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Abstract.  Natural convection of nanofluid flow between two vertical flat plates has been analyzed in uncertain 
environment. A non-Newtonian fluid Sodium Alginate (SA) as base fluid and nanoparticles of Copper (Cu) are taken 
into consideration.  In the present study, we have taken nanoparticle volume fraction as an uncertain parameter in terms 
of fuzzy number. Fuzzy uncertainties are controlled by r-cut and parametric concept. Homotopy Perturbation Method 
(HPM) has been used to solve the governing fuzzy coupled differential equations for the titled problem. For validation, 
present results are compared with existing results for some special cases viz. crisp case and they are found to be in good 
agreement. 
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1. Introduction 
 

Natural convection problems have taken attention of researchers due to their various applications 

in physical problems of science and engineering such as heat exchangers, geothermal systems, 

petroleum reservoirs, nuclear waste repositories etc. In this regard, the study of convective heat 

transfer of nanofluid is a challenging problem. Convectional heat transfer fluids including oil, water 

and ethylene glycol mixture are poor heat transfer fluid. Heat transfer may be increased by using 

nano-sized particles in the base fluid and these fluids with added nanoparticles are termed as 

nanofluid (Choi and Eastman 1995).  

Researchers have investigated Newtonian and non-Newtonian fluid flow through two infinite 

parallel vertical plates. Analysis of Sodium Alginate (SA) based nanofluid flow between two vertical 

parallel plates have been carried out by Hatami and Ganji (2014). They have used two numerical 

methods namely Differential Transform Method (DTM) and Least Square Method  

(LSM). Ziabakhsh and Domairry (2009) have analyzed the same problem but for real fluid by 

Homotopy Analysis Method (HAM). Few investigations have been carried out on the natural 

convection of nanofluid. Garoosi et al. (2015) have studied the natural convection of nanofluid in 

heat exchangers using the Buongiorno model. They have also discussed the effect of diameter of 
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nanoparticles on the heat transfer rate. Natural convection boundary layer flow along a vertical cone 

with variable temperature in presence of magnetohydrodynamics has been studied by Ellahi et al. 

(2015). Sheikholeslami and Seyednezhad (2018) have studied the nanofluid flow and natural 

convection in porous media under the influence of the electric field.  

As mentioned above, a few literatures related to the natural convection of non-Newtonian 

nanofluid already exist in crisp form. Parameter like nanoparticle volume fraction on natural 

convection problem of nanofluid is important. However, it may be seen from various sources (Bakar 

et al. 2016) the value of volume fraction may vary between 0 and 0.2. Since the value of volume 

fraction depends upon the volume of fluid and that of added nanoparticle, so it may be taken as an 

uncertain parameter. As such we are motivated to handle the natural convection problem in uncertain 

environment. In this regard, volume fraction has been taken as an uncertain parameter in terms of 

fuzzy number in the present study.   

This paper aims to investigate the non-Newtonian nanofluid flow between two vertical parallel 

plates in uncertain environment. Nanoparticle volume fraction has been taken as an uncertain 

parameter in terms of fuzzy number. There are various numerical methods to handle non-linear 

differential equations in crisp cases such as Finite Element Method, Finite Difference Method, 

Homotopy Perturbation Method, Galerkin’s Method etc. In this regard, seismic analysis of concrete 

gravity dams considering soil-structure-fluid interaction has been studied by Mandal and Maity 

(2019) with the help of the finite element method. Ziaolhagh et al. (2016) have used the finite 

element method to study the free vibration analysis of a dynamical coupled system: flexible gravity 

dam-compressible rectangular reservoir. Natural convection of non-Newtonian nanofluid flow 

between two vertical parallel plates has been studied by Biswal et al. (2019). Biswal et al. have used 

HPM and Galerkin’s method to handle the related non-linear coupled differential equations. 

Karunakar and Chakraverty (2017) have used HPM for a comparative study of linear and non-linear 

shallow water wave equations. It is worth mentioning that HPM was first developed by J. He in 1999 

who has used HPM to solve various non-linear differential equations (He 1999, He 2005, He 2006). 

The above mentioned methods have been extended to handle fuzzy differential equations by 

different authors. As such, 2-D shallow water wave equations with fuzzy basin depth have been 

solved by Karunakar and Chakraverty (2018) using HPM. Nayak and Chakraverty (2012) have used 

fuzzy finite element method to solve uncertain heat conduction problems. Orthogonal polynomials 

based Galerkin’s method has been used by Rao and Chakraverty (2017) to handle uncertain radon 

diffusion equation in soil pore matrix. Different efficient techniques for the solution of uncertain 

differential equations may be found in (Chakraverty and Nayak 2017). Basic concepts of uncertainty 

in terms of interval and a brief description of the interval finite element method to handle uncertain 

differential equations may be found in (Nayak and Chakraverty 2018). In view of the above, we 

have used the parametric concept to handle the fuzzy parameters and HPM has been used to solve 

the governing non-linear fuzzy differential equations.  

Rest of the paper is organized as follows. In section 2, we have discussed some preliminaries 

related to the fuzzy number and parametric approach to convert the fuzzy differential equation to 

parametric form. The fuzzy governing equations of the considered problem have been presented in 

section 3. A brief idea of HPM has been included in section 4. In section 5, the related fuzzy 

differential equations have been solved by HPM with the help of the parametric approach of fuzzy 

parameters. In section 6, present results have been compared with the existing results for special 

case viz. crisp. Some fuzzy plots of velocity and temperature profiles are also presented in section 

6.  Finally, in section 7, conclusions have been drawn. 

 

220



 

 

 

 

 

 

Natural convection of nanofluid flow between two vertical flat plates with imprecise parameter 

2. Preliminaries 
 

In this section, we will discuss some basic concepts of fuzzy theory and some notations that we 

have used later in this article. 

 

Fuzzy Set 

A fuzzy set S
~

is a set consisting of ordered pairs of the elements λ of a universal set say U and 

their membership value, written as 

( ) ]1,0[)(,:)(,
~

=  mUS , where )(m is a defined membership function for the fuzzy set 

S
~

. 

 

Fuzzy Number 

Fuzzy number is a fuzzy set that is convex, normalized and defined on the real line R. Moreover, 

its membership function must be piecewise continuous. There are different types of fuzzy numbers 

based on membership function viz. Triangular, Gaussian, Quadratic, Exponential Fuzzy Number 

etc. Here, we have used Triangular Fuzzy Number (TFN) and the membership function of a TFN 

],,[
~

cbaS =  is defined as (Hanss 2005)  
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r-cut 

By using r-cut, TFN ],,[
~

cbaS =  may be converted into interval form as (Chakraverty et al. 2016, 

Chakraverty and Perera 2018) 

]1,0[],)(,)[(],,[
~

−−+−== rrbccarabcbaS . 

 

Parametric Approach 

In general, an interval ],[ III =  may be transformed into crisp form by the help of parametric 

concept as (Chakraverty et al. 2016, Chakraverty and Perera 2018) 

         IIII +−= )( , where β is a parameter which lies in the closed interval ]1,0[ .  

It can also be written as III += 2 , where 
2

II
I

−
=  is the radius of I .  

 

 

3. Formulation of the problem 
 

A schematic diagram of the problem is shown in Fig. 1, which consists of two vertical flat plates 
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separated by a distance 2b apart. The walls at x=−b and  x=+b are held at a constant temperatures T1 

and T2 respectively, with T1>T2. Due to this difference in temperature, the fluid near the wall at x=−b 

rises above whereas the fluid near x=+b falls down. The fluid in between the plates is considered as 

a non-Newtonian SA based nanofluid containing nanoparticles of Cu. We assumed that the base 

fluid and the nanoparticles are in thermal equilibrium and no slips occur between them. Some 

physical properties of the nanofluid are given in Table 1 (Hatami and Ganji 2014). 

The effective density ρnf, effective dynamic viscosity µnf, heat capacitance (ρCp)nf and thermal 

conductivity knf of nanofluid are given as (Hatami and Ganji 2014, Maxwell 1881, Brinkman 1952) 

 sfnf +−= )1(                                                         (3.1) 

5.2)1( 
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

−
=

f

nf
                                                           (3.2) 

 spfpnfp CCC )()1()()( +−=                                           (3.3) 
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where   denotes the nanoparticle volume fraction. 

Here Cp denotes specific heat. 

Let us define similarity variables as (Rajagopal et al. 1985)  

b

x

V

v
V == ,

0  

and 
21 TT

TT m

−

−
= .                                             (3.5) 

 

 

 

Fig. 1 Nanofluid flow between two vertical flat plates 

 
Table 1 Some properties of non-Newtonian fluid and nanoparticles  

Material Symbol Density (kg/m3) Cp (J/kgK) Thermal conductivity, W/mK 

Copper Cu 8933 385 401 

Sodium Alginate SA 989 4175 0.6376 
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By using these assumptions and following nanofluid model proposed by Maxwell-Garnetts 

(1881), the Navier-Stokes and energy equations may be reduced to the coupled differential equations 

as (Hatami and Ganji 2014)                                                                                                                             

0)1(6
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where Pr and Ec  stands for Prandtl and Eckert number respectively, δ for dimensionless non-

Newtonian viscosity, A1 for the ratio of thermal conductivity of nanofluid and that of real fluid and 

they have the forms 
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The boundary conditions are assumed as 





−=

=
=

1,0

1,0
)(




V                                                              (3.10) 





−=

=−
=

1,5.0

1,5.0
)(




                                                   (3.11) 

It may be worth mentioning here that, a small change in the value of nanoparticle volume fraction 

may affect the velocity and temperature profile. So we are motivated to handle such a complex 

problem in uncertain environment by taking volume fraction as a fuzzy number.  

As such fuzzy form of governing coupled Eqs. (3.6) and (3.7) may be written as  
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Here “~” stands for the fuzzy form.  

 

 

4. Homotopy Perturbation Method (HPM) 
 

To delineate briefly the idea of HPM, let us consider the differential equation (He 1999, He 2006, 

He 2005)  
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=− rrfuA ,0)()(                                                      (4.1) 

with given boundary condition 

=











r

r

u
uB ,0,                                                       (4.2)  

where A is a differential operator that can be divided into two parts viz. linear (L) and non-linear 

(N), B stands for boundary operator, f(r) is a known analytical function and Γ is the boundary of the 

domain Ω. 
By splitting A into linear and non-linear part, Eq. (4.1) may be written as 

   =−+ rrfuNuL ,0)()()(                                         (4.3) 

Now, we construct a homotopy Rqrv → ]1.0[:),(  satisfying 

    0)()()()()1(),( 0 =−+−−= rfvAquLvLqqvH                               (4.4) 

where q is an embedding parameter lies between 0 and 1, u0 is an initial approximation satisfying 

boundary condition Eq. (4.2).  

From Eq. (4.4), one may observe that 

when 0=q , )()( 0uLvL =  and for 1=q , )()( rfvA − =0  

that is when q converges to 1, we may get approximate solution of Eq. (4.1). 

As q is a small parameter, the solution of Eq. (4.4) can be expressed as a power series in q 

++++= 3

3

2

2

10 vqvqqvvv  

By setting q=1 results the best approximation of Eq. (4.1) that is 
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q

. 

In the next session, we have applied HPM to solve the present problem when the nanoparticle 

volume fraction is uncertain in terms of fuzzy. 

 

 

5. Application to the present problem 
 

Firstly we have used r-cut to convert the coupled differential equations into interval form and 

then the parametric approach has been used to reduce it to parametric form. 

For simplicity, Eqs. (3.12) and (3.13) can be written as 
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By using r-cut for fuzzy form, Eqs. (5.1) and (5.2) may be converted into interval form as 
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Next, by applying the parametric concept for the intervals involved in Eqs. (5.3) and (5.4), these 

coupled interval differential equations may be written in crisp form as  
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where β is a parameter lies between 0 and 1. 

For simplicity, let us denote 
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Similarly, boundary conditions may be expressed as 
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Now, we apply HPM to solve Eqs. (5.7) and (5.8). Homotopy for Eqs. (5.7) and (5.8) may be 

constructed as  
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According to this method,  
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10 ++++=  rVqrVqrqVrVrV            (5.13) 

and 
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10 ++++=  rqrqrqrr             (5.14) 

are the assumed series solution of Eqs. (5.11) and (5.12). 

Now our goal is to find the unknown functions ( ) ( ) ( ) ( ) ...,,,,,,,,,,,, 3210  rVrVrVrV and 

( ) ( ) ( ) ( ) ...,,,,,,,,,,,, 3210  rrrr . 

Assuming solution V(η,r,β) and θ(η,r,β) should satisfy corresponding differential equations, by 

substituting Eqs. (5.13) and (5.14) in Eqs. (5.11) and (5.12) and collecting co-efficient of various 

power of q we may get 
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Further, by equating coefficients of various power of q
 
from Eqs. (5.15) and (5.16) to zero 

separately and using proper boundary condition we may get the functions 

( ) ( ) ( ) ...,,,,,,,,, 210  rVrVrV  and ( ) ( ) ( ) ...,,,,,,,,, 210  rrr  
explicitly. 

One may notice that coefficient of q0 in Eq. (5.15) contains terms related to both V0 and θ0 

whereas in Eq. (5.16) coefficient of q0 contains only term related to θ0. So first we are taking the 

coefficient of q0 in Eq. (5.16). That is 

0),,(0 =  r                                                                (5.17) 

with boundary conditions 



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=−
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
 r .                                             (5.18) 

From Eq. (5.17) and (5.18) we may obtain 

.
2

),,(0


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−
=rX                                                            (5.19) 

Next we equate coefficient of q0 in Eq. (5.15) to zero 

0),,(),,( 00 =+  rrV  

0
2

),,(0 =−


 rV                                                   (5.20) 

and boundary conditions will be  


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=
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
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By solving Eq. (5.20) with boundary conditions Eq. (5.21) we may get 

.
12

1

12

1
),,( 3

0  −=rV                                                     (5.22) 

Similarly, by taking into consideration the coefficient of q1 in Eq. (5.16) and using Eqs. (5.19), 

(5.21) and boundary conditions 
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the explicit form of θ1 (η,r,β) may be obtained as 
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             (5.24) 

Again by using θ0 (η,r,β), V0 (η,r,β) and θ1 (η,r,β) and coefficient of q1 in Eq. (5.15) with boundary 

condition 
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
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=
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we may get 
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By continuing the above process for coefficient of different powers of q
 
form Eqs. (5.15) and 

(5.16), we may have the explicit form of ( ) ( ) ( ) ( ) ,,,,,,,,,,, 3322 rVrrVr . According to 

the present method, the approximate solutions of Eqs. (5.7) and (5.8) may be given by 
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Now from Eqs. (5.19), (5.22), (5.24) and (5.26), two terms approximation solutions of Eqs. (5.7) 

and (5.8) may be given as 
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and  
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Similarly, one may include more terms depending upon the required accuracy. Here the fuzzy 

solutions are controlled by the parameters r and β. 

 

 

6. Results and discussion 
 

In this section results obtained for velocity and temperature of the considered natural convection 

problem have been discussed. For validation, present results are compared with the existing results 

in some special cases viz. crisp case. We have assumed ϕ as a TFN viz. ]2.0,1.0,0[
~
= . Fig. 2  
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Fig. 2 TFN ]2.0,1.0,0[
~
=  

 
Table 2 Comparison of present result when r=β=0, δ=0.5, Ec=Pr=1 with existing crisp result for real fluid 

η 

Velocity V (η,0,0) Temperature θ (η,0,0) 

Present Result 
HAM 

(Ziabakhsh and Domairry 2009) 
Present Result 

HAM 

(Ziabakhsh and Domairry 2009) 

-1.0 0.00000000 0.00000000 0.49987599 0.49999999 

-0.9 0.01423539 0.01411679 0.45083302 0.45044180 

-0.8 0.02416171 0.02391937 0.40157624 0.40073588 

-0.7 0.03014722 0.02979069 0.35215683 0.35096603 

-0.6 0.03262933 0.03217274 0.30260966 0.30117737 

-0.5 0.03208611 0.03154511 0.25295810 0.25138653 

-0.4 0.02901579 0.02840695 0.20321740 0.20159090 

-0.3 0.02392317 0.02326343 0.15339713 0.15177707 

-0.2 0.01731154 0.01661778 0.10350286 0.10192749 

-0.1 0.00967934 0.00896816 0.05353738 0.05202578 

0.0 0.00152009 0.00080780 0.00350177 0.00206049 

0.1 -0.00667536 -0.00737269 -0.04660377 -0.04797267 

0.2 -0.01441546 -0.01508225 -0.09677903 -0.09807006 

0.3 -0.02120459 -0.02182606 -0.14702295 -0.14822071 

0.4 -0.02654082 -0.02710348 -0.19733286 -0.19840851 

0.5 -0.02991595 -0.03040789 -0.24770374 -0.24861580 

0.6 -0.03081889 -0.03122988 -0.29812783 -0.29882852 

0.7 -0.02874368 -0.02906544 -0.34859460 -0.34904314 

0.8 -0.02320304 -0.02342875 -0.39909138 -0.39927474 

0.9 -0.01374877 -0.01387092 -0.44960488 -0.44956649 

1.0 0.00000000 0.0000000 -0.50012401 -0.50000000 

 
 

represents the plot for TFN ]2.0,1.0,0[
~
= . 

By following the concept of r-cut, the interval form of ]2.0,1.0,0[
~
=  may be obtained as 

]1.02.0,1.0[
~

rr −=  where ]1,0[r . 
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Fig. 3(a) Temperature profile for Cu-SA nanofluid when r=0, β=0.05, δ=Ec=Pr=1 

 

 

Fig. 3(b) Velocity profile for Cu-SA nanofluid when r=0, β=0.05, δ=Ec=Pr=1 

 

 

Again by parametric approach, it may be transferred to parametric form as  

)1(2.01.0),( rrr −+=  where ]1,0[, r . 

It is worth mentioning here that parameters r and β control the fuzzy term. One may observe that 

by putting r=0 in the interval form of volume fraction, it will cover the whole interval that is 

]2.0,0[
~
= . Further for β=0 in crisp form of volume fraction we may get ϕ=0, which convert the 

fuzzy coupled differential Eqs. (5.7) and (5.8) into the modeled problem for real fluid. As such, for 

validation of the present result Table 2 shows the comparison between existing results for real fluid 

(Ziabakhsh and Domairry 2009) with the present result when r=β=0. Also by substituting r=0 and 

any non-zero value of β in Eqs. (5.7) and (5.8) we may get model coupled differential equations for 

the considered natural convection problem of nanofluid in crisp case. Figs. 3(a) and 3(b) depict the  
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Velocity at η=1 Velocity at η=−1 

  
Velocity at η=0.6 Velocity at η=−0.6 

  
Velocity at η=0.2 Velocity at η=−0.2 

Fig. 4 Fuzzy plots of velocity for Cu-SA nanofluid when δ=0.5, Ec=Pr=1 
 

 

comparison of present results for Cu-SA nanofluid when r=0 and β=0.05 with the corresponding 

existing crisp result for ϕ=0.01 (Hatami and Ganji 2014). Figs. 4 and 5 represent the fuzzy plot of 

velocity and temperature respectively for different values of  . From Fig. 4, it may be concluded 

that fuzzy plots of velocity at η=a and η=−a are almost similar for ]1,1[−a . The same thing for 

temperature may be observed from Fig. 5.  
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Temperature

 
at η=1 Temperature at η=−1 

  
Temperature at η=0.6 Temperature

 
at η=−0.6 

  
Temperature at η=0.2 Temperature at η=−0.2 

Fig. 5 Fuzzy plots of temperature for Cu-SA nanofluid when δ=0.5, Ec=Pr=1 
 

 

7. Conclusions 
 

HPM has been successfully implemented to find the fuzzy form of velocity and temperature of 

Cu-SA nanofluid flow between vertical parallel plates. Uncertain form of nanoparticle volume 

fraction has been considered as triangular fuzzy number. The parameters r and β control fuzziness 

in the present article. By substituting r=0 and varying β between 0 and 1 in final solution, we may 
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get velocity and temperature profiles for different values of volume fraction. Obtained results are 

compared with existing results viz. crisp case and they are found to be in good agreement. Fuzzy 

plots of velocity and temperature for different values of η have also been illustrated. 
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Nomenclature 
 

b Constant  number 

Cp Specific heat 

Ec Eckert number 

k Thermal conductivity 

Pr Prandtl number 

Ti, i=1,2 Temperature 

V Dimensionless velocity 

 

 

Greek symbols 
 

δ Dimensionless non-Newtonian viscosity 

ϕ Nanoparticle volume fraction 

θ Dimensionless temperature 

ρ Effective density 

μ Effective dynamic viscosity 

ρCp Heat capacitance 
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Subscripts 
 

s solid particle 

f fluid 

nf nanofluid 
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