. Axial 

platen-to-platen deformations of the cylinders were 

recorded with the measurement of linear electronic strain 

gauges. In order to avoid the disturbance of the 

extensometer's gauge reading by the cracks formed on the 

concrete surface, “O” rings at the middle third of the 

specimen were also used. Lateral deformations have not 

been measured. The measurements of the applied load and 

the corresponding axial displacement converted to the 

compressive stress and strains shown in Fig. 1. 

 

 

 

 

Fig. 1 Experimental data of plain and steel fibrous concrete 

under compression 
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(a) 

 
(b) 

Fig. 2 (a) Typical and (b) simplified stress-strain curves for 

SFC and plain concrete under compression 

 

 

These experimental results reveal that the addition of 

steel fibres in the concrete marginally increases the 

compressive strength and, mainly, increases the strain at 

peak stress and the ultimate strain at failure. The post-peak 

softening part of the SFC curves in Fig. 1 clearly 

demonstrates a significant improvement with regards to the 

plain concrete brittle behaviour. This is attributed to the fact 

that after the first cracking of concrete the added steel fibres 

provide increased confinement characteristics and crack-

bridging of the formed cracks by the developing of 

transverse tensional stresses and resist to the crack growth. 

This favourable characteristic has also been acknowledged 

and studied in SFC beams under torsion (Chalioris and 

Karayannis 2009). 

The progressive debonding failure of a number of fibres 

through the developed cracks gives to the fibrous concrete a 

pseudo-ductile character under compression, and ultimately 

SFC exhibits improved performance, increased ductility and 

enhanced mechanical properties compared to the plain 

concrete (Manolis et al. 1997, Soulioti et al. 2011). Typical 

experimental and simplified compressive stress-strain 

curves of plain and steel fibrous concrete are presented and 

compared in Fig. 2 (Chalioris and Liotoglou 2015). For 

comparison reasons the idealized compressive stress-strain 

relationship given by EC2 (CEN 2004) has been adopted 

for the case of plain concrete. 

The numerical simulation of the SFC response under 

compression is achieved using simplified analytical 

relationships and is divided into two parts, as shown in Fig. 

2. The first part describes the ascending stress-strain 

behaviour to the point of the ultimate stress, while the 

second one describes the post-peak descending softening 

part after the maximum compressive strength. The first 

stage (εc≤εco,SFC) is simulated by the well-known Hognestad 

parabola according to the following expression (CEN 2004) 

,
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where fc,SFC=the cylinder compressive strength of SFC, 

εco,SFC=the strain that corresponds to the ultimate stress- 

compressive strength. 

Test data from 20 experimental works around the world 

are also used as database (Tan et al. 1993, Ashour and Wafa 

1993, Ashour et al. 2000, Gao et al. 1997, Barros and 

Figueiras 1999, Nataraja et al. 1999, Padmarajaiah and 

Ramaswamy 2001, Daniel and Loukili 2002, Kwak et al. 

2002, Song and Hwang 2004, Duzgun et al. 2005, Yazici et 

al. 2007, Köksal et al. 2008, Unal et al. 2007, Mohammadi 

et al. 2008, Oliveira Júnior et al. 2010, Marar et al. 2011, 

Pawade et al. 2011, Nili and Afroughsabet 2012, Chalioris 

2013b) in order to determine the value of the parameters 

that determine the SFC overall compressive behaviour. 

These parameters are (i) the strength, fc,SFC, (ii) the strain at 

ultimate strength, εco,SFC, and (iii) the ductility factor, μ85, 

that equals to the ratio of the maximum considered strain, 

εcu,SFC, to the strain at ultimate strength, εco,SFC (Chalioris 

and Liotoglou 2015). 

The values of the aforementioned three parameters as 

derived from the tests of the database have been related in 

the diagrams of Fig. 3 with the corresponding test data of 

the known fibre factor, F, which was first proposed by 

Narayanan and Darwish (1987) 

f
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f
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d

   (3) 

where β=the fibre bond factor considering shape and 

surface characteristics of fibre and can be taken as 0.75 for 

deformed fibres, 0.50 for round fibres and 1.0 for indented 

fibres, Vf=the volume fraction of the fibres, f=the fibre 

length, df=the fibre diameter. 

In the diagrams of Figs. 3(a) and (b) the compressive 

strength values, fc,SFC, are related with the values of the fibre 

factor, F, derived from 257 test data (147 of normal and 110 

of high concrete strength, respectively). The experimental 

database includes SFC mixtures that contain short steel 

fibres with aspect ratio f /df from 20 to 114 and volume 

fraction Vf≤3%. The values of the normal and the high 

concrete strength range from 10.87 to 49.88 MPa and from 

55.58 to 102.40 MPa, respectively. Further, the ultimate 

increase of the compressive strength due to the addition of  
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(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 3 Relationship of the fibre factor, F, with the 

compressive (normal and high) strength, the strain at peak-

stress and the ductility parameter 

the steel fibres is 36.7% and 26.9% for the examined cases 

in Figs. 3(a) and (b), respectively. 

The following relationship between the increase of the 

compressive strength due to the addition of the steel fibres 

(fc,SFC is the SFC strength and fc is the corresponding plain 

concrete strength) and the fibre factor, F, for normal 

strength (≤50 MPa) and high strength concrete (>50 MPa) 

is obtained from regression analysis (see Figs. 3(a) and (b)) 

 

 ,

0.2315 1 50 MPa

0.2225 1 50 MPa

c c

c SFC

c c

f F f
f

f F f

    
  

   

 (4) 

Further, the strain values derived from 125 compressive 

stress-strain curves of the test database are used in Figs. 

3(c) and (d) in order to determine the relationship between 

the compressive strain at ultimate strength of the SFC, 

εco,SFC, and the ductility factor, μ85=εcu,SFC /εco,SFC, with the 

values of the fibre factor, F, respectively. The experimental 

database includes SFC mixtures that contain short steel 

fibres with aspect ratio f /df from 31 to 114 and volume 

fraction Vf≤3%. The concrete strength ranges from 18.14 to 

93.56 MPa, the SFC compressive strain at ultimate strength 

ranges from 0.0015 to 0.0132 and the maximum considered 

strain ranges from 0.0022 to 0.0296. 

Thus, the influence of the fibre factor, F, to the increase 

of the compressive strain at ultimate strength, εco,SFC, due to 

the addition of steel fibres with regards to the corresponding 

plain concrete strain, εco (usually εco=2‰) is also obtained 

from regression analysis (see also Fig. 3(c)) 

 , 0.95 1co SFC co F    (5) 

The post-peak response of SFC is assumed herein linear 

from the value of the ultimate strength, fc,SFC, until the point 

of stress that equals to: fc0.85,SFC=0.85fc,SFC (see also Fig. 

2(b)). This stress-strain point of the 85% of the ultimate 

strength is assumed as the end of the reliable post-peak 

response range. Thus, the maximum considered strain of the 

SFC, εcu,SFC, that corresponds at this specific point is related 

to the strain at ultimate strength, εco,SFC, the ductility factor, 

μ85, and the fibre factor, F, based on the regression analysis 

(Fig. 3(d)) and by the expressions 
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Fig. 4 Comparisons of the compressive stress-strain curves 

 

 

In order to comprehend the ability and the accuracy of 

the proposed analytical model to describe the entire 

compressive stress-strain relationship of SFC with various 

amounts of short steel fibres, Fig. 4 has been illustrated. In 

 

Fig. 5 Typical tensile stress-strain curves 

 

 

Fig. 4 the experimental compressive behaviour of SFC with 

four different volume fractions (Vf=0.5%, 1%, 1.5% and 

2%) from the uniaxial compression tests of Marar et al. 

(2011) (black dotted lines) are compared with the 

analytically predicted stress-strain curves derived from the 

proposed approach (red continuous lines) and the model 
reported in Barros and Figueiras (1999) (blue dashed lines). 

It is obvious that the increased compressive strength and the 

enhanced post-peak response of the SFC with regards to the 

plain concrete behaviour are important parameters that 

significantly affect the stress-strain relationship of the SFC 

under compression and the proposed model curves are in a 

very good agreement with the experimental ones. 

 

 

3. Tensile behaviour of steel fibrous concrete 
 

The tensional response of the SFC is mainly linear until 

the tensile stress reaches the characteristic value termed as 

cracking stress, fcr,f, which is usually equal or slightly higher 

from the ultimate tensile strength of the plain concrete, fct or 

fcr, as shown in the curves of Fig. 5 (Karayannis 2000a). 

The corresponding strain at this cracking stress is termed as 

εcr,f. 

The ultimate post-cracking tensile stress, fcf, is either 

less or greater than the cracking stress, fcr,f, depending on 

the value of the critical volume fraction, Vf,cr, as shown in 

Fig. 5 (Naaman 2003). The evaluation of this critical 

volume fraction is based on the following expressions 

,
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where n=the ratio of the average fibre stress to the 

maximum fibre stress, no=fibre orientation factor in the 

elastic range, σfu=the ultimate stress of the fibre when a 

uniform ultimate bond stress, τu, is assumed at the fibre - 
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where cr=the length required to develop in the fibre the 

ultimate fibre stress, fr=the embedded length of the fibre, 

Pu=the ultimate pull-out force, fuf=the steel fibre ultimate 

tensile strength (Karayannis 2000b) 
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This way, the suggested analytical approach includes 

two types of tensile stress-strain curves depending on the 

relation between the actual volume fraction of the added 

steel fibres, Vf, and the critical one, Vf,cr. If Vf≤Vf,cr then the 

ultimate post-cracking tensile stress, fcf, is less than the 

cracking stress, fcr,f, and a tri-linear model is used as shown 

in Fig. 6(a). If Vf >Vf,cr then fcf >fcr,f and a linear-exponential 

model is used as shown in Fig. 6(b). 

The elastic first linear part of both models is determined 

by the values of the cracking strain εcr,f, and the secant 

modulus of elasticity, Ecft,sec, at the cracking stress, fcr,f  
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,sec ,sec ,sec

3 5

8 8
cft cfL cfTE E E   (16) 

, , ,seccr f cr f cftf E   (17) 

where noe=the fibre orientation factor in the elastic range (= 

0.167 for concrete mixtures and 0.200 for mortar mixtures 

according to Bentur and Mindess (2007), εcr=the cracking 

strain of the plain concrete that corresponds to the plain 

concrete ultimate tensile strength, fct or fcr, εyf=the yield 

strain of the steel fibre 
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- Tri-linear model: Vf ≤Vf,cr and fcf ≤fcr,f : The ultimate 

tensile strength of SFC, fct,f, the post-cracking stress, fcf, 

and the corresponding strain, εcf, are calculated by the 

following expressions (Karayannis 1995) 

, , , ,secct f cr f cr f cftf f E   (22) 
 

 
(a) Tri-linear model 

 
(b) Linear-exponential model 

Fig. 6 Simulated stress-strain curves for the direct tensional 

response of SFC 
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- Linear-exponential model: Vf >Vf,cr and fcf >fcr,f : The 

ultimate tensile strength of SFC, fct,f, the corresponding 

strain, εcf, the value of the characteristic stress, fcf,fr (the 

descending exponential curve asymptotically tends to 

this stress) and the post-cracking exponential curve are 

calculated by the following expressions (Bentur and 

Mindess 2007, Karayannis 1995) 
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Fig. 7(a) Comparisons of the compressive stress-strain 

curves using tests of Karayannis (2000a) 
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 Based on the above expressions the formulation of the 

entire tensional stress-strain curves for each case of SFC is 

as follows 
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Fig. 7(b) Comparisons of the compressive stress-strain 

curves using tests of Wille et al. (2014) for Vf=1.5% and 

Hassan et al. (2012) for Vf=2% 

 

 

In order to estimate the feasibility of the proposed model 

to accurately describe the entire tensile response of various 

SFC mixtures with different amount and types of fibres 

Figs. 7(a), (b) and (c) have been illustrated. In these Figs. 

analytical tensile stress-strain curves derived from the 

proposed approach (red continuous lines) and the model 

reported in Barros and Figueiras (1999) (blue dashed lines) 

are compared with uniaxial tension tests (black dotted lines) 

of: 

- Karayannis (2000a) for Vf =1% and 3% (Fig. 7(a)), 

- Wille et al. (2014) for Vf =1.5% and Hassan et al. 

(2012) for Vf =2% (Fig. 7(b)), and 

- Li et al. (1998) for Vf =2% and 3% and for two 

different types of steel fibres (Fig. 7(c)). 

These comparisons imply that the proposed approach 

yields realistic stress-strain curves for the entire response of 

SFC under tension. 

 

 

4. Flexural model 
 

Most of the existing analytical models for the evaluation 

of the flexural capacity of concrete members reinforced 

with longitudinal bars and steel fibres take into account the 

contribution of the fibres only in the tensional zone. The 

extra tensile strength component due to the presence of steel 

fibres is added to the strength of the reinforcing bars in  
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Fig. 7(c) Comparisons of the compressive stress-strain 

curves using tests of Li et al. (1998) 

 

 

tension. This methodology is also adopted by Code 

provisions, guidelines and reports (CNR 2007, RILEM TC 

162-TDF 2003, TR63 2007) for the design of SFC members  

 

Fig. 8 Simplified flexural sectional analysis (CNR 2007, 

RILEM TC 162-TDF 2003, TR63 2007) 

 

 

Fig. 9 Proposed SFC analysis - Sectional segmentation - 

Typical strain and stress distribution 

 

 

under bending. The compressive stress-strain relationship of 

EC2 (CEN 2004) for plain concrete is adopted assuming 

that the influence of the fibres to the ultimate compressive 

stress and to the corresponding strain is negligible. For the 

case of tension, a simplified assumption is considered; a 

uniform tensile strength component along the total depth of 

the tensional zone due to the presence of steel fibres is 

simply added to the tensional force of the longitudinal steel 

reinforcing bars (Fig. 8). 

In this study, a new numerical model is developed for 

the analysis of SFC structural members under bending 

moment and axial force. The entire moment-curvature 

relationship can be calculated by sectional analysis of SFC 

using non-linear laws for the materials that include 

softening response under compression and tension. The 

analytical solution is based on the segmentation of a SFC 

section to a given number of finite sectional elements that 

form a horizontal mesh along the total depth, h, of the 

cross-section (Fig. 9). The stress shape function of each 

segment is assumed to be constant in its depth, dy, and 

obviously, lower values of this depth, or else higher number 

of segments, increase the accuracy of the results. 

The use of refined and verified stress-strain constitutive 

laws for the SFC in compression and in tension that include 

post-peak softening parts (see Figs. 2(b) and 6, 

respectively), along with the ability of easy software 

implementation are the main innovations of the proposed 

numerical model with regards to the existing ones. Simple 

elasto-plastic curves or detailed stress-strain relationships 

with strain hardening for the optional conventional steel 

reinforcement could also be employed. The proposed model 

can be applied in SFC members with arbitrary cross-

sectional geometry, with or without longitudinal reinforcing 

bars. 

Assumptions of the proposed model are more or less the  
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same as the commonly used sectional analyses: 

• Sections perpendicular to the longitudinal axis before 

loading remain plane and perpendicular to the axis after 

bending. 

• Perfect bond between the reinforcement and the 

 

 

concrete exists and therefore reinforcement strain equals to 

the concrete strain at the same level. 

• The strains of both concrete and reinforcement are 

directly proportional to the distance from the neutral axis. 

• The adopted constitutive laws for SFC in compression 

Table 1 Geometrical, mechanical and reinforcement properties of the tested beams derived from the literature and 

analytical results of the proposed model concerning the properties of the SFC 

 
Specimen 

code name 

Dimensions and plain concrete Steel bars Short steel fibres SFC properties (model) 

b 

(mm) 

h 

(mm) 

d1 

(mm) 

fc 

(MPa) 

ρ1 

(%) 

fyℓ 

(MPa) 

fuℓ 

(MPa) 

Vf
 

(%) 
f /df

 F 
fuf 

(MPa) 

εcu,SFC 

(‰) 

fc,SFC 

(MPa) 

fcf 

(MPa) 

fct,f 

(MPa) 

1 

S-4-0.0 170 300 35 86.1 1.39 630 788 0.00 0 0.00 1100 3.50 86.1 0.00 4.91 

S-4-0.5 170 300 35 86.1 1.39 630 788 0.50 75 0.28 1100 3.53 91.5 0.76 5.04 

S-4-1.0 170 300 35 86.1 1.39 630 788 1.00 75 0.56 1100 5.49 96.9 1.52 5.18 

S-4-1.5 170 300 35 86.1 1.39 630 788 1.50 75 0.84 1100 7.86 102.3 2.28 5.32 

S-6-0.0 170 300 35 86.1 1.39 630 788 0.00 0 0.00 1100 3.50 86.1 0.00 4.91 

S-6-0.5 170 300 35 86.1 1.39 630 788 0.50 75 0.28 1100 3.53 91.5 0.76 5.04 

S-6-1.0 170 300 35 86.1 1.39 630 788 1.00 75 0.56 1100 5.49 96.9 1.52 5.18 

S-6-1.5 170 300 35 86.1 1.39 630 788 1.50 75 0.84 1100 7.86 102.3 2.28 5.32 

2 

S2-0 500 75 4 65.8 0.11 560 800 0.00 0 0.00 1100 3.50 65.8 0.00 4.90 

S2-30 500 75 4 65.8 0.11 560 800 0.38 75 0.29 1100 3.56 70.0 0.58 5.00 

S2-45 500 75 4 65.8 0.11 560 800 0.57 75 0.43 1100 4.50 72.1 0.87 5.05 

S2-60 500 75 4 65.8 0.11 560 800 0.76 75 0.57 1100 5.54 74.1 1.16 5.11 

3 

M80 150 300 30 33.6 1.14 560 670 1.03 55 0.42 1200 4.48 36.9 1.15 3.31 

M100 150 300 30 33.6 1.14 560 670 1.28 55 0.53 1200 5.22 37.7 1.42 3.35 

M200 150 300 30 33.6 1.14 560 670 2.56 55 1.06 1200 9.93 41.8 2.87 3.60 

4 

B-0.0-N2 200 250 35 48.6 1.18 530 635 0.00 0 0.00 1100 3.50 48.6 0.00 3.69 

B-0.5-N2 200 250 35 48.6 1.18 530 635 0.50 75 0.28 1100 3.53 51.8 0.76 3.81 

B-1.0-N2 200 250 35 48.6 1.18 530 635 1.00 75 0.56 1100 5.49 54.9 1.52 3.92 

B-0.0-N3 200 250 35 48.6 1.77 530 635 0.00 0 0.00 1100 3.50 48.6 0.00 3.69 

B-0.5-N3 200 250 35 48.6 1.77 530 635 0.50 75 0.28 1100 3.53 51.8 0.76 3.81 

B-1.0-N3 200 250 35 48.6 1.77 530 635 1.00 75 0.56 1100 5.49 54.9 1.52 3.92 

B-0.0-N4 200 250 35 48.6 2.37 530 635 0.00 0 0.00 1100 3.50 48.6 0.00 3.69 

B-0.5-N4 200 250 35 48.6 2.37 530 635 0.50 75 0.28 1100 3.53 51.8 0.76 3.81 

B-1.0-N4 200 250 35 48.6 2.37 530 635 1.00 75 0.56 1100 5.49 54.9 1.52 3.92 

B-0.0-M2 200 250 35 78.5 1.18 530 635 0.00 0 0.00 1100 3.50 78.5 0.00 5.05 

B-0.5-M2 200 250 35 78.5 1.18 530 635 0.50 75 0.28 1100 3.53 83.4 0.76 5.19 

B-1.0-M2 200 250 35 78.5 1.18 530 635 1.00 75 0.56 1100 5.49 88.3 1.52 5.32 

B-0.0-M3 200 250 35 78.5 1.77 530 635 0.00 0 0.00 1100 3.50 78.5 0.00 5.05 

B-0.5-M3 200 250 35 78.5 1.77 530 635 0.50 75 0.28 1100 3.53 83.4 0.76 5.19 

B-1.0-M3 200 250 35 78.5 1.77 530 635 1.00 75 0.56 1100 5.49 88.3 1.52 5.32 

B-0.0-M4 200 250 35 78.5 2.37 530 635 0.00 0 0.00 1100 3.50 78.5 0.00 5.05 

B-0.5-M4 200 250 35 78.5 2.37 530 635 0.50 75 0.28 1100 3.53 83.4 0.76 5.19 

B-1.0-M4 200 250 35 78.5 2.37 530 635 1.00 75 0.56 1100 5.49 88.3 1.52 5.32 

B-0.0-H2 200 250 35 102.4 1.18 530 635 0.00 0 0.00 1100 3.50 102.4 0.00 5.59 

B-0.5-H2 200 250 35 102.4 1.18 530 635 0.50 75 0.28 1100 3.53 108.8 0.76 5.73 

B-1.0-H2 200 250 35 102.4 1.18 530 635 1.00 75 0.56 1100 5.49 115.2 1.52 5.88 

B-0.0-H3 200 250 35 102.4 1.77 530 635 0.00 0 0.00 1100 3.50 102.4 0.00 5.59 

B-0.5-H3 200 250 35 102.4 1.77 530 635 0.50 75 0.28 1100 3.53 108.8 0.76 5.73 

B-1.0-H3 200 250 35 102.4 1.77 530 635 1.00 75 0.56 1100 5.49 115.2 1.52 5.88 

B-0.0-H4 200 250 35 102.4 2.37 530 635 0.00 0 0.00 1100 3.50 102.4 0.00 5.59 

B-0.5-H4 200 250 35 102.4 2.37 530 635 0.50 75 0.28 1100 3.53 108.8 0.76 5.73 

B-1.0-H4 200 250 35 102.4 2.37 530 635 1.00 75 0.56 1100 5.49 115.2 1.52 5.88 

1: Ashour and Wafa (1993) 

2: Barros and Figueiras (1999) 

3: Zeris et al. (2009) 

4: Ashour et al. (2000) 
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and in tension are illustrated in Figs. 2(b) and 5, 

respectively, and determined in the stress-strain 

relationships (8) and (31) or (32), respectively. 

Fig. 9 demonstrates the sectional segmentation, the 

strain and stress distribution along the depth, the internal 

forces of the materials, the externally applied axial load and 

the resisting bending moment based on the proposed model. 

The illustrated cross-section represents a typical SFC 

member with compressive and tensional steel bars. Further, 

the well-known equations for the derivation of bending 

moment versus curvature curves are used (see also Fig. 9). 

Based on the notation of Fig. 9, the stresses of each SFC 

sectional segment under compression, σci, or tension, σcti, 

are computed based on the corresponding strains, εci, or εcti, 

respectively, using the stress-strain relationships of Eq. (8) 

or Eqs. (31), (32), respectively, and presented in Fig. 2(b) or 

Fig. 6, respectively, where i=1 to ns, where ns is the number 

of segments along the total depth, h, of the cross-section 

with constant depth, dy. The stresses of the conventional 

steel reinforcement at each layer, σsj, are also estimated 

based on the corresponding strains, εsj, and the adopted 

stress-strain relationship (j=1 to nr, where nr is the number 

of layers of the steel reinforcing bars that is usually equal to 

1 or 2 for singly or doubly reinforced members, 

respectively). 

It is also noted that, as shown in Fig. 9, x is the depth of 

the compression zone, εcu,SFC is the ultimate strain in the 

compression zone, εs1 is the strain of the first steel 

reinforcement layer from the bottom surface of the cross-

section, dj is the distance from the upper surface of the 

cross-section to the centre of each longitudinal steel 

reinforcement layer, d is the effective depth of the cross-

section, yi is the distance from the upper surface of the 

cross-section to the centre of each sectional segment, Ai is 

the cross section area of each sectional segment, b is the 

width of the cross-section, Fci is the SFC compressive force 

of each sectional segment, Ffi is the SFC tensile force of 

each sectional segment, Fsj is the force of each longitudinal 

steel reinforcement layer and Asj is the area of each 

longitudinal steel reinforcement layer. 

 

 

5. Applications and verification with test data 
 

The developed numerical approach has been applied to 

42 SFC beams subjected to predominant flexural loading in 

order to establish the validity of the proposed model based 

on a broad range of parametric studies. The database of 

experimental information was compiled from 4 existing 

works of the literature (Ashour and Wafa 1993, Barros and 

Figueiras 1999, Zeris et al. 2009, Ashour et al. 2000). All 

these tests are beams with longitudinal reinforcing bars and 

adequate amount of steel transverse reinforcement (stirrups) 

that failed due to flexure. The reference non-fibrous 

concrete beams used as control specimens in each work 

were also considered in the database. 
The SFC beams included in the database contain various 

types of short steel fibres in different volume fractions. 
Table 1 presents the geometrical, the mechanical and the 
reinforcement data of the SFC beams of the literature and 
the main analytical results of the proposed numerical model 

concerning the properties of the SFC. These calculated 
results are: 

- The ultimate strain in the compression zone, εcu,SFC, 

- the compressive strength, fc,SFC, 

- the ultimate post-cracking tensile stress, fcf, and 

- the ultimate tensile strength, fct,f. 

From the comparison of the material properties 

presented in Table 1 it is concluded that SFC has increased 

strength and especially strain in compression with regards 

to the corresponding plain concrete. The ultimate strain of 

SFC in the compression zone is higher than the maximum 

considered value for plain concrete (3.5‰) even for low 

volume fractions of the added steel fibres. This is an 

important factor that significantly influences the sectional 

analysis of the flexural SFC members. Further, the values of 

the ultimate post-cracking tensile stress and the ultimate 

tensile strength of SFC reveal that in most of the examined 

cases the tri-linear model is adopted since the volume 

fraction of the added steel fibres, Vf, is less than the critical 

one, Vf,cr, and therefore: fct,f =fcr,f >fcf. 

Further, Table 2 summarizes and compare the analytical 

results derived from the proposed approach and the 

corresponding experimental data concerning the values of 

the resisting bending moment at yield and at ultimate. 

Especially, the following values are presented: 

(a) Analytical values from the sectional analysis of the 

proposed method: 

- The depth of the compression zone at yield, xy, and at 

ultimate, xu, 

- the tensile force of the SFC at yield, Ffy, and at 

ultimate, Ffu, 

- the curvature at yield, υy, and at ultimate, υu, 

- the ultimate strain at failure in the compression zone, 

εc, which is in the most of the examined cases equal to 

the value of εu,SFC with the exception of the tested beams 

by Barros and Figueiras (1999) where the final failure 

was due to the fracture of the tensile steel reinforcing 

bars, 

- the strain of the first steel reinforcement layer from the 

bottom surface of the cross-section, εs1, and 

- the resisting bending moment at yield, My,prop, and at 

ultimate, Mu,prop. 

(b) Calculated values from the flexural model developed in 

Barros and Figueiras (1999): 
- The resisting bending moment at yield, My,calc, and at 
ultimate, Mu,calc. 

(c) Test data and comparisons with analytical results: 

- The experimentally observed bending moment at yield, 

My,exp, and at ultimate, Mu,exp, 

- the ratios of the experimental to the analytical bending 

moment derived from the proposed method My,exp/My,prop 

and Mu,exp/Mu,prop, and the model developed in Barros 

and Figueiras (1999) My,exp/My,calc and Mu,exp/Mu,calc, at 

yield and at ultimate, respectively. 

The comparisons in Table 2 reveal that in the majority 

of the examined cases a very good agreement between the 

experimentally observed bending moment values (at yield 

and at ultimate) and the analytically calculated ones is 

achieved. Especially, the predictions of the proposed 

method for the examined 42 beam specimens have mean 

values 1.00 and 1.02 with standard deviations 0.051 and  
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0.048 for the bending moment at yield and at ultimate, 

respectively. Similarly, the predictions of the model 

developed in Barros and Figueiras (1999) have mean values 

 

 

1.09 and 1.09 with standard deviations 0.083 and 0.105 for 

the bending moment at yield and at ultimate, respectively. 

Further, in order to verify the ability of the developed  

Table 2 Results of the experimental and the analytical values of the resisting bending moment at yield and at ultimate 

 

Specimen 

code 

name 

Proposed method: 

Analytical results at yield 

Proposed method: 

Analytical results at ultimate 

Analytical 

calculations* 

Test data and comparisons 

(experimental/analytical) 

xy 

(mm) 

Ffy 

(kN) 

υy 

(km-1) 

My,prop 

(kNm) 

εs1 

(‰) 

εc 

(‰) 

xu 

(mm) 

Ffu 

(kN) 

υu 

(km-1) 

Mu,prop 

(kNm) 

My,calc 

(kNm) 

Mu,calc 

(kNm) 

My,exp 

(kNm) ,

,y exp

y propM

M
 

,

,y exp

y calcM

M
 Mu,exp 

(kNm) ,

,u exp

u propM

M
 

,

,u exp

u calcM

M  

1 

S-4-0.0 64 0.0 15.7 95.9 21.1 3.5 38 0.0 93.1 105.8 90.3 97.9 98.3 1.03 1.09 105.7 1.00 1.08 

S-4-0.5 72 45.8 16.3 100.7 20.1 3.5 40 31.9 89.3 109.2 90.4 99.4 101.8 1.01 1.13 116.5 1.07 1.17 

S-4-1.0 78 70.5 16.8 104.4 33.4 5.5 37 36.7 146.8 113.7 95.0 101.6 107.4 1.03 1.13 122.8 1.08 1.21 

S-4-1.5 82 94.3 17.2 108.0 49.8 7.9 36 36.4 217.6 119.5 98.3 103.7 116.2 1.08 1.18 130.4 1.09 1.26 

S-6-0.0 64 0.0 15.7 95.9 21.1 3.5 38 0.0 93.1 104.7 91.2 99.0 98.9 1.03 1.08 104.6 1.00 1.06 

S-6-0.5 72 45.8 16.3 100.7 20.1 3.5 40 31.9 89.3 109.2 91.4 100.4 106.7 1.06 1.17 115.8 1.06 1.15 

S-6-1.0 78 70.5 16.8 104.4 33.4 5.5 37 36.7 146.8 113.7 96.0 102.6 108.8 1.04 1.13 118.6 1.04 1.16 

S-6-1.5 82 94.3 17.2 108.0 49.8 7.9 36 36.4 217.6 119.5 99.4 104.8 109.3 1.01 1.10 120.8 1.01 1.15 

2 

S2-0 8 20.6 44.6 2.10 50.0 1.3 2 1.3 292.6 2.40 2.00 2.65 2.30 1.10 1.15 2.50 1.04 0.94 

S2-30 11 38.3 46.3 2.50 50.0 2.2 3 30.8 735.9 3.40 2.25 3.35 2.50 1.00 1.11 3.20 0.94 0.96 

S2-45 12 49.2 47.3 2.90 50.0 2.6 4 45.6 741.2 3.90 2.55 3.90 2.85 0.98 1.12 3.75 0.96 0.96 

S2-60 13 59.8 48.2 3.30 50.0 3.0 4 60.1 746.2 4.50 2.85 5.20 2.95 0.89 1.04 5.15 1.14 0.99 

3 

M80 106 39.4 17.1 69.5 12.2 4.5 72 40.5 61.8 73.2 62.5 65.5 70.2 1.01 1.12 74.6 1.02 1.14 

M100 109 46.0 17.4 70.6 14.3 5.2 72 49.4 72.4 74.9 63.7 65.8 71.3 1.01 1.12 80.9 1.08 1.23 

M200 119 78.3 18.6 75.7 27.1 10.0 72 97.1 137.2 84.2 65.3 66.9 78.1 1.03 1.20 83.9 1.00 1.25 

4 

B-0.0-N2 64 15.8 17.6 52.8 16.8 3.5 37 2.9 94.3 55.4 47.9 51.2 50.3 0.95 1.05 58.2 1.05 1.14 

B-0.5-N2 70 39.3 18.3 55.8 15.2 3.5 41 34.3 86.9 59.1 48.2 51.9 54.5 0.98 1.13 60.2 1.02 1.16 

B-1.0-N2 76 61.4 19.1 58.7 24.5 5.5 39 55.7 139.4 62.0 52.2 52.9 60.3 1.03 1.16 64.5 1.04 1.22 

B-0.0-N3 77 14.4 19.2 76.6 10.2 3.5 55 4.3 63.7 78.8 80.3 86.8 74.4 0.97 0.93 77.1 0.98 0.89 

B-0.5-N3 83 36.4 20.1 79.2 9.6 3.5 58 32.8 61.0 82.5 80.6 87.8 74.9 0.95 0.93 83.8 1.02 0.95 

B-1.0-N3 88 57.0 20.8 81.7 15.8 5.5 56 60.7 98.8 87.1 84.5 88.9 86.4 1.06 1.02 87.7 1.01 0.99 

B-0.0-N4 89 13.2 21.0 99.2 6.8 3.5 73 5.8 48.1 100.4 90.5 99.1 94.1 0.95 1.04 98.4 0.98 0.99 

B-0.5-N4 94 33.8 21.9 101.6 6.6 3.5 75 31.3 47.0 104.0 90.6 100.2 101.2 1.00 1.12 104.0 1.00 1.04 

B-1.0-N4 98 53.3 22.7 103.9 11.2 5.5 71 56.6 77.7 108.6 93.3 101.1 105.0 1.01 1.13 105.8 0.97 1.05 

B-0.0-M2 52 23.3 16.2 54.4 28.5 3.5 23 2.5 149.0 58.3 48.8 52.0 49.5 0.91 1.02 55.3 0.95 1.06 

B-0.5-M2 57 48.6 16.8 57.7 26.4 3.5 25 29.6 139.3 60.8 49.1 52.9 56.6 0.98 1.15 63.3 1.04 1.20 

B-1.0-M2 62 72.6 17.4 60.8 44.3 5.5 24 34.0 231.3 62.2 53.5 54.0 65.1 1.07 1.22 69.9 1.12 1.29 

B-0.0-M3 62 21.9 17.3 79.4 18.3 3.5 35 3.7 101.4 83.7 80.9 85.9 75.2 0.95 0.93 80.9 0.97 0.94 

B-0.5-M3 67 45.9 17.9 82.3 17.2 3.5 37 35.8 96.3 87.6 81.2 87.1 81.0 0.98 1.00 89.6 1.02 1.03 

B-1.0-M3 72 68.7 18.5 85.1 28.7 5.5 34 49.5 159.0 90.0 85.7 88.6 86.8 1.02 1.01 92.1 1.02 1.04 

B-0.0-M4 70 20.7 18.3 103.7 13.0 3.5 46 4.9 76.8 107.9 105.1 109.2 97.4 0.94 0.93 103.8 0.96 0.95 

B-0.5-M4 76 43.6 19.0 106.3 12.5 3.5 47 35.1 74.4 111.8 105.2 110.8 109.4 1.03 1.04 113.6 1.02 1.03 

B-1.0-M4 80 65.3 19.7 108.8 20.6 5.5 45 64.4 121.2 117.5 109.1 112.2 113.5 1.04 1.04 115.7 0.98 1.03 

B-0.0-H2 46 26.8 15.7 55.1 37.6 3.5 18 2.2 191.3 59.9 48.0 52.6 48.6 0.88 1.01 55.9 0.93 1.06 

B-0.5-H2 51 52.9 16.2 58.5 35.8 3.5 19 22.8 182.7 61.4 52.2 53.5 58.3 1.00 1.12 62.6 1.02 1.17 

B-1.0-H2 56 77.9 16.6 61.8 59.3 5.5 18 26.3 301.2 63.7 52.7 54.9 68.9 1.11 1.31 69.3 1.09 1.26 

B-0.0-H3 55 25.4 16.5 80.6 24.6 3.5 27 3.2 130.9 86.1 72.2 77.0 77.5 0.96 1.07 82.8 0.96 1.07 

B-0.5-H3 60 50.3 17.1 83.7 23.3 3.5 28 33.3 124.9 89.4 72.5 78.1 84.4 1.01 1.16 89.8 1.00 1.15 

B-1.0-H3 64 74.2 17.6 86.7 39.4 5.5 26 37.9 208.6 91.4 76.6 79.6 91.3 1.05 1.19 95.6 1.05 1.20 

B-0.0-H4 62 24.1 17.3 105.6 17.9 3.5 35 4.2 99.4 111.4 98.0 102.5 100.9 0.96 1.03 108.1 0.97 1.05 

B-0.5-H4 67 48.2 18.0 108.3 17.1 3.5 37 36.2 96.0 115.4 98.2 104.0 107.8 1.00 1.10 115.0 1.00 1.11 

B-1.0-H4 72 71.1 18.5 111.0 28.8 5.5 34 49.5 159.6 118.6 102.1 105.5 113.4 1.02 1.11 120.6 1.02 1.14 

Mean value (from 42 beam specimens): 1.00 1.09  1.02 1.09 

Standard deviation (from 42 beam specimens): 5.1% 8.3%  4.8% 10.5% 

1: Ashour and Wafa (1993)    * Model developed in Barros and Figueiras (1999) 

2: Barros and Figueiras (1999) 

3: Zeris et al. (2009) 

4: Ashour et al. (2000) 
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numerical model to accurately predict the entire flexural 

behaviour of a SFC member in terms of bending moment, 

M, versus curvature, υ, curves, Figs. 10 and 11 compare the 
analytical and the experimental M–υ curves from the tests 

carried out by Barros and Figueiras (1999), Zeris et al. 

(2009), respectively. For comparison reasons the analytical 

predicted curves derived from the proposed method and the 

model developed in Barros and Figueiras (1999) are 

presented in these Figs. From these comparisons it is 

indicated that in most of the examined cases the analytical 

M–υ curves fit reasonably well to the experimentally 

obtained ones and therefore the proposed sectional analysis 

can successfully describe the overall flexural performance 

of a SFC structural member. 

 

 

 

Furthermore, the differences between the results derived 

from the simplified flexural sectional analysis shown in Fig. 

8 and the predictions of the proposed sectional analysis (see 

also Fig. 9) are examined in Fig. 12. The bending moment 

versus curvature analytical curves derived from the 

proposed and the simplified sectional analysis are 

demonstrated in Figs. 12(a) and (b), respectively. Fig. 12(c) 

compares the curvature ductility, μυ, versus the fibre factor, 

F, of both examined analyses that concern a rectangular 

cross-section shown in Fig. 12(d). It is known that the 

curvature ductility equals to the ratio of the curvature at 

ultimate to the curvature at yield. 

The comparison of these analytical curves clarifies that 

the main difference between the predictions of the proposed  

         

Fig. 10 Comparisons between the experimental and the analytical bending moment versus curvature curves - Tests from the 

study of Barros and Figueiras (1999) 

         

Fig. 11 Comparisons between the experimental and the analytical bending moment versus curvature curves - Tests from the 

study of Zeris et al. (2009) 
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analysis and the simplified one are focused on the post-peak 

response and especially the predictions of the bending 

moment and the curvature at ultimate. The predicted values 

of the resisting bending moments at yield are more or less 

the same in both models since the influence of the steel 

fibres till the point of steel yielding is rather limited in the 

compressive zone. However, the predictions of the 

proposed approach provide rational and more accurate 

results concerning the resisting bending moment and the 

curvature at ultimate, and the curvature ductility, especially 

in the case of SFC members with higher steel fibre factor. 

 

 

6. Conclusions 
 

A numerical model for the prediction of the flexural 

response of fibrous concrete cross-sections in terms of 

bending moment versus curvature curves has been proposed 

in this study. 

• The addition of steel fibres in concrete significantly 

increases the maximum compressive strain and 

improves the post-cracking tensile response. These 

favourable characteristics are meticulously considered in 

the developed sectional analysis which employs refined 

and verified stress-strain constitutive laws for the Steel 

Fibrous Concrete (SFC) in compression and in tension 

that include post-peak softening parts. Equations with 

feasible software implementation have been derived. 

• SFC structural members with increased values of the 

fibre factor, F, exhibit enhanced flexural performance 

 

 

and increased ductility. The developed sectional analysis 
predicts accurately the overall experimental flexural 
behaviour and particularly the increased curvature 
ductility of fibrous concrete members with higher 
amount of steel fibres. 

• The validity of the proposed model is checked through 

extensive comparisons between analytical predictions 

and test data of 42 SFC beam specimens. From these 

comparisons, it is observed that the developed approach 

predicts accurately the flexural capacity and ductility, 

and yields well-fitted bending moment versus curvature 

analytical curves to the corresponding test data. Further, 

it provides rational and more accurate results concerning 

the compressive and the tensile response of SFC 

mixtures, and the curvature ductility, the resisting 

bending moment and the curvature at ultimate of SFC 

cross-sections with regards to the predictions of existing 

models. 
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