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Abstract. This paper studies the particularities of the forced vibration of the hydro-elastic system consisting
of a moving elastic plate, compressible viscous fluid and rigid wall. This study is made by employing the
discrete-analytical solution method proposed in the paper by the authors (Akbarov and Panakhli (2015)). It
is assumed that in the initial state the fluid flow is caused by the axial movement of the plate and the
additional lineally-located time-harmonic forces act on the plate and these forces cause additional flow field
in the fluid and a stress-strain state in the plate. The stress-strain state in the plate is described by utilizing the
exact equations and relations of the linear elastodynamics. However, the additional fluid flow field is
described with linearized Navier-Stokes equations for a compressible viscous fluid. Numerical results
related to the influence of the problem parameters on the frequency response of the normal stress acting on
the plate fluid interface plane and fluid flow velocity on this plane are presented and discussed. In this
discussion, attention is focused on the influence of the initial plate axial moving velocity on these responses.
At the same, it is established that as a result of the plate moving a resonance type of phenomenon can take
place under forced vibration of the system. Moreover, numerical results regarding the influence of the fluid
compressibility on these responses are also presented and discussed.

Keywords: compressible viscous fluid; elastic plate; frequency response; critical frequency; moving
plate; forced vibration

1. Introduction

The investigations on the fluid-plate interaction are required by the modern levels of
development of the aeronautical, astronautical, nuclear, chemical, biological, mechanical and civil
engineering. The first attempt in this field was made approximately hundred years ago by Lamb
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(1921) in which vibrations of a circular elastic “baffled” plate in contact with still water, which
was modeled as inviscid fluid, were studied. It used the so-called “non-dimensional added virtual
mass incremental” (NAVMI) method which has also been employed for the solution to plate-fluid
interaction problems. This method supposed that the modes of vibration of the plate in contact
with still water are the same as those in a vacuum, and the natural frequency is determined by the
use of the Rayleigh quotient. According to this quotient, natural frequencies of the plate are
equated to the ratio between the maximum potential energy of the plate and the sum of the kinetic
energies of both the plate and the fluid. In future the NAVMI method has also been employed in
many related investigations such as in papers by Kwak and Kim (1991), Fu and Price (1987), Zhao
and Yu (2012) and in many others listed therein. It should also be noted that there have also been
investigations (see, for instance, papers by Tubaldi and Armabili (2013), Charman and Sorokin
(2005) and others listed therein) which have been carried out without employing the NAVMI
method.

Another type plate-fluid interaction problems relate to the study of a wave propagation in
corresponding hydro-elastic systems. These studies are made in a paper by Sorokin and Chubinskij
(2008) and others listed therein. Note that before this paper the problems of time harmonic linear
wave propagation in plate-fluid system were investigated within the framework of the theory of
compressible inviscid fluid. Sorokin and Chubinskij (2008) also first investigated the role of fluid
viscosity in wave propagation in the mentioned system. However, in this paper and all the papers
indicated above, the equations of motion of the plate were written within the scope of approximate
plate theories using various types of hypotheses, such as the Kirchhoff hypothesis for plates. At the
same time, in the foregoing investigations (except the paper by Zhao and Yu (2012)) the initial
strains (or stresses) in plates, which can be one of their reference characteristics, were not taken
into account. These two characteristics, namely the use of the exact equations of plate motion and
the existence of initial stresses in the plate were taken into consideration in a paper by Bagno
(2015), Bagno et al. (1994) and others, a review of which is given in a survey paper by Bagno and
Guz (1997). Note that in these papers, in studying wave propagation in pre-stressed
plate+compressible viscous fluid systems, the motion of the plate was written within the scope of
the so-called three-dimensional linearized theory of elastic waves in initially-stressed bodies.
However, the motion of the viscous fluid was written within the scope of the linearized Navier-
Stokes equations. Detailed consideration of related results was made in the monograph by Guz
(2009).

Until recently, within this framework, there has been no investigation related to the forced
vibration of the pre-strained plate+compressible viscous fluid system. The first attempts in these
fields were made in the papers by Akbarov and Ismailov (2014, 2017). Note that the paper by
Akbarov and Ismailov (2014) deals with the study of the forced vibration of the hydro-elastic
system consisting of the pre-strained highly elastic plate and compressible viscous fluid filling a
half-plane. However, the paper by Akbarov and Ismailov (2017) studies the forced vibration of the
system consisting of the elastic plate, compressible viscous fluid with finite depth and rigid wall.

Note that corresponding investigations regarding the elastic, viscoelastic and piezoelectric
layered systems were made in the papers by Ilhan and Koc (2015), Gao et al. (2016) and in many
others listed and detailed in the monograph by Akbarov (2015).

There are also investigations carried out in the papers by Wu and Shih (1998), Fu et al. (2005),
Wang et al. (2009) and others which relate to the dynamical response analysis of plate-fluid
systems induced by a moving load. However, in these papers the fluid reaction to the plate (i.e., to
the floating bridge) is taken into consideration without solution of the equations of the fluid
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motion and the so-called hydrostatic force (denoted by R). This force is caused by the plate-fluid
interaction is determined through the linear spring model, i.e., through the reaction R=—kw, where
w is the vertical displacement of the plate and k is the spring constant. Consequently, in the
foregoing investigations, the existence of the fluid is taken into consideration only through this
spring constant and through the added mass coefficient and the approach developed therein is a
very approximate one. These investigations cannot answer guestions about how the fluid viscosity,
fluid depth, fluid compressibility, plate thickness and moving velocity of the external force act on
the “hydrostatic force” and fluid flow velocities. To find the answers to these questions it is
necessary to solve the corresponding coupled fluid-plate interaction problems within the scope of
the exact linearized equations described for the plate and fluid motions. Some attempts in this
fields was made in the paper by Akbarov and Ismailov (2015) in which the motion of the plate is
described by the exact equations of linear elastodynamics. However, the flow of the fluid is
described by the linearized Navier-Stokes equations, and the dynamics of the moving load acting
on the system consisting of the metal elastic plate, compressible viscous fluid and rigid wall were
studied.

It should be noted that in all the foregoing papers related to the interaction of the plate and
compressible viscous fluid it was assumed that the fluid is at rest. At the same time, many cases
can exist in which the plate is in contact with a flowing fluid, which, as usual, is non-
homogeneous, before the action of external forces, i.e., the velocities of the fluid flow depend on
the space coordinates. According to this statement, the linearized Navier-Stokes equations
describing the perturbation field in the fluid become equations with variable coefficients. The
variability of the coefficients causes serious difficulties in obtaining an analytical solution to these
equations. To prevent this difficulty, in the paper by Akbarov and Panachli (2015) a discrete-
analytical solution method to these equations was developed. This method is used an analytical
solution method to investigate a class of problems related to the dynamic interaction of the plate
with a flowing compressible viscous fluid. Moreover, in the paper by Akbarov and Panachli
(2015), convergence of the proposed method was examined and some results on the frequency
response of the system under consideration are given. In the present paper, the numerical
investigations which were begun in the paper by Akbarov and Panachli (2015) are continued and a
lot of numerical results on the frequency response of the considered system are presented, and
sufficiently-detailed analyses are made.

Note that the aforementioned discrete-analytical method was also employed in the paper by
Akbarov et al. (2016) for investigation of the natural vibration of the three-layered solid sphere
made of FGM. Moreover, we note that the study of the dynamics of the axially moving and
vibrating plates are made in many investigations such as carried out in the papers by Banichuk et
al. (2010), Yang et al. (2010), Yao et al. (2016) and other listed therein. However, in these
investigations the motion of the plates are described within the scope of various approximate plate
theories and rectangular plates with various edge conditions are examined.

2. Formulation of the problem and on the solution method

Consider a hydro-elastic system consisting of axially-moving elastic plate, compressible
barotropic viscous fluid and rigid wall. We introduce the Cartesian coordinate system OXjXoX3
which is fixed on, and moves with, the plate. We also introduce the Cartesian coordinate system
OoX10X20X30 Which is associated with the rigid wall (Fig. 1). Considered below is the two-



290 Surkay D. Akbarov and Panakh G. Panakhli

r‘w xllaa(xl)exp(mn

rigid wall ;
Fig. 1 Sketch of the hydro-elastic system under consideration

dimensional problem in the plane Oxix, (or in the plane OgXioXa0). Therefore, in Fig.1l the
coordinate axes Oxz and OgXsg are not shown and according to Fig. 1, the plate occupies the region

{{x] <o, =< x, <0} and the fluid occupies the region {|x;| <o, ~hy —~h<x, <—h} :

Thus we assume that the plate moves in the direction of the Ox; (or OgXio) axis with constant
velocity V and this movement causes a corresponding flow of the fluid. According to the foregoing
assumptions, there exists the following relation between the coordinates x; and Xio

X =X0 -Vt X9 = Xop (1)

where t is the time.

According to Fig. 1 and the notation shown therein, we can write the following well-known
expression for the fluid-flow velocity caused by the plate’s axial movement.

Wy Xy Mgy oo @)
hg hg

Now we attempt to investigate the forced vibration of this system caused by the additional
lineally-located time-harmonic forces acting on the moving plate, as shown in Fig. 1. We will
assume that the amplitudes of the fluid flow velocities caused by the additional time-harmonic
force are significantly less than the plate moving velocity V. Consequently, perturbation of the
motion of the fluid under consideration can be described within the scope of the linearized
equations. Therefore to describe this perturbation we use the linearized Navier-Stokes equations
for compressible viscous fluid. However for describing the plate motion we can employ the
corresponding exact equations and relations of the linear elastodynamics.

Thus, we write the complete system field equations of the linear elastodynamics in the moving
system of coordinates Ox;X,. These equations are

80'11 4 80'12 —p 82u1 80'12 + 6022 = p 62U2

) y o911 =(A+20) &1 +AEr0, 0190 =215,
o X a2 o % a2 o (A+2u)e1) + Aspp, 019 =261,
JR 3)
ou ou 1( ou u
O :ﬂg +/1+2 & ’ =—1, =—2, & = — —1+—2 .

In Eq. (3) conventional notation is used.
Now, according to Guz (2009), we write the linearized Navier-Stokes equations for the
compressible viscous fluid in the fixed coordinate system OgXioXo0 (Fig. 1)
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where p(()l) is the fluid density before perturbation. The other notation used in Eq. (4) is also

conventional.
Moreover, it is assumed that the following boundary, contact and impermeability conditions are
satisfied

0'21(t, X1 X2)|X2:O =0,
(722(t, X1 X2)‘Xz=0 = —P05(X1)ela)t ,

ouy (t, X1, %) QU (t, X1, Xp)

T o e :Vl(th10,X20)‘ , —2e 2l =V (t, %40, X20) ' (®)
Xl—X]_o*Vt X2:X20=—h at XlZX]_O*Vt X2=X20=—h
Xa=Xp0==h Xp=Xg0=-h

o (t, X1’X2)|X1 oVt =Ty (t, XlOvXZO)‘ :
Xp=X0=—h 2=X20=-h

ox(t, X1,X2)|><1 XlO_Vth =To(t, xlOvXZO)‘

Xp=Xp0= 2=X20=-h
Vi (t %0, Xzo)‘ =0,
X2=X20=—h—hd (6)
v (t, XlO'XZO)‘ =0-
Xp=Xpp=—h-hy

Note that in the case where V=0 the foregoing formulation coincides with the corresponding
one considered in the paper by Akbarov and Ismailov (2017).

This completes formulation of the problem for which the discrete-analytical method of solution
was proposed in the paper by Akbarov and Panakhli (2015). Now we recall some basic steps of
this method.

First, using the relations Eq. (1) and g(Xqg,Xo0) = 9(X +Vt,X5) = §(¥, X,) (the over symbol
“~” will be omitted hereafter), the field equations in Eg. (4) and the contact and impermeability
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conditions in Eqg. (6) are rewritten in the moving coordinate system Ox;x,. For this purpose the
derivatives o/ot, 0/0xy0 and 0/0xy In Eq. (4) must be replaced with o/0t—Vo/ox,, olox; and 6/0x,,
respectively. As a result of these replacements, we obtain the following equations instead of the
equations given in Eq. (4)

2
A S PR 0) V) S “’{a L Vl}
1

8X1 6X2
(l(l) N (1)) 8 Vl 6 Vo N ap(l) —0
8)(1 aX]_aXZ 8X1 ,
oV, o%v, 0%v
(1) N pc()l) (Vf(Xz) _V ) (1) gV 22 _
ot l 8X1 6X2
G0 4 0y 0w 2y ) 0 )
8X18X2 ax% 8X2
@ ®
Yl I C{CAR R
ot o %y 2]

T =(p® +200) + 24V, , Tpp =(-p® + 200) + 24Vepy , Ty =24V,

o, v ov. ov vy v, ) o op¥W
O=—2+—2 o =2 ep=—L ep=| L+~ 0T
6X1 8X2 8X1 OX Xo 2 8X2 aX]_ 8[7

and the following contact and impermeability conditions instead of Eq. (6).
Oy (£, %1, Xp)
ot

=V (t,%, Xz)‘
X2:—h XZ:_

6u2 (t, X1, X2)
ot

=V2(t,X1'X2)‘

X2=—h XZ:_

021(t:X1,X2)|X2:_h =T21(t’X1:X2)‘X B @
2= 8

022(t1X11X2)|X2:_h =T22(th1:X2)‘X B
-

vy (L, %, X ‘ =0,
1(tx 2))(2:_h_hd

Vs (T, X1, X ‘ =0
2(tx 2))(2:_h_hd

In this way, we have all the field equations and relations in the moving system of coordinates
Ox;X, and, according to the boundary condition Eqg. (5), we can represent all sought quantities as
d(t,xg, %) =d (x, X)e'* (the over-bar will be omitted below) in this coordinate system. Substituting

this into the foregoing equations and conditions, we obtain the corresponding equations and
relations for the amplitudes of the sought values. Moreover, after this procedure we apply the
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exponential Fourier transformation

+00

fe(s,x) = I (. x)e ™l )

—00

to the foregoing equations and relations. As a result, we obtain the field equations and relations for
the Fourier transformations of the sought values. It should be noted that finding the analytical
expression for the values related to the plate does not have any serious difficulties. However, to
find the analytical solution to the system of equations obtained from the Eq. (7) after the Fourier
transformation is not so simple because this system contains the variable coefficient V,°(x,)

(= vf (x0)—V) . Therefore, in the paper by Akbarov and Panachli (2015) the discrete-analytical

solution method was proposed to solve this system of equations, the essence of which is as
follows:

The strip S =[~hq —h <X, <—h] which is filled with the fluid is divided into the following M
sub-strips

M
S, =[—kh—d—hSX2 s—(k—l)h—d—h] k=12..,M, S=) S (10)
M M k=1

and it is assumed that in each of these strips, the function V;°(x,) is constant and equal to

Vlo(k) =V (%)

Xp=—h—(2k—-1)hy/(2M) (1)
Taking the relations (10) and (11) into consideration, it is supposed that the system of equations in
Eq. (7) is satisfied separately within each strip S,. So that within each strip we obtain the
corresponding field equations with their corresponding constant coefficients. Moreover, contact
conditions on the interface between the strip S; and plate, on the interfaces between the strips
Si,..., Sm EQ. (10) and on the interface between the strip Sy and the rigid wall are derived from the
continuity assumption. To find the solution of the field equations in each strip, the general solution
presentation proposed by Guz (2009) is used. In this way the analytical expression for the Fourier
transformation of the sought values related to the fluid flow is determined. Under this
determination procedure
the following notation is introduced

wh hsv®
—— ,

a 2] Xy=—h—(2k-1)hy/(2M)

h2 Vh (x, h
, N2 =w—+—sh(—2+—j
Y0, 07 hy by

Q](_k)= =Q]_0+Qllsh[xz+h]

hy hy

= (12)
Xp=—h—(2k-1)hy /(2M )
2

lN\%,():ﬂ’N\%ﬂ:ﬂ-

L@ L@
X,=—h—(2k-D)hy/(2M)
The dimensionless parameters N, and N, in Eqg. (12) can be taken as the parameters which

characterizes the influence of the fluid viscosity on the mechanical behavior of the system. At the
same time, the dimensionless parameters Q,y and Qy; in Eqg. (12) can be taken as the parameter
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which characterizes the influence of the compressibility of the fluid on the mechanical behavior of
the system.

In this way the Fourier transformation of the sought quantities is determined completely, after
which these quantities are found from the inverse transformation.

k) (k) T(k) (k) (K
{022,011,U11U2’T2(2)’T1(1)’Tl(z)’Vl( )’Vg )}:

1

= Rede [ , e Uop,
o { J-_OO[O'ZZF o11F » YiF Y2k (13)

K) +(K) +K) LK) oK) ]
T2(2|): ’Tl(llg ’T1(2|2 ’Vl(F) VgF) }elsxlds}

It should be noted that under the foregoing solution procedure the number M is determined
from the convergence requirement of the numerical results obtained from the calculation of the
integrals in EqQ. (13). Note that examples to verify the method discussed briefly above are given in
a detail in the paper by Akbarov and Panakhli (2015). In this paper it is also shown that for the
cases which will be considered below in order to obtain the numerical results with high accurate
and convergence it is enough to assume that M=15 in Eq. (10). Therefore, we do not consider here
these examples again because this would be a repetition of those which were given already in the
previous paper by authors.

Consequently, the paper Akbarov and Panakhli (2015) relates namely to the development of the
aforementioned solution method and to test this method on some regarding examples. However,
the present paper relates to the detail consideration and analyses of the numerical results obtained
with use the method developed in the previous paper by authors. Namely this is the difference
between the present and previous papers by authors.

3. Numerical results and discussions

We assume that the material of the plate-layer is Steel with mechanical constants: x=79x10°
Pa, 1=94.4x10° Pa and density p=7790 kg/m*® (Guz and Makhort 2000, Guz 2004), but the
material of the fluid is Glycerin with viscosity coefficient x=1.393 kg/(m-s), density pe=1260

kg/m® and sound speed a,=1927 m/s (Guz 2009). We also introduce the notation c, :,},u/ o Wwhich

is the shear wave propagation velocity in the plate material. After selection of these materials, the
dimensionless parameters such as Qio, Q11, Nyoand N, in Eq. (12) and dimensionless parameter
M.,,(=uPwli) which arises in contact conditions between the S, fluid sub-strip and the plate, can be
determined through the four quantities: h (the thickness of the plate-layer), hy (the thickness of the
fluid strip), V (the plate’s axial moving velocity) and « (the frequency of the time-harmonic
external forces). At the same time, it should be noted that it can be elected directly the values for
the foregoing dimensionless problem parameters without selecting the values for the parameters h,
hqg, V and w, and investigate frequency responses of the related quantities. However, under
investigations with the use of the aforementioned dimensionless parameters many difficulties
related to the reality of the selected values appear and this statement confuse the analyses,
explanation and understanding of the obtained numerical results. However, determination of the
values of the dimensionless parameters through the selected values of the h, hy, V and w, and
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Fig. 2 The influence of the plate moving velocity on the frequency response of the dimensionless stress
Tyoh/ Ry inthe cases where 4hz < w<100hz (a) and @, < @'<@<500hz (b)
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Fig. 3 The influence of the plate moving velocity on the frequency response of the dimensionless velocity
Vouh/ (Rycy) in the cases where 4hz < w <100hz (a) and @y <@'< @ <500hz (b)

analyses of the numerical results with respect to values of these dimensional parameters gives
clear presentation on the obtained numerical results. Therefore, in the present investigation we
select the latter form analyses, i.e., analyses through the values of the parameters h, hg, V and w,
among which the main parameter for the present investigation is the plate moving velocity V in
the initial state. As a result of this moving velocity, all solution difficulties and new mechanical
effects appear, as will be discussed below. Therefore, in all the numerical investigations the focus
is on the influence of the moving velocity V on the frequency response of the hydro-elastic system
under consideration.

Before discussion of the numerical results, we note that under calculation procedures, the

improper integral roof(s)eisxlds in Eqg. (13) is replaced by the corresponding definite integrals
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Fig. 4 The influence of the plate moving velocity on the frequency response of the dimensionless velocity
viuh/ (Rycy) inthe cases where 4hz < <100hz (a) and @y < @'< @ <500hz (b)

Sy - * : i
I +S*1 f(s)e''ds . The values of S, are determined from the convergence requirement of the
-1

: : : Sy i : .
numerical results. Note that under calculation of the integral rsf f(s)e'™ds , the integration
-1

interval [—Sf ;+Sf ] is further divided into a certain number (denote it by N) of shorter intervals,

which are used in the Gauss integration algorithm. The values of the integrated expressions at the
sample points are calculated through the solution procedures of the corresponding boundary-
contact value problems. All procedures were performed automatically with the PC programs
constructed by the authors in MATLAB.

Convergence of the numerical results with respect to the parameters M, N and Sf was

discussed in the paper by Akbarov and Panachli (2015) and therefore here we do not consider it
again. Nevertheless, we note that all numerical results, which will be discussed below, are

obtained in the case where M=15, N=2000 and Sf =5,

3.1 The influence of the plate moving velocity, plate thickness and fluid depth on the
frequency response of the stress and velocities and on the critical frequencies

According to the paper by Akbarov and Panakhli (2015), we recall that under the critical
frequency we will understand the frequency under which the amplitude of the studied quantities
has a jump. Thus, after this recalling, first, we consider the influence of the plate moving velocity
V on the frequency response of the normal stress and velocities arising on the interface plane
between the plate and fluid. The graphs given in Figs. 2, 3 and 4 show the dependence among the
dimensionless stress Txh/Py (Fig. 2 under wt=0), the dimensionless velocity v,uh/(Psc,) (Fig. 3
under (wt=x/2), the dimensionless velocity vi,uh/(Pqc,) (Fig. 4 under wt=x/2) and the frequency w
which are constructed for various values of V/h in the case where hy/h=2, and x;/h=0. Note that for
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a clear illustration of the influence of the moving plate velocity on the values of the critical
frequency as well as on the values of the studied quantities the graphs related to the cases where
4hz <w<100 and ws<w’<w<500 hz are presented separately by letters a and b, respectively.

Here the values of w’ vary according to V/h and these values can be easily determined from the
foregoing figures. Moreover, note that in these figures the dashed lines show the frequency
response of the corresponding quantity in the case where the plate in the initial state is at rest, i.e.,
the case where V/h=0 and here and below the results illustrated with these dashed lines coincide
with corresponding ones obtained in the paper by Akbarov and Ismailov (2017).

Thus, it follows from the results given in Figs. 2-4 that the values of w. decrease with
decreasing plate axial-moving velocity V/h. Moreover the graphs show that there exists a certain
value of the frequency (denoted by w*) before which (i.e., for w’<w<w*) the plate moving
velocity in the initial state causes a decrease (an increase) in the absolute values of the
dimensionless stress Th/P, (of the dimensionless velocities vouh/(Poc,) and viuh/(Pocz)) with
respect to the corresponding ones obtained in the case where V/h=0. However, after this frequency
(i.e., in the cases where w>w*) the plate moving velocity causes the absolute values of T,,h/P,
with respect to those obtained in the case where V/h=0 to increase slightly.

To demonstrate the influence of the fluid viscosity on the values of the studied quantities,
graphs of the frequency response of the dimensionless stress T,,h/P, in the case where the fluid is
modelled as inviscid are given in Fig. 5. Comparison of these graphs with the corresponding ones
given in Fig. 2 shows that the influence of the fluid viscosity on the studied frequency response
has important significance, not only qualitatively but also quantitatively. We recall that in the case
where the plate is in contact with the inviscid fluid, the plate moving in the initial state does not
cause the fluid flow. Consequently, the inviscid fluid model is not adequate for mathematical
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Fig. 6 The influence of the plate moving velocity on the distribution of Tooh/Py (a), vouh/(Ryc,) (b) and
viueh/(Rycy) ) () with respect to xq /h

modelling of the type of problems studied. This result shows again the significance of the
proposed approach for solution to the dynamic problems related to hydro-elastic systems
containing a viscous fluid.

Note that the results illustrated in Figs. 3-5 were also given in the paper by Akbarov and
Panachli (2015). Nevertheless, for readability and for compact illustration of the related results and
for their comparison with each other we give again these results here.

Another characteristic of the influence of the plate’s axially-moving velocity on the plate-fluid
interaction under consideration is illustrated in the case where V/h=0 and detailed in the paper by
Akbarov and Ismailov (2017), i.e., in the case where the plate is at rest in the initial state and the
distribution of the stresses and velocities caused by the additional time harmonic forces with
respect to the moving coordinate x,/h is symmetric or asymmetric with respect to the point x,/h=0.
However, as can be predicted according to expressions and Egs. (21)-(25), in the case where V/h>0
this distribution becomes non-symmetric or non-asymmetric with respect to x;/h=0, i.e., with
respect to the point at which the external additional time-harmonic force acts. The results that
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Fig. 8 Frequency response of v,zh/(Ryc,) under h=0.01m, hy/h=2, wt=0 and x /h=0 for various
values of the plate moving velocity V/h in the cases where 4hz<®»<100hz (a) and
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prove this conclusion are illustrated in the graphs in Fig. 6 which show the distribution for the
dimensionless stress T,,h/P, (Fig. 6(2)) and velocities v,uh/(Poc,) (Fig. 6(b)) and v,uh/(Poc,) (Fig.
6(c)) in the case where »=100 hz and wt=0.

We continue the aforementioned investigations and consider the graphs given in Figs. 7, 8 and
9 which show the frequency response of T,h/P, (Fig. 7) under wt==/2 and velocities v,uh/(PqC,)
(Fig. 8) and vyuh/(Pocy) (Fig. 9) under wt=0, calculated at point x,/h=0 in the case where hy/h=2
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Fig. 11 The influence of the plate thickness h on the frequency response of To,h/Py (a), Vouh/(Pycy) (D)
and vyuh/(Rycy) (), and on the critical frequency g in the case where V/h=2500hz , wt=0,
hy/h=2 and x/h=0

and h=0.01 m under 4 hz<w<500 hz. In order to clearly demonstrate the existence of the critical
frequencies and the values of these frequencies, i.e., the values of w, in these figures the graphs
grouped by the letter a are constructed in the case where 4 hz<w<500 hz and the graphs grouped by
the letter b are constructed in the case where wo<w <w<500 hz. Comparison of the graphs given
in Figs. 7, 8 and 9 with the corresponding ones given in Figs. 2, 3 and 4 shows that the values of
the stress and velocities depend significantly on the vibration phase wt. It should be noted that the
plate moving velocity can act significantly on the influence of the vibration phase wt on the values
of the stress and velocities. The graphs given in Fig. 10 which illustrate dependencies among
Ta2h/Py (Fig. 10(a)), vouh/(Pocy) (Fig. 10(b)), viuh/(Poc,) (Fig. 10(c)) and wt for various values of
the plate moving velocity V/h in the case where »=100 hz, x;/h=0, h=0.01 m and hy/h=2, are
evidence of the foregoing conclusion.
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Fig. 12 The influence of the fluid depth hy /h on the frequency response of Tosh/Ry (a), vouh/(Pycy) (b)
and vyuh/(Rycy) (), and on the critical frequency g in the case where V/h=2500hz , wt=0,

h=0.01m and % /h=0

Consider the graphs given in Fig. 11 which show the frequency response of Txh/Py (Fig.
11(a)), vouh/(Pocy) (Fig. 11(b)) and viuh/(Poc,) (Fig. 11(c)) for various plate thickness h in the
case where x;/h=0, wt=0, hy/h=2 and V/h=2500 hz. It follows from these graphs that the values of
the critical frequency w,, increase with the plate thickness.

It should be noted that under construction of these and other graphs considered in the present
paper, for clarity of the illustrations, the part of the graphs corresponding to the vicinity of the
critical frequency, i.e., the part which corresponds to the interval [wq—0, wc+d] is omitted and the
values of the studied quantities obtained at w.—o and at w.+J are connected with each other by a
straight line.

The graphs given in Fig. 12 show the influence of the fluid depth on the values of the critical
frequency w¢ and on the frequency response of T,h/Py (Fig. 12(a), under wt=0), v,uh/(PoC,) (Fig.
12(b), under wt=r/2) and v;uh/(Poc;) (Fig. 12(c), under wt=xz/2) in the case where h=0.01 m,
x1/h=0 and V/h=2500 hz. According to these graphs, it can be concluded that an increase in the
values of hg/h causes an insignificant decrease in the values of w,.

Consider also the frequency response of the studied quantities for the relatively thick plate and
analyze the influence of the plate moving velocity on the critical velocity. Graphs of these
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Fig. 13 Frequency response of Tooh/Py (a), vouh/(Rycy) (b) and vqeh/(Ryco) (€) and critical frequencies
ey for various values of V/h in the case where h=0.05m, ot =0, hy/h=2 and x/h=0

responses are given in Fig. 13 which correspond to the dependencies among T,,h/Py (Fig. 13(a)),
Vouh/(PoC2) (Fig. 13(b)), viuh/(Pocy) (Fig. 13(c)) and w for various values of V/h in the case where
wt=0, x,/h=0, hg/h=2 and h=0.05 m. It follows from the graphs, that in the relatively thick plate
case, the influence of the plate moving velocity on the critical velocity is more considerable and,
as in the case where h=0.01 m, an increase in the values of V/h causes an increase in the values of
the critical velocity.

Numerical investigations show that in the large change range of the frequency « within the
scope of certain conditions, after the first critical frequency which has been discussed above, the
second critical frequency also appears. For illustration of these results we continue consideration
of the frequency response of the studied quantities for the relatively thick plate, i.e., for h=0.05,
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Fig. 14 Frequency response of T,,h/Ry (@), vouh/(Rycy) (b) and vyueh/(Rycy) (c) and critical frequencies
'y and w", for various values of V/hin the case where h=0.05m, wt=0, hy/h=2 and x/h=0
under 4hz < <2000hz

0.06 and 0.07 in the case where 4 hz<w<2000 hz (for h=0.05) and 4 hz<w<1500 hz (for h=0.06
and 0.07 m). Graphs of these responses, constructed for 1000 hz<V/h<2500 hz under wt=0, x/h=0
and hy/h=3 are given in Figs. 14 (for h=0.05), 15 (for h=0.06) and 16 (for h=0.07). In these figures
the graphs grouped by the letters a, b and ¢ correspond to the dimensionless stress T,,h/P, and
dimensionless velocities vouh/(Poc,) and viuh/(Poc,), respectively. According to Figs. 14, 15 and
16, we introduce the notation @’ and w”, to indicate the first and second critical frequencies.
Thus, it follows from these figures that the values of @’ increase, but the values of the w”;
decrease with the plate moving velocity V/h and there exists such a limit value of V/h (denote it by
V*/h) after which, i.e., in the cases where V/h>V*h, the critical frequencies disappear. Note that in
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Fig. 15 Frequency response of Tyoh/Ry (8), vouh/(Pycy) (b) and vyuh/(Rycy) (€) and critical
frequencies w',, and w"., for various values of V/h in the case where h=0.06m, wt=0, hy/h=2
and x;/h=0 under 4hz < »<1500hz

Fig. 14, i.e., in the case where h=0.05 within the scope of the considered change range of V/h, the
limit velocity V*/h does not exist. However, it follows from Figs. 15 and 16 that in the cases where
h=0.06 and h=0.07, the limit values of the plate moving velocity V*/h are determined as 2300 hz
and 1950 hz, respectively. Consequently, the values of V*/h decrease with the plate thickness h.

We recall that, as above, under construction of the graphs given in Figs. 14, 15 and 16, for
clarity of the illustrations, the parts of the graphs corresponding to the vicinity of the critical
frequencies, i.e., the parts which corresponds to the interval [@’—d, @’+d] and [w” =0, @”+d]
are omitted and the values of the studied quantities obtained at w’,—d and at w’+d, as well as at
"0 and at w”+o are connected with each other by the corresponding straight lines.

All the numerical results discussed above are calculated at the point x,/h=0. Examples of the
numerical results related to the distribution of the studied quantities with respect to the coordinate
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Fig. 16 Frequency response of Tooh/PBy (a), vouh/(Rycy) (b) and vyiuh/(Ryc,) (€) and critical
frequencies w',, and w"., for various values of V/h in the case where h=0.07m, wt=0, hy/h=2
and x/h =0 under 4hz < <1500hz

xi/h are given in Fig. 6. However, in Fig. 6 the distribution is illustrated for the case where wt=0.
For completeness of the consideration, here we also consider the distribution for the case where
wt=rn/2, the epures of which are given in Fig. 17 for T;h/P, (Fig. 17(a)), vouh/(Pocy) (Fig. 17(b))
and v,uh/(Pocy) (Fig. 17(c)) in the case where »=100 hz, hy/h=2 and h=0.01 m for various values of
Vi/h. It follows from these epures that as a result of the plate moving, the symmetry of the values of
T2h/Py and vouh/(Pgc,), and the asymmetry of the values of viuh/(Poc,) with respect to the point
x1/h=0, are significantly violated.

This completes the analysis of the numerical results related to the influence of the problem
parameters, such as plate thickness, fluid depth, vibration phase and plate moving velocity on the
frequency response of the stress and velocities.

The explanation of the numerical results or the describing of the real physical mechanism of the
obtained numerical results can be based on the nature of the mechanical behavior of the
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Fig. 17 Distribution of Tyoh/Ry (a), vouh/(Rycy) (b) and vyuh/(Rycy) (c) with respect to x/h for
various values of the plate moving velocity V/h in the case where at= /2, ®=100hz, h=0.01m and
hg/h=2

simultaneously moving and vibrating deformable objects such as beams and plates (see, for
instance, the papers by Lin and Qiao (2008), by Yang et al. (2010), Yao et al. (2016), Banichuk et
al. (2010) and others listed therein). Note that the non-ordinary particularities, such as the
appearing the critical frequencies (because such frequencies do not appear in the cases where axial
moving velocity the plate is equal to zero), can be explained namely with the interaction between
the axial moving velocity and the vibration. All the numerical results which are considered in the
present paper are focused on the influence of the problem parameters on these particularities.

3.2 The influence of the fluid compressibility on the frequency response of the stress and
velocities and on the values of the critical frequencies
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Fig. 18 The influence of the fluid compressibility on the frequency response of Tooh/Ry (), vouh/(Rycy)

(b) and vy 1eh/(Pyc,) (c) for various values of the plate moving velocity V/h in the case where h=0.05m,
hgy/h=2, wt=0 and x/h=0

As has been noted above, the degree of fluid compressibility can be estimated through the
parameter Q; in Eq. (25). Consequently, the Q,=0 case (i.e., the a;=co case) corresponds to the
incompressible fluid model. Numerical results show that for the selected fluid, in the cases where
h<0.03, 4 hz<w<1000 hz and 0<V/h<1000 hz, the influence of the fluid compressibility on the
frequency response of the hydro-elastic system under consideration is insignificant and can be
neglected with accuracy to the order (<10 °). Therefore, we carry out the investigation on the
influence of the fluid compressibility on the studied frequency responses for the cases where
0.05<h<0.1, 300 hz<w<2000 hz and 750 hz<V/h<2500 hz.

Thus, consider the graphs in Figs. 18 and 19 which are constructed for «t=0 and wt=x/2,
respectively. Note that in these figures the graphs grouped by the letters a, b and ¢ correspond to
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Fig. 19 The influence of the fluid compressibility on the frequency response of Tooh/Ry (), vouh/(Rycy)

(b) and vy eh/(Pyc,) (c) for various values of the plate moving velocity V/h in the case where h=0.05m,
hgy/h=2, ot=7/2 and x/h=0

the quantities Txh/Pg, vouh/(Poc,) and viuh/(Poc,), respectively. Moreover, note that in these
figures the graphs related to the compressible and incompressible fluid models are given
simultaneously and these graphs are constructed in the case where h=0.05 m, hy/h=2 and x,/h=0
for various values of the plate moving velocity V/h. It follows from the results that, as predicted
above, the influence of the fluid compressibility on the studied frequency responses increases with
the vibration frequency w and with the plate moving velocity V/h. Moreover, the results show that
the magnitude of the aforementioned influence increases with plate thickness h and becomes more
considerable in the near vicinity of w”. These conclusions are also confirmed with the graphs
given in Fig. 20 which are constructed within the scope of the assumptions and notation accepted



310

Surkay D. Akbarov and Panakh G. Panakhli

T,, h /Py vy 1t h A(Pyey) compressible fluid
0.04 0.60 5 — ——— incompressible fluid
0.08 % oo ] TTes===C Z =

] V1500 1 S Vil ="1500 b=
o i = 1 1500z b/ =2
T {1500 k2 1 / 1000 b= /=01 m
-6 =01 m i A
10,/n=2 1000 5= 000 ===t
-4 \ . -
2020 4 @r=0 1 K 1 .
] compressible fluid “ Y i 0.0 iz
] ---—- incompressible fluid ' 1 ®1=0
70'24'|""|""I""|a)(h:) 0-20-|||--|||||||||||(/)(l"):)
400 200 1200 1600 a 400 800 1200 1600
@) (b)
v h APyes) compressible fluid
0.80 ———— incompressible fluid
] I
] /
060 o 130072 1000 hz |
. 750 Az
0.40
0.20 7=0.1 m
] hy/h=2
] 0.0 /iz fas
0.00 -
] V/h = 1500 hz
020 VT 1 1] (k)

400 800 1200

(c)
Fig. 20 The influence of the fluid compressibility on the frequency response of Tooh/Ry (), vouh/(Rycy)

(b) and vyuh/(Pycy) (c) for various values of the plate moving velocity V/h in the case where h=0.1m,
hd/h:2, a)t:O and Xl/h=0

1600

in Fig. 18 for the case where h=0.1 m. For clarity of the illustration in Fig. 20, the part of the
graphs regarding the interval (w”4—d, w”+0) and constructed for the case where V/h=1500 hz is
removed.

According to the foregoing results, it can be concluded that in the cases where 400 hz<w<w”,
in general, the fluid incompressibility causes an increase (a decrease) in the absolute values of
Taoh/Py and viuh/(Pocy) (of vouh/(Pocy)). Moreover, according to these results, it can be concluded
that the fluid incompressibility causes a decrease in the values of w”.. These conclusions are more
clearly observed from the results given in Fig. 20.

Note that the results discussed in the present subsection are obtained in the case where hy/h=2.
Now we consider the numerical results which illustrate how an increase in the values of hy/h
affects the values of o’ and w” within the scope of the compressible and incompressible fluid
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Fig. 21 The influence of the fluid depth parameter hy /h under 2 <hy /h <3.5 on the frequency response of
Toh/Py (@), vouh/(Ryco) (b) and vquh/(Ryco) (€), on @'y, and w", and on the effect of the fluid
compressibility on this influence in the case where h=0.05m, V/h=2500hz, wt= /2 and % /h=0

models. These results are given in Figs. 21 and 22 which are obtained for various values of hy/h in
the case where wt==/2, h=0.05 m, V/h=2500 hz and x;/h=0. Note that for clarity of the illustration,
the results obtained in the cases where 2<hy/h<3.5 and where 3.5<hy/h<5 are given separately in
Figs. 21 and 22, respectively. Moreover, note that in these figures, as in the foregoing ones, the
graphs grouped by the letters a, b and c relate to T,h/Py, viuh/(Pocy) and vouh/(Pocy), respectively.
In Fig. 21 in the cases where hy/h>2 the results are presented for the case where o’ y<w<w”,
however, in Fig. 22 the results obtained for the cases where hy/h=3.5 and 3.7 are presented for
w>>w". At the same time, in Fig. 22 the results obtained for the cases hy/h=4 and 5 are presented
for 80 hz<w<1500 hz.

Thus, it follows from the results given in Figs. 21 and 22 that an increase in the values of hy/d
causes a decrease in the values of »” and that with an increase in o’ (although this increase is



312 Surkay D. Akbarov and Panakh G. Panakhli

I h/P lcompl'essib‘le ﬂuid‘ vl APy
0 041_1 * —--- mcompressible fluid 06 compressible fluid
] h=0.05 m ———— incompressible fluid
] hy/h=4
4 V/h=2500 Az . d
0.03
2
1 ot=r2 g
] 3 ko 35
0.02 37 << Erso 0
1 1=0.05m  |4.0>~3~33935 \SY:—“,_‘
\\\ S TR -~ 7
1 o0 vm=2500p: | So~37 7 37 %0 e
0.01 ot=12 = 4.0
e (2) 02 F e 0 )
0 400 800 1200 0 400 800 1200
(@) (b)
v, it A(Pyey)
0.040
3.7
0.036 === 3.5
\\
\\‘ —
0.032 =
h=0.05 m
0.028 Vi = 2500 hz
wt=ma2 I\
i i N\ 5.0
0.024 compressible fluid < .
— — — — incompressible fluid
0.020 Vv r 71T T T T T T T T T T
0 400 800 1200
(©

Fig. 22 The influence of the fluid depth parameter hy /h under 3.5<hy /h <5 on the frequency response of
Tooh/Ry (@), vouh/(Rycy) (b) and vquh/(Rycy) (€), on @'y, and ", and on the effect of the fluid
compressibility on this influence in the case where h=0.05m, V/h=2500hz , wt =7/2 and ¥ /h=0

insignificant), and after a certain hy/d (denote it by (hg/d)*), i.e., under hg/h>(hs/h)*, the critical
frequencies disappear. For instance, in the case under consideration for hy/h>4 there is no critical
frequency. Moreover, it follows from these results that the fluid incompressibility causes a
decrease in the values of the second critical frequency .

We recall that in the case where h=0.01 we ascertained that the influence in the values of hy/h
on the values of the first critical frequency o’ is insignificant and causes these values to decrease
(see Fig. 12). However, the results given in Fig. 21 show that in the relatively thick plates, for
instance, in the case where h=0.05 the influence of hy/h on the values of the first critical frequency
o’ becomes more considerable and causes these values to increase. Nevertheless, the results
show that the influence of hy/h on the values of the second critical frequency w”. is more
considerable than on the first critical frequency @’

This completes consideration of the numerical results and their analyses.
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4. Conclusions

Thus, in the present paper some particularities of the forced vibration of the hydro-elastic
system consisting of the axially moving elastic plate, compressible viscous fluid and rigid wall are
studied by employing the discrete-analytical approach proposed in the previous work by the
authors, Akbarov and Panakhli (2015). Numerical results on the frequency response of the stress
and velocities on the interface plane between the fluid and plate are presented and discussed.
These results illustrate the influence of the problem parameters such as the plate moving velocity,
fluid depth, plate thickness, vibration frequency and the fluid compressibility on these responses.
Concrete numerical results are obtained for the case where the plate material is steel and the fluid
is glycerin. According to these results and their discussion, we can draw the following main
conclusions.

» As a result of the fluid flow caused by the plate which is axially moving with constant
velocity in the initial state within the scope of certain conditions, the first and second critical
frequencies denoted by o’ and ™, respectively, arise and under these critical frequencies a
resonance-type phenomenon occurs;

« Under a fixed value of the fluid depth parameter hg/h (see Fig. 1), the values of w’., increase,
but the values of w”, decrease with the plate thickness h and after a certain value of this
thickness, the critical frequencies disappear;

« For relatively thick plates, for instance, for the cases where h>0.05 m, under a fixed value of
the plate thickness h, the values of w’ increase, but the values of w”, decrease with the fluid
depth parameter hy/h and after a certain value of this parameter, the critical frequencies disappear;

« For each of the values of the plate thickness, the values of o’ increase, but the values of @,
decrease with the plate moving velocity and after a certain value of this velocity, the critical
frequencies disappear;

» The influence of the fluid compressibility on the values of the first critical frequency is @’
insignificant, but this influence is considerable for the second critical frequency w”., and causes its
values to increase;

Besides the foregoing general conclusions, according to the presented graphs, more concrete
conclusions can be made related to the influence of the problem parameters on the values of the
studied stress and velocities. For instance, it can be concluded that an increase in the values of the
plate moving velocity causes the absolute values of the studied stress and velocities to increase; as
a result of the fluid depth parameter hy/h increasing the absolute values of the stress decrease, but
absolute values of the velocities increase; the fluid compressibility causes the absolute maximum
values of the studied stress to decrease.

It should be noted that the foregoing results on the critical frequencies arise as a result of the
fluid moving in the initial (i.e., in the unperturbed) case and in the present paper the very simple
flow case is considered. Consequently, investigations of related hydro-elastic problems with more
complicated initial flowing cases also have a great impact in the theoretical and application senses.
Therefore, the authors aim to continue related studies, namely for these complicated initial-flow
cases.
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In this appendix we give Table which contains the notation for parameters used in the paper
and their physico-mechanical meaning.

Table of the used notation and their meaning

Notation
Xl and X2
XlO and X20

Vl and V2

t
VlO and V20

o11, 012 and o
&1, €12 and p)

U and Us

Yo,
h

hg
A and u
o
y(l)
2@
p(l)
1
p()
Tll’ T12 and T22
€11, €pand €x
\Y

0]
S

Po
VO 0 0

Meaning

Coordinates of the points in the moving coordinate system Ox; X,

Coordinates of the points in the fixed coordinate system OgX;gXoq

Components of the fluid flow velocity vector in the moving coordinate system
OxqXo

The time

Components of the fluid flow velocity vector in the fixed coordinate system Oxq X,
Components of the stress tensor in the plate in the moving coordinate system
Oxq X9

Components of the strain tensor in the plate in the moving coordinate system
Oxq X9

Components of the displacement vector in the plate in the moving coordinate
system OX;Xo

Mass density of the plate material

The plate thickness

The fluid depth

Lame constants of the plate material

Mass density of the fluid in the case where this fluid is rest
The coefficient of the fluid viscosity

The second coefficient of the fluid viscosity

Perturbation of the pressure in the fluid

Perturbation of the mass density of the fluid

Components of the stress tensor in the fluid
Components of the strain velocity tensor

Axial moving velocity of the plate

Angular frequency of the external time-harmonic force
Fourier transformation parameter

The amplitude the external time harmonic force

The coefficient of the kinematic viscosity of the fluid





