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Abstract.  Equilibrium equations of a porous FG plate resting on Winkler-Pasternak foundations with various 
boundary conditions are derived using a new refined shear deformation theory. Different types of porosity distribution 
rate are considered. Governing equations are obtained including the plate-foundation interaction. This new model 
meets the nullity of the transverse shear stress at the upper and lower surfaces of the plate. The novel rule of mixture is 
proposed to describe and approximate material properties of the FG plates with different distribution case of porosity. 
The validity of this theory is studied by comparing some of the present results with other higher-order theories reported 
in the literature. Effects of variation of porosity distribution rate, boundary conditions, foundation parameter, power 
law index, plate aspect ratio, side-to-thickness ratio on the deflections and stresses are all discussed. 
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1. Introduction 
 

In recent years, the concept of functionally graded materials (FGMs) was first introduced by 

material scientists in the Sendai area of Japan. Functionally graded materials (FGMs) are a class of 

composites that have continuous variation of material properties from one surface to another and 

thus eliminate the stress concentration found in laminated composites. The FGMs which are often 

isotropic and nonhomogeneous, are made from a mixture of two materials to achieve a composition 

that provides a certain functionality. In FGM, these problems are avoided or reduced by gradual 

variation of the constituents’ volume fraction rather than abruptly changing it across the interface. 

Power-law function and exponential function are commonly used to describe the variations of 

material properties of FGM. However, in both power-law and exponential functions, the stress 

concentrations appear in one of the interfaces in which the material is continuously but rapidly 

changing. 
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Since the shear deformation effects are more pronounced in thick functionally graded materials 

(FGM) plates, shear deformation theories should be used to analyze FGM plates. In addition, the 

increasing use of plates as structural components in various fields such as marine technology; civil 

and aerospace has made it necessary to study their mechanical behavior. Several studies have been 

undertaken on the mechanical behavior of FGM plates. All authors (Abdelaziz et al. 2017, Adim 

2018, Abualnour et al. 2018, Ait Atmane et al. 2015, Carrera et al. 2011, Chikr et al. 2020, Refrafi 

et al. 2020, Bousahla et al. 2020, Bellal et al. 2020, Bensattalah et al. 2018, Daouadji et al. 2016b, 

Hamrat et al. 2020, Hassaine Daouadji 2013, Hassaine Daouadji et al. 2020, Tounsi et al. 2020, 

Shariati et al. 2020, Al-Furjan et al. 2020, Al-Furjan et al. 2020, Benhenni et al. 2019, Benferhat et 

al. 2018, Bensattalah et al. 2020, Boukhlif et al. 2019, Boulefrakh et al. 2019, Chaabane et al. 2019, 

Benferhat et al. 2016b, El-Haina et al. 2017, Hassaine Daouadji et al 2016, Demirhan et al.2019, 

Khalifa et al.2018, Reddy 2001, Slimane et al. 2018, Zenkour 2009), have studied the bending of a 

simply supported polygonal plate with a property gradient given by a order shear deformation theory. 

The first-order shear deformation theory (FSDT) gives acceptable results, but requires a shear 

correction factor. Whereas, the higher-order shear deformation theories (HSDTs) do not require a 

shear correction factor, but their equations of motion are more complicated than those of the FSDT. 

Therefore, Tounsi (2013) has developed a four variable plate theory. The four variable plate theory 

of Tounsi (2013) accounts for a parabolic variation of the transverse shear strains through the 

thickness, and hence, a shear correction factor is not required. The displacement field of the four 

variable plate theory is chosen based on the partition of the transverse displacements into the bending 

and shear parts. The most interesting feature of the four variable plate theory is that it contains fewer 

unknowns and governing equations than those of the FSDT and does not require a shear correction 

factor. Thus, it is the most efficient theory. The four variable plate theory was first developed for 

isotropic plates, and recently extended to FGM plates, FGM sandwich plates, and nanoplates.  

In general, higher order shear and normal deformation theories which consider thickness 

stretching effect can be implemented using the unified formulation initially proposed by several 

authors (Ait Yahia et al.2015, Hassaine Daouadji et al. 2019, Mohamed Amine et al. 2019, Rabahi 

et al. 2019, Rabia et al. 2016, Benchohra et al. 2018, Kaddari et al. 2020, Addou et al. 2019, Medani 

et al. 2019, Bourada et al. 2019, Abdederak et al. 2018, Abdelhak et al. 2016, Benferhat et al. 2019, 

Belkacem et al. 2016, Benhenni et al. 2018, Rabhi et al. 2020, Benferhat et al. 2016a, Belabed et 

al. 2018, Cooke et al. 1983, Bensattalah T et al. 2016, Bouakaz et al. 2014, Bekki et al. 2019, Chaded 

et al. 2018, Chergui et al. 2019, Daouadji et al. 2016a, Tounsi et al.2013, Bourada et al. 2020, 

Matouk et al. 2020, bane et al. 2019, Menasria et al. 2020, Rahmani et al. 2020, Balubaid et al. 

2019, Rabahi et al. 2020, Tounsi et al. 2008, Tahar et al. 2016, Alimirzaei et al. 2019, Sahla et al. 

2019, Karami et al. 2019, Zine et al. 2020, Wattanasakulponga 2014, Lee et al.2002, Mokhtar et al. 

2018, Thai et al. 2013, Younsi et al. 2018, Yazid et al. 2018, Zaoui et al. 2019). Many higher order 

shear and normal deformation theories have been proposed in the literature. These theories are 

cumbersome and computationally expensive since they invariably generate a host of unknowns. 

Although some well-known quasi-3D theories developed by Zenkour (2018) and recently by 

Mantari (2012) have six unknowns, they are still more complicated than the FSDT. Thus, there is a 

scope to develop an accurate higher order shear and normal deformation theory, which is relatively 

simple to use and simultaneously retains important physical characteristics. Indeed, Tounsi (2013) 

presented recently a quasi-3D sinusoidal shear deformation theory, with only five unknowns for 

bending and free vibration analysis of FGM plates. 

In this paper, a new and refined theory for the flexural analysis of imperfect FGM plates under 

different boundary conditions taking into account the porosities that can possibly occur inside  
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Table 1 Summary table which groups the different distribution of porosity in the FGM (Ceramic / Metal) 

Types 
Distribution of porosity rate in the FGM 

Young module 
Ceramic Metal 

Type-I Without porosity 𝑬(𝒛) = (𝑬𝒄 − 𝑬𝒎)(
𝒛

𝒉
+

𝟏

𝟐
)𝒌 + 𝑬𝒎                 (14a) 

Type-II 50% 50% 𝑬(𝒛) = (𝑬𝒄 − 𝑬𝒎)(
𝒛

𝒉
+

𝟏

𝟐
)𝒌 + 𝑬𝒎 − (𝑬𝒄 + 𝑬𝒎)

𝜶

𝟐
    (14b) 

Type-III 60% 40% 𝑬(𝒛) = (𝑬𝒄 − 𝑬𝒎)(
𝒛

𝒉
+

𝟏

𝟐
)𝒌 + 𝑬𝒎 − (𝟑𝑬𝒄 + 𝟐𝑬𝒎)

𝜶

𝟓
  (14c) 

Type-IV 40% 60% 𝑬(𝒛) = (𝑬𝒄 − 𝑬𝒎)(
𝒛

𝒉
+

𝟏

𝟐
)𝒌 + 𝑬𝒎 − (𝟐𝑬𝒄 + 𝟑𝑬𝒎)

𝜶

𝟓
  (14d) 

Type-V 75% 25% 𝑬(𝒛) = (𝑬𝒄 − 𝑬𝒎)(
𝒛

𝒉
+

𝟏

𝟐
)𝒌 + 𝑬𝒎 − (𝟑𝑬𝒄 + 𝑬𝒎)

𝜶

𝟒
   (14e) 

Type-VI 25% 75% 𝑬(𝒛) = (𝑬𝒄 − 𝑬𝒎)(
𝒛

𝒉
+

𝟏

𝟐
)𝒌 + 𝑬𝒎 − (𝑬𝒄 + 𝟑𝑬𝒎)

𝜶

𝟒
   (14f) 

 

 

functional gradation materials (FGM) during their manufacture. Numerical examples are presented 

to illustrate the precision and the efficiency of the present solution, by showing the influence of the 

distribution rate of the porosity of the base material on the mechanical behavior of the FGM plate. 

 

 

2. Problem formulation 
 

2.1 Constitutive relations of (metal/ ceramic) functionally graded plates 
 

Consider an imperfect FGM with a porosity volume fraction, 𝛼 (𝛼 <<  1), distributed evenly 

among the metal and ceramic, the modified rule of mixture proposed by Wattanasakulpong and 

Ungbhakorn (2014) is used as (Benferhat et al. 2016a, Hassaine Daouadji 2017, Rabahi et al. 2016) 

𝑷 = 𝑷𝒎(𝑽𝒎 −
𝜶

𝟐
) + 𝑷𝒄(𝑽𝒄 −

𝜶

𝟐
)                           (1) 

Now, the total volume fraction of the metal and ceramic is: Vm +Vc =1 and the power law of 

volume fraction of the ceramic is described as (Table 1): 

𝑽𝒄 = (
𝒛

𝒉
+
𝟏

𝟐
)𝒌                                  (2) 

Hence, all properties of the imperfect FGM can be written as (Benferhat et al. 2016a) 

𝝆(𝒛) = (𝝆𝒄 − 𝝆𝒎)(
𝒛

𝒉
+
𝟏

𝟐
)𝒌 + 𝝆𝒎 − (𝝆𝒄 + 𝝆𝒎)

𝜶

𝟐
                    (3) 

It is noted that the positive real number 𝑘 (0 ≤  𝑘 <  ∞) is the power law or volume fraction 

index, and 𝑧 is the distance from the mid-plane of the FG plate. The FG plate becomes a fully 

ceramic plate when 𝑘 is set to zero and fully metal for large value of 𝑘. 

Thus, the Young’s modulus (𝐸) and material density (𝜌) equations of the imperfect FGM plate 

can be expressed as (Benferhat et al. 2016a), including a summary table which groups together the 

different porosity distributions in the FGMs will be presented in Table 1. 

𝑬(𝒛) = (𝑬𝒄 − 𝑬𝒎)(
𝒛

𝒉
+
𝟏

𝟐
)𝒌 + 𝑬𝒎 − (𝑬𝒄 + 𝑬𝒎)

𝜶

𝟐
                   (4)

 

𝝆(𝒛) = (𝝆𝒄 − 𝝆𝒎)(
𝒛

𝒉
+
𝟏

𝟐
)𝒌 + 𝝆𝒎 − (𝝆𝒄 + 𝝆𝒎)

𝜶

𝟐
                   (5) 
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However, Poisson’s ratio (𝜈) is assumed to be constant. The material properties of a perfect FG 

plate can be obtained when 𝛼 is set to zero. 

As 

𝑽𝒄 + 𝑽𝒎 = 𝟏
 


 
𝑽𝒄 = 𝟏 − 𝑽𝒎                           (6) 

and 

𝑽𝒄 = (
𝒛

𝒉
+
𝟏

𝟐
)𝒌                                  (7) 

Type I: perfect FG plate (Without porosity 𝛼 = 0) 

𝐸(𝑧) = (𝐸𝑐 − 𝐸𝑚)(
𝑧

ℎ
+
1

2
)𝑘 + 𝐸𝑚                           (8) 

Type II: 50% Ceramic, 50% Metal 

𝑬 = 𝑬𝒎(𝑽𝒎 −
𝜶

𝟐
) + 𝑬𝒄(𝑽𝒄 −

𝜶

𝟐
)  (9a) 

𝐸(𝑧) = (𝐸𝑐 − 𝐸𝑚)(
𝑧

ℎ
+
1

2
)𝑘 + 𝐸𝑚 − (𝐸𝑐 + 𝐸𝑚)

𝛼

2
  (9b) 

Type III: 60% Ceramic, 40% Metal 

𝑬 = 𝑬𝒎(𝑽𝒎 −
𝟐𝜶

𝟓
) + 𝑬𝒄(𝑽𝒄 −

𝟑𝜶

𝟓
)  (10a) 

𝐸(𝑧) = (𝐸𝑐 − 𝐸𝑚)(
𝑧

ℎ
+
1

2
)𝑘 + 𝐸𝑚 − (3𝐸𝑐 − 2𝐸𝑚)

𝛼

5
  (10b) 

Type IV: 40% Ceramic, 60% Metal 

𝑬 = 𝑬𝒎(𝑽𝒎 −
𝟑𝜶

𝟓
) + 𝑬𝒄(𝑽𝒄 −

𝟐𝜶

𝟓
)  (11a) 

𝐸(𝑧) = (𝐸𝑐 − 𝐸𝑚)(
𝑧

ℎ
+
1

2
)𝑘 + 𝐸𝑚 − (2𝐸𝑐 − 3𝐸𝑚)

𝛼

5
  (11b) 

Type V: 75% Ceramic, 25% Metal 

𝑬 = 𝑬𝒎(𝑽𝒎 −
𝜶

𝟒
) + 𝑬𝒄(𝑽𝒄 −

𝟑𝜶

𝟒
)  (12a) 

𝐸(𝑧) = (𝐸𝑐 − 𝐸𝑚)(
𝑧

ℎ
+
1

2
)𝑘 + 𝐸𝑚 − (3𝐸𝑐 − 𝐸𝑚)

𝛼

4
  (12b) 

Type VI: 25% Ceramic, 75% Metal 

𝑬 = 𝑬𝒎(𝑽𝒎 −
𝟑𝜶

𝟒
) + 𝑬𝒄(𝑽𝒄 −

𝜶

𝟒
)  (13a) 

𝐸(𝑧) = (𝐸𝑐 − 𝐸𝑚)(
𝑧

ℎ
+
1

2
)𝑘 + 𝐸𝑚 − (𝐸𝑐 − 3𝐸𝑚)

𝛼

4
  (13b) 

 

2.2 Theoretical formulations 
 

2.2.1 Basic assumptions 
Consider a plate of total thickness h and composed of functionally graded material through the 

thickness (Fig. 1). It is assumed that the material is isotropic and grading is assumed to be only  
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Fig. 1 Geometry of rectangular plate composed of FGM 

 

 

through the thickness. The xy plane is taken to be the undeformed mid plane of the plate with the z 

axis positive upward from the mid plane. 

- The displacements are small in comparison with the plate thickness and, therefore, strains 

involved are infinitesimal. 

- The transverse displacement w includes three components of bending wb and shear ws. These 

components are functions of coordinates x, y, and time t only. 

𝑤(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤𝑏(𝑥, 𝑦, 𝑡) + 𝑤𝑠(𝑥, 𝑦, 𝑡)                         (15) 

- The transverse normal stress 𝜎𝑧 is negligible in comparison with in-plane stresses 𝜎𝑥 and 𝜎𝑦. 

- The displacements U in x-direction and V in y-direction consist of extension, bending, and shear 

components 

𝑈 = 𝑢 + 𝑢𝑏 + 𝑢𝑠, 𝑉 = 𝑣 + 𝑣𝑏 + 𝑣𝑠                           
(16) 

- The bending components 𝑢𝑏 and 𝑣𝑏 are assumed to be similar to the displacements given by 

the classical plate theory. Therefore, the expression for 𝑢𝑏 and 𝑣𝑏 can be given as 

 
𝑢𝑏 = −𝑧

𝜕𝑤𝑏

𝜕𝑥
, 𝑣𝑏 = −𝑧

𝜕𝑤𝑏

𝜕𝑦
                               

(17) 

- The shear components 𝑢𝑠 and 𝑣𝑠 give rise, in conjunction with 𝑤𝑠, to the parabolic variations 

of shear strains 𝛾𝑥𝑧, 𝛾𝑦𝑧 and hence to shear stresses 𝜎𝑥𝑧, 𝜎𝑦𝑧 through the thickness of the plate 

in such a way that shear stresses 𝜎𝑥𝑧, 𝜎𝑦𝑧 are zero at the top and bottom faces of the plate. 

Consequently, the expression for 𝑢𝑠 and 𝑣𝑠 can be given as 

 𝑢𝑠 = 𝑓(𝑧)
𝜕𝑤𝑠

𝜕𝑥
, 𝑣𝑠 = 𝑓(𝑧)

𝜕𝑤𝑠

𝜕𝑦
 

                          (18) 

 
2.2.2 Kinematics: 
Based on the assumptions made in the preceding section, the displacement field can be obtained 

using Eqs. (15)-(18) 

𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) − 𝑧
𝜕𝑤𝑏

𝜕𝑥
− 𝑧 [1 − 𝑠𝑒𝑐 ℎ (

𝜋𝑧2

ℎ
2 ) + 𝑠𝑒𝑐 ℎ (

𝜋

4
) (1 −

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)]

𝜕𝑤𝑠

𝜕𝑥
  

𝑣(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) − 𝑧
𝜕𝑤𝑏

𝜕𝑦
− 𝑧 [1 − 𝑠𝑒𝑐 ℎ (

𝜋𝑧2

ℎ
2 ) + 𝑠𝑒𝑐 ℎ (

𝜋

4
) (1 −

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)]

𝜕𝑤𝑠

𝜕𝑦
  

𝑤(𝑥, 𝑦, 𝑧) = 𝑤𝑏(𝑥, 𝑦) + 𝑤𝑠(𝑥, 𝑦)                       (19) 
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where u0 and v0 are the mid-plane displacements of the plate in the x and y direction, respectively; 

wb and ws are the bending and shear components of transverse displacement, respectively, while f(z) 

represents the functions of form; it is indeed a new theory of hyperbolic shear strain (Hassaine 

Daouadji 2016), determining the distribution of transverse shear strains and stresses along the 

thickness and is given by 

 𝑓(𝑧) = 𝑧[1 − 𝑠𝑒𝑐 ℎ (
𝜋𝑧2

ℎ2
) + 𝑠𝑒𝑐 ℎ (

𝜋

4
)(1 −

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)]                (20) 

It should be noted that unlike the first-order shear deformation theory, this theory does not require 

shear correction factors. The kinematic relations can be obtained as follows 

𝜀𝑥 = 𝜀𝑥
0 + 𝑧 𝑘𝑥

𝑏 + 𝑧[1 − 𝑠𝑒𝑐 ℎ (
𝜋𝑧2

ℎ
2 ) + 𝑠𝑒𝑐 ℎ (

𝜋

4
)(1 −

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)] 𝑘𝑥

𝑠

𝜀𝑦 = 𝜀𝑦
0 + 𝑧 𝑘𝑦

𝑏 + 𝑧[1 − 𝑠𝑒𝑐 ℎ (
𝜋𝑧2

ℎ
2 ) + 𝑠𝑒𝑐 ℎ (

𝜋

4
)(1 −

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)] 𝑘𝑦

𝑠

𝛾𝑥𝑦 = 𝛾𝑥𝑦
0 + 𝑧 𝑘𝑥𝑦

𝑏 + 𝑧[1 − 𝑠𝑒𝑐 ℎ (
𝜋𝑧2

ℎ
2 ) + 𝑠𝑒𝑐 ℎ (

𝜋

4
)(1 −

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)] 𝑘𝑥𝑦

𝑠

  

𝛾𝑦𝑧 = 1 −
𝑑[𝑧[1−𝑠𝑒𝑐 ℎ(

𝜋𝑧2

ℎ
2 )+𝑠𝑒𝑐 ℎ(

𝜋

4
)(1−

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)]]

𝑑𝑧
 𝛾𝑦𝑧
𝑠   

𝛾𝑥𝑧 = 1 −
𝑑[𝑧[1−𝑠𝑒𝑐 ℎ(

𝜋𝑧2

ℎ
2 )+𝑠𝑒𝑐 ℎ(

𝜋

4
)(1−

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)]]

𝑑𝑧
 𝛾𝑥𝑧
𝑠   

𝜀𝑧 = 0                                  (20) 

where 

𝜀𝑥
0 =

𝜕𝑢0

𝜕𝑥
, 𝑘𝑥

𝑏 = −
𝜕2𝑤𝑏

𝜕𝑥2
, 𝑘𝑥

𝑠 = −
𝜕2𝑤𝑠

𝜕𝑥2
 

𝜀𝑦
0 =

𝜕𝑣0

𝜕𝑦
, 𝑘𝑦

𝑏 = −
𝜕2𝑤𝑏

𝜕𝑦2
, 𝑘𝑦

𝑠 = −
𝜕2𝑤𝑠

𝜕𝑦2
 

𝛾𝑥𝑦
0 =

𝜕𝑢0

𝜕𝑦
+
𝜕𝑣0

𝜕𝑥
, 𝑘𝑥𝑦

𝑏 = −2
𝜕2𝑤𝑏

𝜕𝑥𝜕𝑦
, 

𝑘𝑥𝑦
𝑠 = −2

𝜕2𝑤𝑠

𝜕𝑥𝜕𝑦
 

𝛾𝑦𝑧
𝑠 =

𝜕𝑤𝑠

𝜕𝑦
, 𝛾𝑥𝑧

𝑠 =
𝜕𝑤𝑠

𝜕𝑥
, 

𝑓′(𝑧) =
𝑑𝑓(𝑧)

𝑑𝑧
=

𝑑[𝑧[1−𝑠𝑒𝑐 ℎ(
𝜋𝑧2

ℎ
2 )+𝑠𝑒𝑐 ℎ(

𝜋

4
)(1−

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)]]

𝑑𝑧
 
 

𝑔(𝑧) = 1 − 𝑓′(𝑧) = 1 −
𝑑[𝑧[1−𝑠𝑒𝑐 ℎ(

𝜋𝑧2

ℎ
2 )+𝑠𝑒𝑐 ℎ(

𝜋

4
)(1−

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)]]

𝑑𝑧
             (21) 

The stress state in each layer is given by Hooke’s law 

 

{
 
 

 
 
𝜎𝑥
𝜎𝑦
𝜏𝑦𝑧
𝜏𝑥𝑧
𝜏𝑥𝑦}

 
 

 
 

=

[
 
 
 
 
 
 
 
 
𝐸(𝑧)

1−𝜈2
𝜈𝐸(𝑧)

1−𝜈2
0 0 0

𝜈𝐸(𝑧)

1−𝜈2
𝐸(𝑧)

1−𝜈2
0 0 0

0 0
𝐸(𝑧)

2(1+𝜈)
0 0

0 0 0
𝐸(𝑧)

2(1+𝜈)
0

0 0 0 0
𝐸(𝑧)

2(1+𝜈)]
 
 
 
 
 
 
 
 

{
 
 

 
 
𝜀𝑥
𝜀𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦}

 
 

 
 

                (23) 
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2.2.3 Governing equations 
The governing equations of equilibrium can be derived by using the principle of virtual 

displacements. The principle of virtual work in the present case yields 

∫ ∫ [𝜎𝑥𝛿 𝜀𝑥 + 𝜎𝑦𝛿 𝜀𝑦 + 𝜏𝑥𝑦𝛿 𝛾𝑥𝑦 + 𝜏𝑦𝑧𝛿 𝛾𝑦𝑧 + 𝜏𝑥𝑧𝛿 𝛾𝑥𝑧] 𝛺

ℎ/2

−ℎ/2
𝑑𝛺 𝑑𝑧 − ∫ 𝑞

𝛺
𝛿 𝑤𝑑𝛺 = 0   (24) 

where Ω is the top surface and q is the applied transverse load. 

Substituting Eqs. (19) and (22) into Eq. (24) and integrating through the thickness of the plate, 

Eq (24) can be rewritten as 

∫ [𝑁𝑥𝛿 𝜀𝑥
0 + 𝑁𝑦𝛿 𝜀𝑦

0 +𝑁𝑥𝑦𝛿 𝜀𝑥𝑦
0 +𝑀𝑥

𝑏𝛿 𝑘𝑥
𝑏 +𝑀𝑦

𝑏𝛿 𝑘𝑦
𝑏 +𝑀𝑥𝑦

𝑏 𝛿 𝑘𝑥𝑦
𝑏 +𝑀𝑥

𝑠𝛿 𝑘𝑥
𝑠

𝛺
  

     + 𝑀𝑦
𝑠𝛿 𝑘𝑦

𝑠 +𝑀𝑥𝑦
𝑠 𝛿 𝑘𝑥𝑦

𝑠 + 𝑆𝑦𝑧
𝑠 𝛿 𝛾𝑦𝑧

𝑠 + 𝑆𝑥𝑧
𝑠 𝛿 𝛾𝑥𝑧

𝑠 ] 𝑑𝛺 − ∫ 𝑞
𝛺

𝛿 𝑤𝑑𝛺 = 0       (25) 

where 

{

𝑁𝑥 , 𝑁𝑦, 𝑁𝑥𝑦

𝑀𝑥
𝑏 , 𝑀𝑦

𝑏 , 𝑀𝑥𝑦
𝑏

𝑀𝑥
𝑠, 𝑀𝑦

𝑠 , 𝑀𝑥𝑦
𝑠

} = ∫ (𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦){

1
𝑧

𝑧[1 − 𝑠𝑒𝑐 ℎ (
𝜋𝑧2

ℎ
2 ) + 𝑠𝑒𝑐 ℎ (

𝜋

4
)(1 −

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)]
} 𝑑𝑧

ℎ/2

−ℎ/2
,(26) 

(𝑆𝑥𝑧
𝑠 , 𝑆𝑦𝑧

𝑠 ) = ∫ (𝜏𝑥𝑧, 𝜏𝑦𝑧)(1 −
𝑑[𝑧[1−𝑠𝑒𝑐 ℎ(

𝜋𝑧2

ℎ
2 )+𝑠𝑒𝑐 ℎ(

𝜋

4
)(1−

𝜋

2
𝑡𝑎𝑛ℎ(

𝜋

4
)]]

𝑑𝑧
)𝑑𝑧.

ℎ/2

−ℎ/2
        (27) 

The governing equations of equilibrium can be derived from Eq. (25) by integrating the 

displacement gradients by parts and setting the coefficients u0, v0, wb and ws zero separately. 

Thus one can obtain the equilibrium equations associated with the present shear deformation theory. 

𝛿 𝑢:   
𝜕𝑁𝑥

𝜕𝑥
+
𝜕𝑁𝑥𝑦

𝜕𝑦
= 0  

𝛿 𝑣:   
𝜕𝑁𝑥𝑦

𝜕𝑥
+
𝜕𝑁𝑦

𝜕𝑦
= 0  

𝛿 𝑤𝑏:   
𝜕2𝑀𝑥

𝑏

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦
𝑏

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝑏

𝜕𝑦2
+ 𝑞 = 0 

𝛿 𝑤𝑠:   
𝜕2𝑀𝑥

𝑠

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦
𝑠

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝑠

𝜕𝑦2
+
𝜕𝑆𝑥𝑧

𝑠

𝜕𝑥
+
𝜕𝑆𝑦𝑧

𝑠

𝜕𝑦
+ 𝑞 = 0              (28) 

Using Eq. (22) in Eq. (26), the stress resultants of a plate made up of three layers can be related 

to the total strains by 

{
𝑁
𝑀𝑏

𝑀𝑠
} = [

𝐴 𝐵 𝐵𝑠

𝐴 𝐷 𝐷𝑠

𝐵𝑠 𝐷𝑠 𝐻𝑠
] {
𝜀
𝑘𝑏

𝑘𝑠
},                       (29a) 

𝑆 = 𝐴𝑠𝛾,                                (29b) 

where 

𝑁 = {𝑁𝑥 , 𝑁𝑦 , 𝑁𝑥𝑦}
𝑡
, 𝑀𝑏 = {𝑀𝑥

𝑏 ,𝑀𝑦
𝑏 , 𝑀𝑥𝑦

𝑏 }
𝑡
, 

 
𝑀𝑠 = {𝑀𝑥

𝑠, 𝑀𝑦
𝑠 ,𝑀𝑥𝑦

𝑠 }
𝑡
,          (30a) 

𝜀 = {𝜀𝑥
0, 𝜀𝑦

0, 𝛾𝑥𝑦
0 }

𝑡
, 𝑘𝑏 = {𝑘𝑥

𝑏, 𝑘𝑦
𝑏, 𝑘𝑥𝑦

𝑏 }
𝑡
, 

 
𝑘𝑠 = {𝑘𝑥

𝑠 , 𝑘𝑦
𝑠 , 𝑘𝑥𝑦

𝑠 }
𝑡
,              (30b) 
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𝐴 = [

𝐴11 𝐴12 0
𝐴12 𝐴22 0
0 0 𝐴66

], 𝐵 = [

𝐵11 𝐵12 0
𝐵12 𝐵22 0
0 0 𝐵66

]

 

𝐷 = [

𝐷11 𝐷12 0
𝐷12 𝐷22 0
0 0 𝐷66

],          (30c) 

 𝐵𝑠 = [

𝐵11
𝑠 𝐵12

𝑠 0

𝐵12
𝑠 𝐵22

𝑠 0

0 0 𝐵66
𝑠
], 𝐷𝑠 = [

𝐷11
𝑠 𝐷12

𝑠 0

𝐷12
𝑠 𝐷22

𝑠 0

0 0 𝐷66
𝑠
] 𝐻𝑠 = [

𝐻11
𝑠 𝐻12

𝑠 0

𝐻12
𝑠 𝐻22

𝑠 0

0 0 𝐻66
𝑠
],        (30e) 

𝑆 = {𝑆𝑥𝑧
𝑠 , 𝑆𝑦𝑧

𝑠 }
𝑡
, 𝛾 = {𝛾𝑥𝑧, 𝛾𝑦𝑧}

𝑡
, 

 

𝐴𝑠 = [
𝐴44
𝑠 0

0 𝐴55
𝑠 ],              (30d) 

where 𝐴𝑖𝑗, 𝐵𝑖𝑗, etc., are the plate stiffness, defined by 

{

𝐴11 𝐵11 𝐷11 𝐵11
𝑠 𝐷11

𝑠 𝐻11
𝑠

𝐴12 𝐵12 𝐷12 𝐵12
𝑠 𝐷12

𝑠 𝐻12
𝑠

𝐴66 𝐵66 𝐷66 𝐵66
𝑠 𝐷66

𝑠 𝐻66
𝑠
} = ∫ 𝑄11(1, 𝑧, 𝑧

2, 𝑓(𝑧), 𝑧 𝑓(𝑧), 𝑓2(𝑧))
ℎ/2

−ℎ/2
{

1
𝜈
1−𝜈

2

}𝑑𝑧,  (31a) 

and 

(𝐴22, 𝐵22, 𝐷22, 𝐵22
𝑠 , 𝐷22

𝑠 , 𝐻22
𝑠 ) = (𝐴11, 𝐵11, 𝐷11, 𝐵11

𝑠 , 𝐷11
𝑠 , 𝐻11

𝑠 )           (31b) 

𝐴44
𝑠 = 𝐴55

𝑠 = ∫ 𝑄44[𝑔(𝑧)]
2𝑑𝑧

ℎ
𝑛

ℎ
𝑛−1

,                     (31c) 

Substituting from Eq. (28) into Eq. (29), we obtain the following equation 

𝐴11𝑑11𝑢0 + 𝐴66𝑑22𝑢0 + (𝐴12 + 𝐴66)𝑑12𝑣0 − 𝐵11𝑑111𝑤𝑏 − (𝐵12 + 2𝐵66)𝑑122𝑤𝑏  

−(𝐵12
𝑠 + 2𝐵66

𝑠 )𝑑122𝑤𝑠 − 𝐵11
𝑠 𝑑111𝑤𝑠 = 0,                     (32a) 

𝑨𝟐𝟐𝒅𝟐𝟐𝒗𝟎 + 𝑨𝟔𝟔𝒅𝟏𝟏𝒗𝟎 + (𝑨𝟏𝟐 + 𝑨𝟔𝟔)𝒅𝟏𝟐𝒖𝟎 −𝑩𝟐𝟐𝒅𝟐𝟐𝟐𝒘𝒃 − (𝑩𝟏𝟐 + 𝟐𝑩𝟔𝟔)𝒅𝟏𝟏𝟐𝒘𝒃 

−(𝑩𝟏𝟐
𝒔 + 𝟐𝑩𝟔𝟔

𝒔 )𝒅𝟏𝟏𝟐𝒘𝒔 −𝑩𝟐𝟐
𝒔 𝒅𝟐𝟐𝟐𝒘𝒔 = 𝟎,                    (32b) 

𝐵11𝑑111𝑢0 + (𝐵12 + 2𝐵66)𝑑122𝑢0 + (𝐵12 + 2𝐵66)𝑑112𝑣0 + 𝐵22𝑑222𝑣0 − 𝐷11𝑑1111𝑤𝑏 − 

−2(𝐷12 + 2𝐷66)𝑑1122𝑤𝑏  − 𝐷22𝑑2222𝑤𝑏 − 𝐷11
𝑠 𝑑1111𝑤𝑠 − 2(𝐷12

𝑠 + 2𝐷66
𝑠 )𝑑1122𝑤𝑠 

−𝐷22
𝑠 𝑑2222𝑤𝑠 = 𝑞                            (32c) 

𝐵11
𝑠 𝑑111𝑢0 + (𝐵12

𝑠 + 2𝐵66
𝑠 )𝑑122𝑢0 + (𝐵12

𝑠 + 2𝐵66
𝑠 )𝑑112𝑣0 + 𝐵22

𝑠 𝑑222𝑣0 − 

−𝐷11
𝑠 𝑑1111𝑤𝑏 − 2(𝐷12

𝑠 + 2𝐷66
𝑠 )𝑑1122𝑤𝑏 − 𝐷22

𝑠 𝑑2222𝑤𝑏 −𝐻11
𝑠 𝑑1111𝑤𝑠 − 

−2(𝐻12
𝑠 + 2𝐻66

𝑠 )𝑑1122𝑤𝑠 −𝐻22
𝑠 𝑑2222𝑤𝑠 + 𝐴55

𝑠 𝑑11𝑤𝑠 + 𝐴44
𝑠 𝑑22𝑤𝑠 = 𝑞       (32d) 

Where dij, dijl
 
and dilmj are the following differential operators: 

𝑑𝑖𝑗 =
𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
, 𝑑𝑖𝑗𝑙 =

𝜕3

𝜕𝑥𝑖𝜕𝑥𝑗𝜕𝑥𝑙
, 𝑑𝑖𝑗𝑙𝑚 =

𝜕4

𝜕𝑥𝑖𝜕𝑥𝑗𝜕𝑥𝑙𝜕𝑥𝑚
, 𝑑𝑖 =

𝜕

𝜕𝑥𝑖
, (𝑖, 𝑗, 𝑙, 𝑚 = 1,2).    (33) 

 

2.2.4 Exact solutions for FGMs plates 
The exact solution of Eq. (32) for the FGM plate under various boundary conditions can be 

constructed. The boundary conditions for an arbitrary edge with simply supported and clamped edge 

conditions are: 

Clamped (C) 

𝑢 = 𝑣 = 𝑤𝑏 = 𝑤𝑠 =
𝜕𝑤𝑏

𝜕𝑥
=

𝜕𝑤𝑏

𝜕𝑦
=

𝜕𝑤𝑠

𝜕𝑥
=

𝜕𝑤𝑠

𝜕𝑦
= 0  at  𝑥 = 0, 𝑎  and  𝑦 = 0, 𝑏        (34) 

Simply supported (S) 
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Table 2 Admissible functions Xm(x) and Yn(y)  

 
Boundary conditions The functions 𝑋𝑚(𝑥) and 𝑌𝑛(𝑦) 

at x=0, a at y=0, b 𝑋𝑚(𝑥) 𝑌𝑛(𝑦) 

SSSS 
𝑋𝑚(0) = 𝑋𝑚

″ (0) = 0 𝑌𝑛(0) = 𝑌𝑛
″(0) = 0 

𝑠𝑖𝑛( 𝜆𝑥) 𝑠𝑖𝑛( 𝜇𝑦) 
𝑋𝑚(𝑎) = 𝑋𝑚

″ (𝑎) = 0 𝑌𝑛(𝑏) = 𝑌𝑛
″(𝑏) = 0 

CCSS 
𝑋𝑚(0) = 𝑋𝑚

′ (0) = 0 𝑌𝑛(0) = 𝑌𝑛
″(0) = 0 

𝑠𝑖𝑛2( 𝜆𝑥) 𝑠𝑖𝑛( 𝜇𝑦) 
𝑋𝑚(𝑎) = 𝑋𝑚

′ (𝑎) = 0 𝑌𝑛(𝑏) = 𝑌𝑛
″(𝑏) = 0 

CSCS 
𝑋𝑚(0) = 𝑋𝑚

′ (0) = 0
 

𝑌𝑛(0) = 𝑌𝑛
″(0) = 0

 𝑠𝑖𝑛(𝜆𝑥) [𝑐𝑜𝑠( 𝜆𝑥) − 1] 𝑠𝑖𝑛(𝜇𝑦) [𝑐𝑜𝑠( 𝜇𝑦) − 1] 
𝑋𝑚(𝑎) = 𝑋 ′′𝑚(𝑎) = 0

 
𝑌𝑛(𝑏) = 𝑌𝑛

″(𝑏) = 0
 

CCCC 
𝑋𝑚(0) = 𝑋𝑚

′ (0) = 0 𝑌𝑛(0) = 𝑌𝑛
′ (0) = 0 

𝑠𝑖𝑛2( 𝜆𝑥) 𝑠𝑖𝑛2( 𝜇𝑦) 
𝑋𝑚(𝑎) = 𝑋𝑚

′ (𝑎) = 0 𝑌𝑛(𝑏) = 𝑌𝑛
′ (𝑏) = 0 

 

 

{
𝑣 = 𝑤𝑏 = 𝑤𝑠 =

𝜕𝑤𝑏

𝜕𝑦
=

𝜕𝑤𝑠

𝜕𝑦
= 0  at  𝑥 = 0, 𝑎

𝑢 = 𝑤𝑏 = 𝑤𝑠 =
𝜕𝑤𝑏

𝜕𝑥
=

𝜕𝑤𝑠

𝜕𝑥
= 0  at  𝑦 = 0, 𝑏

                 (35) 

The following representation for the displacement quantities, that satisfy the above boundary 

conditions, is appropriate in the case of our problem, Then the boundary conditions in Eq. (34) and 

(35) are satisfied by the following expansions

 
{

𝑢0
𝑣0
𝑤𝑏
𝑤𝑠

} = ∑ ∑

{
 
 

 
 𝑈𝑚𝑛𝑋𝑚

′ (𝑥)𝑌𝑛(𝑦)

𝑉𝑚𝑛𝑋𝑚(𝑥)𝑌𝑛
′ (𝑦)

𝑊𝑏𝑚𝑛𝑋𝑚(𝑥)𝑌𝑛(𝑦)
𝑊𝑠𝑚𝑛𝑋𝑚(𝑥)𝑌𝑛(𝑦)}

 
 

 
 

∞
𝑛=1

∞
𝑚=1                      (36) 

where Umn, Vmn, Wbmn and Wsmn unknown parameters that should be determined, Eigen-mode and ()’ 

denotes the derivative with respect to the corresponding coordinate. The functions Xm(x) and Yn(x) 

are proposed to satisfy at least the geometric boundary conditions given in Eqs. (34) and (35) and 

represent he approximate shapes of the deflected surface of the plate. These functions are listed in 

Table 2 for the different boundary conditions cases with 𝜆 = 𝑚𝜋/𝑎 and 𝜇 = 𝑛𝜋/𝑏. 

Substituting Eqs. (36) and (32) into Eq. (31), the exact solution of FGM plate can be determined 

from the following equations: 

 [

𝑎11 𝑎12 𝑎13 𝑎14
𝑎21 𝑎22 𝑎23 𝑎24
𝑎31 𝑎32 𝑎33 𝑎34
𝑎41 𝑎42 𝑎43 𝑎44

]{

𝑈𝑚𝑛
𝑉𝑚𝑛
𝑊𝑏𝑚𝑛

𝑊𝑠𝑚𝑛

} = {

0
0
−𝑞
−𝑞

}                 (37) 

where 

𝑎11 = ∫ ∫ (𝐴11𝑋𝑚
′′′𝑌𝑛 + 𝐴66𝑋𝑚

′ 𝑌𝑛
′′)

𝑏

0

𝑎

0
𝑋𝑚

′ 𝑌𝑛𝑑𝑥𝑑𝑦              (38a) 

𝑎12 = ∫ ∫ (𝐴12 + 𝐴66)
𝑏

0

𝑎

0
𝑋𝑚

′ 𝑌𝑛
′′𝑋𝑚

′ 𝑌𝑛𝑑𝑥𝑑𝑦    (38b) 

𝑎13 = −∫ ∫ [𝐵11𝑋𝑚
′′ 𝑌𝑛 + (𝐵12 + 2𝐵66)𝑋𝑚

′ 𝑌𝑛
′′]

𝑏

0

𝑎

0
𝑋𝑚

′ 𝑌𝑛𝑑𝑥𝑑𝑦          (38c) 

𝑎14 = −∫ ∫ [𝐵11
𝑠 𝑋𝑚

′′ 𝑌𝑛 + (𝐵12
𝑠 + 2𝐵66

𝑠 )𝑋𝑚
′ 𝑌𝑛

′′]
𝑏

0

𝑎

0
𝑋𝑚

′ 𝑌𝑛𝑑𝑥𝑑𝑦          (38d) 
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𝑎21 = ∫ ∫ (𝐴12 + 𝐴66)
𝑏

0

𝑎

0
𝑋𝑚

′′ 𝑌𝑛
′𝑋𝑚𝑌𝑛

′𝑑𝑥𝑑𝑦        (38e) 

𝑎22 = ∫ ∫ (𝐴22𝑋𝑚𝑌𝑛
′′′ + 𝐴66𝑋𝑚

′′ 𝑌𝑛
′ )

𝑏

0

𝑎

0
𝑋𝑚𝑌𝑛

′𝑑𝑥𝑑𝑦           (38f) 

𝑎23 = −∫ ∫ [𝐵22𝑋𝑚𝑌𝑛
′′′ + (𝐵12 + 2𝐵66)𝑋𝑚

′′ 𝑌𝑛
′ ]

𝑏

0

𝑎

0
𝑋𝑚𝑌𝑛

′𝑑𝑥𝑑𝑦            (38g) 

𝑎24 = −∫ ∫ [𝐵22
𝑠 𝑋𝑚𝑌𝑛

′′′ + (𝐵12
𝑠 + 2𝐵66

𝑠 )𝑋𝑚
′′ 𝑌𝑛

′ ]
𝑏

0

𝑎

0
𝑋𝑚𝑌𝑛

′𝑑𝑥𝑑𝑦              (38h) 

𝑎31 = ∫ ∫ [𝐵11𝑋𝑚
′′′′𝑌𝑛 + (𝐵12 + 2𝐵66)𝑋𝑚

′′ 𝑌𝑛
′′]

𝑏

0

𝑎

0
𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦             (38i) 

𝑎32 = ∫ ∫ [𝐵22𝑋𝑚𝑌𝑛
′′′′ + (𝐵12 + 2𝐵66)𝑋𝑚

′′ 𝑌𝑛
′′]

𝑏

0

𝑎

0
𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦              (38j) 

𝑎33 = ∫ ∫ −[𝐷11𝑋𝑚
′′′′𝑌𝑛 + 2(𝐷12 + 2𝐷66)𝑋𝑚

′′ 𝑌𝑛
′′ + 𝐷22𝑋𝑚𝑌𝑛

′′′′]
𝑏

0

𝑎

0
𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦      (38k)

 
𝑎34 = ∫ ∫ −[𝐷11

𝑠 𝑋𝑚
′′′′𝑌𝑛 + 2(𝐷12

𝑠 + 2𝐷66
𝑠 )𝑋𝑚

′′ 𝑌𝑛
′′ + 𝐷22

𝑠 𝑋𝑚𝑌𝑛
′′′′]

𝑏

0

𝑎

0
𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦      (38l)

 
𝑎41 = ∫ ∫ [𝐵11

𝑠 𝑋𝑚
′′′′𝑌𝑛 + (𝐵12

𝑠 + 2𝐵66
𝑠 )𝑋𝑚

′′ 𝑌𝑛
′′]

𝑏

0

𝑎

0
𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦    (38m) 

𝑎42 = ∫ ∫ [𝐵22
𝑠 𝑋𝑚𝑌𝑛

′′′′ + (𝐵12
𝑠 + 2𝐵66

𝑠 )𝑋𝑚
′′ 𝑌𝑛

′′]
𝑏

0

𝑎

0
𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦             (38n) 

𝑎43 = ∫ ∫ −[𝐷11
𝑠 𝑋𝑚

′′′′𝑌𝑛 + 2(𝐷12
𝑠 + 2𝐷66

𝑠 )𝑋𝑚
′′ 𝑌𝑛

′′ + 𝐷22
𝑠 𝑋𝑚𝑌𝑛

′′′′]
𝑏

0

𝑎

0
𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦  (38o) 

𝑎44 = ∫ ∫ − [
𝐻11
𝑠 𝑋𝑚

""𝑌𝑛 + 2(𝐻12
𝑠 + 2𝐻66

𝑠 )𝑋𝑚
" 𝑌𝑛

" +𝐻22
𝑠 𝑋𝑚𝑌𝑛

""

−𝐴55
𝑠 𝑋𝑚

" 𝑌𝑛 − 𝐴44
𝑠 𝑋𝑚𝑌𝑛

"
] 𝑋𝑚𝑌𝑛𝑑𝑥𝑑𝑦

𝑏

0

𝑎

0
     (38p) 

𝑚11 = ∫ ∫ −𝐼1
𝑏

0

𝑎

0
𝑋𝑚

′ 𝑌𝑛𝑋𝑚
′ 𝑌𝑛𝑑𝑥𝑑𝑦

                     

(38p)

 
𝑚11 = ∫ ∫ −𝐼1

𝑏

0

𝑎

0
𝑋𝑚

′ 𝑌𝑛𝑋𝑚
′ 𝑌𝑛𝑑𝑥𝑑𝑦                 (38q) 

 
 
3. Presentation and analysis of results 
 

In numerical analysis, the deflections and stresses of perfect and imperfect FG plates with various 

boundary conditions are evaluated. The FG plate is taken to be made of aluminum and alumina with 

the following material properties: 

- Ceramic (PC: Alumina, Al2O3): Ec = 380 GPa; 

 

 
Table 3 Maximum dimensionless deflections of homogeneous rectangular FG plates under uniform loads for 

different case of porosity distribution rate 

Method 
a = b a = 0.5b 

a/h = 25 10 5 a/h = 25 10 5 

Reddy et al. 0.410 0.427 0.490 1.018 1.045 1.043 

Cooke and Levinson 0.410 0.427 0.490 1.018 1.045 1.043 

Lee et al. 0.410 0.427 0.490 1.018 1.045 1.043 

Zenkour and Radwan 0.40960 0.427 0.490 1.018 1.045 1.043 

Present: Type-I 0.4096 0.4272 0.4901 1.0180 1.0453 1.1427 
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Table 4 Comparison of normalized displacements and stresses of porous FGM rectangular plate for different 

case of porosity distribution rate (b = 3a, k = 2, α =0.2) 

a/h Theory w σx σy τyz τxz τxy 

4 

Karama (2003)-ESDPT α=0 4.0569 5.2804 0.6644 0.6084 0.6699 0.5900 

Tounsi (2013)-PSDPT α=0 4.0529 5.2759 0.6652 0.6058 0.6545 0.5898 

Benferhat (2016a) α=0 3.8716 5.4197 0.66778 0.6096 0.6802 0.5395 

Benferhat (2016a) α=0.2 6.2567 6.8649 0.6809 0.6598 0.6624 0.4148 

Present 

theory 

Type-I α=0 3.8716 5.4197 0.66778 0.6096 0.6802 0.5395 

Type-II α=0.2 6.2567 6.8649 0.6809 0.6598 0.6624 0.4148 

Type-III α=0.2 3.9236 7.2661 0.6992 0.6956 0.7045 0.4656 

Type-IV α=0.2 5.7275 6.5461 0.6635 0.6272 0.6268 0.3734 

Type-V α=0.2 5.1509 6.1977 0.7008 0.6681 0.7126 0.3248 

Type-VI α=0.2 5.1068 6.1710 0.6389 0.5836 0.5809 0.3248 

10 

Karama (2003)-ESDPT α=0 3.5543 12.9252 1.6938 0.61959 0.6841 1.4898 

Tounsi (2013)-PSDPT α=0 3.5537 12.9234 1.6941 0.6155 0.6672 1.4898 

Present 

theory 

Type-I α=0 3.5231 12.9841 1.6995 0.6211 0.6922 1.4659 

Type-II α=0.2 5.992 16.6660 1.7174 0.6723 0.6679 1.1948 

Type-III α=0.2 6.7275 17.7296 1.7663 0.7088 0.7057 1.3692 

Type-IV α=0.2 5.4310 15.8318 1.6712 0.6391 0.6340 1.0605 

Type-V α=0.2 4.7770 14.8653 1.6066 0.5947 0.5892 0.9084 

Type-VI α=0.2 8.3196 20.0399 1.7625 0.7701 0.7727 1.7563 

20 

Karama (2003)-ESDPT α=0 3.4824 25.7712 3.3971 0.6214 0.6878 2.9844 

Tounsi (2013)-PSDPT α=0 3.48225 25.7703 3.3972 0.6171 0.6704 2.9844 

Present 

theory 

Type-I α=0 3.4745 25.8012 3.4001 0.6231 0.6951 2.9719 

Type-II α=0.2 5.9665 33.1876 3.4388 0.6745 0.6687 2.4428 

Type-III α=0.2 6.7046 35.3343 3.5375 0.7111 0.7054 2.8057 

Type-IV α=0.2 5.3920 31.5074 3.3457 0.6412 0.6354 2.1644 

Type-V α=0.2 4.7324 29.5652 3.2154 0.59672 0.5909 1.8498 

Type-VI α=0.2 8.3231 40.0105 3.6969 0.77259 0.7679 3.0176 

 

 

- Metal (PM: Aluminium, Al): Em = 70 GPa; ν = 0.3; 

And their properties change through the thickness of the plate according to power-law. The 

bottom surfaces of the FG plate are aluminum rich, whereas the top surfaces of the FG plate are 

alumina rich. 

To validate accuracy of the results, the comparisons between the present theory and the available 

results obtained by Reddy et al., Cooke and Levinson, Lee et al. and Zenkour and Radwan in Table 

3. The present solution is realized for maximum dimensionless deflections of homogeneous 

rectangular FG plates under uniform loads. It is to be noted that the present results of the deflection 

and stresses compare very well with the other theories solution for perfect FG plate. 

For the sake of comparison, some results are tabulated here for comparison with the available 

ones in the literature. Tables 4 and 5 shows the normalized displacements and stresses of SSSS 

porous rectangular plates for different case of porosity distribution rate according to uniform loads 

(k0=k1=0). the plate is viewed as rectangular b=3a. It is to be noted that the present results of the 

deflection and stresses compare very well with the other theories solution for perfect FG plate (α=0). 

We can also note that the variation in the porosity distribution rate has a significant effect in the  
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Table 5 Dimensionless deflections and stresses of rectangular plates under uniform loads for different case of 

porosity distribution rate α =0.2, a=10h, b=3a 

p Method 𝑤∗ 𝜎𝑥
∗ 𝜎𝑦

∗ 𝜎𝑥𝑦
∗  

2 

Zenkour (2009) 3.2267 0.4396 0.1502 0.1766 

Thai (2013) 3.2266 0.4395 0.1502 0.1766 

Present 

Type-I 3.2267 0.4395 0.1522 0.1766 

Type-II 5.4793 0.2892 0.0998 0.1159 

Type-III 6.1361 0.2474 0.0853 0.0990 

Type-IV 4.9649 0.3224 0.1114 0.1292 

Type-V 7.5609 0.1581 0.0545 0.0632 

Type-VI 4.37074 0.3615 0.1250 0.1450 

 
Table 6 Effects of parameter b on the deflections w of simply-supported FG square plates under sinusoidal 

loads for different case of porosity distribution rate. α=0.2 

p a/h 

Method 

Zenkour 

(2018) 

Tounsi 

(2013) 

Thai 

(2013) 

Present 

Type-I Type-II Type-III Type-IV Type-V Type-VI 

1 

4 0.7284 0.7020 0.7304 0.7282 0.9933 1.0486 0.9442 1.1464 0.8801 

10 0.5889 0.5868 0.5913 0.5889 0.8192 0.86834 0.7759 0.9560 0.7198 

100 0.5625 0.5648 0.5649 0.5625 0.7862 0.8341 0.7440 0.9199 0.6894 

4 

4 1.1573 1.1108 1.1644 1.1614 2.2304 2.6230 1.9549 3.7150 1.6635 

10 0.8810 0.8700 0.8844 0.8844 1.7658 2.1147 1.5282 3.1333 1.2840 

100 0.8287 0.8240 0.8312 0.8312 1.6776 2.0181 1.4471 3.0227 1.2119 

10 

4 1.3889 1.3334 1.3953 1.3953 3.0206 3.7234 2.5638 6.0729 2.1100 

10 1.0083 0.9888 1.0132 1.0132 2.1234 2.6177 1.8082 4.3778 1.4985 

100 0.9362 0.9227 0.9406 0.9406 1.9527 2.4072 1.6645 4.0543 1.3823 

 
Table 7 Dimensionless transverse displacement of FGM square plate subjected to uniform load for different 

case of porosity distribution rate. α=0.2, P=1 

EC/EM a/h 

Method 

Abdelaziz 

(2017) 

Tounsi 

(2013) 

Quasi-3D 

Adim (2018) 

Present 

Type-I Type-II Type-III Type-IV Type-V Type-VI 

0.5 0.2 8.9751 9.0047 8.8724 9.6097 12.0165 11.8398 12.1986 11.5843 12.4823 

1 0.2 12.5997 12.6134 12.5970 13.6780 17.0975 17.0975 17.0975 17.0975 17.0975 

2 0.2 17.6640 17.1718 17.1718 17.7633 22.2124 22.5489 21.8857 23.0733 21.4134 

 

 

bending and stresses.  

Tables 6 and 7 shows the effect of the type of loading and the variation in the porosity distribution 

rate in the deflection of SSSS FG square plates. The present theory gives excellent results for side-

to-thickness a/h ratios as well as for the FG parameter P. We can see that the deflection becomes 

larger when the porosity rate is higher in the ceramic. The deflection increases as the FG parameter 

P increases. 

Table 7 present a comparison study of nondimensionalized deflection of FG square plates resting 

on elastic foundations under sinusoidal loads. The power law index varied from 1 to 10. The  
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Table 8 Nondimensionalized deflection 𝑤 of FG square plates resting on elastic foundations under sinusoidal 

loads (𝑎 = 10ℎ, 𝛼 = 0.2) (Al/Al2O3) 

k0 k1 Theory 
k 

1 2 5 10 

0 0 

Ameur et al. (2009) 0.5889 0.7573 0.9118 1.0089 

Tounsi (2013) 0.5680 0.7198 0.8725 0.9807 

Present 

Type-I 0.5889 0.7573 0.9117 1.0088 

Type-II 0.8192 1.2800 1.8754 2.1234 

Type-III 0.8683 1.4317 2.2782 2.6177 

Type-IV 0.7759 1.1610 1.6091 1.8082 

Type-V 0.9560 1.7602 3.5522 4.3778 

Type-VI 0.7198 1.0233 1.3415 1.4985 

100 0 

Ameur et al. (2011) 0.3825 0.4471 0.4969 0.5244 

Tounsi (2013) 0.3747 0.4352 0.4867 0.5189 

Present 

Type-I 0.3825 0.4471 0.4968 0.5243 

Type-II 0.4680 0.5892 0.6901 0.7211 

Type-III 0.4837 0.6195 0.7381 0.7705 

Type-IV 0.4536 0.5627 0.6505 0.6808 

Type-V 0.5097 0.6739 0.8352 0.8739 

Type-VI 0.4338 0.5282 0.6019 0.6316 

100 10 

Ameur et al. (2011) 0.2261 0.2472 0.2617 0.2692 

Tounsi (2013) 0.2241 0.2444 0.2599 0.2689 

Present 

Type-I 0.2261 0.2472 0.2617 0.2692 

Type-II 0.2535 0.2853 0.3070 0.3130 

Type-III 0.2580 0.2922 0.3162 0.3220 

Type-IV 0.2492 0.2789 0.2989 0.3052 

Type-V 0.2652 0.3038 0.3327 0.3387 

Type-VI 0.2431 0.2702 0.2882 0.2949 

 

 

nondimensionalized deflection is calculated with 6 types of rule of mixture. It is to be noted that the 

present results of the deflection (type-I) compare very well with the ones of Ameur et al. (2011) and 

Zenkour et al (2014) of FGM plate with and without elastic foundation. We can see that the 

deflection is maximum when the pore distribution is of type-V.  

For the sake of completeness, additional results for the effect of the variation in the porosity 

distribution rate on the deflections are presented in Tables 9 and 10. Table 8 shows the deflection of 

FG plates under uniform loads (k0=k1=0) while Table 8 shows the deflection of FG plates resting on 

Winkler-Pasternak foundation (k0=k1=10). Different boundary conditions as well as different values 

of the side-to-thickness ratio a/h are used in these tables. With the increase of the side-to-thickness 

ratio a/h a decrement for deflection can be clearly observed. The CCCC FG plate gives the largest 

deflections while the SSSS FG plate gives the smallest ones. 

The dimensionless center deflection as function of the aspect ratio (a/b) and side-to-thickness 

ratio (a/h) of porous FGM plate for different variation of porosity distribution rate are illustrated in 

Figs. 2 and 3, respectively. The gradient index is taken equal to P=10. The FGM plate is considered 

without an elastic foundation (a), reposed on winkler foundation (b) and reposed on winkler- 
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Table 9 Dimensionless deflections w of FG square plates according to various boundary conditions without 

elastic foundations for different case of porosity distribution rate. P=10 

a/h 
Method 

present 

Boundary conditions 

SSSS CSCS CCCC 

10 

Type-I 1.5874 1.6400 1.7105 

Type-II 2.1019 2.1724 2.2672 

Type-III 2.2063 2.2805 2.3802 

Type-IV 2.0084 2.0757 2.1660 

Type-V 2.3888 2.4693 2.5777 

Type-VI 1.8851 1.9480 2.0326 

100 

Type-I 1.4817 1.5194 1.5663 

Type-II 1.9539 2.0036 2.0655 

Type-III 2.0497 2.1018 2.1668 

Type-IV 1.8682 1.9157 1.9749 

Type-V 2.2170 2.2754 2.3437 

Type-VI 1.7551 1.7997 1.8553 

 
Table 10 Dimensionless deflections w of FG square plates according to various boundary conditions with 

elastic foundations for different case of porosity distribution rate. K0=K1=10, P=10 

a/h 
Present 

method 

Boundary conditions 

SSSS CSCS CCCC 

10 

Type-I 0.5290 0.5646 0.6141 

Type-II 0.5741 0.6171 0.6777 

Type-III 0.5813 0.6256 0.6882 

Type-IV 0.5672 0.6090 0.6677 

Type-V 0.5926 0.6392 0.7052 

Type-VI 0.5573 0.5974 0.6536 

100 

Type-I 0.5200 0.5479 0.5837 

Type-II 0.5665 0.6004 0.6443 

Type-III 0.5739 0.6090 0.6544 

Type-IV 0.5593 0.5922 0.6347 

Type-V 0.5858 0.6227 0.6707 

Type-VI 0.5491 0.5806 0.6212 

 

 

pasternak foundation (c). It can be seen that the deflection decreases as the aspect ratio a/b and the 

side-to-thickness ratio a/h increase. Also, the case of FG plate without elastic foundation gives the 

largest deflection. The type-V of the variation in the porosity distribution rate in FG plate gives the 

largest deflections while the type-I gives the smallest ones. 

The effect of the variation of porosity distribution rate on the in-plane longitudinal stress 𝜎𝑥𝑥 

and in the in-plane normal stress 𝜎𝑦𝑦  through-the thickness of porous FGM plate subjected to 

uniform distribution load is shown in Figs. 4 and 5, respectively. As it can be seen, the in-plane 

normal and longitudinal stresses are more important in the case of FG plate without elastic 

foundation. It can also be noted that the variation in the porosity distribution rate has a considerable 

effect on the stresses.  
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Fig. 2 Dimensionless center deflection (w) as function of the aspect ratio (a/b) of porous FGM plate for 

different case of porosity distribution rate 
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Fig. 3 Dimensionless center deflection (w) as a function of the side-to-thickness ratio (a/h) of porous FGM 

square plate for different case of porosity distribution rate 

 

 

Fig. 6 display the variation In plane shear stresses 𝜎𝑥𝑦 through-the thickness of an FGM plate 

for different case of porosity distribution rate. The gradient index is taken equal P=10. The side-to- 
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thickness ratio is considered equal a/h=10. it can be observed that the effect of the variation of the 

porosity distribution rate on the stresses becomes more important in the case of FGM plates resting 

on a Winkler or Winkler-pasternak type foundation. 
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Fig. 4 Variation of in-plane longitudinal stress 𝜎𝑥𝑥  through-the thickness of porous FGM plate for different 

case of porosity distribution rate 
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Fig. 5 Variation of in-plane normal stress σyy through-the thickness of porous FGM plate for different case 

of porosity distribution rate 
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Fig. 5 Continued 
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Fig. 6 Variation of In plane shear stresses 𝜎𝑥𝑦 through-the thickness of an FGM plate for different case of 

porosity distribution rate 

 
 
4. Conclusions 
 

In this paper, a new refined shear deformation theory is used for the bending response of porous 

FG plates resting on Winkler-Pasternak foundation. The bending analysis is presented here for FG 
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plates subjected uniform and sinusoidal loads with three different boundary conditions. The present 

model satisfies the zero shear stresses on the lower and upper surfaces of the plate without requiring 

any shear correction factors. The modified rule of mixture covering different variation of porosity 

distribution rate is used to describe and approximate material properties of the imperfect FG plates. 

The results have been included the effects of the variation of porosity distribution rate and elastic 

foundations parameters as well as different boundary conditions. It is clear that the present theory 

gives results that compared well with the available ones in the literature. The effect of the variation 

in the porosity distribution rate is demonstrated. Numerical examples show that the proposed theory 

gives solutions which are almost identical with those obtained using other shear deformation 

theories. 
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